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Abstract

This appendix outlines in detail the model estimated in Brazil and Uruguay.

1 Introduction

This short note is divided into two parts. In Section 2 we derive the likelihood function for the
benchmark model presented in the paper. Section 3 presents the model with symmetric real wage

rigidity discussed in Section IV.B of the paper.

2 Benchmark model

2.1 The Likelihood Function

Each individual wage change observation belongs to one of three regimes: p’* agents are subject
to DRWR, p" to DNWR, and (1 —p" — pf) belong to a regime in which wages are fully flexible.
Wage observations in each period contain no error with probability ¢, and error with probability
1—gq.

Hence, the likelihood is:

L:pRLR+pNLN+(1—pN—pR)LF

*This note draws heavily on Goette (2002).



, where
Lr = [¢* (Lruo + Lrco) +2¢(1 — q)(Lru1 + Lre1) + (1 — @)*(Lruz + Lre2)]

Ly = [¢*(Lnvo + Lnco) 4+ 2¢(1 — ¢)(Lnut + Lyver) + (1= q)*(Lyvz + Lvez)]
Lr = [¢*Lruo +2q(1 — ¢)Lru1 + (1 — ¢)*Lrys)]

, in which we adopt the following notation for subscripts: N, R and F' denote nominal, real and
flexible agents, respectively; and U and C refer to unconstrained and constrained agents, respec-
tively. The process of measurement error in log wage levels is represented by m ~ N (0,0,,) .
Since we are looking at changes in log wages within two consecutive years (¢,¢ + 1), we have three
possibilities for measurement error: there is no error in ¢t or ¢ + 1, denoted by subscript 0, error
occurs in one of the two periods (subscript 1), and error occurs in the two periods (subscript 2).
Hence, Lyys stands for the contribution to the likelihood of an agent who is downward nominal
rigid but unconstrained, and whose wage is measured with error in the two periods. Next, we

treat each type of agent separately and derive their contribution to the likelihood.

2.1.1 Downward Real Wage Rigidity
RUO: Real Types, unconstrained, no error

e Unobserved Regime The nominal wage change is RU if xb+e > r — e—1r > —xb, where

e~ N (0,0.) and 7 ~ N (u,,0,) . Therefore, E(e — 1) = —p,, V(e —r) = 02 + o2.

e Observed nominal wage change The observed wage change in RUO is dy = xb + e.
Therefore, the conditioning variable is e = dy —xb with marginal density %qﬁ ( dyﬂ;‘b} and

2

Cov(e —r,e) = 0%.

e Conditional Distribution. The conditional distribution of interest is e — r|e = dy — xb.
It follows that:!

E(e—rle =dy — xb) = —p,. + (dy — xb)
V(e —rle=dy — xb) = o2

r

The conditional probability of RUO is:

INote that if X and Y have a joint normal distribution, then X|Y = y is normal with

—1
E(X)Y =y)=px +>_> (y—py)
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Pr(e—r > —uzble=dy—uzb)=

+o0 _ _
/ i(i) <S+Nr (dy mb))ds:
—zb Or O
1(I>(—:Eb+uT—(dy—xb)>

Or

e Likelihood Contribution to the Regime. Putting the conditional and marginal prob-
ability together, we obtain:

LRUOZI_Q(—xb—i—uT—(dy—:cb)) igb (dy—wb)

Or Oe Oe

RU1: Real types, unconstrained, error in one period

e Unobserved Regime The nominal wage change is RU if 2b+e > r — e —r > —zb.

Therefore, E(e — 1) = —u,., V(e —1) = 02 + o2.

e Observed nominal wage change The observed wage change in RU1 is dy = b +

e + m. Therefore, the conditioning variable is e + m = dy — zb with marginal density

dy—axb _ — 2

e Conditional Distribution. The conditional distribution of interest is e—r|e+m = dy—xb.

It follows that:

2
E(e—rle+m=dy—zb) = —pu, +07(dy—xb)

2 + %’L
2 2 ae
Vie— =dy —ab) = -
(e —rle+m=dy —ab) =0 + 03 oy
The conditional probability of RU1 is:
Prie—r > —zble+m=dy—xb)=
§ + py — Gz (dy — xb)
_ / p 2+ z ds —
ol o
vb \/02+02 o212 \/UgJFU% o210,

2
o
—xb+p, — m(dy — zb)
o4
Vortot - i

e Likelihood Contribution to the Regime. Putting the conditional and marginal prob-

= 1-9¢

ability together, we obtain:

I |1 —xb+ My — o'2+ 2 (dy b) 1 ¢ dy —xb
o= \/02 o Vo2t oL \\Joto?,
e



RU2: Real types, unconstrained, error in both periods

e Unobserved Regime The nominal wage change is RU if zb+¢e > r — e — 7 > —zb.

Therefore, E(e — 1) = —u,., V(e —1) = 02 + 02.

e Observed nominal wage change. The observed wage change in RU2 is dy = zb+e+m/,
where m’ = my — my. Therefore, the conditioning variable is e + m’ = dy — zb, and
Cov(e — r,e + m’) = o2. The only difference with respect to RU1 is the definition of the
variance, V(m') = 202

-, because m; and mg are independent. The marginal density is

1 ¢ dy—axb
\/UZ_A,_QU%L Vo2e+202m ) °
e Conditional Distribution. The conditional distribution of interest is e — rle + m/ =

dy — xb. It follows that:

2

E(e— ' =dy—ab) = —p, + ——<—(dy — xb

(e = rletm’ = dy —ab) = —p, + g (dy — )
0_4

Viezrletm' =dy—ab) =octor = Sy

The conditional probability of RU2 is:

Pr(e—r > fxb| +m/ =dy — xb) =

2
/ i’ s+ur7ﬁ(dyfxb)
\/02+0—2 %;'2 \/gz+o—Z 02;’%

—J,‘b-ﬁ-/,l,r— 2+2g'2 (dy b)

4
2 2 _ a
\/Je T O T S,

e Likelihood Contribution to the Regime. Putting the conditional and marginal prob-

ds =

= 1-®

ability together, we obtain:

—ab+ p, — 702”02 (dy — ab) 1 dy — b
Lryo= |1-@
\/ag +02 — ot Voi+203 "\ o2+ 202,

RCO: Real Types, constrained, no error

e Unobserved Regime The nominal wage change is RC if zb+e < r — e —7r < —zb.

Therefore, E(e — 1) = —p,., V(e —1) = 02 + o2.

e Observed nominal wage change The observed wage change in RCO is dy = r. There-

fore, the conditioning variable is 7 = dy with Cov(e — r,7) = —02 and marginal density

1 dy—p
Z(b( o T) :



e Conditional Distribution. The conditional distribution of interest is e — r|r = dy. It
follows that:
E(e—rlr=dy) = —dy
V(e —r|r=dy) = o?

The conditional probability of RCO is

Pr(e—r < —xblr=dy)=
—xb

_ /1¢(S+dy>d5—
Oe O

— 00

% (—:Eb+dy>
Oe

e Likelihood Contribution to the Regime. Putting the conditional and marginal prob-

ability together, we obtain

b+ d dy — p,
LRCOZ‘I)(y>O_ &( o ,u)

Oe Or
RC1: Real Types, constrained, error in one period
e Unobserved Regime The nominal wage change is RU if zb+e <1 — e — 1 < —xb.

Therefore, E(e — 1) = —u,., V(e —r) = 0% + 02

e Observed nominal wage change The observed wage change in RC1 is dy = r + m.

Therefore, the conditioning variable is 7 + m = dy with Cov(e — r,r + m) = —o? and

dy—p,
marginal density 7 m+02 10} <\/o$n+o$> .

e Conditional Distribution. The conditional distribution of interest is e — r|r + m = dy.

It follows that:
2

o
E(e — =dy)=—u, — —= dy —
(e—rlr+m=dy) =—pu, 03+03n(y Hor)
4
_ _ 2 2 r
V(X|deyf:cb)fJeJrarfiag_i_Ugn

The conditional probability of RC1 is:

Prie—r < —zblr+m=dy) =
_xb o2
8+ iy + e (dy — 11y

/ 2 2 _ _ o} 2 2_ _o}
oot - Jor+ol

2152
or+tos,

ds =

2
—zb + p, + agij’;gn(dy = i)
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\/Ue‘i‘a'r 2+22
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e Likelihood Contribution to the Regime. Putting the conditional and marginal prob-
ability together, we obtain

2
. o —xb""ur—’_éiz—?n(dy_ur) 1 ¢<dy—ur>
\/Ugﬁ-ag_a%ﬁr?n VU%+‘772n ot om

RC2: Real Types, constrained, error in both periods

e Unobserved Regime The nominal wage change is RU if zb+e <17 — e — 1 < —zb.

Therefore, E(e — 1) = —p,., V(e — 1) = 02 + o2

e Observed nominal wage change The observed wage change in RC2 is dy = r + m/,
where m’ = mg — my. Therefore, the conditioning variable is r +m’ = dy, with Cov(e —
The only difference with respect to RC1 is the definition of the

r,r +m') = —o2.

variance, V(m') = 202,, because m; and my are independent. The marginal density is

1 é dy—pi,
\/024-2031 \/0'2—5-20% ’

e Conditional Distribution. The conditional distribution of interest is e — r|r +m’ = dy.

It follows that:

2
o
E(e— "'=dy) = —p, — ———(dy —
(e—rlr+m’ =dy) = —p, U?~+203n( Y= i)
2 2 oy
V(XY =dy — zb) = -
(XIY =dy =) =02 + 0 = T
The conditional probability of RC1 is:
Pre—r < —zxblr+m' =dy) =
—zb 2
_ 1 s+ 2 + ggigggn (dy - :U’r) ds —
= = - =
Y o2+ 07~ risom

2
—xb+ 1, + ﬁ(dy — )

2 2 _ __o}
\/Ue O ST,

e Likelihood Contribution to the Regime. Putting the conditional and marginal prob-
ability together, we obtain

2
. o —xb—i—,ur‘Fggj:#gn(dy—ﬂr) 1 ¢<dy—u,.>
VoRtot— it ) VRt 2en Aot

2.1.2 Downward Nominal Wage Rigidity

The nominal types can be treated as a special case of the real types with a degenerate distribution

of r and p, = 0.



NUO: Nominal Types, unconstrained, no error

e Unobserved Regime The nominal wage change is NU if zb+e > 0 — e > —xb. Therefore,
E(e) =0, V(e) = o2

e Observed nominal wage change The observed wage change in NUO is dy = ab + e.

Therefore, the conditioning variable is e = dy — zb with Cov(e,e) = o2 and marginal
5 1 dy—xzb
density S-¢ (ny)
e Conditional Distribution. The conditional distribution is trivial. Given that there is

no error and dy > 0, that probability is 1, and 0 otherwise.

e Likelihood Contribution to the Regime. Putting the conditional and marginal prob-
ability together, we obtain:

dy — zb

Oe

1
Lyyo = 0—¢ ( ) , if dy > 0 and 0 otherwise

NU1l: Nominal Types, unconstrained, error in one period

e Unobserved Regime The nominal wage change is NU if zb+e > 0 — e > —xb. Therefore,
E(e) =0, V(e) = o2

e Observed nominal wage change The observed wage change in NU1 is dy = xb+ e+ m.

Therefore, the conditioning variable is e +m = dy — zb, with Cov(e,e + m) = o2 and

. . dy—xb
marginal densit L £l
8 Y Jaren? \ Vorrom

e Conditional Distribution. The conditional distribution of interest is e—r|e+m = dy—zb.

It follows that:
2
Oe
E(€|6 +m = dy — xb) = m(dy — l’b)
4

2 2
o+ o5,

V(ele +m = dy — xb) = 0 — 7

The conditional probability of NU1 is:

Pr(e > —zble+m=dy—uab)=

+oo o2
/ 1 S — U'ETGU?”(dy — l'b)
(o)

_ e
21 o2 2152
—xb e ostor, € o240




e Likelihood Contribution to the Regime. Putting the conditional and marginal prob-

ability together, we obtain:

—xb — =% (dy — xb) 1 dy — b
Lyyi= |1-@ 2+2 v
02 — sty Vor+ol, \Voi+o,

m

NU2: Nominal Types, unconstrained, error in both periods

e Unobserved Regime The nominal wage change is NU if zb+e > 0 — e > —xb. Therefore,

E(e)=0,V(e—r) =02

e Observed nominal wage change The observed wage change in NU2 is dy = zb+e+m/,

where m’ = mg — my. Therefore, the conditioning variable is e + m’

Cov(e e+m') = o2 . The only difference to NU1 is the definition of the variance V (m/

because m; and my are independent. The marginal density is

1
\/o'§+2azn

m,’

e Conditional Distribution. The conditional distribution of interest is e — r|e + m’

dy — xb. It follows that:

o2

7(’ (dy — xb)

E "=dy—xb
(ele+m' = dy —ab) = 7o

4
! 2 Ue
V(€|€+m —dy_fL'b) —0'e — m
The conditional probability of NU2 is:

Prie > —axble+m' =dy—ab)=
oo o2
7 1 s — m(dyfﬂfb)

2_ o2
O'2+20'

ds =

b 2+202 Te

m

—xb — 2+202 (dy — xb)
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= 1-9¢
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= dy — zb and

e Likelihood Contribution to the Regime. Putting the conditional and marginal prob-

ability together, we obtain:

Lyva= |1-® 7I67W(dy zb) 1 ( dy — xb
o2 — 2_:;02 \/Jg + 202, \/02 + 202

m

NCO0: Nominal Types, constrained, no error

e Unobserved Regime The nominal wage change is NC if 2b+e < 0 — e < —xb.Therefore,

E(e) =0, V(e) = o2



e Observed nominal wage change The observed wage change in NCO is dy = 0. Therefore,

the conditioning variable is dy = 0.

e Conditional Distribution of Interest The conditional distribution is trivial. Either

dy = 0 or 0 otherwise.

e Likelihood Contribution to the Regime. Putting the conditional and marginal prob-
ability together, we obtain:

—xb

Lyco=® ( ) if dy =0 and 0 otherwise

Oe
NC1: Nominal Types, constrained, error in one period

e Unobserved Regime The nominal wage change is NC if 2b+e < 0 — e < —xb.Therefore,
E(e) =0,V(e) =02

e Observed nominal wage change The observed wage change in NC1 is dy = m. There-
fore, the conditioning variable is m = dy, with Cov(e,m) = 0 (i.e., they are independent)

and marginal density a%fﬁ (ﬂ) .

Om

e Conditional Distribution. The conditional and the unconditional distribution of e are

equal, since e is independent of m.

e Likelihood Contribution to the Regime The conditional probability of NC1 is:

—ab
Pr(e < —zblm = dy) = / aiqﬁ (;) ds =® (;xb)

Putting the conditional and marginal probability together, we obtain:

—xb 1 d
Lyoi =@ ( ) ¢ <y>
Oe Om Om

NC2: Nominal Types, constrained, measurement error both periods

e Unobserved Regime The nominal wage change is NC if xb+e < 0 — e < —zb.Therefore,
E(e) =0,V(e) = o2

e Observed nominal wage change The observed wage change in NC2 is dy = m/, where
m’ = my — ma. The only difference with respect to NC1 is the definition of the vari-

ance,. V(m') = 202, because m; and msy are independent. The marginal density is

ﬁlam‘é(élgm)'



e Conditional Distribution. The conditional distribution of interest of e is equal to the

unconditional distribution, since e is independent of m/’.

e Likelihood Contribution to the Regime The conditional probability of NC2 is:

—xb

Pr(e < —zblm' = dy) = / Uigb (;) ds=® <Uxb>

—0o0

Putting the conditional and marginal probability together, we obtain:

B —xb 1 dy
LNC2 = ( Oe > \/§0m¢ (\/iam>

2.1.3 The Flexible Types

Flexible agents are always unconstrained. Hence, we only need to obtain the densities of the

observations if they contain no error, error in one period, or error in both periods.

FUO:Flexible types, no error The observed nominal wage change is dy = b+ e — e =

dy — xb. The density of an observation is Jigzﬁ (@) Hence:

1 dy — xb
LFU0=U¢<y )

Oe

FU1:Flexible types, error in one period The observed nominal wage change is dy =

dy—xb
\/a'g—&-a%n

xb+ e+ m — e+ m = dy — xb. The density of an observation is \/1751—5-03,1 1) ( . Hence:

I 1 dy — xb

FU1 =

LVeitan \Veiton,

FU2:Flexible types, error in both periods The observed nominal wage change is dy =

zb+e+m — e+ m' = dy — xb, where m’ = mo — m;. The density of an observation is

1 dy—zb H .
. Hence:
Voi+202, ¢ ( Voi+202, )

I B 1 dy — xb
T Vet Vet

10



3 Symmetric Real Rigidity

3.1 The Likelihood Function
If real wage rigidity is symmetric, real rigid agents are always constrained. Using the same
notation as before, but denoting with a prime the new likelihood function we obtain:

’

L =p"Lyp+p"Ly+ (1-p" —p") Ly
, where
Ly = |4’ Lco +2a(1 — @) Lper + (1 - Q)QL;RCQ}
Ly = |@*(Lyvo + Lyco) +2¢(1 = 0)(Lyur + Lyer) + (1= 9)*(Lvys + Lives)
Ly = [¢*Lipyo +2a(1 — @) Ly + (1 — 0)* L]

The expressions driving the contribution to the likelihood from downward nominal rigid agents
and flexible agents are the same as in the benchmark model described in Section 2. Thus,

L/N = Ly and L;? = L. We only need to derive new expressions for real rigid agents.

3.1.1 Real Rigid Types

RCO: Real Types, constrained, no error The observed wage change in the absence of
error is dy = 7. Therefore, the conditioning variable is 7 = dy, with Cov(e —r,7) = —02 and the

marginal density is ;-¢ (dya—irur) Hence,

dy_:ur)

/ 1
Lico = CT¢( o

RC1: Real Types, constrained, error in one period The observed nominal wage change

is dy = r + m — e + m = dy.Therefore, the conditioning variable is r + m = dy, with Cov(e —

. . dy—
7,7 +m) = —o2, and marginal density \/021+U2 ) <\/:2 41:02) . Hence,

’ 1 dy = [y
Lper = o ( >

/2 2 2 2
Oy + Om 95 + Oim

RC2: Real Types, constrained, error in both periods The observed wage change in

RC2 is dy = r +m/, where m’ = mo — my. Therefore, the conditioning variable is r +m’ = dy,

with Cov(e — 7,7 +m') = —o2. The only difference with respect to RC1 is the definition of

the variance, V(m') = 202, because m; and my are independent. The marginal density is

11



L 1) ( dy—p, ) . Hence,

\/U£+203n \/03+2a?n
/ 1 dy — i
L = L
RC2 T Jo2 1202, ¢ (a% + 20%)
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