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Objective

@ Review the foundations of the basic New Keynesian model without capital.

@ Derive the Equilibrium Conditions.

» Small number of equations and a small number of variables, which summarize

everything about the model (optimization, market clearing, gov't policy, etc.).

@ Study some properties of the model.

» Do this using Dynare and ‘pencil and paper’ methods.



Outline

@ The model:
> Individual agents: their objectives, what they take as given, what they choose.
* Households, final good firms, intermediate good firms.
» Economy-wide restrictions:

* Market clearing conditions.
* Relationship between aggregate output and aggregate factors of production,

aggregate price level and individual prices.

@ Properties of Equilibrium:
» Classical Dichotomy - when prices flexible monetary policy irrelevant for real
variables.

» Monetary policy essential to determination of all variables when prices sticky.



Households

@ There are many identical households.

@ The problem of the typical ('representative’) household:

> ( () M
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+Profits net of government transfers and taxes,.

@ Here, B; denotes beginning-of-period t stock of bonds held by the household.



Households...

@ Law of motion of the shock to preferences:
Ty = )\th1 + E;

@ Preference shock is in the model for pedagogic purposes only,

> Not an interesting shock from an empirical point of view.

@ The household first order conditions:
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@ All equations are derived by expressing the household problem in
Lagrangian form, substituting out the multiplier on budget constraint and

rearranging.



Consumption Smoothing

o Later, we'll see that consumption smoothing is an important principle for

understanding the role of monetary policy in the New Keynesian model.

@ Consumption smoothing is a characteristic of households’ consumption
decision when they expect a change in income and the interest rate is not

expected to change.

@ Peoples’ current period consumption increases by the amount that can,

according to their budget constraint, be maintained indefinitely.



Consumption Smoothing: Example

@ Problem:

maxe, c,log (¢1) + Blog (c2)
subjectto: ¢+ B1 < y1+ 1By
o < rBy + .

where y1 and y, are (given) income



Consumption Smoothing: Example

@ After imposing equality (optimality) and substituting out for By,
c
C1+72=}’1+y72+f307

e FONC for B;

1 1
— =Br=
1 (&)
@ Suppose fr = 1:
n+2 r




Consumption Smoothing: Example, cnt'd

@ Solution to the problem:

n+2% r
c = —By.
Pl T

r

o Consider three polar cases:

> temporary change in income: Ay; > 0 and Ay, =0 = Ac = Ac = A—Vi

1+1
» permanent change in income: Ay1 = Ay, >0 — Aci = Ao = Ayt

Ay
> future change in income: Ay; =0 and Ay, >0 = Ac = Ac, = oI

@ Common feature of each example:
» When income rises, then - assuming r does not change - ¢; increases by an
amount that can be maintained into the second period: consumption

smoothing.



Production

@ A homogeneous final good is produced using the following (Dixit-Stiglitz)

production function:

€

1 .., 71
Yt_[/ Y,;d,} .
L

@ Each intermediate good, Y] ;, is produced by a monopolist using the following

production function:

Yie=e"Niy, a; ~ exogenous shock to technology.



Final Good Producers

@ Competitive firms maximize profits

1
P.Y; - / Py oY id),
0

subject to Py, P; . given, all i € [0,1], and the technology:
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0 )

" aggregate price index”

Foncs:

1

P: : ! (1—¢) e
e (£ e ([
1t 0

Yie=e" Ny, a; ~ exogenous shock to technology.




Aggregate Price Index

@ To derive a price index, define nominal output as the sum of prices times

quantities:

1
P.Y, / PiYidi
0

@ Plugging in the demand for each variety, we have
1
P.Y; = / P! P Y,di
0

@ Solving for P; :

" aggregate price index”

1 =
P, = ( / P,.(}ta)di>
0




Intermediate Good Producers

@ The it" intermediate good is produced by a monopolist.

e Demand curve for it monopolist:

P £
Yi,t =Y; (P‘t ) .
It

@ Production function:
Yit=e"N;;, a; ~ exogenous shock to technology.

o Calvo Price-Setting Friction:

p . — P: with probability 1 — 6
"7\ Pl with probability 6



Marginal Cost of Production

@ An important input into the monopolist’s problem is its marginal cost:

MCt _ dCost _ d(lj\zoriir _ (1 — V) Wi
- ~ dOutput ~— R
dOutput it e?
(1 — V) eTt CtN;P
edt

@ The tax rate, v, represents a subsidy to hiring labor, financed by a lump-sum

government tax on households.

@ Firm’s job sets prices whenever it has the opportunity to do so.

@ Firm must always satisfy demand at its posted price.



Present Discounted Value of Intermediate Good Revenues

o ith intermediate good firm's objective:

period t+j profits sent to household

revenues total cost

i
E; E e Ut | Pioetj Yierj — PeyjSed Yied

Ve4j - Lagrange multiplier on household budget constraint

@ Here, E! denotes the firm's expectation over future variables, including the

probability that the firm gets to reset its price at future dates.



Firms that Can Change Price at t

o Let .Et denote the price set by the 1 — 6 firms who optimize at time t.

@ Expected value of future profits sum of two parts:
» future states in which price is still P., so P, matters.
» future states in which the price is not Ist, [3e) ,St is irrelevant.

@ That is,

o0
,. :
ELY B0 [PieYierj — Peyjser Yiers]
=0
Z;

Z 59 Ut+J [PtYI t4j — PegjSej Yierj| +Xe,
j=0

» Z; is the present value of future profits over all future states in which the
firm’s price is P;.

» X is the present value over all other states, so dXt/dﬁt =0.



Decision By Firm that Can Change Its Price

€
@ Substitute out demand curve, Yj, =Y, (Pp—ft)
1

E: Z (ﬁg)j Ut |:'E)t Yitrj — Peajsesj Yi,t+j]
j=0
s ~ ~
Ee > (80 ves; Yiai Pl [P,_}—s - Pt+jst+jP;f] .
j=0

o Differentiate with respect to P :

oo

. ~ —€ ~
EtZ(Be)J vt+th+ij+j |:(]. — E) (Pt) +€Pt+jst+th51:| = O7
j=0

P e Se+j| =0
Pt+j 5_1t+J e

- E Z(ﬁe) Verj Yeri PET
Jj=0

» When 6 = 0, get standard result - price is fixed markup over marginal cost.



Decision By Firm that Can Change Its Price

@ Substitute out the multiplier:

= Uty
Ct+ ) 1 ﬁt g
ﬂ@)l —— Yt+ Ps+ - 75t+' == 0
J—ZO P t+j STt Pt+j e—1 J
» Using assumed log-form of utility,
Y, " €
Z (80Y tf (Xej) ™" {Ptxt,j - 715t+1} =0,
Jj=0 J
P _ Py N .14.4- ,Jj21
b, = —, T = X — T Te4j—1" T4 ,
pe = ‘ Py’ o { 1, j=0.

"recursive property’: X:; = Xep1,j—1—, j >0
et



Decision By Firm that Can Change Its Price

e Want p; in:

> Y, . €
B ( Bay L (Xey) PeXej— ——75t+i| =0
j=0

@ Solving for p;, we conclude that prices are set as follows:

o] i Yeij —
E: >3, (80Y o (X)) © 57t K

pt = o0 Yt j j 1— =
Ee2 im0 ctL (BOY (Xey) ™" Fe

@ All firms who reset, face same MC, so they all choose the same reset price.

@ Need convenient expressions for K;, F;.



Decision By Firm that Can Change Its Price
o After LOTS of algebra, we obtain

Pt*EtZUJtJ

MCt+J) EtZth =1

j=0
where MC; is nominal marginal cost, and
(80) 2 (Xe))'" " Y, 1\
= e Fo=— +B0E ( — Feit (2
Wt £, e= e + BOE; (7_1—1:+1) t+1 (2)
1 .
th — T Tetj—17 1’ J Z 1 , 7_Tt = Pt .
’ 1, j=0. Pt

° FN’t is a weighted average of current and future marginal costs, where weights
depend on expected future demand and inflation.

@ Note that § = 0 implies wy g = 1,w;; =0, for j >0, so

~ 9
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Scaling the Marginal Price Setter’s Price

o Let
St = = =(1—-v)e"CNf /e

@ Denoting p; = I5t/Pt:

where
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3

P Yer; _
o B3 )

_ e Yi(l-v)e N
Ce—1G e

+ BOE; <_

Te+1

) Kea ()



Calibrating the Calvo Parameter ¢

@ The bigger is ¢,the stickier are prices

> The bigger will be the effects of nominal shocks and the more distorted will be

the response of variables to real shocks

@ There exists a close mapping between ¢ and the expected duration of a price

change.



Calibrating the Calvo Parameter ¢

o Consider a firm that gets to update its price in a period.

@ Probability of getting to adjust its price one period from now is (1 — ¢).
@ Probability of adjusting in two periods is ¢(1 — ¢).
@ Probability of adjusting in three periods is ¢?(1 — ¢)

Expected duration=(1 — ¢) Z ¢

Jj=1

S=1+2p+3¢>+4¢>+ ...
S = ¢+ 2¢° + 3¢°...
(1-@)S=1+¢+¢*+...

(1-0)s=

1-¢
1



Moving On to Aggregate Restrictions

o Link between aggregate price level, Py, and P;, i € [0,1].
» Potentially complicated because there are MANY prices, P, i € [0,1].

» Important: Calvo result.

o Link between aggregate output, Y;, and aggregate employment, N;.

» Complicated, because Y; depends not just on N; but also on how employment
is allocated across sectors.

> Important: Tack Yun distortion.

@ Market clearing conditions.

» Bond market clearing.

> Labor and goods market clearing.



Aggregate Price Index: Calvo Result

@ Trick: rewrite the aggregate price index.

> let p € (0,00) the set of logically possible prices for intermediate good
producers.

> let g¢ (p) > 0 denote the measure (e.g., 'number’) of producers that have
price, p, in t

> let gi—1,: (p) > 0, denote the measure of producers that had price, p, in t — 1
and could not re-optimize in t

» Then,

1

1 e e o] i
P: = (/ P;(,lfs)df) = (/ g: (p) p(l’a)dp> .
0 0

1
N o0 =
P = ((1 —0) P F JF/ gt-1,t(p) P(lg)dp) .

o Note:

0



Aggregate Price Index: Calvo Result

@ Calvo randomization assumption:

measure of firms that had price, p, in t—1 and could not change

—_——
g-1,t(p)

measure of firms that had price p in t—1

—
=0 x gt-1(p)



Aggregate Price Index: Calvo Result

o Using gi—1,: (p) = 0ge-1(p) :

Po= (=024 [T s (o))
0

__pl—e
_Ptfl

P.=|@1-6)P=+ 0/ ge_1(p) pt=dp
0

This is the Calvo result:

1

P = ((1 —0) P+ GP,};f) e

o Simple!: Only two variables: P, and P,_;.




Inflation and Marginal Price Setter

@ Calvo result:

1

Po=((1—0) Bl + 0P

@ Divide by P; :

(e an(2) )

P: is relative price of marginal price setter.

@ Then,
1-0@) |
1-6

Pt



Tack Yun Distortion (JME1996)

@ Define Y;*:

1 1
Yy = / Y edi (:/ eatN,-,tdi:ea‘Nt)
0 0

demand curve

1 P ¢ —€ 1
- Yt/ <I;> dl - Ytpf/ (P,‘,t)_E dl
0 t 0
= Y.P; (P})".

Pr\°
Ye=pi Ve, P = <Pt> = 'Tack Yun Distortion’
t

@ Then:
Yt == p:eath.



Understanding the Tack Yun Distortion

@ Relationship between aggregate inputs and outputs:
Yt = P:eatNt.

@ Note that p; is a function of the ratio of two averages (with different

weights) of P; ., i € (0,1) :
* P :
Pt = (Ptt) )

1 %1 1 lis
p: = < / P,.;di> , Py = < / P,.(};E)di)
0 0

@ The Tack Yun distortion, pf, is a measure of dispersion in prices, P;,
i€0,1].

where




Understanding the Tack Yun Distortion

@ Why is a ratio of two different weighted averages of prices a measure of
dispersion?
» Example
%X1+%X2 _ 1 ifX1 = X2

1 3 -
EX1+ZX2 %1 X1§£X2.

x| X1

@ But, the Tack Yun distortion is not the ratio of just any two different
weighted averages.

> In fact, simple Jensen's inequality argument shows:
p; <1, with equality iff P;; = P for all i, j.

> Actually, it must be that

£
average of concave functions of Y; ;,i € [0,1]] =—1

1 e—1
Y, = / Y. dj < e N,
0



Law of Motion of Tack Yun Distortion

@ We have, using the Calvo result:

—1

€

Pi=[-0)Pr +0(Py)”]

@ Dividing by P;:

P\ © 7 17t
* ot — _ ~—g t
P (Pt) {(1 0 b —’—glfk }

t—1

e -1
1—0(F) 1| e
— (-9 +6 4
( ) [ 10 7o (4)

using the restriction between j; and aggregate inflation developed earlier.



Market Clearing

@ We now summarize the market clearing conditions of the model.

@ Labor, bond and goods markets.



Other Market Clearing Conditions

@ Bond market clearing:
Biy1=0,t=0,1,2,..

@ Labor market clearing:

demand for labor

—
supply of labor 1
.
Ny = [ Nidi
0

@ Goods market clearing:

demand for final goods supply of final goods

—
Ct + Gt - Yt ’

and, using relation between Y; and N;:



Equilibrium Conditions

@ 6 equations in 7 unknowns: C;, py, Fe, K¢, Ni, Ry, Tt

3 Yt (171/) eTfCth

K=-1¢ A, + BOER 1 Kega (1)
1
Y, . Ko [1-07E0]"F
F, = é + BeEtﬂ'erllFtJrl (2)7 F: - ?te (3)
(e-1)\ =1 -
1—07"" )\~ 0
F= -0 | = — t *
pi = |( )< 1-9 ) el W
1 1 R
= =BE=——(5), G+ G =pe*N; (6
G g tCt+1 T4l ) t R <

@ System underdetermined! Flexible price case, 6 = 0 is interesting.



Classical Dichotomy Under Flexible Prices

@ Classical Dichotomy: when prices flexible, @ = 0, then real variables
determined.

» Equations (2),(3) imply:

which, combined with (1) implies

Marginal Cost of work marginal benefit of work
e(l—v — /=
g X eTf Ct N;a = eat
e—1

» Expression (6) with p; =1 (since § = 0) is
Ct + Gt = eath.

@ Thus, we have two equations in two unknowns, N; and C;.



Classical Dichotomy: No Uncertainty

o Real interest rate, R} = R;/T+1, is determined:

1

._ G
Ri = 5o

Cia

@ So, with 8 = 0, the following are determined:
R:, Cl’) Nt, t= O, ].,27 “ee

@ What about the nominal variables?

» Suppose the central bank wants a given sequence of inflation rates, 7,
t=0,1,....

» Then it must produce the following sequence of interest rates:

Rt == 7_I't+1Rt*, t= 07 172,



How Does the CB Set the Interest Rate?

@ When NK model leaves out money demand, modeler implicitly has in mind
that money enters preferences additively separably:

- N ™ Mes1
max Eg Z Bt [ log C; — exp (1) =——— + ylog ( ) )

pore 1+¢ P;

sit. PeG + Bey1 + Mepa
< WeN; + Re—1B: + M,

where M, is the beginning of period t + 1 stock of money.
@ Labor and bond first order conditions same as before.

@ Money first order condition:

Mer R: c
P, R.—1)7°"

which looks like a standard undergrad money demand equation.




Classical Dichotomy versus New Keynesian Model

@ When 6 = 0, then the Classical Dichotomy occurs.
> In this case, Central Bank cannot affect R/, C:, N:.
» Monetary policy simply affects the split in the real interest rate between

nominal and real rates:
R:

T+l

R =
» For a careful treatment when there is uncertainty, see.

@ When 6 > 0 (NK model) we can’t pin down any of the 7 endogenous
variables using the 6 available equations.

> In this case, monetary policy matters for Ry, C, N.


http://faculty.wcas.northwestern.edu/~lchrist/d16/d1614/Labor_market_handout.pdf

Monetary Policy in New Keynesian Model

@ Suppose 6 > 0, so that we're in the NK model and monetary policy matters.

@ The standard assumption is that the monetary authority sets money growth to

achieve an interest rate target, and that that target is a function of inflation:

Re/R = (Re-1/R)" exp{(1 — ) [¢x(Te — T) + dxxe]} (7)",
where x; denotes the log deviation of actual output from target (more on this
later).
o This is a Taylor rule, and it satisfies the Taylor Principle when ¢, > 1.

@ Smoothing parameter: .

> Bigger is a the more persistent are policy-induced changes in the interest rate.



Equilibrium Conditions of NK Model with Taylor Rule

3 Yt (1—1/) eTrCtN;F

Ki=——7¢ A FAET e ()
1

Y . Ko [1—eslD]7e

F, = 7: + BOET ) Fea (2), F: =71 )
(e-1)\ 77 -
1—0m" 7\ o7

oM [( )( 1-0 ) +P?1] “
1 1 R
— =BE———" (5), Ci+ G =pje*N; (6)
Ct Ct+1 Te+1

Re/R = (Re1/R)" exp {(1 = ) [px(Fe = 7) + dxel} (7).



Natural Equilibrium
@ When 6 = 0, then

Marginal Cost of work marginal benefit of work
e(l—v _—T /=
(71) X et Ct N;p = e’
€ —

Ny = (eﬂ)i(Jr

so that we have a form of efficiency when v is chosen to that
e(l-v)/(e—-1)=1.

@ In addition, we have allocative efficiency in the flexible price equilibrium.

Nt — e—Tt/(l'HP)

So, the flexible price equilibrium with the efficient setting of v represents a
natural benchmark for the New Keynesian model, the version of the model in
which 6 > 0.

w \/a ~All +hic +lha AAat1ival EariiliBlviiim



Natural Equilibrium

@ With G; = 0, equilibrium conditions for C; and N;:

Marginal Cost of work marginal benefit of work
—— =
e C:Nf = e’

Aggregate production relation: C; = e ;.

@ Substituting,

—
e e NIT¥ = e 5 N, = exp (>

149
C; = exp <at— 1:@)
1

1

1

« _ G
Rt - ,BE 1 - ﬁE G
tCin t G

BErexp (—AatH + Alfﬁ;l)



Natural Equilibrium, cnt'd

@ Natural rate of interest:

1
< 1
R} G

55@ BE.exp (—Aatﬂ + A1+r:)

@ Two models for a; :

DS : Aat+1 = pAat + €?+1

TS : a1 = par + €744

@ Model for 7 :

Tt+1 = )\Tt + E‘tl.—+1



Natural Equilibrium, cnt'd

@ Suppose the €;'s are Normal. Then,

ATt+]_> ( A'Tt+1 1 )
Eiexp | —Aasi1 + =exp | —E;Aa;i1 + E -V
t P( t+1 1t+o p [ZAY-T | tl—i—(p 5
2
V= Ug + I 5
(1+¢)
o Then, with r} = log R¥ : r} = —log 8 + E:Aasy1 — EtAl_T;;l -1v.

@ Useful: consider how natural rate responds to €7 shocks under DS and TS
models for a; and how it responds to €] shocks.
» To understand how r{" responds, consider implications of consumption
smoothing in absence of change in r;".

» Hint: in natural equilibrium, r; steers the economy so that natural equilibrium

paths for C; and N, are realized.



Conclusion

@ Described NK model and derived equilibrium conditions.
» The usual version of model represents monetary policy by a Taylor rule.
@ When 6 = 0, so that prices are flexible, then monetary policy has no impact
on C¢, Ni, Ry
» Changes in money growth move prices and wages in such a way that real

wages do not change and employment and output don't change.



Conclusion...

@ When prices are sticky, then a policy-induced reduction in the interest rate
encourages more nominal spending.

» The increased spending raises W; more than P;: because of the sticky prices,
thereby inducing the increased labor supply that firms need to meet the extra
demand.

» Firms are willing to produce more goods because:

* The model assumes they must meet all demand at posted prices.
* Firms make positive profits, so as long as the expansion is not too big they still

make positive profits, even if not optimal.
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Calvo versus Rotemberg

o “Why don't we just do Rotemberg adjustment costs? It's much easier and

gives the same reduced form anyway”.

@ One answer:

> When people do Rotemberg adjustment costs, they are implicitly actually
doing Calvo.

* Rotemberg has an coefficient, ¢, on the price adjustment cost term,
(Pt — P:_1)?, and it is hard to think about what is an empirically plausible
value for it. So, in practice, when you do Rotemberg (whether estimating or
calibrating) you have to convert to Calvo to evaluate the value of ¢ that you
are using.

* Why? From the perspective of Calvo, the parameter ¢ is a function of the
Calvo parameter, 6, and that is something that people have strong views about

because it can be directly estimated from observed micro data.
» Similarity of Calvo and Rotemberg only reflects that people have the habit of
linearizing around zero inflation. Different in empirically plausible case of
inflation. Difference is small in the simple model, but not in more plausible

models.



Calvo versus Rotemberg

@ Rotemberg is completely against the Zeitgeist of modern macroeconomics.


http://www.princeton.edu/~moll/HANK.pdf
http://faculty.wcas.northwestern.edu/~lchrist/course/Gerzensee_2011/published_draft.pdf
http://faculty.wcas.northwestern.edu/~lchrist/course/CIED_2019/MacroAnnualonAcemogludetal2015
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Calvo versus Rotemberg

@ Rotemberg is completely against the Zeitgeist of modern macroeconomics.

@ Modern macro is increasingly going to micro data (see, for example, HANK)
to look for guidance about how to build macro models.

» Another example (besides HANK) is the finding that the network nature of
production (see Christiano et. al. 2011 and Christiano (2016)) matters for key
properties of the New Keynesian model, including (i) the cost of inflation, (ii)
the slope of the Phillips curve and (iii) the value of the Taylor Principle for
stabilizing inflation. This is a growing area of research in macroeconomics.

» Another example is the importance of networks in financial firms for the

possibility of financial crisis.
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Calvo versus Rotemberg

@ Rotemberg is completely against the Zeitgeist of modern macroeconomics.

@ Modern macro is increasingly going to micro data (see, for example, HANK)
to look for guidance about how to build macro models.

» Another example (besides HANK) is the finding that the network nature of
production (see Christiano et. al. 2011 and Christiano (2016)) matters for key
properties of the New Keynesian model, including (i) the cost of inflation, (ii)
the slope of the Phillips curve and (iii) the value of the Taylor Principle for
stabilizing inflation. This is a growing area of research in macroeconomics.

» Another example is the importance of networks in financial firms for the

possibility of financial crisis.
o Calvo's interesting implications for the distribution of prices in micro data has
launched an enormous literature (see Eichenbaum, et al, Nakamura and

Steinsson and many more papers). It is generating a picture of what kind of

model is needed to eventually replace the Calvo model.


http://www.princeton.edu/~moll/HANK.pdf
http://faculty.wcas.northwestern.edu/~lchrist/course/Gerzensee_2011/published_draft.pdf
http://faculty.wcas.northwestern.edu/~lchrist/course/CIED_2019/MacroAnnualonAcemogludetal2015
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o Let .Bt denote the price set by the 1 — 6 firms who optimize at time t.
@ Expected value of future profits sum of two parts:
» future states in which price is still P., so P; matters.

» future states in which the price is not P., so P is irrelevant.

@ That is,

o0
,. .
E, E B et [Piet Yierj — PerjSer; Yiees]
Jj=0
z.

Z 59 Ut+J |:me t4j — PegjSej Yierj| +Xe,
j=0

where
» Z; is the present value of future profits over all future states in which the
firm's price is I5t.

> X: is the present value over all other states, so dXt/dﬁt =0.



Decision By Firm that Can Change Its Price

@ Substitute out demand curve:
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o Differentiate with respect to P; :

oo

Etz (ﬁe)j Vtj Yt+thE+j [(1 —¢) (ﬁt) + gPt+jSt+jﬁt_E_1:| =0,
j=0
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Decision By Firm that Can Change Its Price

@ Substitute out demand curve:

o0
E; Z (BHY Ut+j ['Bt Yi,t+j - Pt+j5t+j Yi,t+j]
j=0

Z ﬂ@ ’Ut+J Yt+JPt+J |:I51 — Pt+j5t+jﬁ;5:| .
Jj=0

o Differentiate with respect to P; :

oo e .
E; Z (BOY vy Yeri Py [(1 —¢) (ﬁt) + €Pt+j5t+th_E_1} =0,
Jj=0
— Et i (59) UVt4j Yt+ PE+1 FN)t — LSP’,' =0.
= J J7 t+j Pt+j e—1 J

» When 6 = 0, get standard result - price is fixed markup over marginal cost.



Decision By Firm that Can Change Its Price

@ Substitute out the multiplier:

= Uty

C ) P
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Decision By Firm that Can Change Its Price

@ Substitute out the multiplier:

= VUt+j

C ) P
t+, t €
Z 59)1 —p Ve P 5 s | =0
j=0 +j t+j e—1
» Using assumed log-form of utility,
= i (BoY Yoy (Xe.) P Xt Seyj| =0
= Ct+j p 5J 1 J )
. 1 .
pt = &, T = i , Xej = { Femeg1 e J 21 ,
t Pi_1 1, j=0.

'recursive property’: Xi;j = Xer1j-1=—, j >0
Tt41
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e Want p; in:
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i Y e €
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Decision By Firm that Can Change Its Price

e Want p; in:

Y, I €
Z 59)1 t+J Xt,j) : PeXej — 57715t+j =0
Jj=0

@ Solving for p;, we conclude that prices are set as follows:
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Decision By Firm that Can Change Its Price

e Want p; in:

Y, I €
Z 59)1 t+J Xt,j) : PeXej — 67715t+j =0
j=0

@ Solving for p;, we conclude that prices are set as follows:

(o) j Yt j -
B 2o (BOY €2 (Xe) " 25q5e4) K,

Ciyj
pt = s A = —_—
Ee Y70 22 (B0) (X))~ Fe

@ Need convenient expressions for K;, F;.



Decision By Firm that Can Change Its Price

@ Recall,

o) i Yeoj —
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Decision By Firm that Can Change Its Price

@ Recall, .
5 Ee 3270 (BOY &2 (Xey) ™" 595ty K,
t = 0o j Yiij - =
E: ijo (B0Y C:rj (Xt,j)l : Fe

The numerator has the following simple representation:

oo

K: = E Z (59)

j=0
& Ye(l-v)e N
Ce—1GC et

P Yeu _e €
VIRESY| (X)) mstJrj

Ct+j

+59Et<_1

Tt41
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@ Recall, .
5 Ee 3270 (BOY &2 (Xey) ™" 595ty K,
t = 0o j Yiij — =
E: ijo (B0Y C:rj (Xt,j)l : Fe

The numerator has the following simple representation:

oo

K: = E Z (59)

j=0
& Ye(l-v)e N
Ce—1GC et

P Yeu _e €
VIRESY| (X)) mstJrj

Ct+j

+59Et<_1

Tt41

)E Kera (1),

after using s; = (1 — v) e G N /e*.

o Similarly,
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Simplifying Numerator

K: = E¢ i (Be)j

j=0
€ Yts
e—1G t

Yt+ J
Ct+j

(Xe) ™

3

e—1

St+j



Simplifying Numerator

Y, €
Ke = E: Z (»39)1 i (Xt,J) -1 — St
Jj=0

€ Yts
T e-1C "

=X:,j, recursive property
— e

Yt-‘rj - 1
BeEtZ G 7 Ko
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Simplifying Numerator

Ke =

where

Y+ £
E: Z (59)1 — (Xtd) -1 = Sty
Jj=0
€ Yts
T e-1C "
=X:,j, recursive property
—_——
y?+ — 1
0E, J = Xiiq i
/8 tZ Ct+J ﬁ—tﬁ»l t+lj-1
e Y:
— Z
Ce—1G Se T 2t

Ce+ J

— 5
17t

. Y . 1 —€ c
Z. = BOE, E oY LIt (T x . ]
t ﬂ t = (5 ) 77}.}.1 t+1,j—1 76 — 15t+J



Simplifying Numerator, cnt'd

Ke = 2(59)’ T (Xeg)

€
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Simplifying Numerator, cnt'd

Ke = 2(59)’ Yeid (x,;)

€ €
——sej = s+ 2
= Ceyj e—1 """ -1

> 1 Yeii 1 ¢ €
Ze=BOE: Y (BOY T (—xm,,-_l) e
j=1

Coyj \Ttt+1

I\ Yt+1+1
— BOE, 0y
BOE: (Trt+1) E (B0Y -

>
St+1
t+1,j€ 1 +1+j



Simplifying Numerator, cnt'd

K= Zwey e

€
St4j= ——=st + 2
= Ct+J 1t+j 6—1t t

s i1 Yerj [ 1 e
Z: = POE: 2(59)1—1 St (_7Xt+1,j—1) PR
j=1

Ct+j Tt+1

= BOE: (i) R i (oY YHJH — s
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’J€ 1

=E; by LIME

—— 1 —g 00 Yt+1+1 c
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Simplifying Numerator, cnt'd

t+J —€ 3 L €
Kt = Jz:(ﬁ@)’ oy (X)) S T —6_15t+2t

i1 Yeu ( 1

—€
€
——Xe41j ) ———St4j
— J—1 t+j
Coyj \Ttt+1 e—1

Zy = BOE: Y _ (B0)
j=1

TN 75%(60 Y“f“ s
‘ T4l 4 H'l 1o

de_
—E; by LIME
— 1\ Yt €
ity
— 60 EEinr ( ) (86y £ € e
Ter1 Z t+ ,J -1
exactly Kipq!
- i Yerj1 3
= BOE: = Eerr Z (B0Y XSSt
T+l = Ciijt1 e—1
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Aggregate Price Index: Calvo Result

@ Trick: rewrite the aggregate price index.

> let p € (0,00) the set of logically possible prices for intermediate good
producers.

> let g: (p) > 0 denote the measure (e.g., 'number’) of producers that have
price, p, in t

> let gt—1,¢ (p) > 0, denote the measure of producers that had price, p, in t — 1
and could not re-optimize in t

» Then,

1 1

1 1—¢ oo 1—e
P = (/ P,-(,lfe)df) = (/ g (p) p‘l‘s)dp> :
0 0

@ Note: )
P: = ((1 - 9) '51:176 + / 8t—1,t (P) P(la)dp)
0

1—e



Aggregate Price Index: Calvo Result

@ Calvo randomization assumption:

measure of firms that had price, p, in t—1 and could not change

—_——
g-1,t(p)

measure of firms that had price p in t—1

—
=0 x gt-1(p)
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o Using g:—1.:(p) = 0gt—1(p) :



Aggregate Price Index: Calvo Result
o Using g1+ (p) = Oge—1(p) :

1
1—e

P, = ((1 0B [ ) p<1-€>dp)
0



Aggregate Price Index: Calvo Result

o Using gi—1,: (p) = 0ge—1(p) :
P: = <(1 - 9) lstl_E + / Bt—1,t (P) P(l_g)dp>
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@ Using gt—1¢ (p) = 0ge—1(p) :
P: = <(1 - 9) lstl_E + / Bt—1,t (P) P(I_E)dp>
0

_pl—e
=P i

t

Pe= =010 ga(p)pdp
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Aggregate Price Index: Calvo Result

@ Using gt—1¢ (p) = 0ge—1(p) :
P: = ((1 - 9) "T)tl_e + / Bt—1,t (P) P(I_E)dp>
0

_pl—e
=P i

t

Pe= =010 ga(p)pdp
0

This is the Calvo result:

1

Po=((L—0) P+ 0PI) ™

o Wow, simple!: Only two variables: P, and P,_;.
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Tack Yun Distortion

e Let f(x) = x*, a convex function. Then,
convexity: ax{ + (1 —a) x4 > (ax + (1 — a)x)*

for x; # x, 0 < a < 1.

@ Applying this idea:

1 _e_ 1 e—1
convexity: / (P,-(};E)) di > </ Pi(,lts)di>
0 0
1 1 =1
— ( / P,.fdi> > ( / P,.()lte)d:)
0 0

VY
\
-
Y
2l
2
N———
IA
N\
\
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-
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Efficient Sectoral Allocation of Resources

@ Consider the following problem

1 1 =1
max / (e™Ni¢) = di
Ni¢,i€[0,1] | Jo

subject to a given amount of total employment:

1
Nt = / N,"tdi
0

@ In Lagrangian form:

Y:

1 B =01 1
max |:/ (eat N,"t)Tl d/:| +)\ |:Nt - / Ni,t:| s
Ni,e,i€[0,1] [ Jo 0

where A > 0 denotes the Lagrange multiplier.




Efficient Sectoral Allocation of Resources

@ Lagrangian problem:

Yt

1 e—1 =1 1
max |:/ (ea: N,-,t)T di} +A {Nt — / N,-yt] ,
N ¢,i€[0,1] [Jo 0

where XA > 0 denotes the Lagrange multiplier.

@ First order necessary condition for optimization:

1

Yt € a e—1 L
N (e f) e :A*)Ni,t:Nj,t:Nt,fOI’ all iJ,
it

so Y is as big as it possibly can be for given aggregate employment, when

1 e—1 ﬁ
Ye = [/ (eat i,t) s di = e N;.
0

e—1
@ Result is obvious because (N,-’t) < s strictly concave in N; ;.




Money Demand

@ The Lagrangian representation of the household problem is (A; > 0 is multiplier):

1+

max Eoiﬁt{ (Iog C: — exp (t) Ne + ~log (MHI))
prd 14+¢ P

t

+At (WeNe + Re—1Bt + My — Pt Gt — Bey1 — Meq1)}.
@ First order conditions:
Cf N U/ (Ct) = )\tPt; Bt+]_ N )\t = BEt)\t+1Rt

M1 At = i + BEtAt41
Myy1

> Substitute out for SEsAr41 in M1 equation from Bii1 equation; then substitute out
for A\¢+ from C; equation and rearrange, to get

Mt+1:( R: ) c
P, Ri—1)7™"




