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Abstract

This paper develops a dynamic general equilibrium model which tries to reconcile the

observation that aggregate movements of exports and imports are "disconnected" from

real exchange rate movements, while �rm-level exports co-move signi�cantly with the real

exchange rate. Firms are heterogenous, facing recurrent aggregate and product-speci�c

productivity shocks, choose which goods to export, and decide to innovate and drop their

products endogenously. We calibrate and estimate the model with both aggregate and

�rm level data from Japan.
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1 Introduction

Figure 1 displays the series of aggregate exports and imports together with the real exchange

rate in Japan during the period of 1980-2009 in logarithmic scale. The real exchange rate is

de�ned as the relative price between the two countries.1 As Japanese goods become relatively

more expensive, we would expect that exports would decrease and imports would increase.

However, such a relationship between trade and the real exchange rate is not evident in Figure

1. As the yen becomes weaker, exports decline, and imports increase, which is the opposite of

what we expect. During the entire sample period, the elasticity of exports with respect to the

real exchange rate is -0.17, and that of imports is 0.08, although these estimates of elasticities

are statistically insigni�cant. This lack of correlation, or correlation contrary to what we expect

is an example of the so called �exchange rate disconnect puzzle,� a long standing puzzle in

international macroeconomics.2 This weak or opposite correlation between aggregate exports

(or imports) and the exchange rate is observed in many other countries as well (see Hooper,

Johnson, and Marquez (2000), and Dekle, Jeong, and Ryoo (2007)).3 Obstfeld and Rogo¤

(2000) mention that the exchange rate disconnect puzzle is one of the major puzzles in the

international macroeconomics.4

Interestingly, after the year 2000, Figure 1 shows that aggregate exports positively co-

moved with the real exchange rate, but aggregate imports also positively co-moved with the

real exchange rate. These co-movements during this period suggests that a general equilibrium

linkage may be important in order to understand the dynamics of trade and exchange rates in

1The real exchange rate is measured as the ratio of Japanese prices to the weighted average of the prices of
Japan�s major trading partners, in yen terms, where the weights are the trading shares. The four major trading
partner countries included here are the U.S., European Union, South Korea, and China and their trading shares
are 0.49, 0.366, 0.095, and 0.044, respectively. (Sources: OECD Statistics)
Aggregate exports and imports are measured in billions of year 2000 yen. (Source: Ministry of Finance Trade

Statistics: http://www.customs.go.jp/toukei/suii/html/time_e.htm)
2This empirical puzzle was �rst documented by Orcutt (1950).
3The list of other countries showing such weak correlation is Canada, France, Germany, Italy, the U.K., and

the U.S.
4Note that this �exchange rate disconnect puzzle�is di¤erent from the so called �J-curve e¤ect.�The exchange

rate disconnect puzzle is about the lack of association between the movements of exchange rates and gross export
quantities while the J-curve e¤ect is about the sluggish and J-shaped adjustment of trade balances (i.e., net
export sales) in response to an improvement in the terms of trade. See Backus, Kehoe, and Kydland (1994) for
the discussion of the J-curve e¤ect.
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Figure 1. Aggregate Exchange Rate Disconnect in Japan

Japan, where intermediate goods trade is dominant in imports, and increasingly more important

in exports.

Recent empirical studies using �rm-level data have found a more robust relationship be-

tween trade and the exchange rate. In contrast to the results using aggregate data, estimates

using �rm level tend to �nd a negative relationship between appreciating exchange rates and

export quantities. Among other studies, Verhoogen (2008) �nds that following the 1994 peso

devaluation, Mexican �rms increased their exports. Fitzgerald and Haller (2008), Dekle and

Ryoo (2007), and Tybout and Roberts (1997) �nd a negative relationship between exports and

exchange rate appreciation for Irish, Japanese and Colombian �rms, respectively.

Some papers have tried to reconcile these aggregate and �rm level results, but mostly in

a partial equilibrium framework. Dekle, Jeong, and Ryoo (2007) show that in the aggregate

export equation derived by consistently aggregating the �rm level export equations, where in-

dustry level productivity and �rm level (instrumented) export shares are controlled for, the

disconnect puzzle disappears. Berman, Martin, and Mayer (2009) use a model with heteroge-
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neous �rms in the spirit of Melitz (2003) to show that high productivity �rms (who are heavily

involved in exports) will raise their prices�that is, increase their markups�instead of increasing

their export quantities in response to an exchange rate depreciation. The authors show that

this selection e¤ect of low quantity response �rms into the overall export market can explain

the weak impact of exchange rate movements in aggregate data. There are some other recent

papers that have tried to reconcile the discrepancy in a general equilibrium. Imbs and Majean

(2009) and Feenstra, Russ, and Obstfeld (2010) show that the aggregation of heterogeneous

industrial sectors can result in an aggregation bias in the elasticity of exports and imports with

respect to exchange rates changes. Both of these papers examine only the steady-state.

In this paper, we develop a dynamic general equilibrium model with heterogeneous �rms

that attempts to reconcile the di¤erent responses of trade (exports and imports) to exchange

rates at the aggregate- and at the �rm-levels. Our model is a version of two-country real

business cycle model with a rich production structure. Firms are heterogeneous, facing recurrent

aggregate and �rm-speci�c productivity shocks: they choose which varieties of goods to produce

and export and decide to enter and exit endogenously. We calibrate and estimate our model

with both aggregate and �rm level data. We then carry out quantitative exercises regarding

the impact of shocks to productivity and preferences on aggregate and �rm-level exports and

other variables of interest.5

We make a few choices to model heterogeneous �rms to re�ect our panel data of Japanese

�rms listed on the stock exchanges of Japan.6 In a well-known paper, Melitz (2003) provides a

5One distinguishing feature of our work is the inclusion of heterogeneous �rm dynamics that is actually
estimated from �rm level data. In the estimation of the �rm-level responses, in addition to the �rm level data,
we rely on the aggregate variables and moments generated from the general equilibrium model. Thus, in a
sense, we provide a general equilibrium model that is integrated with a structural model of heterogeneous �rm
dynamics that is estimated from actual �rm level data.

6The raw data used here and in our paper are from almost all of the �rms listed on the stock exchanges of
Japan.The particular data set that we use were compiled by the Development Bank of Japan (or "Kaigin," in
Japanese prior to the 2008 re-organization of government-owned enterprises, when the name of the bank was
changed). Japanese listed �rms cover a fairly respectable portion of the entire Japanese economy in terms of
output (Fukao, et. al., 2008). In 2000, the gross sales of all the �rms listed on the stock exchanges of Japan
were 81 percent of Japanese nominal GDP, and 60 percent of total sales in the Japanese economy. However,
listed �rms are larger than the average �rm in the economy. Thus, the number of listed �rms account for less
than 12 percent of the total number of Japanese �rms, and the number of employees in listed �rms are only 40
percent of all employees (Fukao, et. al., 2008).
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framework where �rms with di¤erent �rm speci�c total factor productivity subject to �xed costs

can generate heterogeneous exporting behavior. Das, Roberts, and Tybout (2007) provide an

empirical study showing that this heterogeneity in total factor productivity among producers

explains entry into and exit out of the export market, the so-called extensive margin of trade.

In our Japanese panel data, there is a strong relationship between �rm size and exporting

status, as in Melitz (2003). The average total sales of the incumbent exporting �rms is about

double of the non-exporting �rms. When �rm level productivity is determined by a single

factor of productivity, the Melitz type of trade model implies that the export share at the

intensive margin (in addition to the extensive margin) be strongly correlated with �rm size.

Our Japanese �rm level data show that this prediction is not true. The correlation between

the export share and total sales is rather weak. The average correlation coe¢ cient is only 0.08

among all �rms. Among exporting �rms, the correlation coe¢ cient becomes even lower at 0.05.

This weak correlation remains robust even after controlling for the industry and year e¤ects.

Another interesting observation from Japanese �rm level data is the signi�cant presence

of �rms with negative pro�ts staying in the market. About 8 percent of Japanese �rms in our

sample report negative pro�ts. This fraction becomes even bigger at 11 percent among the

always exporting �rms, the biggest �rms. Despite this presence of negative pro�ts, Japanese

listed �rms do not easily exit from the business, although entry into and exit from the export

market are rather frequent.

Given these empirical observations, we choose �rms to produce multiple products and are

heterogeneous in terms of the productivity of the best product as well as the span of the

products. This two dimensional heterogeneity helps explain the weak relationships among

size, the export share and pro�tability in our �rm-level data. Our �rms also face recurrent

idiosyncratic productivity shocks, and thus they may not exit with temporary negative pro�ts

in order to enjoy the option value of continuing production.7,8 This explains our empirical

7Ghironi and Melitz (2005) analyze the dynamic e¤ects of an aggregate productivity shock on the real
exchange rate in a general equilibrium model with heterogeneous �rms. But they concentrate on the extensive
margin of products for export. Because there are no further idiosyncratic shocks after entry, there is no
endogenous exit nor negative pro�ts in their model.

8More broadly, our paper is related to the recent policy literature that examines how much of a real exchange
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�nding why Japanese �rms with recurring negative pro�ts resist to exit from their business.9

Section 2 presents the basic model of a small open economy and Section 3 presents the

full model of two countries. In Section 4, we calibrate the parameters of the model either from

structural estimation or from simply matching the moments. In Section 5, we quantitatively

evaluate the model by simulating the aggregate dynamics.

2 A Basic Small Open Economy Model

Before examining the full model of the two countries, let us explain the mechanism by presenting

a basic model of the small open economy. We ignore capital accumulation and the government

sector in the basic model.

2.1 Set-up

There is a continuum of home �rms h 2 Ht each of which produces Iht number of di¤erentiated

products for the home and export markets at date t. Firm h produces a di¤erentiated product

qHhit for the home market from labor lHhit and imported inputs m
�H
hit ; according to a constant

returns to scale technology

qHhit = ahitZt

�
lHhit
L

�L � m�H
hit

1� L

�1�L
; for i = 1; 2; ::; Iht;

where ahit is the productivity of �rm h to produce the di¤erentiated product (h; i) at date t

and Zt is the aggregate productivity shock and L 2 (0; 1) is the labor share. Because no two

�rms produce the same product, each di¤erentiated product is indexed by (h; i). Producing a

di¤erentiated product for the export market has the same marginal productivity as producing

rate depreciation is necessary to close a nation�s current account imbalances. Obstfeld and Rogo¤ (2004) use
a three-country model to calculate how much of a depreciation in the real exchange rate is needed to set the
U.S. current account to zero. Dekle, Eaton, and Kortum (2008) �t their model to bilateral trade �ows for 42
countries and solve for the new equilibrium in real exchange rates to eliminate all current account imbalances.

9Strictly speaking, in our sample of Japanese listed �rms, �rms that drop out of the sample are "delisted."
Of the 2386 �rms in our sample that we examine between 1985 and 1999, 104 �rms became "delisted." We
examined the circumstances surrounding the de-listing of all of these 104 �rms and the vast majority were
delisted because of bankruptcy or "ceasing to do business." A small number disappeared as independent �rms
because of mergers with stronger �rms. Thus, we are on reasonably �rm ground when we equate a �rm that
has been "delisted" as essentially "exiting" from production.
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for the home market, but requires a �xed cost for each variety,10

qFhit = ahitZt

"�
lFhit
L

�L � m�F
hit

1� L

�1�L
� �

#
; for i = 1; 2; ::Iht:

Home �nal goods are produced from a variety of di¤erentiated products according to a

constant returns to scale CES production function

QH
t =

"Z
h2Ht

 
IhtX
i=1

qHhit
��1
�

!
dh

# �
��1

;

where � > 1 is the elasticity of substitution between among goods. Home output for export QF
t

is produced from home di¤erentiated goods

QF
t =

"Z
h2Ht

 
IhtX
i=1

qFhit
��1
�

!
dh

# �
��1

:

Concerning the productivity of each di¤erentiated product, ahit; it is either high at a� > 1;

low at 1 or zero. A new entrant �rm who pays a sunk cost �E (in terms of home �nal goods)

at date t draws an opportunity of producing b 2 f1; 2g number of new di¤erentiated products

from date t+1, where

b =

�
2; with probability (wp:) �;

1; wp: 1� �:

Thus the average number of new products drawn is equal to 1 + �.11 The productivity of each

new product is independently distributed as

ahit+1 =

8<:
a� > 1; wp: �

0�
1; wp: �0(1� �);
0; wp: 1� �0:

Thus new entrants are heterogeneous in terms of number of di¤erentiated products (width b)

and the distribution of productivity of producible products (height ahit+1).

The �rm who has existing products must pay the �xed maintenance cost � (in terms of

home �nal goods) for each product in order to produce and maintain its productivity. (The

10We assume that the �xed cost for exporting a di¤erentiated product is constant in term of output - the �rst
� units of output exported are used to cover the �xed cost. Alternatively we can formulate the �xed cost in
terms of input. We choose the current formulation because it is equally natural and slightly easier to aggregate.
11Because of this normalization, the dynamics of aggregate prices and quantities do not depend upon para-

meter �; even though the dynamics of �rm-level prices and quantities depend upon �:
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�rm who wants to maintain Iht number of products must pay � � Iht). The product which

the �rm pays the �xed cost has the same productivity in the next period (ahit+1 = ahit) with

probability 1 � �; and receives a new productivity draw according to the same distribution

as a new entrant with probability �: Thus the number of products each �rm produces may

increase or decrease depending upon the new draw of b; and the distribution of productivity

of producible di¤erentiated products changes depending upon the new draw of ahit+1. Because

�rms are heterogeneous in terms of the width and the heights, we can show that there are only

weak relationships among size, the export share and pro�tability across �rms - a feature of our

Japanese �rm-level data.12 If the �rm does not pay the �xed cost � for an existing product; it

loses the technology for this product for sure and forever.

Because there is no capital accumulation nor the government sector, home �nal goods are

either consumed or used for new entry and maintenance of the existing technology as

QH
t = Ct + �ENEt + �Nt;

where NEt is the measure of entering �rms and Nt is the measure of di¤erentiated products

which �rms try to maintain. We can think the cost of drawing new technology and maintaining

old technology as investment in intangible capital.

The representative household supplies labor Lt to earn wage income, consumes �nal goods

Ct and holds home and foreign real bonds DH
t and D

�H
t to maximize its expected utility,13

U0 = E0

1X
t=0

�t

 
lnCt �  0

L
1+1= 
t

1 + 1= 
+ ��Ht lnD�H

t

!
;

subject to the budget constraint

Ct + �ENEt + �Nt +DH
t + �tD

�H
t = wLtLt +�t +Rt�1D

H
t + �tR

�
t�1D

�H
t�1: (1)

wLt is real wage rate, �t is the real exchange rate (the relative price of foreign and home �nal

goods), and Rt and R�t are home and foreign real gross interest rates. �t is the real gross

12In the full model, we allow for more general distribution of width and heights. The evolution of the heights
is more general too, even though we abstract from the evolution of the width.
13We index goods by the origin and user countries. For the origin, we label goods by naught for home and

by * for foreign. For the user, we label goods by H for home and by F for foreign. For example, D�H
t is foreign

bond that are held in the home country.
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pro�ts distribution from businesses, and the net pro�t is �t� �ENEt� �Nt. Home and foreign

bonds are used as means of saving. In addition we assume that the holding of foreign bonds

facilitates transactions and provides utility. The utility from holding foreign bonds is subject

to the "liquidity" shock, ��Ht .
14 We assume that foreigners do not hold home bonds in the basic

model. Then because there is no government sector, the net supply of home bonds to home

agents is zero,

DH
t = 0:

We assume that all home imports are inputs to production, and that the imported input

price is normalized to be one in terms of foreign �nal goods. We assume that foreign aggregate

demand for home exports are given by

QF
t =

�
pFt
��'

Y �
t ; (2)

where Y �
t is an exogenous foreign demand parameter, pFt is an endogenous export price in

terms of foreign �nal goods, and ' > 0 is the constant elasticity of demand for home exports.

Foreign bond holdings D�H
t of the home representative household evolves along with exports

and imports as

D�H
t = R�t�1D

�H
t�1 + pFt Q

F
t �M�H

t ;

where M�H
t =

R
h2Ht

hPIht
i=1(m

�H
hit +m�F

hit)
i
dh are total imported input of the home country.

2.2 Competitive Equilibrium

All markets for the factors of production and outputs are perfectly competitive, except that

the market for di¤erentiated products are monopolistically competitive.

Consistent with the usual CES production function of �nal goods manufactured from dif-

ferentiated products, each �rm faces a downward sloping demand curve for its product in home

14The idea is similar to money in utility function. Section 5.3.8 of Obstsfeld and Rogo¤ (1998) presents a
model with both home and foreign money in the utility function to analyze the phenomenon of dollarization.
We have both home and foreign bonds in utility for the full model. We ignore the utility of home bonds in the
basic model because the net supply of home bonds are zero.
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and foreign markets as a function of prices pHhit and p
F
hit; such that

qHhit =

�
pHhit
pHt

���
QH
t ; (3)

qFhit =

�
pFhit
pFt

���
QF
t ;

where pHt and p
F
t are the price indices of home �nal output for the home and export markets

1 = pHt =

"Z
h2Ht

 
IhtX
j=1

�
pHhit
�
1��

!
dh

# 1
1��

; (4)

pFt =

"Z
h2Ht

 
IhtX
j=1

�
pFhit
�
1��

!
dh

# 1
1��

:

We use home �nal goods as the numeraire in the home market, and foreign �nal goods as the

numeraire in the foreign market.

Note that the production functions of di¤erentiated products all have a common component:

the constant returns to scale Cobb-Douglas function. Moreover the ratio of labor to imported

inputs is equal across �rms when �rms minimize the costs under perfectly competitive factor

market. Using our notation of composite input use for producing a given di¤erentiated product

for the home xHhit and export x
F
hit markets , the production functions can be simpli�ed as

qHhit = ahitZt � xHhit;

qFhit = ahitZt �
�
xFhit � �

�
:

Aggregate production of the input composite should be equal to the sum of input composite

use

Xt =

�
Lt
L

�L � M�H
t

1� L

�1�L
=

Z
h2Ht

 
IhtX
i=1

(xHhit + xFhit)

!
dh: (5)

Because the price of imported inputs at home is equal to the real exchange rate (due to our

choice of numeraire), cost minimization implies that the unit cost of the composite input wt;

and the demand for imported inputs satisfy

wt = (wLt)
L�

1�L
t ;

M�H
t = (1� L)

wtXt

�t
: (6)
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After maximizing current pro�ts, each �rm sets price as a mark-up over their unit produc-

tion cost

pHhit =
�

� � 1
wt

ahitZt
; (7)

pFhit =
�

� � 1
wt=�t
ahitZt

;

for all products produced. Because there are only two productivity levels, either high at a� or

low at 1; there are only two price levels and there are only two output levels of di¤erentiated

products for the home
�
qH�t; q

H
1t

�
and export

�
qF�t; q

F
1t

�
markets. Although each �rm may produce

multiple di¤erentiated products, the �rm can decide how to produce and whether to continue

producing each product independently from their choice of the other products.15

We conjecture that in equilibrium, all �rms choose to pay the �xed maintenance cost with

positive productivity (ahit = a� or 1) : Let N�t and N1t be the measures of products with high

and low productivity. Then the measure of products that �rms try to maintain at date t is equal

to the sum of the measure of products with positive productivity at date t (Nt = N�t +N1t) :

Let � be the expected number of products with positive productivity when a �rm gets a new

draw. Then we have � = (1 + �)�0; and we assume

� = (1 + �)�0 < 1:

The measure of products with positive productivity evolves with the maintenance and new

entries as

Nt+1 = (1� � + ��)Nt + �NEt: (8)

From the speci�c feature of our idiosyncratic productivity evolution, the ratio of high- and low-

productivity products (that are produced) remains constant:

N1t = (1� �)Nt; N�t = �Nt:

15The founder of Kyocera, Mr Kazuo Inamori, proposes an "amoeba" management style, in which each pro-
duction unit makes relatively independent production decisions, while the number of production units multiply
like "amoebas." Our technology can be seen as a justi�cation for the "amoeba" management sytle. See also
Bernard, Redding and Schott. (2010, 2011).
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Then from (4) and (7), the price index for home �nal goods for the home market becomes

1 = pHt =
�

� � 1
wt

aNt

1
��1Zt

; where

a = [1� �+ �(a�)
��1]

1
��1 :

a is the average productivity of products that are produced and aNt

1
��1Zt is the aggregate

productivity home �rms for home market. Thus the unit cost of input composite is given by

wt =
� � 1
�

aNt

1
��1Zt = w (Nt; Zt) : (9)

We also conjecture that low productivity products make zero pro�ts for exports, and thus

only a fraction - NF
1t 2 (0; N1t) measure of products with low productivity - are produced

for exports, while all high productivity products are produced for exports. The zero pro�t

condition for a di¤erentiated product with low productivity is

0 = �tp
F
1tq

F
1t � wt

�
qF1t
Zt
+ �

�
= wt

�
1

� � 1
qF1t
Zt
� �

�
:

Thus we learn export of low productivity product and high productivity product do not depend

upon the external conditions such as the foreign demand and the real exchange exchange rate:

qF1t = (� � 1)�Zt;

qF�t =

�
pF�t
pF1t

���
qF1t = (a�)

� (� � 1)�Zt:

The export quantity index and price index become

QF
t =

�
aFt Nt

1
��1

��
(� � 1)�Zt;

pFt =
�

� � 1
wt=�t

aFt Nt

1
��1Zt

=
1

�t

a

aFt
; where

aFt = [nF1t + �(a�)
��1]

1
��1 ; and nF1t = NF

1t=Nt 2 [0; 1� �]:

This productivity measure for export aFt is an increasing function of an extensive margin, n
F
1t

- the fraction of low productivity products that are exported. Then from the export demand

function (2), the export market clearing condition implies

QF
t =

�
1

�t

a

aFt

��'
Y �
t =

�
aFt Nt

1
��1

��
(� � 1)�Zt;
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or

aFt = [nF1t + �(a�)
��1]

1
��1 =

"��t
a

�' Y �
t

(� � 1)�ZtNt

�
��1

# 1
��'

; (10)

QF
t =

"�
�t

aNt

1
��1

�'�
(Y �

t )
�

[(� � 1)�Zt]'

# 1
��'

;

�tp
F
t Q

F
t =

(�
(� � 1)�Zt

�
aNt

1
��1

���1�'
(�t)

'(��1)(Y �
t )

��1

) 1
��'

:

2.2.1 The "Disconnect" Between the Aggregate and Firm Level Responses to the

Real Exchange Rate

Because the number of products produced Nt is a state variable, the extensive margin (the

number of low productivity products which are exported NF
1t = nF1tNt) reacts to an exogenous

shift in foreign demand (Y �
t ) and an endogenous shift in the real exchange rate. When the

elasticity of foreign demand for home products is relatively inelastic compared to the elasticity

of substitution among di¤erentiated products (' is small relative to �), then the export quantity

QF
t and export value (in terms of home �nal goods) are relatively insensitive to the real exchange

rate shift. In contrast, because all the adjustment is through the number of low productivity

products which are exported, the average export of low productivity products (NF
1tq

F
1t=N1t) is

sensitive to the real exchange rate shift. This is because as in Green (2009), low productivity

products are sensitive to external shocks - their exports drop like "�ies" when there is an adverse

shock such as a real exchange rate appreciation. However, within a period, total exports of high

productivity products N�tq
F
�t are insensitive to external shocks; thus aggregate exports are less

sensitive contemporaneously to external shocks.

Our Japanese �rm-level data (Kaigin data) are mostly of relatively large �rms, which

typically produce multiple products - possibly after a number of good new draws of b = 2. If

a �rm h has Iht number of active products, some are high productivity products and some are

low productivity products, and some of the low productivity products are exported and others

13



are not:

Iht = I�ht + I1ht

= I�ht + I1Fht + I1Nht ;

where I�ht is the number of high productivity products, I
1
ht is number of low productivity prod-

ucts, I1Fht is number of low productivity products exported, and I
1N
ht is that which is not exported.

The export sales of �rm h in terms of home �nal goods are

�t(I
�
htp

F
�tq

F
�t + I1Fht p

F
1tq

F
1t):

If we randomly sample �rms which has Iht number of products, the probability that we observe

a given export sales at date t would be equal to

Iht!

I�ht! � I1Fht ! � I1Nht !
� �I�ht �

�
nF1t
�I1Fht � (1� �� nF1t)

I1Nht :

Note that this probability is a function of the fraction of exported low productivity products,

nF1t. Therefore, even if the output of each di¤erentiated product
�
qF�t; q

F
1t

�
does not depends

upon the real exchange rate, we should observe �rms with a large fraction of low productivity

di¤erentiated products react strongly to the real exchange rate shift, by through the adjustment

of the extensive margin at product level nF1t.

This heterogeneous reaction of exports to the real exchange rate shift across di¤erent prod-

ucts explains why �rm level exports co-move signi�cantly with the real exchange rate, while

aggregate exports appear "disconnected" from the real exchange rate.16

2.2.2 The Equilibrium Dynamics of Our Economy

For the extensive margin to be the relevant margin, we need NF
1t 2 (0; N1t), or

�
1
��1a� < aFt = [n

F
1t + �(a�)

��1]
1
��1 < a: (11)

16Our explanation of the extensive margin adjustment at product level is consistent with Dekle, Jeong and
Ryoo ( 2007), which �nd that the apparent lack of relationship between the exchange rate and aggregate exports
occur through the intensive margin of export sales within �rms, rather than through the extensive margin of
entry and exit of �rms in the export market.
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The aggregate composite input used for the production for the home and export markets

are given by

XF
t = NF

1t

�
qF1t
Zt
+ �

�
+N�t

�
qF�t
a�Zt

+ �

�
= NF

1t��+N�t�[� � 1)(a�)��1 + 1]

= �Nt

n
�
�
aFt
���1 � �[(a�)

��1 � 1]
o
;

Xt = XH
t +XF

t : (12)

** I think the �rst part of equation (12) is likely to be

XF
t = NF

1t

�
qF1t
Zt
+ �

�
+NF

�t

�
qF�t
a�Zt

+ �

�
= NF

1t��+N�t��

= ��Nt

�
nF1t + �

�
= ��Nt

n�
aFt
���1 � �[(a�)

��1 � 1]
o
:

The labor supply condition of the household is given by

wLt =  0L
1
 

t Ct:

Together with (6), we have

Lt =
1

( 0Ct)
 

�
wt

�
1�L
t

�  
L

;

Xt =

�
wt
�t

� 1�L
L Lt

L

=
1

L( 0Ct)
 

"
wt
1�L+ 

�
(1�L)(1+ )
t

# 1
L

: (13)

The pro�ts arising from exporting for the low- and high productivity products are

�F1t = 0;

�F�t = �tp
F
�tq

F
�t � wt(

qF�t
a�Zt

+ �)

= wt�[(a�)
��1 � 1]:
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The pro�t arising from selling in the home market are

�H1t = pH1tq
H
1t � wtx

H
1t =

1

� � 1wt
XH
t

a��1Nt

�H�t =
(a�)

��1

� � 1 wt
XH
t

a��1Nt

:

Let V�t and V1t be the values of the �rms with high- and low productivity at the beginning

of this period (who decides to pay the �xed cost of maintenance). The Bellman equations are

V�t = ��+ �H�t + �F�t + Et�t;t+1[(1� � + ���)V�t+1 + ��(1� �)V1t+1];

V1t = ��+ �H1t + Et�t;t+1f���V�t+1 + [1� � + ��(1� �)]V1t+1g;

where �t;t+1 = �Ct=Ct+1: The necessary and su¢ cient condition that the �rm strictly prefers

to maintain a low productivity product by paying the �xed cost is

V1t > 0: (14)

Notice that this condition is satis�ed even if realized current pro�ts of each product (net

of �xed cost) is negative (�H1t < �), because there is an option value for the low productivity

product to become a high productivity product.17 This helps explain why �rms often record

negative pro�ts after paying their �xed costs of maintaining the business. In addition, because

�rms may have a large number of low productivity products, there is only a weak correlation

between size and pro�tability across �rms - another curious aspect of Japanese �rms.

The value function of the average product produced is

V t = �V�t + (1� �)V1t (15)

= ��+ �t + (1� � + ��)Et(�t;t+1V t+1);

where �t is the average pro�t per product: �
�
�F�t + �H�t

�
+ (1� �)

�
�F1t + �H1t

�
. Then we have

�t = wt

�
XH
t

(� � 1)Nt

+ ��[(a�)
��1 � 1]

�
: (16)

17The option value due to the idiosyncratic productivity shock cannot be too large, because we conjecture
that the �rm will not maintain the product with zero productivity. Firms with zero productivity will not pay
the �xed cost if

0 > ��+ ��Et�t;t+1V t+1:
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The free entry condition for a new entrant is

�Et = �Et
�
�t;t+1V t+1

�
: (17)

The �nal goods market clearing implies

Ct + �ENEt + �Nt = aNt

1
��1ZtX

H
t : (18)

Net foreign assets evolve as

D�H
t = R�t�1D

�H
t�1+

8<:
24(� � 1)�Zt aNt

1
��1

�t

!�
351�' (Y �

t )
��1

9=;
1

��'

� (1� L)w(Nt; Zt)
Xt

�t
: (19)

From the utility maximization of the household, we have the demand for net foreign asset as

�t �R�tEt (�t;t+1�t+1) = ��Ht
Ct
D�H
t

;

The left hand side (LHS) is the opportunity cost of holding one unit of the foreign bond.

The right hand side (RHS) is the ratio of the marginal utility of foreign bond holdings and

consumption. Because foreigners do not exchange foreign bonds for home bonds, the market

clearing condition for net foreign assets is given as

D�H
t =

��Ht Ct
�t �R�tEt (�t;t+1�t+1)

: (20)

The aggregate state of our small open economy is described by the state variablesMt =�
Nt; D

�H
t�1; Zt; �

�H
t ; Y �

t ; R
�
t

�
, where the �rst two are endogenous and the last four are exoge-

nous. The market equilibrium condition of exports, labor, composite input, home �nal goods

and the net foreign assets together with the average value function, average pro�t function,

free entry condition, the evolution of number of di¤erentiated goods produced, and the net

foreign assets equations (8), (9), (10), (12), (13), (15), (16), (17), (18), (19), (20) determine�
wt; a

F
t ; Xt; X

H
t ; Ct; �t; V t; �t; NEt; Nt+1; D

�H
t

�
as a function of the state variables. The budget

constraint (1) is automatically satis�ed once all the market clearing conditions are satis�ed,

noting that aggregate pro�t is equal to the average pro�t multiplied by the number of products

produced (�t = �tNt).
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2.2.3 Solving for the Model Equilibrium

We �rst examine the market clearing condition for net foreign assets (20) to �x intuition.

Suppose as it is likely, that a liquidity shock to foreign bonds ��Ht is very volatile in the short-

run. The supply of net foreign assets changes sluggishly over time through the current account.

Consumption is relatively smooth by permanent income theory if labor supply is relatively

inelastic and the investment on technology (�ENEt + �Nt) serves as a bu¤er to absorb shocks

(which we have to verify later). Then since the liquidity shock to foreign bonds appears only in

the market clearing condition for net foreign assets, the real exchange rate has to adjust quickly

to the volatile liquidity shock, that is, adjust at high frequency - even though at low frequency,

the adjustment of the current account and consumption are as important as the real exchange

rate adjustment.

Thus in our economy, the high frequency movement of the real exchange rate is dominated

by the liquidity shock. Empirically, we can treat the short-run movement of the real exchange

rate as almost "exogenous", because we can always �nd a liquidity shock to justify the observed

movement of real exchange rates as long as our boundary conditions (11) and (14) are satis�ed

and the evolution of net foreign assets is stable in the long-run. In addition, net foreign assets

appear only in the equation for the evolution of net foreign assets (19).

Therefore, below we consider the following abbreviated or "shrunk" model. We take

M0
t = (Nt; Zt; Y

�
t ; �

�
t ) as the state variables, and solve for the nine endogenous variables�

wt; a
F
t ; Xt; X

H
t ; Ct; V t; �t; NEt; Nt+1

�
as functions of the state variables which satisfy the nine

equilibrium conditions (8), (9), (10), (12), (13), (15), (16), (17), and (18). Here there is only

one endogenous state variable, Nt, which greatly simpli�es our analysis.

Equation (10) provides the expression for the quantity and the value of total exports as

explicit functions of the state variables. Our discussion of the adjustment of exports through

the extensive margin (number of low productive products) can then be made clearer, because

we can now take the real exchange rate as exogenous. Moreover from (15) and (17), we have

V t = �t � �+ (1� � + ��)
�E
�
:
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Multiplying both sides of this expression at date t+1 by �t;t+1; we have

�E
�
= Et�t;t+1V t+1 = Et

n
�t;t+1

h
�t+1 � �+ (1� � + ��)

�E
�

io
;

or

�E [1� (1� � + ��)Et (�t;t+1)] = �Et[�t;t+1(�t+1 � �)]:

The LHS is the cost of entering now instead of the next period, and the RHS is the expected

net pro�ts of the next period which the �rm would lose by delaying entry. (Remember the

entering �rm can only produce from the next period). Using (16), this can be written as

�E

�
1� (1� � + ��)Et

�
�
Ct
Ct+1

��
(21)

= �Et

�
�
Ct
Ct+1

�
��+ wt+1

�
XH
t+1

(� � 1)Nt+1

+ ��
�
a�

��1 � 1
����

;

where

XH
t =

1

L( 0Ct)
 

"
wt
1�L+ 

�
(1�L)(1+ )
t

# 1
L

�

8<:�
"��t

a

�' Y �
t

(� � 1)�ZtNt

�
��1

# ��1
��'

� �
�
a�

��1 � 1
�9=;�Nt

(from (10), (12) and (13)), and wt = w(Nt; Zt) in (9).

Using (8), the goods market clearing condition (18) can be written as

Ct + �Nt +
�E
�
[Nt+1 � (1� � + ��)Nt] = aN

1
��1
t ZtX

H
t : (22)

The policy functions for consumption Ct = C (M0
t) and the measure of products produced

Nt+1 = N (M0
t) can be found from these two equilibrium conditions (21) and (22).

Using (6) (10) and (12), home real GDP is given by

Yt = QH
t + �tp

F
t Q

F
t � �tM

�H
t

= wt

�
�

� � 1X
H
t +

�
XF
t + �F�t�Nt

�
� (1� L)Xt

�
= aN

1
��1
t Zt

�
L
� � 1
�

Xt +
1

�
Xt � �(nF1t + �)Nt

�
:

19



The �rst term of RHS is wage, the second is gross pro�t and the last is the �xed cost for export.

Appendix A examines the steady state in order to derive conditions for the extensive margin

of products to adjust to the shocks in the export market.

3 The Full Two-Country Model

In this section, we extend the basic model into two countries in order to analyze fully the

general equilibrium interactions. The full model also serves as the basis for our calibration and

empirical study.

3.1 Physical Setup

There are two countries, home and foreign. Home �nal goods Yt are produced at date t from

home produced goods Y H
t and foreign produced goods Y �H

t such that

Yt =
h
(�t)

1
' (Y H

t )
'�1
' + (Y �H

t )
'�1
'

i '
'�1

; (23)

and foreign �nal goods Y �
t are produced from home produced goods Y F

t and foreign produced

goods Y �F
t such that

Y �
t =

h
(Y F

t )
'�1
' + (��t )

1
' (Y �F

t )
'�1
'

i '
'�1

; (24)

where �t and �
�
t are taste shocks of home and foreign countries, respectively.

Home output for domestic use QH
t , for �nal goods Y

H
t and intermediate input MH

t , is

produced from a variety of home di¤erentiated goods QH
ht(!) such that

Y H
t +

MH
t

ZH
Mt

= QH
t =

�Z
h2Ht

Z
!2


QH
ht(!)

��1
� d!dh

� �
��1

� �Q
��
QH
ht(!)

�	
; (25)

where � > 1 and �Q is the quantity aggregator over the di¤erentiated products. There is a

continuum of home �rms indexed by h 2 Ht, each of which produces a continuum of di¤erenti-

ated goods indexed by ! 2 
 = [0;1), and none of the di¤erentiated product is produced by

two �rms. Hence each di¤erentiated product is indexed by (h; !). Home output for foreign use

QF
t is produced from home di¤erentiated goods such that

Y F
t +

MF
t

ZF
Mt

= QF
t = �Q

��
QF
ht(!)

�	
: (26)
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Similarly, foreign output for its own use Q�Ft and home country�s use Q�Ht are produced from

foreign di¤erentiated goods Q�Fft (!) as

Y �F
t +

M�F
t

Z�FMt

= Q�Ft = �Q
��
Q�Fft (!)

�	
; (27)

Y �H
t +

M�H
t

Z�HMt

= Q�Ht = �Q
��
Q�Hft (!)

�	
: (28)

�
ZH
Mt; Z

F
Mt; Z

�H
Mt ; Z

�F
Mt

�
are intermediate input speci�c technology shocks.18

Each home �rm h produces a variety of di¤erentiated goods for home and foreign use from

input compositesXH
ht(!) andX

F
ht(!), respectively. Exports require the �xed cost � of producing

each variety, and output shrinks by factor 1=� < 1 during the export transportation so that

outputs of home variety ! for home and foreign countries are

QH
ht (!) = aht(!)X

H
ht(!); (29)

QF
ht (!) =

1

�

�
aht(!)X

F
ht(!)� �

�
; (30)

where aht(!) is the productivity level for variety ! speci�ed as

aht(!) = Aht exp

�
� !

Bh

�
: (31)

Each �rm�s productivity is characterized by its productivity pro�le over the di¤erentiated vari-

eties [aht(!)]!2[0;1) which is determined by the Aht measuring the "height" and Bh measuring

the "width" of �rm h�s productivity. Aht corresponds to the productivity level of its best prod-

uct. The number of products whose productivity is within a certain percentage deviation from

the highest level is proportional to Bh. The height can vary over time, but the width is assumed

to be time-invariant.

A new �rm that pays a sunk cost �E at date t can independently draw a height Aht and a

width Bh from lognormal distributions of zo
A(Aht) and zo

B(Bh) such that

lnAht � �E = �E;ht � N (0; �2�E); (32)

lnBh � �b � N (0; �2b): (33)

18These shocks include exogenous shock to the relative price of intermediate inputs such as an oil shock.
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The new �rm can start producing from the next period.

Each �rm (including new entrants) faces an idiosyncratic shock to lose the technology and

exits exogenously with probability �N 2 (0; 1). The �rm whose height and width were Aht and

Bh in period t must pay a �xed cost �Bh in the beginning of period t+1 to draw a height Aht+1

from a distribution F (Aht+1jAht) following an AR(1) process such that

lnAht+1 = (1� �a)�a + �a lnAht + �a;ht+1; where �a;ht+1 � N (0; �2�a): (34)

Without paying �Bh; the �rm loses the technology (i.e., Aht+1 = 0 with probability 1) and

exits. The distribution e�t of the productivity of home �rms (Aht; Bh) evolves through entry,

exit and the evolution of Aht such as

Nt+1
e�t+1(Aht+1; B0

h) =

R B0h
0

R1
0
F (Aht+1jAht)1t+1 (Aht; Bh)�

(1� �N)
h
NEtzo

A(dAht)zo
B (dBh) +Nt

e�t (dAht; dBh)
i
;

(35)

where Nt is the number of �rms that maintain the technology in the beginning of period t,

and NEt is the number of new entrants. 1t+1 (Aht; Bh) = 1 if the �rm of productivity (Aht; Bh)

chooses to stay at the beginning of period t+1, and 1t+1 (Aht; Bh) = 0 otherwise.19

Similarly, each foreign �rm f produces a variety of goods for home and foreign uses as

Q�Hft (!) =
1

� �
�
a�ft(!)X

�H
ft (!)� ��

�
; (36)

Q�Fft (!) = a�ft(!)X
�F
ft (!); (37)

where the productivity for a foreign �rm f to produce a variety ! is

a�ft(!) = A�ft exp

 
� !

B�
f

!
: (38)

A foreign entrant pays a sunk cost ��E to draw a new technology from lognormal distributions

of zo�
A (A

�
ft) and zo�

B (B
�
f ) such that

lnA�ft � ��E = ��E;ft � N (0; ��2�E); (39)

lnB�
f � ��b � N (0; ��2b ): (40)

19Note Nt denotes the measure of active �rms here, while in the basic model, Nt denoted the measure of
products produced.
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Each foreign �rm exits exogenously with probability ��N 2 (0; 1) each period, and needs to pay

��B�
f in order to draw a height A�ft+1 from a distribution F (A�ft+1jA�ft) following an AR(1)

process such that

lnA�ft+1 = (1� ��a)�
�
a + ��a lnA

�
ft + ��a;ft+1; where �

�
a;ft+1 � N (0; �2��a): (41)

The productivity distribution of foreign �rms e��t (A�f ; B�
f ) evolves through entry, exit, and the

evolution of A�ft similarly as in (35).

The input composite is produced from labour Lt, capital Kt, home intermediate goodsMH
t ,

and foreign intermediate goods M�H
t according to a constant returns to scale Cobb-Douglas

production function. The resource constraint of the input composite for home country is

Xt = Zt

�
Lt
L

�L �Kt

K

�K �MH
t

HM

�HM �M�H
t

�HM

��HM
; (42)

=

Z
h2Ht

Z
!2


�
XH
ht(!) +XF

ht(!)
�
d!dh;

where Zt is the home TFP and L + K + 
H
M + 

�H
M = 1. The resource constraint of the input

composite for foreign country is similarly given as

X�
t = Z�t

�
L�t
�L

��L �K�
t

�K

��K �MF
t

FM

�FM �M�F
t

�FM

��FM
; (43)

=

Z
f2Ft

Z
!2


�
X�H
ft (!) +X�F

ft (!)
�
d!df;

where Z�t is the foreign TFP and 
�
L + �K + FM + �FM = 1.

The resource constraint of �nal goods for the home country is

Ct +Gt +
1

ZIt
[Kt+1 � (1� �K)Kt] + �ENEt + �Et(Bh)Nt = Yt: (44)

Ct andGt are consumption expenditures of households and the government. 1
ZIt
[Kt+1 � (1� �K)Kt]

is the tangible capital investment subject to investment speci�c technology shock ZIt. �ENEt

is the cost of drawing new technology. �Et(Bh)Nt is the cost of maintaining the existing tech-

nology, where Et (Bh) is the average width of the staying �rms. The last two terms can be

considered as gross investment in intangible capital. Similarly, the resource constraint of �nal
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goods for the foreign country is

C�t +G�t +
1

Z�It

�
K�
t+1 � (1� �K)K

�
t

�
+ ��EN

�
Et + ��Et(B

�
f )N

�
t = Y �

t : (45)

3.2 Decentralized Economy

All the markets for factors of production and output are perfectly competitive, except that the

markets for di¤erentiated products are monopolistically competitive.

3.2.1 Government and Representative Household

The home government consumes Gt, taxes home households lump sum by Tt and issues short-

term government bonds, Dt at the market gross real interest rate Rt subject to the budget

constraint

Gt +Rt�1Dt�1 = Tt +Dt: (46)

The representative household owns the entire home capital stock and �rms.20 The household

consumes, invests and purchases home and foreign government bonds to maximize their ex-

pected discounted utility

U0 = E0

1X
t=0

�t

 
lnCt �  0

L
1+1= 
t

1 + 1= 
+ �Ht lnD

H
t + ��Ht lnD�H

t

!
; (47)

subject to the budget constraint as

Ct +
1

ZIt
[Kt+1 � (1� �K)Kt] + �ENEt + �BNt +DH

t + �tD
�H
t (48)

= wLtLt + wKtKt +�t � Tt +Rt�1D
H
t�1 + �tR

�
t�1D

�H
t�1:

The aggregate pro�t �t is de�ned as

�t = BNt

Z 1

0

�(Aht;Mt)d�t (Aht) ;

20This is an important limitation of our analysis, because there are extensive holdings of foreign equities and
capital. But because the home bias of equity holdings is still strong especially for our data up to 1999, this
assumption may not be a bad approximation. This assumption greatly simpli�es our analysis, because we can
analyze the behavior of the representative household as if there were no stock markets, and can use the resulting
consumption rule to compute the stochastic discount factor �t;t+1:
Perhaps a more serious limitation of our analysis is the absence of overseas production of home �rms. Perhaps

in future, we can extend our analysis by allowing home �rm h to spend a sunk cost �FE to draw a new technology
(A�h; B

�
h) for foreign production which depends on (Ah; Bh).
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where �(Aht;Mt) is given in (61). In the utility function, we include the utility of home and

foreign bond holdings to capture the transaction frictions in home and foreign markets. Their

�rst order conditions imply

wLt =  0L
1= 
t Ct; (49)

1

ZIt
= Et

�
�t;t+1

�
wKt+1 +

1� �K
ZIt+1

��
; (50)

DH
t = �Ht [1�RtEt (�t;t+1)]

�1Ct;

D�H
t = ��Ht [1�R�tEt (�t;t+1�t+1=�t)]

�1Ct=�t:

The gap between unity and RtEt (�t;t+1) is the opportunity cost of holding home bonds, which

re�ects the liquidity service of home bonds that facilitate transactions.

Similarly, the foreign representative household owns the entire foreign capital stock and

�rms and maximizes the utility

U�0 = E0

1X
t=0

�t

 
lnC�t �  �0

L
�1+1= �
t

1 + 1= �
+ �Ft lnD

F
t + ��Ft lnD�F

t

!
; (51)

subject to the budget constraint as

C�t +
1

Z�It

�
K�
t+1 � (1� �K)K

�
t

�
+ ��EN

�
Et +

DF
t

�t
+D�F

t (52)

= w�LtL
�
t + w�KtK

�
t +�

�
t � T �t +Rt�1

DH
t�1
�t

+R�t�1D
�F
t�1:

The bond market clearing conditions are the demands by foreign households

Dt = DH
t +DF

t

=
�Ht Ct

1�RtEt (�t;t+1)
+

�Ft C
�
t �t

1�RtEt
�
��t;t+1�t=�t+1

� ; (53)

D�
t = D�H

t +D�F
t

=
��Ht Ct=�t

1�R�tEt (�t;t+1�t+1=�t)
+

��Ft C�t
1�R�tEt

�
��t;t+1

� : (54)

These shocks to the utility of bond holdings
�
�Ht ; �

�H
t ; �Ft ; �

�F
t

�
follow an AR(1) process, and

help explain the volatile movement of the real exchange rate, even though we will not use all

the shocks in the calibration.
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3.2.2 Production of �rms

A home �rm h owns the same constant returns to scale technology as (42), to produce the

composite input and use this composite input to produce a variety of di¤erentiated goods for

home and foreign uses according to the menu of technologies described by equations (29) to

(34). Consistent with the CES quantity indices in (25) and (26), each �rm faces a downward

sloping demand curve for its products in home and foreign markets, as a function of prices

pHht (!) and p
F
ht (!) such that

QH
ht (!) =

�
pHht (!)

pHt

���
QH
t ;

QF
ht (!) =

�
pFht (!)

pFt

���
QF
t ;

where pHt is the price index of home output for home use corresponding to the quantity index

of QH
t in (25) and p

F
t is that of home output for foreign use corresponding to Q

F
t in (26), given

by

pHt =

�Z
h2Ht

Z
!2


pHht(!)
1��d!dh

� 1
1��

� �P
��
pHht(!)

�	
; (55)

pFt = �P
��
pFht(!)

�	
:

We use home �nal goods as the numeraire in the home market, and foreign �nal goods as the

numeraire in the foreign market.

Because of the common constant returns to scale production function in (42), the unit cost

of the composite input wt is

wt = wLt
LwKt

K
�
wHMt

�HM �w�HMt

��HM =Zt;

where wLt is real wage rate, wKt is cost of capital, and wHMt and w
�H
Mt are the costs of home

and foreign produced intermediate inputs. wHMt is equal to
pHt
ZHMt

because the intermediate goods

speci�c technology shock ZH
Mt in (25) captures the movement of relative price between home

�nal goods and home intermediate goods. Similarly, w�HMt =
p�Ht
Z�HMt

, where p�Ht is the price index

26



of foreign output for home use. Thus, the unit cost wt can also be written as

wt = wLt
LwKt

K

�
pHt
ZH
Mt

�HM � p�Ht
Z�HMt

��HM
=Zt: (56)

Maximizing current pro�ts subject to the constraints of the present technology and aggre-

gate market conditions, each �rm sets the price as a mark-up over their unit production costs

as

pHht (!) =
�

� � 1
wt

aht(!)
;

pFht (!) =
�

� � 1
�wt=�t
aht(!)

;

for all ! produced, where �t is the real exchange rates (the relative price of foreign to home �nal

goods). Because all �rms produce all the available products for the home market, the price

index for home output for home use becomes

pHt =
�

� � 1
wt
�Hat

; (57)

where

�Hat = �Ha f[aht(!)]g

�
�Z

h2Ht

Z 1

0

aht(!)
��1d!dh

� 1
��1

;

=

�Z
h2Ht

Bh

� � 1Aht
��1dh

� 1
��1

:

using a one-to-one mapping between product variety ! and the productivity level aht as ! =

Bh (lnAht � ln aht) from (31). �Hat is an aggregate productivity measure of home �rms for the

home market.

Firm h produces goods for export, only if the pro�t is non-negative:

0 � �tp
F
ht (!)Q

F
ht (!)� wtX

F
ht (!) =

wt
aht(!)

�
�

� � 1Q
F
ht (!)� �

�
:

Then the home h �rm exports a good ! if and only if productivity aht(!) is higher than a
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common lower bound at that is characterized by

� =
�

� � 1

�
at
�Fat

�� 
Y F
t +

MF
t

ZF
M;t

!
; (58)

pFt =
�

� � 1
�wt=�t
�Fat

; (59)

where

�Fat = �
F
a f[aht(!)]g =

"Z
h2HtjAht�at

Bh

� � 1(Aht
��1 � a��1t )dh

# 1
��1

:

The home �rm h exports if and only if its highest productivity satis�es Aht � at: This is the

feature that Melitz (2003) and Eaton and Kortum (2002) emphasized. Here, however, the

productivity of the �rm has two dimensions, height Aht and the width Bh. Thus, even if a �rm

has large width, the �rm exports only if the height is high. On the other hand, there are many

smaller and medium size �rms with small width who are heavily involved in exports because

their height is high. This helps to explain the weak cross-sectional correlation between exports

and size which is observed in our Japanese �rm level data. The aggregate productivity measure

of home �rms for exports �Fat is smaller than the aggregate productivity measure for the home

market �Hat, because a smaller number of varieties are produced for exports.

Using the above production choice, total sales Sht and the gross pro�t �ht of �rm h before

subtracting the �xed cost of maintaining the technology are now summarized as:

Sht =
Bhwt�

� � 1

8><>:
QHt

(�Hat)
�

(Aht)
��1

��1 +

1(Aht�at)
�QFt

(�Fat)
�

h
(Aht)

��1

��1 � (at)
��1

��1

i
9>=>; (60)

�ht =
Bhwt
� � 1

8><>:
QHt

(�Hat)
�

(Aht)
��1

��1 +

1(Aht�at)
�

�QFt

(�Fat)
�

�
(Aht)

��1

��1 � (at)
��1

��1

�
� � (� � 1)

�
1
at
� 1

Aht

��
9>=>; (61)

� Bh�(Aht;Mt);

where 1(Aht � at) = 1 if and only if Aht � at (indicating export status), and
QHt

(�Hat)
� and

�QFt

(�Fat)
�

summarize the market conditions for home output in home and foreign countries. Observe that

pro�t is proportional to the width of the �rm, because both demand for its product and cost

are proportional to the width, and pro�t per width �(Aht;Mt) only depends upon the height
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Aht and the market conditionMt which we will specify more explicitly later. Observe also that

the exporting �rm�s pro�tability is more sensitive to foreign market conditions and height of

productivity, because of the presence of the �xed cost � of production for exports.

3.2.3 Exit, Entry and Distribution of Firms

Each �rm must pay a �xed cost �Bh to receive a technology draw according to (34) at the

beginning of period t before idiosyncratic technology shock realizes. Thus, the �rm makes an

exit decision based on the information available at the beginning of period t. Let V (Aht�1;Mt)

be the value per width of the active �rm with date t-1 height Aht�1 before drawing a date t

productivity. Then, the Bellman equation for this �rm is

V (Aht�1;Mt) = ��+ (62)

(1� �N)Ef�(Aht;Mt) + �t;t+1Max[0; V (Aht;Mt+1)]jAht�1;Mtg;

where �t;t+1 is the stochastic discount factor. Because we assume home �rms are all owned by

home households, the stochastic discount factor is equal to the marginal rate of substitution

between date t+ 1 and date t consumption of the home representative household, i.e., �t;t+1 =

� Ct
Ct+1

. Because the RHS is monotonically increasing in the height of the previous period Aht�1,

�rm�s exit decision follows a reservation rule, i.e., �rm h exits if and only if Aht�1 � A (Mt),

where

V (A (Mt) ;Mt) = 0: (63)

Because �(Aht;Mt) is stochastic when the �rm chooses whether to stay or exit, the net pro�t

�(Aht;Mt) � � can be negative for low realization of Aht for some �rms that decided to stay

based on their information (Aht�1;Mt). In addition, because there is uncertainty about future

value of the �rm V (Aht;Mt+1); there is an option value to stay in business at the beginning of

date t. This helps explain why negative pro�ts are often observed among staying �rms.

Firms are also free to enter to draw a new technology according to (32) and (33). Because

the new entrant can only start producing in the next period, it also chooses whether to exit or
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stay. Then we have the free entry condition as

�E = B

Z
Aht�A(Mt+1)

(1� �N)Ef�t;t+1Max[0; V (Aht;Mt+1)]jAht;Mtgzo
A(dAht); (64)

where B = Et(Bh) = exp(�b +
�2b
2
):

The distribution e�t of the productivity of home �rms (Aht; Bh) evolves through the entry,

exit and the evolution of Aht. Because the evolution of height is independent from the time

invariant width, we have

e�t (Aht; Bh) = �t (Aht)zo
B(Bh)

Nt+1�t+1(Aht+1) =

Z 1

Aht�A(Mt+1)

F (Aht+1jAht)(1� �N)[NEtzo
A(dAht) +Nt�t (dAht)]:(65)

The distribution function of the height �t (Aht) summarizes the productivity distribution of

heterogeneous home �rms.

The aggregate productivity measures of home �rms for home and foreign markets are now

simpli�ed to

�Hat =
�
BNt

� 1
��1 �(0;�t) ; (66)

�Fat =
�
BNt

� 1
��1 �(at;�t) ; (67)

where

�(at;�t) =

(Z
Aht�at

1

� � 1

h
(Aht)

��1 � (at)
��1
i
d�t (Aht)

) 1
��1

: (68)

The lower bound at in (58) and price indices p
H
t and pFt in (57) and (59) are determined by

(66) and (67).

The behavior of foreign �rms and price indices are described similarly to home �rms such
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that

w�t = w�Lt
�Lw�Kt

�K

�
pFt
ZF
Mt

�FM � p�Ft
Z�FMt

��FM
=Z�t ; (69)

p�Ht =
�

� � 1
� ��tw

�
t�

B
�
N�
t

� 1
��1
�(a�t ;�

�
t )

; (70)

p�Ft =
�

� � 1
w�t�

B
�
N�
t

� 1
��1
�(0;��t )

; (71)

�� =
� �

� � 1

264 a�t�
B
�
N�
t

� 1
��1
�(a�t ;�

�
t )

375
�

(Y �H
t +

M�H
t

Z�HMt

); (72)

where B
�
= E(B�

f ) = exp
�
��b +

��2b
2

�
, N�

t is number of foreign �rms, and �(a
�
t ;�

�
t ) =nR

A�ft�a�t
1
��1

h�
A�ft
���1 � (a�t )��1i d��t �A�ft�o 1

��1
.

3.2.4 Market Equilibrium

From the optimal choice of home and foreign produced goods for production of �nal goods in

(23) and (24), we have

Y H
t

Y �H
t

= �t

�
pHt
p�Ht

��'
; (73)

Y �F
t

Y F
t

= ��t

�
p�Ft
pFt

��'
:

Then as we chose �nal goods as the numeraire in home and foreign countries, we have

1 =
h
�t
�
pHt
�1�'

+
�
p�Ht
�1�'i1=(1�')

; (74)

1 =
h�
pFt
�1�'

+ ��t
�
p�Ft
�1�'i1=(1�')

: (75)

Thus we have

Y H
t = �t

�
pHt
��'

Yt; Y �H
t =

�
p�Ht
��'

Yt;

Y F
t =

�
pFt
��'

Y �
t ; Y �F

t = ��t
�
p�Ft
��'

Y �
t : (76)
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Concerning the composite input, from the cost minimization of the input composite in (42),

we have

MH
t = HM

Xt

pHt =Z
H
Mt

; M�H
t = �HM

Xt

p�Ht =Z�HMt

: (77)

Together with production function in (42), the home supply of the input composite is

Xt =

"
Zt

�
ZH
Mt

pHt

�HM �Z�HMt

p�Ht

��HM �
Lt
L

�L �Kt

K

�K#1=(L+K)
: (78)

The demand for the home composite input is

Xt =

�
Y H
t +

MH
t

ZHMt

�
�
BNt

� 1
��1 �(0;�t)

+
�
�
Y F
t +

MF
t

ZFMt

�
�
BNt

� 1
��1 �(at;�t)

+�BNt

Z
Aht�at

�
1

at
� 1

Aht

�
d�t (Aht) : (79)

Similarly for the foreign country, the intermediate goods uses are

MF
t = FM

X�
t

pFt =Z
F
Mt

; M�F
t = �FM

X�
t

p�Ft =Z�FMt

; (80)

supply of foreign input composite is

X�
t =

"
Z�t

�
ZF
Mt

pFt

�FM �Z�FMt

p�Ft

��FM �L�t
�L

��L �K�
t

�K

��K#1=(�L+�K)
: (81)

demand for the foreign composite input is

X�
t =

�
Y �H
t +

M�H
t

Z�HMt

�
�
B
�
N�
t

� 1
��1
�(a�t ;�

�
t )

+
�
�
Y �F
t +

M�F
t

Z�FMt

�
�
B
�
N�
t

� 1
��1
�(0;��t )

+��B
�
N�
t

Z
A�ft�a�t

1

� � 1

 
1

a�t
� 1

A�ft

!
d��t

�
A�ft
�
: (82)

Concerning aggregate values of export and import, we have

home export = �tforeign import = �tp
F
t

�
Y F
t +

MF
t

ZF
Mt

�
;

home import = �tforeign export = p�Ht

�
Y �H
t +

M�H
t

Z�HMt

�
:

Thus, home trade balance is TBt = �tp
F
t

�
Y F
t +

MF
t

ZFMt

�
�p�Ht

�
Y �H
t +

M�H
t

Z�HMt

�
, home capital account

balance is KBt = �t
�
R�t�1 � 1

�
D�H
t�1 � (Rt�1 � 1)DF

t�1, and the home current account balance
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is CBt = TBt +KBt. The international account balances for foreign country can be similarly

de�ned, and the foreign current account balance is CB�
t = � 1

�t
CBt. Note that we allow non-

zero international account balances. In Japan, intermediate goods have dominated the share

of imports, and recently the share of intermediate goods in exports have risen signi�cantly.

We will see if this is one of the reasons why aggregate imports move together with aggregate

production and aggregate exports, especially after the year 2000.

The aggregate state of the economy in period t isMt =
�
Kt; K

�
t ; Nt; N

�
t ; Dt�1; D

�
t�1;�t;�

�
t

�
.

The home and foreign governments choose (Gt; Tt) and (G�t ; T
�
t ) as functions of the aggregate

state. The thirteen prices
�
pHt ; p

�H
t ; pFt ; p

�F
t ; wt; w

�
t ; wLt; w

�
Lt; wKt; w

�
Kt; Rt; R

�
t ; �t
�
and twenty two

quantities
�
at; a

�
t ; Yt; Y

�
t ; Xt; X

�
t ; Lt; L

�
t ; Y

H
t ; Y

�H
t ; Y F

t ; Y
�F
t ;MH

t ;M
�H
t ;MF

t ;M
�F
t ; Ct; C

�
t ; At; A

�
t ; NEt; N

�
Et

�
and the aggregate state of the next period Mt+1 are determined as functions of the current

aggregate stateMt in the recursive equilibrium of our economy.21

3.3 Steady State

3.4 Equilibrium Dynamics

4 Parameter Selection

4.1 Estimation of Firm Level Productivity

The domestic sales component of individual home �rm in (60) together with (57) implies

lnSHht =
e� + lnQH

t + � ln pHt � (� � 1) ln (wt) + lnBh + (� � 1) lnAht;

where e� is constant which depends upon �. Using this equation to infer the parameter � involves
two complications. The aggregate variables QH

t and p
H
t are functions of �, and wt would depend

on Zt in equilibrium. Because of these issues, we do not aim to estimate � from this equation.

Our goal of using this equation is to infer the distributions of Bh and Aht�s by estimating this

21In addition to (65) and the corresponding foreign equation to determine
�
Nt+1; N

�
t+1;�t+1;�

�
t+1

�
, we have

thirty nine independent equations: (23), (24), (44), (45), (56), (57), (58), (59), (63), (64), (two more equations for
foreign country corresponding to (63), (64)), (69), (70), (71), (72), (46), (48), (49), (50), (four more equations
for foreign countries corresponding to (46), (48), (49), (50)), (53), (54), (74), (75), four equations in (76),
two equations in (77), (78), (79), two equations in (80), (81), and (82). One of these forty equations is not
independent because of Walras�s Law.
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equation by replacing all aggregate e¤ects with time dummies Dt such that

lnSHht =
b� +Dt + bh + aht (83)

where

b� = e� + �b + (� � 1)�a;

bh = lnBh � �b;

aht = (� � 1) (lnAht � �a) ;

and �b is the mean of lnBh and �a is the mean of the stationary distribution of the AR(1)

process of lnAht = (1� �a)�a + �a lnAh;t�1 + �a;ht. That is, aht follows the AR(1) process

aht = �aah;t�1 + e�a;ht;
where e�a;ht = (� � 1) �a;ht.

We estimate the equation (83) by the �xed e¤ect model with autoregressive disturbances.

The estimates are reported in Table 1, with standard errors in parentheses. Figure 2 plots

the kernel density estimate of bh overlaid with the normal density, showing that the lognormal

distribution is a reasonable approximation of the distribution of Bh. Figure 3.1 compares the

shapes of the time-varying kernel density estimates of aht across three sample years of 1986,

1993 and 1999. Figure 3.2 shows that the average of aht monotonically converges to zero while

the dispersion (measured by standard deviation) declines and then becomes stabilized as time

passes.

Table 1. Estimates of Firm Level Productivity Parameters
Parameters b� �b �a �eva
Estimates

17.84
(.002)

1.413 .689 .183

4.2 Estimation of Aggregate Shocks Processes

4.2.1 Aggregate Productivity Shocks

The aggregate productivity variables Zt and Z�t are measured by TFP from the industry level

growth accounting rather than by national growth accounting, so that our measures of aggregate
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productivity may re�ect the productivity from technology rather than from various institutional

factors.22 Figure 4 plots the measured Zt and Z�t in logarithmic scale. The existence of a

trend is clear for foreign productivity while Japanese productivity grew faster than foreign

productivity until 1991 and then �attened during the 1990�s, starting to recover after 2002. Due

to the presence of trends in productivity, we estimate the AR(1) process of the log di¤erence of

productivity. We initially allowed for the cross-country dependence in aggregate productivity

growth. The estimated bivariate AR(1) process is given by�
� lnZt
� lnZ�t

�
=

�
.003 (.003)
.006 (.002)

�
+

�
.345 (.193) .201 (.357)
.133 (.105) -.304 (.195)

� �
� lnZt�1
� lnZ�t�1

�
+

� evZtev�Zt
�

where the standard errors are in parentheses. Not surprisingly, due to the substantial di¤erences

in the movements between the two productivity measures, the estimates of the cross-country

correlations 0.201 and 0.133 are insigni�cant. (Their p-values are 0.572 and 0.205, respectively.)

Given this weak correlation, we estimate the process of productivity by the univariate AR(1)

process for each country such that

� lnZt = (1� �Z)�Z + �Z� lnZt�1 + vZt;

� lnZ�t = (1� ��Z)�
�
Z + ��Z� lnZ

�
t�1 + v�Zt;

where �Z and �
�
Z correspond to the steady state growth rate of Zt and Z

�
t , respectively, while

�Z and �
�
Z measure the auto-correlation of the growth rates during transition. The estimates

of these parameters are reported in Table 2, with standard errors in parentheses. Figure 5

compares the estimated process of productivity growth with actual productivity growth.

Table 2. Estimates of Aggregate Productivity Parameters

22The domestic aggregate productivity Zt is measured by the Japanese industry level productivity data
provided by EU KLEMS Release November 2009. The foreign aggregate productivity Z�t is measured by the
trade-share weighted sum of those of U.S., E.U., and Korea. The aggregate productivity for U.S. and E.U. are
measured from the same source, EU KLEMS Release November 2009. Korean aggregate productivity is obtained
from the Korean Industrial Productivity (KIP) database rather than using the EU KLEMS data, because of the
substantial and more precise revision of depreciation rate of physical capital in Korean growth accounting by
the KIP. Reliable measures of aggregate productivity are not yet available for China; hence Chinese aggregate
productivity is not included in Z�t . Given the small trade share of Japan with China during the sample period
(4 percent), this omission may not have substantial in�uence on Z�t .
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Parameters �Z �Z ��Z ��Z �vZ �v�Z

Estimates
.005
(.004)

.363
(.171)

.005
(.001)

-.231
(.202)

.0123
(.0014)

.0069
(.0012)

4.2.2 Taste Shocks

The allocation between home produced �nal goods Y H
t and imported �nal goods Y �H

t is de-

termined by (73), where �t is the home bias taste shock in (23) such that ln �t � N
�
��; �

2
�

�
.

Taking logs, we have

ln

�
pHt
p�Ht

�
=
��
'
� 1

'
ln

�
Y H
t

Y �H
t

�
+ e�t;

where e�t = 1
'

�
ln �t � ��

�
and ln �t � N(��; �

2
�). We estimate the elasticity of substitution

parameter ' from this equation. Given the parameter ', the process of �t can be identi�ed by

the constant term and the variance of the residuals of this regression. Here, the ratio of home

produced goods to imported goods would depend on the taste shock, hence we instrument Y Ht
Y �Ht

by the government consumption, which we consider is exogenously determined but heavily ori-
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ented to home produced goods in its composition. Table 3 reports the estimates with standard

errors in parentheses. Figure 6 plots the estimated path of the taste shocks for Japan.

Table 3. Estimates of Taste Shock Parameters
Parameters ' �� ��

Estimates
.99
(.15)

2.57
(.035)

.190
(.015)

4.2.3 Exchange Rate Shocks

The reduced form real exchange rate process is estimated by the following AR(1) process

ln �t = (1� ��)�� + �� ln �t�1 + ��t;

where ��t � N
�
0; �2v�

�
. Table 4 reports the estimates with standard errors in parentheses.

Figure 7 compares the estimated and the actual processes of the real exchange rates in logs.

Table 4. Estimates of Real Exchange Rate Parameters

38



8
10

12
14

16
18

1980 1990 2000 2010
year

Figure 6. Home Taste Shock

Parameters �� �� �v�

Estimates
.329
(.192)

.853
(.103)

.133
(.019)

This reduced form estimates give us information about the stochastic process for the utility

shocks for home and foreign bond holdings in utility functions (47) and (51).

4.2.4 Government Fiscal Policy Shocks

4.2.5 Investment Speci�c Technology Shocks

The investment speci�c technology shocks (ZIt; Z�It) are measured by the relative prices

ZIt =
pt
pIt
;

Z�It =
p�t
p�It
;

where pIt and p�It are the price levels of investment goods in home and foreign countries.
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4.2.6 Intermediate Goods Speci�c Technology Shocks

The intermediate goods speci�c technology shocks
�
ZH
Mt; Z

F
Mt; Z

�H
Mt ; Z

�F
Mt

�
are measured by the

relative prices

ZH
M;t =

pHt
wHM;t

ZF
Mt =

pFt
wFM;t

Z�HMt =
p�Ht
w�HM;t

Z�FMt =
p�Ft
w�FM;t

;

where wHM;t and wFM;t are the price of home produced intermediate goods in the home and

foreign markets. w�HM;t and w
�F
M;t are the prices of foreign produced intermediate goods in home

and foreign markets.
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4.3 Calibration of Other Parameters

5 Simulation

6 Conclusion
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A Steady State of the Basic Model

From equation above (15) and (17) with �t;t+1 = � in the steady state, we have

� =
�

1� � + ��
+

�
1

� (1� � + ��)
� 1
�
�E
�
: (A1)

This equation implies that the steady state � is a function of exogenous parameters only. Then,

from (16), we have

� =
1

�
aN

1
��1

�
XH

N
+ �� (� � 1) (a��1� � a�1� )

�
;

or
XH

N
=
��

a
N

1
��1 � �� (� � 1) (a��1� � a�1� ): (A2)

From (8),

NE =
� (1� �)

� (1� � + ��)
N:

Then, from (18) and (A1), we have

C

N
= �� � �� (� � 1) (a��1� � a�1� )aN

1
��1 � �+ �E� (1� �) =�

1� � + ��
: (A3)

From (10) and (12),

aN
1
��1

XF

N
= �

"
�

�
�'Y �

a' (� � 1)�

� ��1
��' aN

1
��1

N
�

��'
� �(a��1� � a�1� )aN

1
��1

#
:

Together with (13) and (A2), we have

aN
1
��1

�
XH

N
+
XF

N

�
= �

"
� + �

�
�'Y �

a' (� � 1)�

� ��1
��' aN

1
��1

N
�

��'
� ��(a��1� � a�1� )aN

1
��1

#
= aN

1
��1

X

N

=

�
��1
�

� 1�L+ 
L

L ( 0C=N)
 

�
aZ

�1�L

� 1+ 
L

N

h
1

(��1)L
�1
i
(1+ )

:
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Using (A3), equilibrium N solves

0 = J(N; �; Y �; Z) (A4)

= �
�
�� � �� (� � 1) (a��1� � a�1� )aN

1
��1 � �+ �E� (1� �) =�

1� � + ��

� 
�
"
� + �

�
�'Y �

a' (� � 1)�

� ��1
��' aN

1
��1

N
�

��'
� ��(a��1� � a�1� )aN

1
��1

#

+

�
��1
�

� 1�L+ 
L

L 
 
0

�
aZ

�1�L

� 1+ 
L 1

N

h
1� 1

(��1)L

i
(1+ )

:

@J
@N

< 0 in the neighborhood of J(N; �; Y �; Z) = 0; i¤�
1� 1

(� � 1) L

�
(1 +  ) (A5)

>
XF + ��(a��1� � a�1� )N

X

�
�

� � '
� 1

� � 1

�
+
��(a��1� � a�1� )N

X

1

� � 1

+ 
��(� � 1)(a��1� � a�1� )aN

1
��1

C=N

1

� � 1

=
XF

X

�
�

� � '
� 1

� � 1

�
+ ��(a��1� � a�1� )

"
N

X

�

� � '
+  

aN
1
��1

C=N

#
:

Assume that this inequality is satis�ed because � is large enough. Knowing that @J
@�
< 0 @J

@Y � < 0

@J
@Z

< 0; we have
@N

@�
< 0;

@N

@Y � < 0;
@N

@Z
> 0:

Thus, if TFP is higher, the number of di¤erentiated products produced is higher. If the export

market expands by the real exchange rate depreciation or by the increase of foreign demand,

there are more low productive �rms producing for export with zero pro�ts, which crowds out

the pro�ts at home and reduces the number of di¤erentiated products produced in the steady

state.

From (10), we have

nF1 + �a��1� =

�
�'Y �

a' (� � 1)�

� ��1
��' 1

N
�

��'
= f(N):

De�ne N and N as

f(N) = a��1;

f(N) = �a��1� :
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Then, the condition for the extensive margin to adjusts against shock in the export market (the

inequality (11) 0 < nF1t < 1� �) holds if and only if

J(N; �; Y �; Z) > 0 > J(N; �; Y �; Z) (A6)

The condition for the low productivity �rms willing to pay the �xed cost � (the inequality

(14) V1t > 0) is satis�ed in the steady state if and only if

(1� � + ��)
�
(1� � + ��)�H1 � �

�
+ ���(�H� + �F� � �H1 ) > 0;

or

� � 1
�

��(a��1� � a�1� )aN
1
��1 (1� �)(1� � + ��)aN

1
��1

<
�
(1� � + ��) (1� � + ��) + ���(a��1� � 1)

� �E
��

� (1� �)�(a��1� � 1)�:

The condition for the zero productivity �rms unwilling to pay the �xed cost � (the inequality

in footnote 17, 0 > ��+ ���[�H�t + �F�t +Et(�t;t+1V�t+1)] + ��(1� �)[�H1t +Et(�t;t+1V1t+1)]) is

satis�ed if and only if

� > ��
�
� + �V

�
;

or

��E < (1� �)�:

B Social Planner�s Problem for the Full Model

Consider there is no friction in transaction so that there is no utility derived from holding home

and foreign bond.

U0 = E0

1X
t=0

�t

 
lnCt �  0

L
1+1= 
t

1 + 1= 

!
; (84)

U�0 = E0

1X
t=0

�t

 
lnC�t �  �0

L
�1+1= �
t

1 + 1= �

!
: (85)

The e¢ cient allocation in which the social planner chooses the resource allocation in order

to maximize the weighted average of the utility of home and of the foreign representative
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households US
0 = #U0 + (1 � #)U�0 subject to the above technology and resource constraints.

This social planner�s allocation serves as a benchmark comparison to the decentralized economy.

We can de�ne the Lagrangian of the planner as

L = E0

1X
t=0

�t(#

"
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From the �rst order condition of QH
ht (!), we learn

QH
ht (!) =

�
pHht (!)

pHt

���
QH
t ; where (87)

pHt =

�Z
h2Ht

Z
!2


pHht(!)
1��d!dh

� 1
1��

� �P
��
pHht(!)

�	
: (88)

Also from the �rst order condition of XH
ht (!) ; we have

pHht (!) =
wt

Ahte�(!=Bh)
=

wt
aht (!)

(89)

This is familiar condition of the price being equal to the marginal cost. Then we have

pHt =
wt

�Ha f[aht(!)]g
; where

�Ha f[aht(!)]g �
�Z

h2Ht

Z
!2


aht(!)
��1d!dh

� 1
��1

=

�Z
h2Ht

1

� � 1Aht
��1Bhdh

� 1
��1

using one-to-one mapping between product variety ! and productivity level a as ! = Bh (lnAh;t � ln a)

from (31). �a f[ah(!)]g can be thought of the aggregate productivity measure of home �rms

for home market.

Similarly from the �rst order condition of QF
ht (!) and X

F
ht (!) , we learn

QF
ht (!) =

�
pFht (!)

pFt

���
QF
t ; where (90)

pFt = �P
��
pFht(!)

�	
; and (91)

�tp
F
ht (!) = �

wt
aht (!)

; where (92)

�t � P�t =Pt: (93)
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where �t can be considered as the real exchange rate. But because of the �xed cost for producing

each variety, �rm h produce di¤erentiated goods for export if and only if ! � !ht in which the

�rst order condition for !h is

pFt P�t
�

� � 1
�
QF
t

� 1
�
�
QF
t (!ht)

� ��1
� = wtPtXF

ht (!ht) : (94)

The LHS is the marginal value of having a variety !ht and the right hand side (RHS) is the

cost of producing !ht. Then using (30), (90) and (92), we learn

aht (!ht) = at; for all h 2 Ht, (95)

QF
ht (!) =

�
aht (!)

at

��
� � 1
�

�; for aht (!) � at; (96)

pFt =
�wt=�t

�Fa f[ah(!)]g
; where (97)

�Fa f[ah(!)]g =

"Z
h2HtjAht�at

1

� � 1(Aht
��1 � a��1t )Bhdh

# 1
��1

: (98)

Home �rm h exports if and only if its highest productivity satis�es Aht � at:The aggregate

productivity measure of home �rms for export �Fa f[ah(!)]g is aggregate productivity measure

for home market, because smaller number of varieties are produced.

From the �rst order condition of Y H
t and Y �H

t ; we have

Y H
t = �t

�
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��'

Yt

Y �H
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�
p�Ht
��'
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h
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:

From the �rst order condition for Ct and C�t , we have

Pt = #=Ct; P�t = (1� #)=C�t ;

�t � P�t
Pt
=
1� #

#

Ct
C�t
:

The marginal cost of labour supply and the cost of capital satis�es the conditions

wLt = # 0L
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t =Pt =  0L
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t Ct;
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= Et

��
�Ct
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;
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where the cost of capital is the opportunity cost of suing capital for one period. Then the

optimal choice of input leads to

Lt = L
wtX;t

wLt
; (99)

Kt = K
wtXt

wKt
; (100)

MH
t = HM

wtXt

pHt =Z
H
Mt

; (101)
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; (102)
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LwKt

K
�
pHt =Z

H
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