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Abstract

The US Census Bureau will deliberately corrupt data sets derived from the 2020
US Census in an effort to maintain privacy, suggesting a painful trade-off between the
privacy of respondents and the precision of economic analysis. To investigate whether
this trade-off is inevitable, we formulate a semiparametric model of causal inference
with high dimensional corrupted data. We propose a procedure for data cleaning,
estimation, and inference with data cleaning-adjusted confidence intervals. We prove
consistency, Gaussian approximation, and semiparametric efficiency by finite sample
arguments, with a rate of n~1/2 for semiparametric estimands that degrades gracefully
for nonparametric estimands. Our key assumption is that the true covariates are
approximately low rank, which we interpret as approximate repeated measurements
and validate in the Census. In our analysis, we provide nonasymptotic theoretical
contributions to matrix completion, statistical learning, and semiparametric statistics.
Calibrated simulations verify the coverage of our data cleaning-adjusted confidence
intervals and demonstrate the relevance of our results for 2020 Census data.
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1 Introduction

1.1 Motivation and research question

The 2010 US Census inadvertently revealed too much information. In a simulated hack,
researchers at the Census Bureau were able to re-identify between 52 and 179 million
respondents from ostensibly anonymous summary tables (Hawes, |2021)). To protect privacy,
the Bureau will inject synthetic noise into forthcoming summary tables of the 2020 Census
(Jarmin, 2019) and coarsen wage microdata in the Current Population Survey (CPS)
(Benedetto et al.l [2022)). Techniques like these, called privacy mechanisms in computer
science, guarantee a particular notion of privacy called differential privacy via deliberate
data corruption (Dwork et al., 2006)). Differential privacy is widely implemented in the
technology sector, e.g. Apple iOS and Google Chrome data. Due to its recent adoption in
the government sector, researchers in economics and statistics have warned of a looming
trade-off: the privacy of respondents versus the precision of economic analysis (Duchi et al.
2018; |Abowd and Schmutte, 2019; Hotz et al., 2022).

We study differential privacy and discretization as modern challenges for causal inference.
Economic data continue to suffer from classical types of data corruption in the form of
missing values and measurement error (Griliches, [1986]). Therefore we analyze a class of
data corruptions that encompasses both modern and classical issues simultaneously, while
remaining agnostic about their relative magnitudes. Our research question is not only how
to conduct causal inference, but if it is even possible, with high dimensional economic data

that suffer from measurement error, missing values, discretization, and differential privacy.

1.2 Contributions

We study a broad class of causal parameters, including semiparametric estimands such as
the average treatment effect, the local average treatment effect, and the average elasticity,
as well as nonparametric estimands such as heterogeneous treatment effects, in a nonlinear
and high dimensional setting. Our main contribution is a procedure for automatic data
cleaning, causal estimation, and finally inference with confidence intervals that account for

the bias and variance consequences of data cleaning. Our key assumption is that the true



covariates are approximately low rank, which we validate for US Census data and interpret
from a causal perspective. In particular, we argue that covariates collected from the Census
include approximate repeated measurements—e.g. disability benefits, medical benefits,
and unemployment benefits—which implies that they are approximately low rank. This
phenomenon powers our entire analysis. There are three key aspects of our contribution.
First, our relatively simple procedure adapts to the type and level of data corruption.
The same code works in a variety of settings, allowing for classical corruptions such as
measurement error and missing values as well as modern corruptions such as discretization
and differential privacy. Crucially, the researcher does not need to know in advance the

corruption distribution, e.g. its parametric form or covariance structure, and in this way we

depart from the error-in-variable Lasso and Dantzig literatures (Loh and Wainwright, 2012;

Rosenbaum and Tsybakov, 2013} Datta and Zoul 2017). We depart from previous work on

principal component regression (Agarwal et al., [2021], 2020a)) by proposing new variants for

causal inference. We propose an error-in-variable balancing weight that adapts to the causal
parameter of interest—a natural yet original solution. In particular, the error-in-variable
balancing weight appears to be the first of its kind. In the way our procedure handles

missing values, it shares principles with multiple imputation (Rubin, 1976). In the appendix,

we extend our method to handle outcome attrition (Heckman, 1979; Hausman and Wise,

11979; Das et al., |2003; Huber| |2014; Bia et al., 2020; |Singhl, 2021]).

Second, our theoretical analysis allows the rate of data cleaning to be slower than the

rate of causal inference, so an analyst can use matrix completion (Candés and Recht), [2009;

\Candés and Tao| 2010; Keshavan et al., 2009; Hastie et al., 2015} |Chatterjee, 2015)) for

automatic data cleaning of covariates. This key result extends the classic semiparametric

1/2 convergence for the causal parameter despite

framework, where the goal is to obtain n~
a possibly slow rate of convergence for a nonparametric regression. Our goal is to obtain
n~? convergence for the causal parameter despite a possibly slow rate of convergence for

high dimensional data cleaning. We build on both the classic semiparametric literature for

low dimensional domains (Hasminskii and Ibragimov), [1979; Klaassen, 1987 Robinson), [1988;
Bickel et al., [1993; Newey, |1994} |Andrews|, |1994; Robins et al., [1995; Robins and Rotnitzky,

1995; |Ai and Chenl, [2003}; van der Laan and Rubin| 2006) and more recent developments for
high dimensional domains (Zheng and van der Laan, 2011; |(Chernozhukov et al., 2016, |2018a,




2022a, [2021). En route, we extend semiparametric and nonparametric debiased machine
learning theory to i.n.i.d. corrupted data, with new results on nominal and conservative
variance estimation that are of independent interest. We also develop an original theory of
implicit data cleaning. Altogether, our framework translates slow, on-average data cleaning
guarantees into fast causal estimation and inference guarantees.

Third, our empirical results suggest that there exist scenarios in which the trade-off
between privacy and precision can be overcome, and others in which it cannot. We replicate
and extend |Autor et al.|(2013))’s seminal paper about the effect of import competition on
US labor markets. To begin, we demonstrate the plausibility of our key assumption: Census
data products contain many variables that are approximate repeated measurements. Next,
we deliberately corrupt the data, injecting synthetic noise calibrated to the privacy level
mandated for the 2020 US Census. We implement differential privacy and discretization
in a way that belongs to our class of data corruptions, which can therefore be cleaned
and adjusted for in the confidence interval. We find that the main results of |Autor et al.
(2013) can be recovered without losing statistical precision. In this representative setting
for economic research, it appears to be possible to achieve both privacy at the individual
level and precision at the population level.

The structure of this paper is as follows. Section [2| situates our contributions within
the context of related work. Section [3| formalizes our class of data corruptions and our
key assumption. Section @ proposes our procedure and demonstrates its performance in
simulations. Section [o| theoretically justifies our procedure, and verifies the key assumption
for nonlinear factor models. Section [0] presents the semi-synthetic exercise and discusses
limitations. Section [7] concludes. For readability, we reserve certain details for the appendix:
additional examples in Appendix [A] further empirical results in Appendix [B] and nonlinear

basis functions in Appendix [C]

2 Related work

Semiparametric statistics. We use two insights from classic semiparametric theory.
First, a causal parameter typically has regression and balancing weight representations,

and both appear in the semiparametrically efficient asymptotic variance (Newey, 1994).



We directly build on this insight: an error-in-variable regression and an error-in-variable

balancing weight appear in our data cleaning-adjusted confidence intervals. Both quantities

also appear in our doubly robust estimating equation (Robins et al. [1995; Robins and|
Rotnitzkyl, 1995} [van der Laan and Rubin| [2006; [Chernozhukov et al.| [2016, [2018a); [Foster]
and Syrgkanis, 2019; Chernozhukov et al., [2022a)). Second, sample splitting (Klaassen), [1987)

eliminates the restrictive condition that function classes used in estimation must be simple

(Zheng and van der Laan| 2011; Chernozhukov et al., 2016, 2018aj, |2021)). We combine these

two classic ideas with implicit data cleaning, which appears to be a new idea.
Low rank models in econometrics. A vast literature studies the identification,

estimation, and inference of latent factors (\;, ;) in models of the form
Zi,- == Xz". + Hi,-u Xij == )‘;Mj (].)

where Z;. is observed, the ambient dimension dim(Xj;.) is high and growing, and the latent

K

dimension dim();) is low and fixed (Bai and Ngj, 2002; |Onatski, 2009; |Bai and Ng;, 2013}

Bai and Wang| 2014). Rather than imposing a fixed linear factor model, we require that the

approximate rank of X;. diverges much more slowly than dim(X;.). The nonlinear factor

model X;; = g(\;, itj), where dim(\;) may be diverging, is sufficient but unnecessary for our

analysis. Like the factor model literature, we allow for weak correlation and heteroscedastity

of measurement errors within units (Bai, 2003 2009). We further allow for missingness and

do not need to identify the latent factors for downstream causal inference.
Whereas we study treatment effects, policy effects, and elasticities in cross sectional
data, a rich literature studies panel data settings where the analyst observes many units

over time. One strand of this literature considers inference on the latent factors themselves

in factor augmented regressions (Stock and Watson, 2002; Bai and Ngj, [2006; [Wang and|
, 2017). Another strand considers inference for average treatment on the treated via

synthetic control. In particular, works in this strand posit a low rank (Athey et al., 2021}
\Chernozhukov et al.| 2018b; Bai and Ng| 2019; |Xiong and Pelger| 2019; [Fernandez-Vall

et al., 2020; |Agarwal et al., |2020b; |[Feng), 2020)) or approximately low rank (Arkhangelsk

et al, 2019; |Agarwal et al. [2021) factor model for potential outcomes over units and times.

Observed outcomes are interpreted as corrupted potential outcomes with idiosyncratic

noise. By contrast, we study general nonseparable causal models, and we interpret observed



covariates as corrupted observations of true covariates that are approximately low rank.

The only previous work to consider both measurement error and missingness in cross
sectional treatment effects appears to be Kallus et al. (2018)). The authors consider average
treatment effect and prove consistency, without inference, for a parametric linear model. In
Kallus et al.| (2018]), the true covariates X; . are low dimensional and Gaussian; each corrupted
covariate Z;; is drawn independently from a known exponential family distribution; and each
missing value is drawn i.i.d. Consistency requires dim(X;.) < n and correct specification of
the measurement error distribution. By contrast, we consider a broad class of semiparametric
and nonparametric causal parameters. Moreover, we prove Gaussian approximation and
semiparametric efficiency with data cleaning-adjusted confidence intervals. We do not
assume knowledge of the distributions of X;. and Z;.; we allow X;. to be high dimensional;
and we allow for dependent and i.n.i.d. data corruption.

Error-in-variable regression. We provide a framework to repurpose error-in-variable
regression estimators for downstream causal inference. Error-in-variables regression has a

vast literature spanning econometrics, statistics, and computer science studying the model

Y, =(X;.)+e, Zi.=X;, +H,, (2)

)

where (X;.,¢&;, H;.) are mutually independent and (g;, H;.) are mean zero (Schennach and
Hu, [2013)). We consider a generalization of this setting with missingness, and we define our
causal parameter as a scalar summary of .

Methods in econometrics typically assume auxiliary information: repeated measurements
(Li and Vuong, 1998} [Li, |2002; [Delaigle et al., 2008)), instrumental variables (Newey, 2001;
Schennach, 2007; Hu and Schennach, 2008; Wang and Hsiao, 2011}; |Chen et al., |2011}; |Singh
et al., 2019)), and negative controls (Miao et al., 2018; [Miao and Tchetgen|, 2018; Deaner],
2018}, [Tchetgen Tchetgen et al., [2020; Singh| 2020). We do not require explicit auxiliary
information, though there is a deep connection to the repeated measurement model, which
we describe in Section [3l

An important class of methods in statistics extends Lasso and the Dantzig selector (Loh

and Wainwright|, 2012; |Rosenbaum and Tsybakov| 2013; |Datta and Zou, 2017). The model

is high dimensional, linear, and sparse:
Y;' = XLB + Eiy ZL. = (Xz7 + Hz,) © T3, (3)
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where dim(X;.) may exceed n, 3 has s < n nonzero coefficients, and ;. € {NA, 1}dmX:.)

encodes missingness. Analysis places three strong assumptions: exact sparsity of 3, a
restricted eigenvalue bounded away from zero, and knowledge of the covariance of mea-
surement error H;.. By contrast, we assume X;. are approximately low rank and H;. are
subexponential; the analyst does not need to know the measurement error covariance.

We propose new variants of principal component regression (PCR) for the error-in-
variable regression and balancing weight. Previous work studies PCR for error-in-variable
regression only, considering models as in . Agarwal et al.| (2021)) perform data cleaning
on the training set and test set together, while Agarwal et al.| (2020a)) perform data cleaning
on the training set and test set separately. Explicit data cleaning on the test set induces
correlation across observations, and therefore poses a challenge for downstream statistical
inference. We use implicit data cleaning on the test set to preserve independence, and we
prove fast rates of generalization. Unlike previous work, we simultaneously allow X;. to be
approximately low rank, vy to be nonlinear, and (;;, 7;) to be dependent.

Missing values. The literature on missing covariates considers a rich variety of
assumptions. We focus on the simple case that covariates are missing completely at random
(MCAR). We do, however, allow for dependent missingness within a unit. For the richer
setting where covariates are missing at random (MAR), popular methods involve multiple
imputation (Rubin, [1976), generalized propensity scores (Rosenbaum and Rubin| |1984;
D’Agostino Jr and Rubin, 2000), hot deck imputation (Abadie and Imbens, 2012)), and

doubly robust extensions thereof (Mayer et al., |2020)).

3 Model overview

We define the key aspects of the model: the causal parameter, class of data corruptions,

and key approximation assumption.



3.1 Causal parameter

For readability, we focus on one causal parameter in the main text: the average treatment

effect with i.n.i.d. data, which we denote by

3 K3

BN © 0
QOZE;QM 0; = ElY;” = Y],

where Yi(d) is the potential outcome for unit ¢ under intervention D = d. 6, is a sample
average because different units may be drawn from different distributions. In Appendix [A]
we consider a general class of semiparametric and nonparametric causal parameters including
the local average treatment effect, the average elasticity, and heterogeneous treatment effects.

We denote the actual outcome by Y; € R, the assigned treatment by D; € {0, 1}, and the
vector of covariates that determine treatment selection by X;. € RP. In order to express 6
in terms of (Y, D;, X;.), we impose some additional structure on the problem. Generalizing
a classic assumption in the literature on distribution shift, we assume that the conditional
distributions P(Y;|D;, X;.) and P(D;|X;.) are common across units; distribution shift is
only in the marginal distributions of covariates P;(X;.).

Imposing these conditions as well as selection on X ., we recover two classic formulations

of the treatment effect. The outcome formulation is in terms of the outcome mechanism 7y,

also called the regression, which is common across units:
0; = E[y(1, X;.) —70(0, Xi)l,  (Di, Xi.) = E[Yi[ Dy, X; .

The treatment formulation is in terms of the treatment mechanism E[D;|X; ], which is also
common across units, and which appears in the denominator of the balancing weight «y:

D; 1-D;
[D;|X;.] 1-E[D;jX;]

0; = E[Yi : Oéo(Dz‘,Xz‘,-)L aO(Dini,~) = E

Our estimation and analysis combine both classic formulations.

3.2 Data corruption

The crux of our problem is that, instead of observing (Y, D;, X;.), we observe (Y;, D;, Z;.)
where

Yi = VO(DZ'7 le) + giy Z’i; = (X’L, + HZ7) @ ﬂ—iv" (4)
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Though the outcome Y is generated from treatment D; and true covariates X; ., we do not
observe the true covariates; instead, we observe the corrupted covariates Z;., which are
the true covariates X;. plus additive corruption H; ., multiplied by a masking vector ;. €
{NA, 1}?. Our concise model generalizes the models of previous work , , , and it
encompasses all four types of corruptionE] For example, to encode classical measurement
error (Schennach, 2016), one could let Z; . equal X;. plus a vector of Gaussian noise. To
encode missing values, let Z;. = X;. © m; ..

Discretization is a process by which a continuous vector X . is mapped to a discrete vector
Z;., and our class encodes several variants. For example, the covariate of interest may be a
vector of probabilities X ., yet we observe actual occurrences Z; . ~ Bernoulli(X;.). Another
example is randomized rounding, where continuous values are randomly rounded to nearby
integers, e.g. Z;. = sign(X,.)Poisson(]|X;.|). While our class does not include rounding
in the familiar sense, it provides guidance on which types of rounding can be handled in
downstream causal inference. As such, it suggests alternative types of discretization for
wage data in the CPS which are more favorable for economic research.

Finally, to encode differential privacy, let Z;. equal X, . plus a vector of Laplacian noise.
What is the connection between differential privacy and Laplacian noise? Differential privacy
is a concept from computer science which means plausible deniability that any individual
contributed their data to tabular summaries. The canonical mechanism that ensures
differential privacy is to add Laplacian noise, calibrating the variance of the Laplacian to
the variability of the true values and other properties of the tabular summary statistics
(Dwork et al., |2006). In the context of the Census, we consider adding Laplacian noise to
data on aggregate units, which we formalize in Section [} Injecting synthetic noise in this
way helps to prevent the kind of attack simulated on the 2010 Census.

Across examples, H; . is sub-exponential, i.e. its tails are no worse than the tails of an
exponential distribution. So are compositions of various types of data corruption since the
class of sub-exponential distributions is closed under addition. Therefore our class of data
corruptions includes classical and modern issues simultaneously. In particular, it allows us to

address the trade-off between privacy and precision in the context of measurement error—a

major aspect of the problem that is often overlooked (Steed et al., [2022)). In Appendix

Tt may also be viewed as a concise nonlinear LISREL model (Joreskog and Sérboml, [1996]).



we extend the model to accommodate attrition and privacy of the outcome.

3.3 Key assumption: Approximate repeated measurements

Our key assumption is that the true covariates X;. are approximately low rank: the rank of
the matrix X € R"*? is approximately r < (n,p). Among the n units in the data set, there
are approximately only r latent types of unit, i.e., each unit can be approximated as a linear
combination of r latent types. Equivalently, among the p covariates in the data set, there
are approximately only r latent types of covariate. To interpret this assumption, we propose
the intuition of repeated measurements. In the classic repeated measurement model, we
have access to two noisy measurements (7,1, Z;») of one signal; in our model, we have access
to p noisy measurements (Z;, ..., Z;,) that are approximately repeated measurements of
only r signals, where both (r,p) grow with sample size n, yet r < (n, p).

We place this assumption because it holds in Census data. Previewing our empirical
application, consider the commuting zone (CZ) level data set of |Autor et al.| (2013]). The
mainland US consists of 722 CZs interpretable as local economies, each of which has a
vector of covariates X;. € R'® used in the authors’ main specification. The variables include
percent employment in manufacturing, percent college educated, and percent employment
among women—variables that are not precisely repeated measurements but approximately
so. We compute the singular value decomposition of X then visualize its singular values,
also called its principal components, in Figure We see that only about five principal
components are significantly positive; » = 5. In Figure [Ib] we confirm similar results
with an augmented specification X;. € R’ using additional variables from Autor et al.
(2013))’s appendix such as average disability, unemployment, and medical benefits. Again,
these variables admit interpretation as approximate repeated measurements with » = 5. In
Appendix [B| we verify our key assumption on a broad variety of economic data sets.

Our key assumption is more than statistically convenient; it is causally meaningful.
Consider the special case in which the true covariates are exactly low rank, i.e. 7 = rank(X).
The singular value decomposition is X = UXV7? where U € R**", ¥ € R"™*", and V € RP*".
V' consists of r vectors in RP, called the right singular vectors of X, which are also the

eigenvectors of the empirical covariance n='X7 X. The span of these vectors is an r
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Figure 1: The key assumption holds in Census data

dimensional subspace of R? | i.e. a low dimensional subset of a high dimensional ambient
space. In this scenario, we are assuming that treatment assignment is determined by the
subspace. Equivalently, the treatment assignment for unit ¢ depends on the projection
of X;. onto this subspace. More generally, when covariates are approximately low rank,
X =X 4 B where X% = UX V7 is a rank r approximation to X and E®V is
the approximation residual. We can either assume (i) selection is determined by X R) only,
i.e. the subspace spanned by V; or (ii) selection is determined by both X *® and E®V),
To handle the latter case, which is the most general, we keep track of Ag = || E®™ || ax in
our theoretical analysis. In this sense, we provide analysis that is robust to violations of the

exactly low rank assumption from both a statistical and causal perspective.

4 Data cleaning-adjusted confidence interval

We would like a procedure that estimates causal parameters as if data were uncorrupted,
yet adjusts for data cleaning in the confidence interval. Moreover, we would like a procedure
that does not require knowledge of the corruption covariance structure in advance, departing
from previous work. If such a procedure were to exist, it would in some sense preempt the

looming trade-off between privacy and precision.
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4.1 Why is inference hard?

We illustrate key concepts with an average treatment effect simulation. By construction, the
treatment effect is 0y = 2.2. We consider a data generating process, detailed in Appendix [[]
which satisfies our key assumption: one sample involves a matrix of covariates X € R100*100
with rank r = 5. See Appendix [B] for similar results using alternative dimensions of X. To
make the problem interesting, we allow for nonlinear outcome and treatment mechanisms.
Figure [2] plots the principal components of true covariates X in red. As expected, five
principal components are nonzero and the rest are zero since rank(X) = 5.
As a first pass, we implement ordi-

nary least squares (OLS) with robust stan-

Noise_to_signal_ratio

dard errors in Stata: regress Y D Z, I
100-
vce(robust). Running OLS on clean data

©
1000 times, the point estimates 6 (Figure }é

are centered around the true value of 2.2, =

and appear Gaussian. To evaluate the qual-

ity of OLS standard errors, we visualize how " 6 ’s s /s 60

Principal component

the studentized point estimates (0 — 6,)/6

compare the the standard normal density

Figure 2: The key assumption holds in simu-
(Figure D). OLS works well in the absence
lated data

of data corruption; there is nothing hidden
in the data generating process for clean data.
We repeat this exercise introducing measurement error with variance that is 20% of the
variance of the covariates. Inversion of the empirical covariance matrix n='Z7 Z becomes
numerically unstable, manifesting in point estimates that are erratic (Figure 4f) and standard
errors that are typically NA’s. OLS is not well-suited to the combination of high dimensional
covariates, (approximate) low rank, and measurement error. We further investigate this
phenomenon is Appendix [B]

Data corruption can derail causal inference, which motivates filling the NA’s, reigning in
the extremes, and otherwise de-noising the values in Z in hopes of recovering X. These

are precisely the goals of matrix completion applied to the matrix Z. In this work, we
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Figure 3: OLS succeeds on clean data

turn to the vast literature on matrix completion (Candés and Recht, 2009; Candés and
Tao|, 2010; |[Keshavan et al., 2009; Hastie et al., 2015; |Chatterjee, [2015]) for automated data
cleaning. To select an appropriate matrix completion method, we return to Figure [2| to
visualize the principal components of the corrupted covariates Z = X + H for various
noise-to-signal ratios (defined as the noise variance divided by the signal variance). Figure
shows that the initial five principal components remain virtually unchanged, while the lower
principal components are amplified; signal remains spectrally concentrated while noise is
spectrally diffuse. Therefore a natural way to clean the covariates would be to discard the
lower principal components—in essence, to perform principal component analysis (PCA),
also called hard singular value thresholding ]
Why is inference hard after data clean-

ing? Several challenges arise. First, man- 30-
ual and automated data cleaning may in-
duce strong dependence among observations;
which central limit theorem could we use to 101

prove Gaussian approximation? Our answer

. . e L 0 1 2 3 4
is to introduce sample splitting, which is a ATE estimator

classic idea (Klaassen, 1987)), and implicit

data cleaning, which is a new idea. Second, Figure 4: OLS fails on corrupted data

2Alternative choices include canonical correlation analysis and partial least squares, which clean Z using

Y (Wold} 1982; [Wold et al.l |[1984). We leave these directions to future research.

12



if we turn to automated data cleaning, the best rates of convergence to the true matrix
X are slower than n~/2; how will we possibly obtain a standard error of order 6n='/2?
Our answer is to aim for double rate robustness by introducing a doubly robust estimating
equation (Chernozhukov et al., 2018a; van der Laan and Rose], 2018; Rotnitzky et al.| [2021)).
The third issue is a theoretical one to which we will return in Section Bt the best rates of
matrix completion are not for recovering specific matrix entries but rather averages across

matrix entries; how is this even related to downstream semiparametric inference? Our

answer is to develop an algorithmic and analytic framework that forges the connection.

4.2 Overview of the procedure

Split the observations (Y;, D;, Z;.) into equally sized TRAIN and TEST sets, each with
m = n/2 observations. Our procedure consists of four steps, which we state at a high level

before filling in the details.

1. Data cleaning;: X using TRAIN.
2. Error-in-variable regression: 4 using TRAIN.
3. Error-in-variable balancing: & using TRAIN.

4. Causal parameter: 0 + 1.966n~'/2 using TEST.

We opt for simplicity at each step, essentially combining PCA and OLS (albeit in new ways).
We view these high level steps a template for more complex procedures in future work.

Step 1: Data cleaning. The automated data cleaning procedure is extremely simple:
fill in missing values as zeros, scale appropriately, then perform PCA. Importantly, we
import the scalings from TRAIN to TEST.

For any mathematical operations to be well defined, the NA’s must be filled in somehow.
To begin, we tally the likelihood of non-missingness for each covariate j € [p| in TRAIN:

f; = max {i > 1(Zy; #NA), i} . p=diag(py, ..., p,) € RPP,

m m

1ETRAIN

Next, we fill in missing values with a FILL operator defined such that

Pj

FILL(Z;;) =

13



The FILL operator may act on either Z™*™ or Z™*" but it always uses the likelihoods p
calculated from Z™*™. After filling TRAIN, we project it onto its own principal subspace

to calculate the cleaned training covariates X:
FILL(Z™) = ULVT, X =U,%, VL

Effectively, we are taking the SVD of FILL(Z™™*™) and truncating it to include only the top
k principal components, where k is a chosen by the analyst. Figure [2] suggests a choice of
k, though other popular options include cross-validation and theoretical rules (Chatterjee,
2015; (Gavish and Donoho, |2014). Below, we empirically verify that our results are robust
to different choices of k. This implementation of PCA preserves the ambient dimension p.
Step 2: Error-in-variable regression. Our error-in-variables regression is also simple:
after cleaning TRAIN, perform ordinary least squares (OLS) on TRAIN, then use this OLS
coefficient on the filled TEST for prediction. We only fill, and do not clean, the test set.
Nonlinearity can be introduced into the regression to allow for treatment effect hetero-
geneity. See Appendix [C] for a characterization of what nonlinearity is allowed, and how
nonlinearity manifests in the theoretical guarantees. For the main text, we focus on the

interacted dictionary, which allows for heterogeneity and segments the OLS coefficient:

/BTREAT

b(D;, X;.) = (D;X;.,(1 — D)X;.), B=

BUNTREAT

Then the OLS coeflicient is
B _ [{b(DTRAIN’ X)}Tb(DTRAIN’ X)]T[{b(DTRAIN7 X’)}TYTRAIN]’

where T means pseudoinverse. The subtlety is in how predictions are constructed from B .

Out of sample prediction does not involve cleaning the test set: for ¢ € TEST,

(D, Z;.) = b{D;, FILL(Z;.)} 3.

)

Step 3: Error-in-variable balancing. Our error-in-variable balancing weight general-
izes our error-in-variable regression. It avoids the estimation and inversion of propensity
scores, which may be numerically unstable in high dimensions. Pleasingly, it achieves exact
balance for any finite sample size, in a sense that we formalize below. Moreover, it adapts

to the causal parameter of interest, as we explain in Appendix [F}
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The only difference from the error-in-variable regression is that we replace the sufficient
statistic [{b(D™™, X )}y ™ ] ¢ RY with another sufficient statistic that we call the
counterfactual moment M € RP. The counterfactual moment resembles the expression
0; = E[vo(1, X;.) —7/(0, X;.)], and it is the only aspect of the algorithm that changes for

different causal parameters. Formally,
i = [{b(D™ ™, XY oD, X)NTM, M = [{b(1, X)}" — {b(0, X)}"] 1,
where 1,, € R™ is a vector of ones. As before we do not clean the test set: for i € TEST,
&(D;, Z;.) = b{D;, FILL(Z; .) }7.

Step 4: Causal estimation and inference. The final step uses the error-in-variable
regression 4 and error-in-variable balancing weight & learned from TRAIN, and evaluates

them on TEST according to the doubly robust estimating equation: for ¢ € TEST,

This process generates a vector 1& € R™, with 1&1 corresponding to the empirical influence
of observation ¢ € TEST. Reversing the roles of TRAIN and TEST, we generate another
such vector. Slightly abusing notation, we concatenate the two to obtain a vector 1& e R™.

2

Our estimator of the causal parameter é, its variance 67, and its data cleaning-adjusted

confidence interval are

0 = MEAN(¢)), 62 = VAR(¢)), CI=0=+1.966n""2

4.3 Properties of the procedure

Step 1: Data cleaning. We fill missing values by zeroes, and then scale appropriately, for
two reasons: (i) the procedure is asymptotically unbiased, and (ii) the procedure avoids
unnecessary correlations. We compare our proposal to another that fills missing values with

means, which we call FILL-AS-MEANS.

Proposition 4.1 (Filling with zeros is unbiased and simple). For our proposal,

E[FILL(Z;FJ»EST) |)(;F].]‘ZST7 TRAIN] — X;;EST:?_]
Pj
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The alternative procedure of filling missing values with means from TRAIN gives
E[FILL-AS-MEANS(Z*")| X", TRAIN] = X% p; + Z7*™(1 — p).

FILL-AS-MEANS gives a convex combination of the signal we wish to recover and the
noisy average from TRAIN. The noisy average introduces additional correlations that we
avoid with our simpler approach.E]

After filling missing values, we clean the data by PCA with hyperparameter k. Below, we
verify the robustness of the procedure to different choices of k. In practice, we recommend
that an analyst should examine a plot of principal components, e.g. Figure [1} and select k
that is just after the “elbow” so that it is close to r.

Step 2: Error-in-variable regression. Rather than explicitly cleaning the test
covariates, we implicitly clean them, to avoid correlations among predictions. The following

result formalizes this implicit data cleaning and what it achieves.

Proposition 4.2 (Implicit data cleaning preserves independence). For i € TEST

f)—l /BTREAT
=15
P BUNTREAT

Y(D;, Z;..) = b(D;, Zij,)f}, B =

where we replace NA with 0 in Z;.. Therefore for (i,j) € TEST,
Y(D;, Z;.) LA (D;, Z;.)| TRAIN.

Remarkably, post-multiplying b(D;, Z; .) by 3 handles the measurement error, missingness,
discretization, and differential privacy of Z;. while also producing high quality predictions
of Y;. Moreover, since 3 is learned exclusively from TRAIN, it is deterministic conditional
on TRAIN, so predictions for observations (i, j) € TEST preserve their independence. This
property will be essential for our inferential theory.

Our new variant of PCR has broader use outside of causal inference. For example, in
online learning, a corrupted test observation Z;. does not need to be explicitly cleaned
with respect to TEST or even TRAIN. Instead, it is sufficient to implicitly clean Z;. by post
multiplying it with the coefficient 3. For test observations, data cleaning and prediction

can be combined into one step.

3Yet another procedure is called HOT-DECK imputation, which introduces correlations with a martingale

structure (Abadie and Imbens, [2012)). Our simple approach avoids these correlations as well.
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Step 3: Error-in-variable balancing. The error-in-variable balancing weight shares
the same implicit data cleaning and therefore preserves independence in the same way. In
addition, it provides a strong guarantee of finite sample balance between the treated and

untreated subpopulations.

Proposition 4.3 (The balancing weight exactly balances covariates). For any finite sample,
i Z X _ i Z DX L (TRAIN i Z (1 _ D)X . (yUNTREAT
m “om o m v
1ETRAIN 1ETRAIN 1ETRAIN

where (WITEAT QUNTREAT) € R are balancing weights computed from 1: for each i € TRAIN,

~TREAT __ X ATREAT ~ UNTREAT __ X ~UNTREAT
] =X; WS = i .

) ) ) i T,

Deterministically, the error-in-variable balancing weight exactly balances the full popu-
lation, the treated subpopulation, and the untreated subpopulation with respect to their
cleaned covariates. It is precisely the reweighting that would ensure comparability of treated
and untreated groups in a stratified sampling design. We articulate a more general balancing
property for generic causal parameters in Appendix [F] We also clarify the sense in which
the error-in-variable regression and balancing weight coincide on TRAIN but not TEST.

Step 4: Causal estimation and inference. In our estimation procedure, we deal with
measurement error bias by cleaning the data. For some special cases, the measurement error
bias actually has a closed form solution, which depends on the regression, propensity score,
covariate density, and derivatives thereof (Battistin and Chesher, 2014). Our approach
avoids estimation of the propensity scores, covariate density, and derivatives, which would
be challenging in high dimensions. Instead, we simply combine PCA and OLS.

Multiple imputation (Rubin, |1976) is a popular procedure for handling missing values,
and it has important similarities and differences compared to our approach. Both share
the goal of estimating and quantifying uncertainty for a downstream scalar parameter. In
multiple imputation, the analyst makes, say, two copies of the original data set, then imputes
missing values (with some randomness so each imputation may be different). Estimates and
standard errors from each copy are then averaged. In our procedure, we split the sample
into two folds: TRAIN and TEST. We clean TRAIN and compute estimates and standard
errors with TEST, then reverse the roles and take the average. We opt for sample splitting,

rather than copying, and we additionally consider measurement error.
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4.4 Adapting to the type and level of corruption

Next, we demonstrate that our four step procedure performs well in simulations with a
broad variety of data corruptions. We run the same code in every setting; the procedure
adapts to the type and level of data corruption, without prior knowledge of the corruption
covariance structure.

To begin, we consider measurement error Z;. = X;. + H;., where H;. is Gaussian
noise, in the average treatment effect simulation described above. Recall that 6, = 2.2,
X € R0 and » = 5. We implement our procedure on corrupted data 1000 times,
collecting 1000 point estimates 6 and 1000 standard errors 6. For a 20% noise-to-signal
ratio, we visualize the studentized point estimates (6 — 6y) /6 in Figure . Qualitatively,
the histogram closely resembles the standard normal density.

0.5-

0.4, i Noise PCA ATE SE  CL80 CL95
[ANSN
I' \ 20% k=5 2.22 035 081 0.96
203 i a 60% k=5 223 037 081 09
@ / < 100% k=5 228 039 082 095
8 o02- 4 \
/ \
/ \ Noise PCA ATE SE  CL80 CL95
0.1 / \
7 N 20% k=5 222 035 081 096

- ~ 20% k=7 221 0.36 0.84 0.96
20% k=10 2.22 0.39 0.83 0.97

2 0 2
ATE estimator (studentized)

(b) Coverage
(a) Inference

Figure 5: Our approach adapts to measurement error

We quantify performance in coverage tables. In Table different rows correspond
to different noise-to-signal ratios. Initially, we consider the oracle tuning of the PCA
hyperparameter £ = r. For each noise-to-signal ratio, we record the average point estimates,
which are close to 6y = 2.2. Next, we record the average standard errors, which adaptively
increase in length to higher noise levels. Impressively, a 100% noise-to-signal ratio setting
corresponds to a confidence interval that is only about 10% longer. These confidence
intervals are the correct length, since about 950 of them include the true value 6y = 2.2.

Table revisits the issue of tuning the hyperparameter k. This time, we fix the

noise-to-signal ratio to 20%. Different rows correspond to different tunings: k =r, k = r+2,
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0.4-

0.0- ==

b 0 2
ATE estimator (studentized)

(b) Coverage

(a) Inference
Figure 6: Our approach adapts to missing values
and k = r + 5. Point estimates remain close to the true value 6y = 2.2. The standard errors

adaptively increase in length when k deviates from r, though the length only increases about

10%. The confidence intervals are again the correct length, attaining nominal coverage.

. (b) Coverage
4 2 0 2 4
ATE estimator (studentized)

(a) Inference

Figure 7: Our approach adapts to discretization

We repeat this exercise with other types of data corruption: missing values (Figure |§[),
discretization (Figure E[), and differential privacy (Figure . For missing values Z;. =
X;. ® m;., we consider non-response of 10%, 30%, and 50% of all covariate entries. Key
variables such as income in Census Bureau surveys are missing 40% of the time. Fortunately,
our procedure performs well even with this high level of missingness. For discretization,
we consider randomized rounding Z; . = sign(X;.)Poisson(|X;.|), which corresponds to a

33% noise-to-signal ratio. Finally, for differential privacy Z;. = X;. + H,., where H, . is
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Laplacian noise, we obtain results that are nearly identical to measurement error. Across

settings, our results are robust to hyperparameter tuning.
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Figure 8: Our approach adapts to differential privacy

5 Finite sample analysis

In the previous section, we articulate three reasons why inference after data cleaning is
hard. First, data cleaning may induce a great deal of dependence. We introduce implicit
data cleaning as an algorithmic solution, yet we still need to provide a theory of implicit
data cleaning: why is it okay to not clean the test covariates? Second, the best rates of data

1/2We incorporate the doubly robust estimating equation in

cleaning are slower than n~
the hope of achieving double rate robustness, yet we still need to prove that it works: how
is causal inference still possible with standard errors of order 6n~'/2? Third, data cleaning
recovers averages across matrix entries. How can we translate guarantees about recovering
averages into guarantees about the coverage of data cleaning-adjusted confidence intervals?

In this section, we answer these three theoretical questions with finite sample analysis.

We prove four theorems, each corresponding to a step in the procedure.
1. Data cleaning: X converges to X ™.
2. Error-in-variable regression: 4 converges to 7.

3. Error-in-variable balancing weight: & converges to ay.
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4. Causal parameter: P{0, € (6 £ 1.966n~/2)} converges to 0.95.

We have already verified that our key assumption, that covariates are approximately low
rank, is reasonable in practice for US Census data. In a corollary, we verify that it is

reasonable in theory: it holds for a broad class of linear and nonlinear factor models.

5.1 Step 1: Data cleaning

For the data cleaning guarantee, we place four assumptions on the corrupted data. To

lighten notation, we suppress indexing by TRAIN.

Assumption 5.1 (Bounded signal). There exists an absolute constant A < oo such that

for alli € [m],j € [p], |X;| < A.

Assumption is a standard boundedness assumption imposed on true values in the

matrix completion literature.

Assumption 5.2 (Measurement error). Each row of measurement error H;. is mean zero
and subexponential, i.e. E[H;.|X;.] = 0 and there exists a > 1 and K, < oo such that
| H;, | Xi lp, < Kao. Hence there exists k% > 0 such that |[E[H] H; .| X; ]||lop < . We assume

measurement error is independent across rows.

Measurement error is independent across rows, but it may be dependent within a given
row. If in a given row of H;. € R? each coordinate is independent, then K, and x* are
constants (i.e. they do not scale with p) (Vershynin, [2018, Lemma 3.4.2). More generally,
(K., ) quantify the level of dependence among the entries of H;. within a row. Our
model allows for a great deal of heteroscedasticity. In particular, the results to follow are
conditional on X so, for example, the shape of the distribution of H;; may depend on X;;
as long as it is mean zero and has tails no wider than those of an exponential distribution.

As such, it encompasses discretization and differential privacy.

Assumption 5.3 (Missing values). In each row of missingness m;., m;; is 1 with probability
p; and NA otherwise. Identifying NA with 0, we assume there exists K < oo such that

7. — (p1y ey Pp)| Xi |4y < K. We assume missingness is independent across rows.
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Our missingness model generalizes the standard missingness model in the PCR error-
in-variables literature in two ways: (i) the missingness of one variable may depend on the
missingness of another, and (ii) different variables may be missing with different probabilities.

These differences are easily visualized by the contrast

pr P12 - Pip p P> .. p?

2 2

E[WZ-T,,WZ | = p.12 p'z p.2p Versus E[szyrz] _|” 7 P
|P1p P2p - Pp | _pz 2 . p |

where p;;; = E[m;;m;;/] does not necessarily equal p;p; = E[m;;]E[m;;:]. These additional
degrees of flexibility are crucial for Census data, where non-responses for different variables
are often correlated and where non-response rates of different variables can be vastly different.
As with measurement error, missingness is independent across rows, but it may be dependent
within a given row. If in a given row of ;. € R? each coordinate is independent, then
pji» = pipy and K is constant. More generally, K quantifies the level of dependence among
the entries of ;. within a row. Our model allows for different probabilities of missingness
for different variables in a way that can depend on the signal. The results to follow are
conditional on X so, for example, the probability p; may depend on X. ;. For our theoretical

results, we define the additional notation

Pmin = minp;, p = diag(py, ..., pp) € RP*P.
Jj€lpl

Assumption 5.4 (Concentrated signal). Consider the approzimation X o X with

singular values sy, ..., S,.. Assume that sy, ..., s, > Cw/%, where C' is an absolute constant.

Assumption is analogous to incoherence-style conditions in econometrics (Bai and Ngj,
2019; |Agarwal et al., 2021, |2020ab) and the notion of pervasiveness in matrix completion
(Fan et al. 2018)). Similar to a strong factor assumption (Onatski, [2012; |Anatolyev and
Mikusheval, [2021)), it ensures that the explanatory power of X (%) Jominates the explanatory
power of various error terms. Specifically, it ensures that signal is spectrally concentrated.
A natural setting in which Assumption [5.4f holds is if Xi(jLR) = 0O(1) and sq,...s, = O(7), i.e.,
they are well-balanced. Then, for absolute constants C,C’,C"” > 0,

Corer? =3 sl = | XV}, = mp
k
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which implies 7 = C",/=2. We leave to future work the extension of our results to settings

with different spectral assumptions on X %),

Remark 5.1 (Approximately low rank signal). We parametrize our rates by the quality of

low rank approximation.

Without loss of generality, X = X" + E®® where X is a low rank approximation
to X and E™V is the approximation residual. The two key quantities are r = rank{X ™}
and Ap = ||E(LR)HmaX. It is with loss of generality that » and Ag are simultaneously well
behaved. Intuitively, as r decreases Ap increases (and vice-versa). Indeed, if X = X
then trivially r < (m,p) and Ag = 0; conversely, if X = 0, then 7 = 0 but Ay = A. As
we show in the corollary, under a nonlinear factor model, both r and Ag are well behaved:

r < (m,p) and Ag — 0. Until that corollary, our rates are parametrized by (r, Ag).

Theorem 5.1 (Finite sample data cleaning rate). Suppose Assumptions
and hold. Furthermore, suppose that k = r and pmin > 2log(mp)  p e for an absolute

m

constant C' > 0,

1 . In° 1 1
TEIX - X[ < 0 TR (L) D)
m m o p

min

where C} = C - AY(K, + K)?(k + K, + K)2.

The norm of convergence is the so-called (2, 00) norm:

m

1 - 1 N
po0 = max EHX@- — XI5 = max — > (X — X;;)°

1 ~
—||IX - X
m J€lpl M =

i.e. a maximum across columns and an average across rows. For any given variable j € [p],
Theorem [5.1] guarantees that data cleaning performs well on average across observations
i € [m]. Our rate requires both m and p to increase. Rather than a curse, there is blessing
of dimensionality: more repeated measurements improve the quality of data cleaning. For
the bound to be meaningful, (r, Ag) must be simultaneously well behaved, which is our key
assumption. Recall that (K,, x, K) quantify the level of corruption dependence within a
row. As long as the dependence is weak, e.g. (K,, k, K) scale as some power of In(mp), this
dependence in negligible. Our downstream results for the error-in-variable regression and
balancing weight are predicated on this data cleaning guarantee. As such, the geometry
used in data cleaning is the crux of the entire framework: signal is spectrally concentrated,

while noise is spectrally diffuse, so we can concentrate out the noise.
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5.2 Step 2: Error-in-variable regression

We place three additional assumptions for the error-in-variable regression guarantee.

Assumption 5.5 (Response noise). The response noise satisfies Elg;] = 0 and V[e;] < 2.

It is independent across rows and independent of Z, ..

This weak condition permits measurement error and differential privacy of the outcome
Y;. See Appendix [A] for outcome attrition. Next we assume TRAIN and TEST each contains
a sufficient variety of observations. For a matrix M € R™*? we define its row space as

ROW(M) = span{M,.}.
Assumption 5.6 (Row space inclusion). Assume ROW[b{ X (") TAN ] = gow[p{ X (W7 T=TY],

This property permits X ()N —£ X (LR TEST o 4 also permits the two matrices to have
different SVDs. In Appendix [E] we verify that Assumption holds with high probability

under weak auxiliary conditions. Finally, we place a weak technical condition.

Assumption 5.7 (Well conditioned estimators). Let 8}, be the smallest non-zero singular

value of b(D™ N, X). Assume that §, = olymonalimyy Where B[] < &°.

~ polynomial(m,p

For (B ,7) to be well conditioned, the singular value &), should not be too small. In
particular, it must be bounded below by an arbitrary negative power of m and p. We
view the Assumption as a diagnostic tool for empirical practice: choose the PCA
hyperparameter k such that the k’-th singular value s}, is not too close to zero.

Before stating the result, we introduce a theoretical device 5* as the coefficient of the

best low rank nonlinear approximation to 7. In particular, we approximate
Y0(Ds, Xi.) = b(Ds, X[ B + g

where gbZ(LR) is the approximation error. It turns out to be convenient to keep track of
this approximation error by defining ¢; := v(D;, X;.) — b(D;, X;.)5*. There will be a
trade-off: a richer dictionary b leads to a smaller approximation error in terms of ||¢||3, but
more compounding of measurement error and missingness. The following result helps to

characterize how the compounded data corruption magnifies (p;liln, r, Ag) but nothing else.
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Remark 5.2 (General dictionaries). In the main text, we state results that hold for a

broad class of dictionaries, with the dictionary specific constant C; and the concise notation

(Pl in, ™'y A%) in Theorems and[5.3 In Appendiz[C] we prove that

A dmax
Qdmax 1 < dmaxA

max / — )
pmin Pmin

C’/ 2dmax AQdmax ‘ | X ‘

max

r < e AL < C AT d L Ap

where dpay 15 the degree of the polynomial dictionary. We articulate restrictions on the class

of dictionaries in Appendiz[Cl For the interacted dictionary, dyax = 2.

Remark 5.3 (Bound on || X ||max). Under further incoherence style assumptions, we bound

| X ||max < C/T in Appendiz @ Alternatively, one can bound
HXHmax < HX - XHmax + HXHmaX < HX - XH%,oo + le

then appeal to Theorem with high probability. Doing so does not affect the powers of

(m,p) in the main results, but does increase the complexity of the pre-factors.

Theorem 5.2 (Finite sample error-in-variable regression rate). Suppose the conditions of
Theorem [5.1) hold, as well as Assumptions and[5.7

~ 3 1 1 -
If pinin>>C’\/Fln2(mp){%\/\/—E\/AE}, C’:C’A</<5+K+K) then (5)

2 ! —2 ( )3111( ) p 1 ! /' \4
R < CGeiC- ot T g (o 2 D (14 2 a4 pl))

+CQ~WA¢(1+(A’))

?,Uh€7"€ A(z) — %H¢TRAINH§ V; #H¢TESTH% and

C,=CAY K, + K?(k+ K+ K,)? Cy=C-Ak+ K+ K,)>.

Corollary 5.1 (Simplified regression rate). Suppose the conditions of Theorem hold.
Further suppose vy is exactly linear in signal, which is exactly low rank. Then

. 31 1
REG) < 10y o7 - I g (— - +5) .

mi

The norm of convergence is a generalized mean square error

% > D Z) —”Yo(Di,Xi,-)}zl :

1ETEST
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which is a relaxation of mean square error, where the expectation is over randomness in
TRAIN and TEST. Two aspects of our problem necessitate this norm: (i) given the (2, c0)
data cleaning guarantee in Theorem , this is the best we can do; and (ii) for i.n.i.d. data,
a population risk is otherwise not well defined [ Since the estimator 4 does not involve
cleaning TEST, this result is our desired theory of implicit data cleaning. The bound requires
both m and p to increase, p < m?, and puin > p~ /2 Vm~/2 Vv Ap. For the bound to be
meaningful, (r, Ag) must be simultaneously well behaved and the corruption dependence
must be weak. Finally, the bound includes the nonlinear approximation error A, and the
size of the theoretical device ||5*||1. ||8*||1 is well behaved if f* is approximately sparse. In
summary, we keep track of the low rank approximation error Ag and the nonlinear sparse
approximation error A,. To deal with Ag, we demonstrate that nonlinear factor models
admit low rank approximation below. Due to our doubly robust approach, inference for the
causal parameter 6 is robust to non-vanishing A,—a discussion we revisit later.

We make several innovations relative to previous work in the PCR error-in-variables
literature. First, we propose an error-in-variable regression estimator that does not clean
the test covariates, so we must develop a new theory of implicit data cleaning. Second, we
define and analyze a new norm of convergence which we will subsequently use in causal
inference. See Appendix [E] for a comparison of our norm with the norms in previous work.
Third, we allow for dependence of missingness across variables and for different probabilities
of missingness across variables. This flexibility is realistic for Census data. Fourth, we
consider a nonlinear regression function vy that is approximated by a nonlinear dictionary
of basis functions b. The dictionary of basis functions is important for causal inference,
since it allows for treatment effect heterogeneity, and it requires a novel characterization of

which nonlinearities do not compound data corruption too much.

5.3 Step 3: Error-in-variable balancing

We place one final assumptions for the error-in-variable balancing weight.
Assumption 5.8 (Row space inclusion). Assume M € ROW{b(D™™~ X)}.

Whereas Assumption is about the low rank approximation of the signal across TRAIN

4Interestingly, even with i.i.d. data, (i) necessitates this norm.
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and TEST, Assumption [5.8] is about the counterfactual moment in relation to TRAIN after
cleaning. With M = [{b(D™*™, X)}TY ™A% which reverts to error-in-variable regression,
Assumption [5.§8 immediately holds. In other cases, it limits the counterfactual queries that
an analyst may ask. Because it is about empirical quantities, we view it as a diagnostic tool
that an analyst should use to determine whether the counterfactual can be extrapolated.
As before, we introduce a theoretical device n* as the coefficient of the best low rank

nonlinear approximation to «g. In particular, we approximate
ao(Di, Zi,.) = b(D;, Xf,-m))n* + Ci(LR)
where Ci(LR) is the approximation error. As before, we study this approximation error by

defining (; := ap(D;, Z;.) — b(D;, X;.)n*. There will be a trade-off: a richer dictionary b

leads to a smaller approximation error in terms of ||¢||3, but amplification of (p_i,,7, Ag).

Remark 5.4 (General causal parameters). In the main text, we state results that hold for a
broad class of causal parameters, with parameter specific constants (C!,, Ct) in Theorem 5.3,
In Appendix@ we characterize (C!,,C") for several examples. For ATE with the interacted
dictionary, C!, =1 and C!l = A.

Theorem 5.3 (Finite sample error-in-variable balancing weight rate). Suppose the conditions

of Theorem [5.1] hold, as well as Assumptions[5.6, and[5.8 If holds and ||ag|| < @,

. ) '3 (mp) .,
R@) < - L
1 1 p m p m 72 I \4 1 \6
'{E+E+ﬁ+ﬁ+(l+ﬁ+z> (Ap)" + (m+p)(AE)" +mp(AE)” ¢ + 24,

where A¢ = o [|CN 3V LGS and
C3 = CAM(C)+/C! +C! +a+ A (K, + K)*(r+ K + K,)°.

Corollary 5.2 (Simplified balancing weight rate). Suppose the conditions of Theorem[5.3
hold. Further suppose aq s exactly linear in signal, which is exactly low rank. Then

. PP mp), L. [1 1 p m
R(@) < e TR {2y Dy 2y

min

replacing Cy with 1 in the definition of Cs.

A further assumption that the treatment mechanism only depends on signal, i.e. E[D;|X; ., H;.,m;.] =

E[D;|X;.], implies ag(Dy., Zi.) = ag(Di, X;,.) = b(Dy, Xy + ¢
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The norm of convergence is a generalized mean square error

R(a) =E % > Dy, Zi.) — ao(Dy, Zi) Y|

i€TEST
which is the same relaxation of mean square error as before. The bound requires both m
and p to increase, m'/? < p < m?, and puin > p~ 2V m 2V Ag. For the bound to be
meaningful, (r, Ag) must be simultaneously well behaved and the corruption dependence
must be weak. Finally, the bound includes the nonlinear approximation error A, and the
size of theoretical device ||n*[|;. In summary, we keep track of the low rank approximation
error A and the nonlinear sparse approximation error A.. Nonlinear factor models imply
bounds on Ag. Due to our doubly robust approach, inference for the causal parameter 6 is
robust to non-vanishing A.—a discussion we revisit below.

Theorem innovates in all of the ways that Theorem does and more. Most
importantly, it analyzes a new PCR estimator for a new estimand: the error-in-variable
balancing weight. A rich literature proposes balancing weight estimators for causal inference
with clean data, but to our knowledge, ours is the first error-in-variable balancing weight
estimator for causal inference with corrupted data. As developed in Appendix [F] Theorem [5.3]
actually holds for a broad class of counterfactual moments and therefore a broad class of
causal parameters. Moreover, the counterfactual moment M = [{b(D™N X )} Ty TRAN]
recovers error-in-variable regression. We choose not to simply subsume Theorem by
Theorem [5.3] for two reasons. First, doing so would require that Y; and ¢; are bounded,
which rules out differential privacy for the outcome; see the Appendix [A] discussion. Second,
Theorem has lower powers of (r, p_! ) and avoids the term }% so it is typically a tighter
bound.

5.4 Step 4: Causal estimation and inference

Before stating our results, we formalize the sense in which the corrupted data problem
is an extended semiparametric problem. Let W;. = (D;, X;., H;.,m;.) concatenate the
signal and the noise, so that Lo(W) consists of square integrable functions of the form
v: (D, X;., H;.,m;.) — R. Both the true regression vo(D;, X;.) and our error-in-variable

estimator 4(D;, Z;.) belong to this space, which serves as our hypothesis space for semi-
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parametric analysis. With this theoretical background, we formalize our distribution shift

assumptions.

Assumption 5.9 (Marginal distribution shift). The extended outcome and treatment

mechanisms, E|Y;|D;, X; ., H; ., m;.] and E[D;|X; ., H;.,m;.], do not vary across observations.

Assumption implies that vo(W;.) and ag(W;.) do not vary across observations,

)

though the marginal distributions P;(W;) may vary. Our corruption model implies v (W;.) =

)

Y0(D;, X;.), and we are agnostic about whether ag(W;.) = ao(D;, X;.) for the extended

)

hypothesis Spaceﬁ We place one final assumption, mildly strengthening common support.

Assumption 5.10 (Bounded propensity). The extended propensity score is bounded away

from zero and one, i.e. 1 — ¢ < E[D;|X;., H;.,m;.] < ¢.

We introduce some additional notation to state the finite sample Gaussian approximation.

Define the oracle influences ¢; = ¥(W;_., 0;, v, ap) where the influence function is
w(I/V’L',-a 67 e CK) = 7(17 Xi,-a Hi,-a 7T’i,-) - 7(07 Xi,-? Hi,-? ﬂ-i,-) + O‘(Wl,){Y; - 7(W1,>} — 0.

E[;] = 0 since E[yo(1, X;.) — 70(0, X;,.)] = 0; and E[ag(W; . ){Y; — % (Wi.)}] = 0 by law of

)

iterated expectations. We define the higher moments and average higher moments by
2 2 3 3 4 4 2 I o 5l RS
o; =E[Y;], & =E[vll, xi =E[j; o :Ezai’ 3 ZEZ@W X :EZXi-
i=1 i=1 i=1

Remark 5.5 (General causal parameters). In the main text, we state results that hold for
a broad class of causal parameters, with parameter specific constants (Q,q) in Theorems
and . For ATE, Q = 2 <% + ﬁ) and ¢ = 1 under Assumptions and |5.10. In

Appendix@ we characterize (Q,q) for several other examples under generalizations of

Assumptions and[5.10

Theorem 5.4 (Finite sample Gaussian approximation). Suppose Assumptions and

hold, Ele? | W] < 2, and ||ag|| < @. Further suppose that for (i,j) € TEST,

AW, )Ly (W;.)|TRAIN,  &(W;.)lLa(W; . )| TRAIN.

GIf E[DAXZ’, Hi,.,’l'rif] = IE[.DZLX'Z’}7 then ao(Wi ) = O[o(Di,Xiy.).
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Then with probability 1 — e,

sup
z€R

3
A
< PP (ﬁ) NI 4 —— e

p{ﬂ?(é—eo) < z} —®(2)] < . @2m)2 "

o

where ®(z) is the standard Gaussian cumulative distribution function, cP¥ = 0.5600, and
A — % ~1/2 AN R(A q/2 FIR(A 1/2 RIAR(A 1/2
= — @7+ )R} + o{R(&)}' + {nR(NR(@)}] .

Theorem 5.5 (Finite sample variance estimation). Suppose Assumptions and hold,
Ele? | W;.] <62, and |||l < @' Then with probability 1 — ¢,

|62—(J2—|—BIAS)| < A/—i—A”—}-?)[(A/)1/2{(A”)1/2—|—0'+A1/2

ouT

}—f—(A”)1/2{Aéé2T+(A,)l/4A1/4 }+(A/)1/4A1/4 0_]’

ouT ouT
where BIAS = Agyr + 2A%QTJ, Aoyr = %Z?Zl[(@ —00)?], and

24L

6I

A = 4(0 — 6y)* +

1/2
QO+ (@)RE) +°R(@)], A" = (3) Pnt

Corollary 5.3 (Confidence interval coverage). Suppose the conditions of Theorems
and[5.8 hold. Further assume

1. Moment reqularity: {(¢/o)3 + X2}n’% —0;
2. Error-in-variable regression rate: (QY? + a/o + &) {R(5)}¥* —= 0;
3. Error-in-variable balancing weight rate: 6{R(&)}*/? — 0;
4. Product of rates is fast: {nR()R(&)}/?/o — 0.
Then 056, %% 0>+ B1as, P{f, € (0+1.966n *)} = 0.95+¢, BIAS,c> 0.
If in addition Aoy — 0, i.e. there are not too many outliers,
then 050, 625 0% PO, e (0+1.966n %)} — 0.95.

Remark 5.6 (General causal parameters and data cleaning). Corollary holds, as
stated, for a broad class of semiparametric estimands such as the average elasticity and
nonparametric estimands such as heterogeneous treatment effects. Moreover, it holds for not
only the data cleaning and estimation procedure that we propose, but for any data cleaning

and estimation procedure satisfying its weak conditions.
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The individual rate conditions R(y) — 0 and R(&) — 0 as well as the product rate
condition {nR(9)R(&)}/? — 0 suffice for Gaussian approximation with standard deviation
on~1/2, generalizing the main result in Chernozhukov et al.| (2021) to the harder setting
with corrupted and i.n.i.d. data. These rate conditions are in terms of a more general norm
than previous work because of matrix completion in the data cleaning step. Nonetheless,
we recover a familiar product rate condition from semiparametric theory. The conditions
solve the two remaining theoretical challenges. First, they provide a framework to translate
an on-average data cleaning guarantee into a data cleaning-adjusted confidence interval for
the causal parameter, by using generalized norms. Second, they ensure that the standard
deviation is on~'/2 as long as the product of error-in-variable rates (and hence the product
of data cleaning rates) is of order n~/2. In summary, they allow for causal inference at rates
faster than matrix completion, which will be essential for the leading application, where we
desire precision for the population while maintaining privacy for individuals.

A major technical innovation is semiparametric variance estimation in the i.n.i.d. setting,
which is essential to the validity of confidence intervals. We define Ay to quantify the
frequency of outliers. Since 6; = E[yo(1, X;.) — 7(0, X;.)], Aour quantifies the shift in the
marginal distributions of true covariates P;(X;.). At best, Agyr = 0 in the i.i.d. case. At
worst, Agyr 18 a constant (when individual treatment effects are bounded). The condition
Aour — 0, i.e. relatively few outliers, suffices for consistent variance estimation and nominal
confidence intervals. When Ay, /4 0, our variance estimator is asymptotically biased
upwards by BIAS = Agyr + 2Aéé2Ta, implying conservative confidence intervals. At worst,
our confidence intervals are valid but conservative by a theoretically quantifiable amount.
Our exact characterization of BIAS may have broader consequences for variance upper

bounds and design-based uncertainty, which we pose as a direction for future WOI"kEI

5.5 Key assumption holds for nonlinear factor models

Finally, we tie together our various results and revisit our key assumption that covariates
are approximately low rank. We show that nonlinear factor models (i) encode the intuition

of approximate repeated measurements; (ii) imply that covariates are approximately low

"We thank Isaiah Andrews for suggesting this connection.
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rank; and (iii) satisfy the rate conditions for causal inference. In a nonlinear factor model,
Xi; = g(Ni, pj) where (\;, it;) are latent factors corresponding to units and covariates,
respectively. We assume that the function g is smooth in its second argument, formalizing

the repeated measurement intuition.

Definition 5.1 (Holder class). The Hélder class H(q, S,Cy) on [0,1)9 is the set of functions
g:[0,1)9 — R whose partial derivatives satisfy
1 S-S
> IVagln) = Veg)| < Cor = w5 . vl € [0, 1)
sisl=1S]

where | S| denotes the largest integer strictly smaller than S.

Assumption 5.11 (Generalized factor model). Assume X is generated as X;; = g(\i, 115),
where A\;, iy € [0,1)7 and g(Ni,-) € H(q, S, Ch).

A linear factor model is a special case of a generalized factor model where g(\;, 1t;) = A ;.
Such a model satisfies Definition [5.1] for all S € N and Cy = C, for some absolute positive
constant C' < co. Assumption also allows for smooth nonlinear factor models, and it
implies joint control over (r, Ag) as desired. Intuitively, as latent dimension ¢ increases, the
rank 7 increases. As smoothness S increases, the approximation error Ag decreases. Our
final result demonstrates that, as long as the ratio ¢/S is small enough, the data cleaning

adjusted confidence intervals are valid.

Remark 5.7 (General dictionaries). In the main text, we state results that hold for a broad
class of dictionaries, with the concise notation ¢' in Corollary [5.4. In Appendiz [H, we
prove that ¢ < dmaxq, where dyay is the degree of the polynomial dictionary. We articulate

restrictions on the class of dictionaries in Appendiz [(J For the interacted dictionary,

dmax = 2.

Corollary 5.4. Suppose the conditions of Theorems and [5.5 hold, as well as
Assumption m For simplicity, consider the semiparametric case where 0,7, &, &, Q) are

bounded above and g = 1. If in addition
1. Moment regularity: {(¢/0)? + x2}n~2 — 0;
2. Weak dependence: (K,,r, K, p_i ) scale polynomially in In(np);
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3. Nonlinear sparse approzimation: mA4 < ||5*|3, < oo; and mA: < ||n*|13;

3

S ie.n=p’ orp=n’ forve [1,3];

4. Enough repeated measurements: ns <p<n

>

5. Small latent dimension to smoothness ratio: % <

M

Then the conclusions of Corollary[5.5 hold.

In summary, we allow either n > p or p > n as long as (n, p) increase at similar rates.
Given (n,p), the ratio of the latent dimension g over smoothness S in the generalized factor
model must be sufficiently low. For example, if n = p and ¢’ = ¢ then we require ¢ < %:
the latent dimension must be less than a quarter of the smoothness. A sufficiently low

& ratio ensures sufficiently fast learning rates R(y) and R(&) for causal inference with

standard error 6n~1/2

. For the special case of a linear factor model, the ¢ ratio constraint
becomes vacuous, and there is no restriction on the latent dimension q. The same is true
for a polynomial factor model where g(\;, ;) = polynomial();, 11;). The doubly robust
framework allows us to slightly relax the conditions stated above and still obtain valid

inference. In particular, either Ay /4 0 or A¢ 4 0, i.e. 7y or oy may be incorrectly specified.

See |Chernozhukov et al.| (2022a, Section 2) for further discussion of mis-specification.

6 Case study: Effect of import competition using Census

Equipped with theoretical guarantees, we re-

0.05+ r0.14
turn to the motivating real world issue: mea- . T ‘ 77777 i aopieaopeicn

04 =
surement error, missing values, discretiza- %Dw ng—
e g
tion, and differential privacy in the US Cen- gm_ ‘?3
to1 ©
sus. We replicate a seminal paper in labor : o1 g

economics that uses Census data, while in- o “Loos

T T T T T T T T T T T
1987 1989 1991 1893 1995 1997 1999 2001 2003 2005 2007
Year

troducing different types and levels of syn-

thetic corruption. In particular, we imple-
Figure 9: Is correlation causation? |Autor et al.

(2013, Figure 1)

ment differential privacy at the level man-

dated for the 2020 Census.
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6.1 Economic research question

We revisit the economic research question studied by |Autor et al. (2013)): what is the effect
of import competition on local labor markets in the US? Figure [9] illustrates how, between
the years 1987 and 2007, Chinese imports skyrocketed while US manufacturing employment
plummeted. Phrased another way, the research question is whether this correlation is causal.
We ask an additional question: can we recover the same effects after introducing various
types and levels of synthetic corruption?

Following the original study, we use Census data at the commuting zone (CZ) level. A
CZ is an aggregate unit interpretable as a local economy. 722 CZs make up the mainland US,
and CZ data are constructed from individual microdata published by the US government:
IPUMS, ACS, BEA, and SSA. The outcome Y; is percent change in US manufacturing
employment; the treatment D; is percent change in imports from China; the instrument U;
is percent change in imports from China to other countries; and the covariates X; are CZ
characteristics. In more detail, we use data from two periods: 1990-2000 and 2000-2007, for
a total of 1,444 observations. (Y;, D;,U;) are changes within a period, e.g. the 2000 level
minus the 1990 level, while X; . are levels at the beginning of a period, e.g. the 1990 level.
The causal parameter is the partially linear instrumental variable regression parameter

described in Appendix [A]

6.2 Can we recover the same effects with data corruption?

In Section [3, we have already verified that the covariates X;. are approximately low rank.
Both the original specification X;. € R and the augmented specification X;. € R*
include approximate repeated measurements, with variables such as percent employment
in manufacturing, percent college educated, and percent employment among women. In
particular, the approximate rank is five.

Figure [10] presents our first semi-synthetic exercises. For reference, we visualize in red
the 2SLS point estimate and confidence interval of |Autor et al.| (2013), using clean data.
Immediately next to |Autor et al. (2013))’s results, we visualize our own point estimate and
confidence interval with clean data. We recover essentially the same point estimate and

a somewhat smaller confidence interval. The true covariates are approximately low rank,
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our procedure exploits this fact, and therefore it is is more efficient. Subsequently, we
implement our procedure with increasing levels of measurement error: 20%, 40%, 60%, 80%,
and 100% noise-to-signal ratio. Our point estimates remain stable, and the standard errors
subtly increase in length. We obtain similar results with missing values, discretization,
and differential privacy: point estimates remain stable and the standard errors adaptively

increase in length for higher noise-to-signal ratios.
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Figure 10: Synthetic corruption

6.3 Formalizing privacy

Next, we calibrate the semi-synthetic exercises to privacy levels mandated by the US Census
Bureau. To do so, we first clarify how our model of causal inference with corrupted data

accommodates various notions of differential privacy. With these formal results, we can then
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calibrate the variance of the Laplacian noise appropriately. In what follows, we focus on a
one-off data release (formally called the non-interactive setting). There are two relevant
privacy concepts: central differential privacy of summary tables such as the Census, and
per instance differential privacy of microdata such as the current population survey (CPS).

To begin, we define central differential privacy. To be concrete, we maintain the following
thought experiment: we are the Census Bureau, and our goal is to publish [Autor et al.
(2013)’s CZ-level aggregated data set while protecting the privacy of individuals within
CZs. In particular, we have access to the individual-level microdata, which we will not
publicly share; we will only publish the CZ-level summaries for aggregate units. Consider
a particular commuting zone i € [n] with L, individuals, and denote its individual-level
microdata by M® e RL*P. We wish to publish p summary statistics X;,. for this CZ,
where X;; = L% Zle Me(;), however we wish to maintain plausible deniability that each
individual ¢ € [L;] contributed their data. The simulated attack on the 2010 Census found

that Census blocks summary tables did not maintain this plausible deniability.

Definition 6.1 (Central differential privacy for summary tables). A randomized mechanism
M confers central differential privacy with privacy loss € if and only if for any two possible
individual-level data sets M and M’ differing in a single row, and for all events E in the

range of M,
P(M(M) € E)
P(M(M') € E)

where the randomness is with respect to M.

<e

The canonical mechanism that achieves central differential privacy is to publish M (M ®) =
X;.+ H;. instead of X, ., where H, . is Laplacian noise with an appropriately calibrated
varianceff| In addition to the Laplace mechanism (Dwork et al., 2006)), the discrete (Duchi
et al., [2018) and piece-wise uniform (Wang et al., [2019) mechanisms induce measurement
error that is sub-exponential and mean zero, which fits within our framework. For simplicity,

we focus on the Laplace mechanism when relating privacy to our theoretical results.
Proposition 6.1 (Strong protections for aggregate data). Suppose

1. Fach entry of microdata is bounded, i.e. |Mz(;)| < Ay;

8More precisely, M; : REFiXP — RP,
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2. No indiwidual appears in two commuting zones.

. j.i.d. i
Then the mechanism Z;; = X,;; + H;; where H;j "X Laplace (%’%) confers € central
. . . . 23/2 4,
differential privacy and the measurement error parameters satisfy K,, £ < maX;e[n = L%.

In summary, the calibrated Laplacian variance depends on the privacy loss €, the most
extreme true value A;, the number of covariates p, and number of individuals L; per
aggregate unit. The condition max;ciy L% < In(np) implies that the measurement error
parameters (K, k) diverge slowly with (n, p), so that our rates of data cleaning and error-in-
variable estimation translate into data cleaning adjusted confidence intervals. This auxiliary

condition is a practical diagnostic: roughly speaking, the number of published covariates

should not greatly exceed the number of individuals per aggregate unit.

Remark 6.1 (Limitations for aggregate data). The theoretical condition max;e(n) - < In(np)
sheds new light on limitations. It is perhaps plausible for commuting zones, but implausible
for Census blocks, which have fewer individuals per aggregate unit. Fortunately, much
empirical economic research studies commuting zones, which we study in our semi-synthetic

exercise. An important direction for future research is to empirically investigate, through

simulated attacks, how vulnerable various data releases may be for different &~ regimes.

In addition to tabular summaries, the Bureau publishes microdata, for which an alter-
native definition of privacy is necessary. We maintain the following thought experiment:
we are the Census Bureau, and our goal is to publish the microdata that is subsequently
aggregated by |Autor et al| (2013)) at the CZ level. Now, the index i € [n] corresponds to
the i-th individual with covariates X;. € R? that we wish to publish while maintaining

plausible deniability that any given covariate profile is contained in the data release.

Definition 6.2 (Per instance differential privacy for microdata). A randomized mechanism
M confers per instance differential privacy with privacy loss € if and only if for any two
possible individual-level vectors x and x', and for all events E in the range of M,

P(M(z) € E)
P(M(z') € E)

<ef

where the randomness is with respect to M.
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A mechanism that achieves per instance differential privacy is to publish M(X;.) =
X;.+ H;. instead of X, ., where H, . is Laplacian noise with an appropriately calibrated
variance. We focus on the Laplace mechanism when relating privacy to our theoretical
results. In anticipation of a more qualified privacy guarantee, we consider adding noise to

only T out of the p covariates.

Proposition 6.2 (Weaker protections for microdata). Suppose Assumption holds. The
mechanism Z;; = X;; + H;j with j € [T], where Hj s Laplace (@), confers € per
instance differential privacy for the initial T' covariates. Moreover, the measurement error

: 23/2AT
parameters satisfy K,, k < .

In summary, the calibrated Laplacian variance depends on the privacy loss € and the
subset size T'. The condition 7' < (n, p) implies that the measurement error parameters
(K,, k) diverge slowly with (n,p), so that our rates of data cleaning and error-in-variable
estimation translate into data cleaning adjusted confidence intervals. This qualification,
that only a subset of variables may be privatized, is an example of event level rather than
user level differential privacy: with microdata, only some aspects of an individual’s identity

are protected, while with summary tables all aspects are protected.

6.4 Privacy calibrated to 2020 US Census levels

As our second semi-synthetic exercise, we

o
o
o

implement central differential privacy for Au{ :
Estimator
— 2S8LS

— proposal

tor et al.| (2013)’s CZ-level aggregated data

<
N
a

set while protecting the privacy of individu-

als within CZs. We calibrate the Laplacian

o
\‘
o

variance according to Proposition where

Effect of imports on employment
g

e = 17.14 according to a Bureau memo,

o
o

. . . 2SLS a_10'0eps b_1f)eps c_éps d_O.'1eps e_O.d1eps
p = 30 in the augmented specification, and Data corruption

(A;, L;) are calculated from the microdata Figure 11: Calibration
for each CZ. As before, we visualize in red
the point estimate and confidence interval of |Autor et al. (2013) using clean data in

Figure [I[1I] Next to that, we visualize the point estimate and confidence interval we pro-
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pose. To study the robustness of our results to the privacy loss parameter, we consider
(100€, 10¢, €,0.1€,0.01€), which corresponds to adding Laplacian noise both below and above
the mandated level. Across levels, our point estimates and confidence intervals remain

remarkable stable.

7 Conclusion

Recent developments in how the US Census Bureau will publish economic data motivate us
to study a class of corruptions that is rich enough to encompass classical types of corruption,
such as measurement error and missingness, as well as modern types, such as discretization
and differential privacy. Abstractly, our goal is to learn a causal parameter from corrupted
data; concretely, our goal is to characterize scenarios in which it is possible to achieve both
privacy and precision. To do so, we propose new data cleaning-adjusted confidence intervals
that are computationally simple, statistically rigorous, and empirically robust in settings
calibrated to empirical economic research. We build a framework to use matrix completion
as data cleaning for downstream causal inference, bridging two rich literatures. For future
research, we pose the question of how to extend our results to confounded noise and sample

selection bias. The modular structure of this paper provides a template to do so.
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A Additional examples

A.1 Semiparametric estimands

We consider the goal of estimation and inference of some causal parameter 6y € R which is
a scalar summary of the regression vy, e.g. a treatment effect, policy effect, or elasticity.

We consider a class of causal parameters of the form
o — - i 0 0; = Elm(Wi.. )]
= - 2 i m 1,9
o= - 570
in an i.n.i.d. data generating process of the form
Yi=9(Di, Xi.) ‘e, Zi.=Xi.+H;)oOm., Wi =(DyX;, Hi 7).

This model is a restatement of (). (D;, X;.) concatenate the various arguments of 7o, which
we hereby call regressors. Rather than observing X, ., we observe Z,.. This model includes
the scenario in which some variables are corrupted and other are not. Which regressors
are corrupted or uncorrupted constrains the construction of technical regressors; see Ap-
pendix . We concatentate signal and noise as W;. = (D;, X; ., H;.,m;..). A generalization
of Assumption imposes invariance of the regression 7y and generalized balancing weight

ap across observations, which we formalize in Appendix [G]

Example A.1 (Average treatment effect). Let (D;, X;.) concatenate treatment D; € {0,1}
and covariates X;. € RP. Denote vo(D;, X;.) = E[Y;|D;, X;.]. Under the assumption of

selection on observables, the average treatment effect is given by
61‘ = E[70(17 Xz,) - ’70(07 XZ,)]

With uncorrupted treatment and corrupted covariates, W;. = (D;, X;.,H;.,m;.) where

(H,.,m;.) are measurement error and missingness for the covam’atesﬂ

While the true regression vo(D;, X;..) is only a function of signal (D;, X;.), our regression

estimator ¥(D;, Z;.) is a function of both signal and noise W; .. In other words, the hypothesis

9More generally, treatment observations may be corrupted as well. For readability, we exposit the simpler

and plausible case that treatment is uncorrupted.

o1



space for estimation is the extended space of functions Ly(W), and we must define an

extended functional over Ly(W). In Example [A.1] the extended functional is
v Bly(L, X Himi) = (0, X, Hy )

Example A.2 (Local average treatment effect). Let (U;, X;.) concatenate instrument
U; € {0,1} and covariates X;. € RP. Denote vo(U;, X;.) := E[Y;|U;, X;.] and 60(U;, X;.) :=
E[D;|U;, X;.]. Under standard instrumental variable assumptions, the local average treatment

effect for the subpopulation of compliers is given by

0
Bo = 9—?7 0; =E[o(1, X;,.) — (0, X;.)], 07 = E[do(1, X;,.) — do(0, X;,.)].
0
With uncorrupted instrument and corrupted covariates, W;. = (U;, X;., H;.,m;.) where

(H;.,m.) are measurement error and missingness for the covariates.

Example A.3 (Average policy effect). Let X;. € RP be the covariates. Consider the
counterfactual transportation of covariates ;. — t(x;.). Denote vo(X;.) = E[Y;|X;.]. The

average policy effect of transporting covariates is given by

0; = E[yo{t(Xi)} — 70(Xi,.)]-

With corrupted covariates, W;. = (X;., H;.,m;.) where (H;.,m;.) are measurement error and

missingness for the covariates.

Example A.4 (Price elasticity of demand). Let Y; be price of a particular good. Let
(D;, X;.) concatenate quantities sold of the particular good D; and other goods X;. € RP.
Denote vo(D;, X;.) = E[Y;|D;, X;.]. The average price elasticity of demand is

0, = E [Vayo(Ds, X;.)] -

With uncorrupted quantity for the particular good and corrupted quantities for the other
goods, W;. = (D;, X; ., H; ., m;.) where (H;.,m;.) are measurement error and missingness for

the other goods.

A.2 Weighted estimands

In empirical economic research with aggregate units, it is common to weight units by their

size. It is also common to consider partially linear models. For example, the estimand
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of Autor et al. (2013)) may be viewed as a weighted partially linear instrumental variable
regression. To bridge theory with practice, we provide these examples next.

A weighted functional 6, € R is a scalar that takes the form
1 n
0o = - Z;Gu 0; = E[t;im(Wi.,70)]

where /; is the weight for aggregate unit i. For simplicity, we take the weights ¢; to be

known, but their uncertainty can be incorporated as well.

Example A.5 (Weighted partially linear regression). Let (D;, X;) concatenate treatment
D € R and covariates X;. € RP. Denote vo(D;, X;.) = E[Y;|D;, X;.]. The weighted partially

regression coefficient is given by

With uncorrupted treatment and corrupted covariates, W;. = (D;, X;., H;.,m;.) where

(H;.,m;.) are measurement error and missingness for the covariates.

Example A.6 (Weighted partially linear instrumental variable regression). Let (U;, X;.)
concatenate instrument U; € R and covariates X;. € RP. Denote v0(U;, X;.) := E[Y;|U;, X; ]
and 0o(U;, X;.) == E[D;|U;, X;.]. Under standard instrumental variable assumptions, the

weighted partially linear instrumental variable regression coefficient is given by

)

BO = 9—?7 Qz = E[fz{{’}/o(u—l—l,Xu)—Wo(u,XL)}], 0; = E[&{(%(U-’-].,XZ’)—50(U,XZ7)}]
0

With uncorrupted instrument and corrupted covariates, W;. = (U;, X;., H;.,m;.) where

(H;.,m;.) are measurement error and missingness for the covariates.

A.3 Nonparametric estimands

A local functional 08‘“ € R is a scalar that takes the form
im . 1 -
O™ = }1111)% oy, 0 = - Zl o, 0! = Elmn(Wi.,v0)] = E[la(Wij)m(W;., v0)]

where /}, is a Nadaraya Watson weighting with bandwidth h and Wj; is a scalar component

of W;.. 6i™ is a nonparametric quantity. However, it can be approximated by the sequence
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{01}, Each 0} can be analyzed like a weighted functional as long as we keep track of how
certain quantities depend on h. By this logic, finite sample semiparametric theory for 6
translates to finite sample nonparametric theory for §i™ up to some approximation error.
In this sense, our analysis encompasses both semiparametric and nonparametric estimands.

As a leading example, we study heterogeneous treatment effects.

Example A.7 (Heterogeneous treatment effect). Let (D;,V;, X;.) concatenate treatment
D; € {0,1}, covariate of interest V; € R, and other covariates X;. € RP. Denote
Y0(D;, Vi, Xi.) == E[Yi|D;, Vi, X;.]. Under the assumption of selection on observables and
identicial distribution of V;, the heterogeneous treatment effect for the subpopulation with

subcovariate value v is given by
92’ = ]E[,YO(]-) ‘/;a XZ,) - 70(07 ‘/;7 XZ,)“/; = U] = %%E[Eh(‘/;){’}@(la ‘/ﬂ X’L,) - 70(07 ‘/;a XZ,)}]
where

by = KAV =00 g v = o)y

w

and K is the standard kernel function. With uncorrupted treatment, uncorrupted covariate
of interest, and corrupted other covariates, W;. = (D;,V;, X;., H; ., m;.) where (H;.,m;.) are

measurement error and missingness for the other covariates.

In Appendix [G], we formalize our general class of semiparametric and nonparametric
estimands. We define the class abstractly and verify that each example belongs to the class

under generalizations of Assumption

A.4 Missing outcomes

So far, we have discussed corruption of the regressors X;. and taken outcome Y; to be
uncorrupted. Measurement error and differential privacy of Y; is already captured by
response noise ;. An important additional issue in empirical research is outcome attrition:
for some observations, Y; is missing. Moreover, the outcome attrition mechanism may depend
on the true regressors. Our framework handles this case as well with light modification.

The enriched observation model is

Yi =D, Xi.,S) ‘e, Zi.=[Xi. +H]Om., Y;=Y;-5



where 5; € {1,NA} encodes attrition. Instead of observing (Y;, D;, X;.) or even (Y;, D;, Z; .),
the analyst observes (Y;, D;, Z;.). In the taxonomy of Rubin (1976), we allow outcome Y;
to be missing at random (MAR) conditional on true regressors (D;, X;.), of which X;. may
be missing completely at random (MCAR) or may have measurement error. The extended

semiparametric model is summarized by

E[ﬁ‘DhXi,-?Hi,-?ﬂi,w S’L = 1] = E[Y;‘DiaXi,-vHi,-aﬂi,wSi = 1]

=(D;, X;,., S =1).

Our framework handles this extension by replacing Y; with Y; and replacing (D, X;.) with
(D;, X;.,S;), similar to Singh' (2021).

B Additional simulations and applications

In this appendix, we provide additional synthetic, semi-synthetic, and real results to argue
1. our procedure is robust to a broad variety of data shapes and sizes;
2. data corruption can flip the sign of OLS and TSLS some of the time;

3. our key assumption holds in popular Census data sets at different levels of granularity.

B.1 Robustness to data dimensions

In the main text, the each sample from the simulated data generating process produces a

matrix of covariates X € R100x100

with rank r» = 5. In practice, economic data sets come
in a variety of shapes and sizes. In this subsection, we ask: how robust is our end-to-end
procedure across realistic dimensions of economic data? We consider the following variations

R5OX200, R100X100, RQOOXSO, RSOOXZO’ and

of the simulated data generating process: X €
R1000x10 For each choice of sample size n and covariate dimension p, we set the rank to be
r = {min(n, p)}/3. Across data dimensions, we introduce measurement error with the fixed
noise-to-signal ratio of 20%. We consider the oracle tuning of the PCA hyperparameter

k=r.
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Table|12|quantifies coverage performance.

Different rows correspond to different data n p  Noise ATE SE  Cl.80 CL95

50 200 20% 221 056 0.82 0.96
100 100 20% 2.21 0.35 0.82 0.95
the average point estimates, which are close 200 50 20% 222 021 081 095

500 20 20% 223 012 078 094
to 6 = 2.2. Next, we record the average 1000 10 20% 223 008 076 093

dimensions. As in the main text, we record

standard errors, which adaptively decrease
n p Noise ATE SE Cl.80 CI.95

in length for larger sample sizes. These con- a0 oo [ 22s 02 To7s 002
fidence intervals are the correct length, since
coverage is close to the nominal level. In Figure 12: Our approach adapts to data shape
anticipation of the empirical application, we

repeat this exercise for the simulated data generating process with X € R72*39 and rank

r = 5. Table [12| confirms that our procedure attains coverage close to the nominal level.

B.2 Can data corruption flip signs?

In the main text, we show that for the simulated data generating process with X ¢ R!00x100
and rank r = 5, OLS performs well with clean data and performs poorly with corrupted
data. In particular, measurement error with a 20% noise-to-signal ratio is enough to pose a
problem for OLS. We investigate two follow-up questions. First, can data corruption flip
the sign of OLS estimates, i.e. can it lead to negative point estimates when the average
treatment effect is 0y = 2.2 > 07 Second, can can data corruption flip the sign of OLS and
2SLS estimates in scenarios more similar to our real world example?

As an answer to the first question, we find that data corruption can flip the sign of
OLS estimates some of the time. Figure visualizes the histogram of 1000 OLS point
estimates from the data generating process with dimensions X € R!99*1%0 yank = 5, and
20% measurement error. Roughly one quarter of the OLS estimates have flipped signs. As
Figure [I3b] shows, the histogram of 1000 point estimates using our procedure remain close
to 6y = 2.2 with no flipped signs.

In order to answer the second question, we repeat this exercise for the simulated data

R722><30

generating process with X € and rank r = 5. Flipping signs requires not only 20%

measurement error but also 10% missingness. Figure [14] visualizes the histograms of 1000
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Figure 13: Data corruption can flip signs: 100 x 100

point estimates, using OLS versus our procedure. A similar fraction of OLS estimates have

flipped signs, while none of our estimates have flipped signs.
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Figure 14: Data corruption can flip signs: 722 x 30

Finally, we conduct a semi-synthetic sign flipping exercise. We consider the Census
covariates from Autor et al. (2013)) at the commuting zone level. Rather than a synthetic
average treatment effect, the estimand is the actual effect of import competition on manufac-
turing employment in a partially linear instrumental variable model. Flipping signs requires
not only 20% measurement error but also 20% missingness. In this thought experiment,
we take the reported effect from |Autor et al. (2013) as the ground truth, we take the data
set from Autor et al| (2013)) as clean data, and we generate synthetic measurement error

and missingness. Figure [15] visualizes the histograms of 1000 point estimates across 1000

o7



draws of synthetic corruption, using 2SLS versus our procedure. A relatively small fraction

of 2SLS estimates have flipped signs, while none of our estimates have flipped signs.
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Figure 15: Data corruption can flip signs: Census

We summarize the results of these var-

ious sign flipping exercises in Table[16] The

Data Noise Missingness Sign flip
three rows correspond to (i) synthetic data 100 % 100 2% - -
. 100x100. /:: . . 722 x 30 20% 10% 22%
with X € R ; (ii) synthetic data with Consus o oo oot

X € R™230: and (iii) semi-synthetic data

from |Autor et al,| (2013). We interpret the  Figure 16: Data corruption can flip signs
OLS and TSLS results as motivation for

data cleaning before data analysis. Our procedure may be viewed as an extension of OLS
and TSLS with a very simple type of data cleaning that we subsequently account for in
our data cleaning-adjusted confidence intervals. An exciting direction for future work is to
extend our results to richer types of data cleaning which more closely resemble empirical

practice.

B.3 The key assumption holds in many Census data sets

Our key assumption, which powers our entire analysis, is that the true covariates X are
approximately low rank. In the main text, we visually confirm that this assumption holds
in Census data by plotting the singular values of the covariates from Autor et al.| (2013).

In this subsection, we argue that this key assumption holds in several Census data sets
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that are popular in economic research. We visualize the singular values of covariates from

LaLonde (1986)); Poterba et al. (1996)); Chetty and Hendren (2018a).
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Figure 17: National Supported Work demonstration

We begin with data sets at the individual
level. In LaLonde (1986), the author consid-
ers the problem of estimating the average
treatment effect of the National Supported
Work (NSW) demonstration, a randomized
job training program. There are three data
sets: one using actual NSW participants as
the treated and control group; another using
NSW participants as the treated group and
a PSID sample as the comparison group,
and yet another using NSW participants as
the treated group and a CPS sample as the
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Figure 18: 401(k) participation

comparison group. In Figure [I7], we visualize the singular values of covariates for these three

data sets. Across data sets, the rank is approximately » = 3 while the ambient dimension of

covariates is p = 10. In Poterba et al. (1996), the authors consider the problem of estimating

the (local) average treatment effect of 401(k) participation on savings. Figure (18| visualizes

the singular values of covariates, showing that the rank is approximately » = 2 while the

ambient dimension of covariates is p = 9.

Next, we turn to data sets of aggregate units. In |Chetty and Hendren| (2018a)), the

authors consider commuting zones to be the aggregate units. In |Chetty and Hendren

(2018b), a companion paper, the authors consider counties to be the aggregate units. These
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two data sets help to evaluate the robustness of the approximate low rank assumption across
different levels of geography. In Figure [I9] we show that the approximate rank is r = 5
while the ambient dimension of covariates is p = 45. Since the data set has missing values,
we report the singular values using complete cases and using filled cases according to our

filling procedure from the main text.
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Figure 19: Opportunity insights

C Nonlinearity

In this appendix, we characterize the class of nonlinear dictionaries b : R? — R for which
our main results go through. We delay proofs until the last subsection of this appendix.

We discuss two classes of dictionaries.
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C.1 Polynomial dictionary

We refer to the following three simple properties as data cleaning continuity, since they
imply that the data cleaning results for original regressors imply similar data cleaning
results for technical regressors. We state the properties then verify them for the polynomial

dictionary of degree dax-
Assumption C.1 (Dictionary continuity). The dictionary satisfies three conditions:

1. For any two matrices MY M® ¢ R™P |[b(MY) — b(M(z))H%m < MY —
M®P|3

2. For any M € R™?, rank{b(M)} < {rank(M)}%

3. For any v € RP, ||b(v)]|max < (Hv||max)cfl’ﬁ.

For much of our argument to go through, it suffices that the dictionary exhibits three
simple properties: clean original regressors should imply clean technical regressors; low
rank original regressors should imply low rank technical regressors; and a bound on the
maximum value of original regressors should imply a bound on the maximum value of

technical regressors.

Definition C.1 (Polynomial dictionary). Let v = (v1,vs,...,v,) € RP. Consider the

dictionary b*°™, where for k € [p'], bp°™(v) = HZ(:]? v with ve € {vy,...,v,}.

That is, each basis function b;°"¥(v) in the dictionary is a polynomial of degree d(k) <
dmax constructed from coordinates of v, allowing for repeats. This class of dictionaries is
commonly used in empirical economic research. It nests as a special case the interacted
dictionary studied in the main text, which permits a rich model of heterogeneous treatment
effects. Pleasingly, for this class, the dictionary constants (C}, CY, C}") have no dependence

1"

on p/, the number of elements in the dictionary. Rather, (C}, C}/, C}") only depend on the

maximum degree dp,., of the polynomial dictionary.

Proposition C.1 (Verifying Assumption |C.1)). The polynomial dictionary b*°™ of degree
dmax Satisfies Assumption with the following constants

1‘ Cl/; S 2dmax . ||M(1)| 2dmax . ||M(2)| 2dmax .

max max
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2. C(/,/ S dmax;
3. Cl" < dipax.

Remarkably, this class of dictionaries also preserves the low rank approximation in the

following sense.

Proposition C.2 (Low rank approximation is preserved). Suppose Assumption holds
and the true covariates have the low rank approzimation X = X + BN where r =
rank{X "} and Ap = || E"®||max. Consider the polynomial dictionary b*°™ of degree dpay.
Then ' = rank{b(X )} < rdmax and AL = ||b(X) — b(X ) || max < C A% - d 0 A

The same logic applies for dictionaries applied to (D;, X;.) rather than X ..

C.2 Polynomial dictionary with uncorrupted nonlinearity

Assumption suffices to generalize our data cleaning results. For analysis of the error-
in-variables estimators, we impose a further assumption, which constrains which kinds of
terms can appear as technical regressors. Consider the polynomial dictionary of degree dyax,
where the only source of nonlinearity is powers and interactions with regressors known to

be uncorrupted.

Definition C.2 (Polynomial dictionary with uncorrupted nonlinearity). Suppose the ob-
served regressors consist of one uncorrupted regressor D; and several corrupted regressors
X;.. Consider a polynomial dictionary b°°™ of degree dwmax such that each basis function

bro% is at most linear in the corrupted regressors. By definition, p' < C' - dyaxp-

For example, in Example where D; is uncorrupted, the interacted dictionary b :
(D, X;.) — {D;X;.,(1 — D;)X;.} satisfies this property. In Example where D; is
uncorrupted, the nonlinear dictionary b : (D;, X;.) — (1, D;, X; ., D; X; ., D?) satisfies this
property as well since it contains D? but does not contain ij Intuitively, this family of
dictionaries avoids compounding measurement error because the corrupted regressors are
not multiplied with each other. For readability, we focus on the case of one uncorrupted

regressor, which can be conceptualized as
b:(Di, X;.) v~ (1, Dy, ..., D& X; DX, ..., D&=>71 X, ) (6)
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where D; is uncorrupted and X;. are uncorrupted. Definition naturally generalizes to
the case of multiple uncorrupted regressors. We require three properties to hold after the

dictionary is applied to the data.

Assumption C.2 (Dictionary is non-collapsing). The dictionary does not collapse in the

following sense.

1. Recall that we set k = rank(X) equal to r = rank{X"™}. We further assume
k= rank{b(D, X)} is equal to r' := rank[b{D, X *V}].

2. Assumption posits that the smallest singular value of X is s, > Cy2. We
further posit that the smallest singular value of b{D, X ™} is s/, > C\/.

3. Using the notation of @, the technical regressors (1, D, ...Df“‘ax) are full rank.

The first property in Assumption [C.2] ensures two matrices of equal rank get mapped to
two new matrices of equal rank. The second property imposes that singular values, after
dictionary mapping, remain well balanced. In particular, we allow for a weaker signal to
noise ratio for technical regressors since " > r. We do not impose s, > C ”r—’?’, which
is a stronger and less plausible requirement since it implies that the signal to noise ratio

increases with the dictionary dimension p’. The third property is a technical assumption

which allows the theory of implicit data cleaning to generalize.

C.3 Proofs

We prove Proposition via the following sequence of lemmas.

Lemma C.1 (C}). For b*°%, C} < 2%max . || M| 2dmax . || M @) ||2dmax

max max

Proof. We introduce the notation [b"*(M)]i. = [ ;) Mijir), where j(k) € [p], Mijx) €
{My, ..., M}, and |{j(k)}| = d(k). We will simplify notation in the following way. Fix k.
Let M;, refer to the ¢-th element of the product, where ¢ € [d(k)]. Therefore

d(k)
(b7 (M) i = H Mijay = H M.
{3 (k)} =1
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Then for any column k € [p'],

d(k) d(k) 2
1 2
(M D). = b)), Z [[ =TT
=1 =1
d(k) d(k) d(k) ?
= (I = L+ T
=1 \r=1 =1 =2
n o [dk) (k) ’
<2 My - MY T MY
=1\ t=1 =2
n [ dk) d(k)
+2 My = M T ay)
i=1 \ t=1 =2
Looking at the first term on the RHS above,
MO (1) L 1 o\ [T1 1y 2
Z HM HMM :Z(Mi(l) — M;; ) HMM
i=1 /=1 i=1 (=2
n 2
< M2 3 () - M)
i=1
< ||M(1)| r21§7l;ax||_;\/1—(1) _ M(Z)ng
Now looking at the second term on the RHS,
n [dk) d(k) 2, d(k) d(k) 2
2 1 1
S (T - T ) =5 (o (T2 - T
i=1 \ (= =2 i=1 =2 =
n o [dk) (k) ?
<M | T2 - [T
i=1 \ (=2 =2
2
Continuing forward with > (HZ(:@ Mi(;) — d(k) M,L(El)) in a recursive manner leads
to the following bound for all k € [p/]:
(M) ). = b(MP). k13
<MY — M3 (2 MO M2 )
We thus have the desired result. m

Lemma C.2 (C}). For b™°%, O} < dyax.
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Proof. Fix M € R"*P with rank r. For notational simplicity, let M;, refer to the ¢-th element
of the product in [b"°% (M )];. Observe that b*°™ (M) can be equivalently represented as

b (M) = BYo, ..., 0B,
where ® means Hadamard product, BY) € R™? and for ¢ € [dnaxl,i € [n],k € [p']

M it l <d(k
B, (k)

1 if £ > d(k)
Since each column of each BY is either a column of M or a column of ones, it has rank at
most . Finally recall that the rank of a Hadamard product is bounded by the product of

ranks and so

dmaX
rank{b"™ (M)} < H r = plmex,
=1
O
Lemma C.3 (C}"). For b™°", C} < dpax.
Proof. Denote v € R? with ||v||c < A. Note that each basis function is of the form
d(k) d(k)
b () = [Joe < JJA= AT < At
=1 =1
O
Proof of Proposition[C-1l Immediate from Lemmas and [C.3] O

To begin, we state an important observation about the signal approximation X (R) that

will simplify our subsequent analysis.

Lemma C.4 (Bounded signal approximation). Suppose Assumption holds. Without
loss of generality, || X ™ ||l max < 3A.

Since || X ||max < A and || X ™ || nax < 34, the same constant C'A handles both objects.

Proof of Lemma[C-j. Suppose we have access to some X (%) Wwith rank r such that | X (LR) ||l max >

3A. By reverse triangle inequality

AE,X(LR> = ||X(LR) - X”Inax > HX(LR)HmaX - HXHmaX > 24,
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We construct a B®™ with rank r such that ||B(LR) | max < 3A and AE7B<LR> < AEX(LR). Set

A xom,
1 s

(LR) _

Since B™® simply scales X ™™ by a constant, it has the same rank. By construction

||B(LR)||maX < A. Finally

AE,B(LR> = HB(LR) - XHmaX < HB(LR)“maX + ”X”max < 2A.

]

Proof of Proposition[C-3. By definition, r = rank{X *“®}. The first result follows directly
from Proposition [C.1] To see the second result, consider the case where d,.x = 2. Then
any higher order entry of b(X) — b(X ™) is of the form
|Xinik - Xz‘(jLR)Xz‘(in” < ’Xinik - Xz‘(jLR)Xik| + ‘Xz‘(jLR)Xik - Xi(jLR)Xi(kLR)|
< AAp +3AAgE

where the final inequality appeals to Lemma [C.4, More generally, there are dpay such terms,
and the largest is of the form (3A4)%m=xAp. O

D Data cleaning

D.1 Notation and preliminaries

In this appendix, we replace the symbol X, . with the symbol A; ., so that
Zi,- = (1417 + Hl,) © TG, -

We suppress indexing by the folds (TRAIN, TEST) to lighten notation. As in Assumption ,
we identify NA with 0 in Z for the remainder of the appendix. We slightly abuse notation
by letting n be the number of observations in TRAIN, departing from the notation of the
main text. The entire section is conditional on A, which we omit to lighten notation. We
write || - || = || - ||op, and abbreviate law of iterated expectations (LIE). We denote by C' an

absolute constant.
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Recall A = A + B0 and r = rank{A®®}. We denote the SVDs
AW —yxzv? A=U3VE zp'=UxvT

The first k left singular vectors of A™™ are Uj. We denote s, = Sx, and §, = k. Recall
that § = ———

1— 22 In(np) ’
"Pmin

Define the unit ball B? and unit sphere SP~! by

B” = {v € R”: ||v]|, < 1}

T ={veR: vl =1}

Recall that A™*™ is constructed by taking TRAIN covariates then filling and cleaning
them using TRAIN alone. In addition to studying A™*™, we introduce and study the object
A™5" s constructed by taking TEST covariates, filling them using TRAIN, and cleaning
them using TEST. It turns out that the analysis does not depend on whether p™™*™ or p™*

is used when filling in missing values. Rather than writing two nearly identical arguments,

we write out one unified argument with formal remarks.
Proof of Proposition[4.1. By LIE,

E[FILL(Z;;™" )| Af™", TRAIN]

= E[FILL(Z™7)| A", w7 " = 1, TRAIN|P (7" = 1| A", TRAIN)

+ E[FILL(Z™") AL, ™" = 0, TRAIN|P(7°" = 0[Aj;™", TRAIN)

= E[Z" [ p;| A7, 7" = 1, TRAIN] - p; + E[0[ A7, m" = 1, TRAIN] - (1 — py)

— ATEST p]
i

Likewise

E[FILL-AS-MEANS(Z;;™")| A", TRAIN]
= E[FILL-AS-MEANS(Z;;™") | A", w7 = 1, TRAIN|P (7" = 1| Aj®", TRAIN)
+ E[FILL-AS-MEANS(Z™7)| A", ™ ZTJEST = 0, TRAIN]P(7;7" = 0] Aj;™", TRAIN)

— ]E[Z;‘jEST|ATEST ;I“yEST — 17 TR,AIN] p] + ]E[ZTRAIN’ATEST Z]EST — O TRAIN] (1 _ pj)

= AZ.TJEST p;+ ZJ.TR“N(l —pj)-
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Proposition D.1 (Bound on ||Al|ma). Suppose k = r and the corrupted singular values
81,.., 8, < Cy/"2. Assume the following incoherence conditions for the corrupted singular

vectors: | Uy|lmax < Cn~ Y2 and |V o|lmax < Cp~ 2. Then || Al|max < Cr/2.

The condition 51, ..., 5, < C\/"?_p can be proven with high probability from the condition
S1y ey Sp < C’\/? using Weyl’s inequality using an argument similar to Lemma The
condition s1, ..., s, < C \/? complements Assumption . The incoherence conditions can
be interpreted by recognizing that each left singular vector U.; € R™ and each right singular

vector V. ; € RP.
Proof. Write

Hence
'

1Ayl < Use| - [50] - |Vie| <7 - Cn™V/2 C\/@ LCp~? = or'/2,
T

/=1

D.2 High probability events

Define the following beneficial events. We will show each event holds with probability

2
1 n10p10 -

1Z - Ap| < (vii+ f)AHop} Aoy = CA(k + Ko+ ) In (np):

w1125 piA 1 < nAH} Ay = C(K, + AR (np):

{ x||UkuTZ —ij‘,nn%smH};

< p; < R —
Vi€l p] 2 503} 0 | [2h0p)]

) In(n
85:{max|pj—pj|§(1 (p)}.
JEP] n

Analyzing &,

68



Lemma D.1. Under Assumption
[E1(Z — Ap)7(Z ~ AP < puasl1 — pun) (s [ 4,3 + | oo (ELE )] )
s | ELH H|,
where prax = MaXjep) pj < 1.

Proof. To begin, observe that

n

E[(Z — Ap)"(Z — Ap)| = S E[(Z. — Avp) @ (Zi. — As.p)]

Let X = A+ H. We highlight the following relations: for any (¢, j) € [n] x [p],

E[Zy;] = pjAs

E[Z;;] = piB[X).
Now, let us fix a row ¢ € [n] and denote
WO = (Z, — App)® (Z. — As.p).

Using the linearity of expectations, the expected value of the (i, j)-th entry of W can be

written as

E(W) = E[ZuZy) — pE[Zul Ag — piBlZij) A + pipj AuAs;.
Suppose ¢ = 7, then
EW,] = pE[XZ] — p2 A% = pi(1 — p)EIXE] + pPE[( X0 — A)?). (7)
On the other hand, if i # 7,
EW) < VonsEl(Xea — A)(Xe; — Ay (8)

since

E[ZmZej] = E[WW; X&Xé] < \/E 7Tg, 7ng E Xerzy] \//)inE[X&ij]-
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Therefore, we can bound W as the sum of two matrices where the diagonal components

are generated from and the off-diagonal components are generated from . That is,

E[W ] < B pmax(L = puin)diag(Xe, © Xo,) + phediag(He, © Hy,))
+ E(ﬁmax(HZ,- ® HZ,-) - pmaxdiag(H&- & HE,'>>

< Pmax(1 = puin) E[diag(Xe. @ Xo.)] + pmaxE[He. @ Hy. .
Taking the sum over all rows ¢ € [n] yields
E(Z — Ap)"(Z — Ap)] < pmax(1 = pin)diag(E[X" X]) + puaE[H" H]. (9)
To complete the proof, we apply triangle inequality to @ to obtain
IE[(Z — Ap)"(Z — Ap)]|| < pinax(1 = pruin) || diag(E[X T X])|| + pmax |[E[HT H]|| .
Since H is zero mean, we have

|diag(E[ X" X])|| = ||diag(AT A) + diag(E[H" H])||
< Hdiag(ATA)H + Hdz‘ag(E[HTH])H .

Collecting terms completes the proof. n

Lemma D.2 (Lemma H.2 of Agarwal et al|(2021))). Suppose that X € R" and P € {0,1}"

are random vectors. Then for any a > 1,
Ix @ Pl,, <Xl
Lemma D.3. Under Assumptions and[5.9
1Z:. — Aiplly. < K.+ AK.
Proof. To begin, write

1Zi. — Aiplly, = | Xi. © mi. — Aiplly,
=||X;.0om. —A.0m. +A. Om. — APl

< (X, = Ai) © il + [[Ai © 7 = A plly,-
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Consider the first term. By Lemma and Assumption
(X = Ail) © i [l < N(Xo = As ) llwe = 1Hs lpe < Ko

Consider the second term. By the definition of || - ||, and Assumption

ZUJ ii(Tig — pj)

|4, © 7. — Ai.plly, = sup

ueBP
ta
= Asu uj—=(m;
ue]éz Z i (Mi; = pj)
ta
Define the vector with components v; = uj%. We prove v € B”:
A2 P
2 2 2% 2 2
vllz = Uy = j /—12] < Zuj = Jlull; < 1.
Hence,
P
sup ZUJ Z(mi; —pi)|| < sup vi(mi; — pj)
ucBP =1 veEBP =1 "

The last line holds by Assumption [5.3] In summary,
[Ai, © 7. — Aiplly, < AK.
]

Lemma D.4 (Proposition H.1 of |Agarwal et al. (2021))). Let W € R™*? be a random

matriz whose rows W ;. are independent ,-random vectors for some a > 1. Then for any

T >0,

Q=

1/2

W < [EWTW|| (T rpma W, {1+ @+7)mmp)}" i)

with probability at least 1 — W.
Lemma D.5. Suppose Assumptions and[5.3 hold. Then V1 > 0
1Z — Ap|| < Cvn (A+ k+ K,)
+ VI +7Vp(Ka+ AK) {1+ (24 7) In(np) }+ /In(np)
w.p. at least 1 —

Tfpf-
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Proof. Appealing to Lemma
[E(Z - Ap)"(Z — Ap))|
< (1 = i) (1 4, + [ diag (ELET H )+ pos [ELET BT
< ma A, + | diag (BH H))| + [B{EI"H|,

Analyzing each term

max ||A. ;||2 < nA?:
e A} < %

|diag(E[H" H))|| = ||diag | > E[H] H,]

i€[n]

< nmax ||diag(E[H H;.])|

i€[n]

=n max |E[HZ]

i€ln].jelp] *

< nCKy;

IE[H"H]| = || >  E[H]H,]

i€[n]

< mmax ||E[HlTHz] |

i€[n]

< nk2.

The result follows by plugging in these results as well as Lemma into Lemma[D.4 O

Proposition D.2 (&;). Under Assumptions and[5.3

2 2
nliplo < nloplo’

P(E7) <
Proof. Immediate by Lemma setting 7 = 10 and simplifying the bound. O
Analyzing & and &;

Lemma D.6 (Lemma H.4 of |Agarwal et al.|(2021)). Let X3, ..., X,, be independent random

variables with mean zero. For a > 1,
n " 1/2
2
Yx|| <c (} j ||Xi||¢a) .
i=1 . i=1
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Lemma D.7. Under Assumptions and[5.9
1Z.5 = piAille. < C(K, + AK).

Proof. Observe that

1Z.5 = piAll,, = sup [ (Z.5 = p;A )],
- s;lnp1 Hu (Z Ap)(i]Hw
= sup z:u,(ZZ — A;.p)e;
ueSm—t 1Ty e
(@) " i
<C sgp1 (Z u? H(ZZ — A;.p)e; ;)
uebt ™ \i=1

< CIZIEIaXH( — Ai.plelly,

where (a) follows from Lemma [D.6] Then the conclusion follows from Lemmas and
[l

Lemma D.8 (Lemma 1.7 of |/Agarwal et al.| (2021))). Let Wy,..., W, be a sequence of

Vg -random variables for some a > 1. For anyt > 0,

n n a/2
t
P W2>t] <2 — | —
(Z ’ ) = Z P (mrmn;)

Proposition D.3 (&). Under Assumptions and[5.9

2
nl0plo

P(&5) <

Proof. Fix j. Write
1Z.5 — piAillz = ZW2 = ¢ (Z.5— piA.y).

By Lemmas and [D.7]

HV[/;H'LL'H. S HZ,] - pJAJHwa S C(Ka + RA)
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By Lemma the union bound, and appropriate choice of constant C' in the definition of

Ap, we have

p
PE) <Y P <HZ] — piA. 2 > nAH)
j=1

IN

2 Z Z exp (—111n(np))
2

- n1op10'
O
Proposition D.4 (&;). Under Assumptions and
. 2

Proof. The key equality is

k

IUWUL(Z.; = pi A3 =D W, Wi=ul(Z;—pjA,).

i=1

To see that it holds, set v = Z. ; — p;A. ;. Then
U UL |2 =0"UULUU v = 0" U UL = WTW.

The rest of the argument is analogous to Proposition [D.3] O]

Analyzing &, and &;

Proposition D.5 (&;). Under Assumption[5.3,

2
nloplo’

P(&F) <
Proof. Fix 6 > 1. Define the event
1 .

EG) =\ 5P =P < 0P ¢

By the Chernoff bound in for binary random variables (Agarwal et al., [2021, Lemma 1.5)

c (- 1y (5 1)
IP’(S(J-))SZeXp (— 552 Wi <2exp | — 55z Pmin | -
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Hence by De Morgan’s law and the union bound

[

§—1)2
P& =P ﬂ &Gy =P U EGy | < 2pexp (—%npmin) :
J€lp] Jj€lpl

To arrive at the desired result, solve

2 2 (6 —1)?
n10p10 = niiplo = 2pexp | — 9252 1P min

for 6.

23 In(np)
n

Lemma D.9. py;, > implies 6 < C' < o0.

Proof. By definition of 4.

Proposition D.6 (&5). Under Assumption 5.5,

2

P(E}) < oo

Proof. Define the event
Eqy =A{1p; — pil <t}

By Hoeffding’s inequality for bounded random variables
P(&F)) < 2exp (—2nt?).

Hence by De Morgan’s law and the union bound

c

P&) =P ﬂ &) =P U EGy | < 2pexp (—2nt®) .
]

j€lp J€lp]
To arrive at the desired result, solve

2 2
nl0plo = pliylo

= 2pexp (—2nt2)
for t.

Summary

Define the beneficial event as € := N}_, & and the adverse event as £¢ = Uj_,Ef, where

&1 to &5 are defined above.
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Lemma D.10. Suppose Assumptions and[5.3 hold. Then,

10
nloplo’

P& <

Proof. By the union bound as well as Propositions [D.2], [D.3], [D.4] [D.5] and we have

5
. . 10
P(ES) <) P(&) < e
k=1

D.3 High probability bound

Recall A = A + B0 and r = rank{A®“}. We denote the SVDs
AW —uxvT A=UVE zZpl=UsvT

identifying NA with 0 in Z. We denote s, = ¥, and §, = 2% Recall that § = I_\/#W

i
Definition D.1 (Thresholded projection operator). Consider a matrizx B € R™ P with the
SVD B = """ guvl. With a specific choice of X > 0, we define a function 2 : R® — R"
as follows. For any vector w € R",

nAp
o2 (w) = 1(o; > Nuu] w.

=1

©® is a linear operator that depends on the singular values {o;} and the left singular vectors

{u;} of B, as well as the threshold \. If X = 0, then use the shorthand B = of.

Lemma D.11 (Eq. 43 of Agarwal et al.| (2021)). Take \* = §i, where k is the PCA
hyper-parameter. Then

Lemma D.12. Suppose we pick the PCA hyper-parameter k = r. Then,

J

min

1Zp~' — AU | {&,E4,E) < C

n

In(n
(wm VP + | BOV + MHAWH) .
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Proof. To begin, write

1267 — A = [ 257" — App7|
<7 1llZ — AUp|
|Z — A“p|

Inlnjpy

By triangle inequality
12— A5 < 12— A“p| + | A o~ p|.
Focusing on the first term, under &;
1Z — A9p| < || Z — Ap|| + || Ap — A"Vp|| < (Vi + /D) Asiop + || E®.

Focusing on the second term, under &,

lo—all < oy )

Focusing on the denominator, under &,

1 ) )
—<—< .
Py Py Pmin

]

~ TRAIN

Remark D.1 (TRAIN and TEST). The proof technique does not depend on whether p

or pT is used with Z"M™N, since £4 and Es hold for both empirical scalings.

Lemma D.13. Suppose the conditions of Lemma[D.13 hold. Then,

|\ UUT-U, U || | {£1.64.6) < C -

minSr

LR ln np LR
OV5+V@AHW+HE<UM% —L—MA<M0.

Proof. By Wedin’s sin © Theorem (Davis and Kahan| (1970; Wedin|, [1972)

1Zp~ — A™|

Sr

Finally appeal to Lemma [D.12] O

Ut - U, 07| <
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Lemma D.14. Suppose k =r. Then for any j € [p]

2

~

A, —Ayll | €

2

o ((n + D)2}, + | B

"+ (In(np) /m)| A HQ) (nAH + HA.%R)

)

- pfnin S%
0?2 5% In(n L 112
T e Y ey o

min min

Proof. We proceed in steps.

1. Decomposition

Fix a column index j € [p]. Observe that

A A Zp 1 Zp—1
A.’j — A.J‘ = {A.J — QOX:O (AJ)} + {SO)\!J (A-,j> — A.J}.

By hypothesis, £ = r. Recall that gpffrl : R™ — R"™ is the projection operator onto
the span of the top r left singular vectors {i, ..., 4, } of Z p~', which are are also the

top r left singular vectors of Z since p~! is diagonal. Hence

L ) )
02 (A) — A € span{ty, ... U} .

By Lemma

A S 1 1 S 1 S R )
J

Therefore (A.; — @AZ?_I(A.J-), @AZ?_I(A.J-) — A ;) =0and

)

2

A

2 “ .l 2 al
Ay =Ay|, = HA-,J- — P (A + Hsoff’ (A, - A

,
2. First term

Again applying Lemma we can rewrite

1

~ ZA—I ]_ ZA—l Zp—
J
-1/ 1
Pj

1 gz Pj —Pj zp—!
= [790»” (Z.j — piA )+ L—Lp3f (A).
J
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Using the parallelogram law (or, equivalently, combining Cauchy-Schwartz and AM-

GM inequalities), we obtain

A Zp! 2 L zp Pi—Pj zp ’
A=yt (Ay) =30 (2= piAy) + =93 (A)
2 Pj p] 2
1 S—1 pj—p S1 2
<2 ‘ —oxf (Z5—piAy) + 2 2o (A)
Pj 2 p] 2
0
<= o225 = pia)|, +2(B52) 14,03
J J
25 -1 2 521
AR LI VI

Py

Here, we have used the fact that £, and & imply

5\ 2 2 2
l < 27 (pj p]) < 5_(,53'_)0]')2 < O(S_ln(np)

The first term of can further be decomposed.

Zp! 2
H%f (Z.j — pjA.;) ’2
2

A—1 (LR)
<2 H%Zf (Z.; = piAy) — o (Z;— piA.y) )

(11)

(1) 2
+ 2 HtpA (Z.j — pjA.;) )

Finally, we bound . Given k = r, where k is the PCA hyperparameter, we can
represent goAfol(w) — U, Uw and A" (w) = UUTw for w € R”. By Lemma

’ 2

Zp1 ()
H%f (Z.;—piA;) — o (Z;— piA.)

< “UUT - ﬁ70?|ll|z7j - ij',jHQ

<C ((f+ VD) Atop + | B + (np)||ALR ||) 1Z.5 = psAll,.

pminsr

Combining the inequalities together, we have

~ P 2
[

2
L OO [Vt VD) Arar B | . VIn(np) /n|| A 12— oo
B pr2nln PminSr PminSr PminSr J I 2
462 (LR 52 In n(np
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3. Second term

We now bound the second term. Recalling A = A 4 BOR)

Al 2
ngi‘p 1 (AJ) - Avj

2

2

)

p—1 L L L L
= o7 (a0 + B) - A - Bl

2

5J

L 2 . 2
<2 o7 (a5 — At e (157

5J 2

=2 o7 (4%) - A (a0 [ 2 o (847) - BYY)

2

PSP 2

<2|uu” - U7 || A +2 HE_{;R>
(Lr) w2

< o ((\/ﬁ+\/ﬁ)AH,op+ |B“], v/In(np)/n]A ||> Ja

PminSr PminSr PminSr

2
2

) HE(L.R) :
2 o lg

(13)

where the final inequality appeals to Lemma [D.13]

Inserting and back into the decomposition, plugging the bounds in events

&, &3, and combining terms completes the proof.

]

Remark D.2 (TRAIN and TEST). Since {ty, ..., U, } are the left singular vectors of Z™™,

ZTRAIN ~ TRAIN ZTRAIN ~ TEST

, and , the argument holds for both cases of interest.

Lemma D.15. Suppose k = r. Let Assumptions and hold. If puin > %("p) then

2

~

A—-A

‘ £

2,00

C(Ko+ RAR [ 10+ D)%+ | B
< (7" +

4
pmin

2 _
+ In(np)npA? 2
) In*(np) + C HE(LR)

2,00

2
Sy

Proof. By Lemma [D.14]
|A-Al3. | €

o ((n +p)A3 + || B
<

" (o)) A0 “2) (nav +

)

N pilnin Sg
C'52 Lr) |2
+ A+ O = 1|45+ C HE(J ) )
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By Lemma [D.9]
_ 1
Ay =C(K,+ KA)?In*(np), 6= ——oo <C.
1— 22 In(np)

N Pmin

By Assumption [5.1] and Lemma [C.4]
A3, < CnA®  JAMY|? < CnpA®.
The definition of § implies

2
O mp)y 4 < 0Py

2
CQ_ 2 ’jHQ

min min min

< CA? ln(np)

5 -

2
The second term dominates the third. Within the first term, nAy dominates HA.(;R)

K
Distribute the n, then factor out A1t combine the first term with the second. O

min

Lemma D.16. Let the conditions of Lemma hold. Then

2

A-a| e
2,00
74 7oy % 2 T 1115(”?) n 2
SCA K.+ K (k+ K+ K,) - ——— (1 +—+nAy ).
min p
Proof. We simplify Lemma [D.15| appealing to Assumption [5.4] Recall
. 2
A-al| e
2,00
2 _
CR K+ B[ M0t D), + || BO| 4 n(ap)np A2
< CPUGTRE(, : ) o
Pmin Sy
2
+C HE(LR)
2,00
Note that

S? > 0@7 ‘E(LR) 2

2
<on. |me
:

< nAZ, A?{,Op <O Ak + K + K,)* In®(np).

2,00

Then

A— A

2
] £
2,00

AA(K, + K)? . A2 K+ K,)?In? - npA2
< C (4a+ ) (T+n(n+p) (k + +npa) n’(np) +n-np E)lnz(np)
Prmin r

r

+ CnA%

4

5
<O(K,+ K)?AY (v + K + K,)*- HZ—(W) (1+g+nA%E) :
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D.4 Main result

Lemma D.17. Suppose Assumptions and[5.3 hold. Then

. 1 _
ENA—A@mMﬁﬂgAW%%,z%M:C{ﬂ+KﬁMMM}

Proof. By Cauchy-Schwarz

B 1A~ A8 169] < /B [14 - 4lL.] E[Pe]
Consider the first factor. Note that
max ||[A. . — A ||, < max||A. |l + max [|A. .
el || N ,J||2 = el || 7J||2 el || ,J||2
In the first term,

- 1
max [[A. ;|2 < max —||Z. ]2
J€Elp] Jjelpl Py

<n max||Z ;|2
J€lpl

<n-y/n max |Z;;
- \/_z'e[nue[p] 12
< n - Vn(A+ max|[Hyl).
1’7]
In the second term
max || A. ;|2 < vnA.
j€lp]
Collecting results
E[|lA - Al}.] <E[{n}(A+max |Hyl) + oA}
irj
E[{n? (24 + max | )}"]
Z7]
< Cn®(A* + E[max [Hy|"))
irj
< OnS{A* + K} In*(np)}.

The final inequality holds because for any @ > 0 and 6 > 1, if H;; is a 1),-random variable
then }Hij|0 is a 1), p-random variable. With the choice of § = 4, we have that

MM\]]<Cﬁmaw)
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By Lemma
C

n10p10 ’

E[1°{€}] =E[1{EN = P(£°) <

Collecting results, we find that

1
n10p1o
1
niplo

E[) A~ A3 1{EY] < C/ns(A1 + K2 (np)

= C’\/zzl‘1 + K41In*(np)

< C’(AQ + K? an(np)) s

O

Remark D.3 (TRAIN and TEST). The result holds for both A™™ and A™" because

HTRAIN STEST >, 1
pu— n'

Pj ) Pj
Proof of Theorem [5.1. Define £ := M}_,&; where &; to & are given above.

E|

e ) [ P et
Focusing on the former term, by Lemma [D.16|

E||A- Al3.1{}]

< CAYK, + K)*(k+ K+ K,)*- Th;ﬂ (1 + % + nA%) :
Focusing on the latter term

N 1 _
E[||A- A2 1{56}] < Dutvg s Daas = C<A2 + K2 1n2(np)>.

which is dominated by the former term.

Throughout this section, the arguments given are conditional on A. They imply the

same rate unconditional on A by the law of iterated expectations. ]

Corollary D.1 (Finite sample data cleaning rate). Suppose the conditions of Th,eorem
hold, as well as Assumption[C.1. Then

1 ; In’ 11

EIND. A) - WD AR < Cie T (L )

4 m

min

where Cy = C - AYK, + K)*(k + K, + K)2.

Proof of Corollary[D.1l Immediate from Theorem and the definition of Cj in Assump-
tion [C.1l u
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E Error-in-variable regression

The outline of the argument is as follows
1. define TRAIN, TEST, and GENERAL ERROR
2. establish orthogonality properties
3. analyze TRAIN ERROR (more precisely, [|3 — *|2)
4. analyze TEST ERROR (more precisely, ||A™"3 — A™73%||2)

5. analyze GENERAL ERROR (more precisely, || 27" p~! 3 — vo(A™7)|2)

E.1 Notation and preliminaries

As in Appendix [D] we identify NA with 0 in Z for the remainder of the appendix. We
also use the notation A rather than X. Recall that (p, 3) are calculated from TRAIN. We
slightly abuse notation by letting n be the number of observations in TRAIN (and also
TEST), departing from the notation of the main text. We write || - || = || - [|op. We write
the proofs without nonlinear dictionaries for clarity. Then we extend our results to allow
for nonlinear dictionaries in subsequent remarks. We also let A’ = A%< and pf . = e

Finally, to lighten notation, we abbreviate b(D;, A;.) as b(A;.) when it is contextually clear.

E.1.1 Errors

Consider the following quantities:

TRAIN ERROR = 1k Z (A3 —y0(4;.)}°

n

| tETRAIN

) 1 -
TEST ERROR = —E Z {A;.8—0(4:)}

n

LtETEST

1 )
GENERAL ERROR = —[ Z {3 — (ALY, A= Z. plB= Z;.B.
n

| IETEST

The TRAIN ERROR is standard for PCR. The TEST ERROR is similar to |[Agarwal et al.

(2020a)). The GENERAL ERROR is a new quantity introduced in this paper, specific to our
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variant of PCR that does not involve cleaning TEST. As we will see, post multiplying by /3
performs a kind of implicit cleaning. By avoiding explicit cleaning, we preserve independence
across rows in TEST, which is critical for our inference argument. Therefore the key result
is about GENERAL ERROR. En route, we will analyze quantities we refer to as TRAIN
ERROR and TEST ERROR, which are closely related to TRAIN ERROR and TEST ERROR.
When using a dictionary, the updated estimator is 4; = b(D;, Z;. f)_l)B = b(D;, Zl)ﬁ~ for
an updated definition of B :

Proof of Proposition[4.3 For i € TEST

(D, Zi.) = b(Di, Zi. p~ 1)
BTREAT

— Dz o™ (- D)z p]

/BUNTREAT

b—l BTREAT
=15
p /BUNTREAT

— [DiZi,. (1- Di)Zi’}

Finally, independence holds conditional on TRAIN since (p, B) are calculated from TRAIN,

so the only randomness that remains is in (D;, Z;.) and (D;, Z;.) which are i.n.i.d. O

E.1.2 SVDs
Recall that the FILL operator rescales using p calculated from TRAIN. Denote the SVDs
A(LR),TRAIN _ UEVT, FILL(ZTRAIN) — ZTRAIN b_l _ [A]-EVT’ ATRAIN — Ukﬁkvg

In this notation, V is an orthonormal basis for ROW{A®®>TA™ 1 Tet V| be an orthonormal
basis for the orthogonal complement to ROW{ AT TN Ty other words, for any element
v e RoW(VT), VIy = 0. Likewise we define V| . Define s;, and 4 as the k-th singular
values of AP TRAN and A™AN | respectively.

Next, denote the SVDs
A(LR),TEST _ UIE/(V,)T, FILL(ZTEST) — Z/TEST ﬁ_l _ 0/2/(V/)T7 ATEST _ 0;{22(V;€)T

We define V', and V’L analogously to V| . Define s} and §) as the k-th singular values of

A(LR),TEST and ATEST’ respectively-
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Finally, denote the SVD of the row-wise concatenation of AMTRAN gnd AWR)TEST 4¢

A(LR),TRAIN
s/ T
A(LR),TEST =Uxv:.

We define V| analogously to V| but with respect to the row-wise concatenation of

A(LR),TRAIN and A(LR),TEST.

Remark E.1 (Dictionary). As discussed in Assumption to stmplify our dictionary
discussion, we impose that ' = k'. Given the alternative definitions of (8%, B), our analysis

requires that we consider the alternative SVDs

~

AR TNy — YT p(ATN = U8,V

and

b{A(LR),TEST} _ UIEI(V/)T, b(ATEST) . ;,fl;,(V;,)T.

We slightly abuse notation and depart from the main text by re-using the SVD symbols. In

particular, we denote the r'-th singular value of 3, by 8.

E.2 Orthogonality

The goal of this section is to establish orthogonality properties for the analysis to follow.
We begin by verifying that Assumption holds with high probability under auxiliary
assumptions. In particular, Proposition provides intuition for how Assumption [5.6
can hold even with i.n.i.d. data. The auxiliary conditions of Proposition [E.I] impose more

structure than we need for the main argument.

Lemma E.1 (Two sided bound on sub-Gaussian matrices; Theorem 4.6.1 of [Vershynin
(2018))). Let U € R™ " whose rows U;. € R" are independent, mean zero, sub-Gaussian,

and isotropic with ||U; .||y, < Ky. Then for anyt >0, w.p. 1 — 2et*

Vm — CEK2(Vr+1) < 5,(U) < s,(U) < Vm + CKX(V7 + ).

Proposition E.1 (Verifying row space inclusion). By hypothesis, rank{ A"} = r, so it

(Lr) _

admits a representation A;;

(ui,v;,) where u;,v; € R". Suppose {u;} are independent,
mean zero, sub-Gaussian, and isotropic (i.e. V(w;) = I,.) with |||y, < K,. Suppose m >

KX rin(mp). Then with probability 1 — O{(mp)~10}, ROW{ AR TRANY — pow{ A(BR)TESTY
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Proof. Consider A TN Tt U have rows {U;.}. By Lemma with ¢ = In? (mp),
s (U) > /m — CK2{y/r + In% (mp)} > 0.

With high probability, s,(U) > 0, implying that {U;.} are full rank so that Row(U) = R".
Now consider AT ot U’ have rows {UZ'} Fix i € TEST. Since U] € R" =

ROW(U), there exists some A € R" such that U] =37, | \uUy,.. Therefore

AZ(;R)’TEsT = <Ui/7.7 V7‘7> - <Z )\kUk’.7 V,j> — Z >\k;<Uk7-, V,]) = Z AkA]E;R)7TRAIN_
k=1 k=1 1

In summary, for any ¢ € TEST, Ang)’TEST € Row{ AR TRANY - Therefore ROW{ AR TTL

ROW{ AR TRANY T ikewise for the other direction. O

Next, we turn to the orthogonality properties of interest. In order to formalize these
orthogonality properties, we formally define 5*. To begin, consider the case without a
dictionary. We define 8* € R? as the unique solution to the following optimization problem

across TRAIN and TEST:

PyO(ATRAIN) A(LR),TRAIN ?

min |||z s.t. f € argmin —

BERP o AT A (1R),TEST )
[£* is not the quantity of interest, but rather a theoretical device. It defines the unique,
minimal-norm, low-rank, linear approximation to the regression vy. The theoretical device
[* generalizes the target quantity of |Agarwal et al. (2020a), who study error-in-variables
regression in the exactly linear, exactly low rank, no dictionary special case (i.e. qbZ(LR) =0).
Our ultimate goal is to define and analyze an estimator close to 7o(A;.) in generalized mean

square error while adhering to the conditional independence criterion of Proposition (4.2

Remark E.2 (Dictionary). When using a dictionary, we update our definition of * € R

as the unique solution to the following optimization problem across TRAIN and TEST:

2

ATRAIN b A(LR),TRAIN
min ||f||2 s.t. f € argmin ol ) - { J
BeRP

fyO(ATEST) b{A(LR),TEST} )

Lemma E.2 (Orthogonality). Suppose Assumptz'on holds. Then,
Viig=0, Vigr=(V)'s =0
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Proof. We show each result

~

L. VZLB — 0. By|Agarwal et al.[ (20204, Property 4.1), 3 € ROW(A™"™) = Row (V1) =
cOL(V). Recall that Vi, is the basis of NULL(V'}). Therefore by orthogonality of
coL(V},) and NULL(V},), the result holds.

2. Vip = (V)" =0.

Using the definition of 5* as the minimal /s-norm solution, and an identical argument

to the one above, we have f* € COL(V).
Moreover by Assumption

A(LR) ,TRAIN

ROW{A(LR),TRAIN} _ ROW{A(LR),TEST} — ROW
A(LR),TEST

Therefore ROW(VT) = RoW{(V")T} = Row(V7) i.e. COL(V) = coL(V’) = coL(V).

In summary, 5* € coL(V) = coL(V').

Recall that V| is the basis of NULL(V') and likewise V', is the basis of NULL(V").
Therefore by orthogonality of COL(V') and NULL(V') as well as orthogonality of
coL(V’) and NULL(V"), the result holds.

]

Remark E.3 (Dictionary). Lemma continues to hold with the updated definitions of
the SVDs in Remark [E. 1.

E.3 Training error

Recall Y; = AEfR)B* + QSELR) + ¢;. Denote by Y™™ € R™ the concatenation of (Y;)icrram-
Likewise for e™A™ and ¢(**) "IN T the argument for TRAIN ERROR, all objects correspond

to TRAIN. For this reason, we suppress superscipt TRAIN.

E.3.1 Decomposition

Lemma E.3. Deterministically,
|43 - A3 < C{IlA- AR I8 v 0713 v (ARG - 5.6}
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Proof. Write

|45 =[5 =143 — AW — o —e|}
= |AB — AB* — 0|2 4 |g]|2 — 2(AB — AMVBT e) + 2(6™ W g).  (14)

By optimality of B , we have

|AB - Y|2 < ||AB" — Y|
= (A — AR g* — p(m) o2
= [|(A — AM)B* — D2 4 ||e]|2 — 2((A — AMY)B* &) + 2(¢ M) &), (15)

From and , we have
|AB — AU B — gt |3 < [|(A— A8 — |3+ 2(A(B — 87, ¢). (16)
Now consider

IAG — ACDE" — V|5 = |AS — ACVE |5 + (M]3 — 2(AS — A®I g7, 60); (17)
I(A — A5 — U |5 = |[(A — A®D)575 + " [5 — 2((A — A®V)5", (V). (18)

Combining , , and
|45 — ACIBI3 < [[(A— AM)B 5+ 2(A(5 - 57, 6) + 2A(B - 5),8). (19
By Cauchy-Schwarz
(A5 = 5,04 < | AB = B2+ (6™ (20)
Focusing on the former factor
A — 52 < I|AS — A5y + BT — AW 5. (21)
Let a = |AS — AB*||2 and b = ||AS* — AV 3*||2. Then (19), (20)), and imply
a < b+2(Va+ Vo)llo"lz + 2(A(B — 57),e) = 2V/a]| ¢V 5 + ¢ (22)

where ¢ = b + 2v0||¢0® ||y + 2(A(3 — 5%),¢). We now analyze the expression a <
21/a|| ¢ |5 4 c. Note a > 0. There are three possible cases.
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1.a>0,c>0,2ya|et™ |y > c

a < 4Val|o"V ] = a <16]"V]3.

2.a>0,c>0,2/alet|, < c:

3.a>0,c<O:

a <2Va|e™V ]y = a < 4llo"|.
and the three cases above imply
a < 2¢V 16[¢™|3. (23)
Let d = 2b + 4v/b||¢™™ |5 4 2]|¢*™||3. Then
d = 2b+ 4V0[[ " ||z + 2[5 = 2{Vb + 94V |2} < 4fb + 9“5} (24)
Note 2¢ < d + 4(A(f — *),¢). This together with and together implies
a<C{b v 63 v (AB-8).5)}
Finally note b < ||A — A®|3 _|8%]2. O
Remark E.4 (Dictionary). The generalization of Lemma is

Ib(A)5-b{ A} 573 < © {Ilb(le) —o{AMIYE BN v 16MVIE v (b(A)(B - B*),€>} :

E.3.2 Parameter

Lemma E.4. Let the conditions of Lemma[E.3 hold. Then
o x7T (A *\ (2 c P (LRr) (|2 * (|2 (LR) (|2 A2 %
IVaVEB =895 < Z{I1A = A B8 v 6015 v (A3 - 57,9)
k

Proof. To begin, note that

IViVEB =891 = IV (B =85, (25)
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since Vk is an isometry. Recall that A= ifkikf/{ Therefore,
IA(B = B3 = (8= B)'ViZVE(B - BY)
> SIVEEB -85 (26)
Next, consider

IA(B — B3 < 2I|AB — AU |3 + 2| AV 3" — Ap°|3
< 2| A3 — A B3+ 2| A — A3 15713 (27)
Using , , and , we have
VAR ¥ 2 * 2 AR L * L P *
IViVIGE = 8913 < 5 {145 — AW [3 + [ AW — Al 1573}
k

Finally using Lemma [E.3] we conclude that

Yk ) D * C g LR * LR AN *
VTG - 813 < {14~ AR 82 v 6913 v (AG -89} @9
k
]

Remark E.5 (Dictionary). The generalization of Lemma [E.4] is

o C X L
IV VEB =895 < §—2/{||5(A)—b{A(LR)}H%,mHﬂ*IIf Voot 3 v (b(A)(ﬁ—ﬁ*),@}

where the SVDs are as in Remark [E-1] and 8, is defined accordingly.

Lemma E.5. Let the conditions of Lemma[E. g hold. Then,

18— B"I3

Yk ¥ * 1 y LR * LR AN *
<O [IVVT VT8 + 5 {I1A— ACOR IR v 160913 v {AG - 57),9) )

k

Proof. Write

16 =715 = IVAVE(B =58 + Vi Vi (8= B3
= [ViVEG =8+ IViaVEL(B - 83
= [ViVE(B = B3+ IVe L VLB 5. (29)
In the last equality we have used Lemma . Next, we bound the two terms in (29)).
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1. Bounding ||V, V{ (5 — 5*)|3.

The bound follows from Lemma [E.4l

2. Bounding ”Vk,J_VZ,J_ﬁ* 13-

Write

Vi Vi B3 = (Vi Vi B = V.V)E |2
< H‘A/k’,J_Vz,J_ — V. VI8
= (I =V V) =T =V VEDIPI5°13
= VvV -V VTIP3

Here we have used (V V1)3* = 0 by Lemma .

Remark E.6 (Dictionary). The generalization of Lemma is

16 = 5713

¥ ) * 1 Y LR * LR A N *
<ClvVvT =V, . VIIP|p ||§+§—2{||5(A)—5{A( BHE B85 v 163 v (b(A)(B -8 )ﬁ)}]

r/

where the SVDs are as in Remark[E.1] and §,/ is defined accordingly.

E.3.3 High probability events

Lemma E.6 (Weyl’s Inequality). Assume A, B € R"™*P. Let s and §;. be the k-th singular
values of A and B, respectively, in decreasing order and repeated by multiplicities. Then
for all k € [n A p],

sk — skl < [|[A = Bl|.

Lemma E.7. Suppose the conditions of Lemma[D.13 hold. Then,
)

min

|sp = 8| | {&1,64,8 < C

n

{M VD) + B+ M||A<LR>||} .
Proof. By Weyl’s inequality as in Lemma [E.6], we obtain

s, — 8| <[ Zp~" =A™
Apply Lemma to complete the proof. O
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Remark E.7 (Dictionary). The generalization of Lemma is

n

) 0 . In(np .
v = 50 | {E1n6nEah < -2 (W+mAH,op+||E< )+ 22 ¢ )H>-
where pl., = sztmn—

T Admax dmax

Proof. We proceed in steps.

1. Decomposition

With updated SVDs as in Remark Weyl’s inequality implies

[0 — 80| < [ID(A) = b{ A} < [[b(A) = b(Z p~ )|l + [16(Z p7") — b{AMV Y.

2. Former term

For a polynomial dictionary with uncorrupted nonlinearity (Definition , the former

term simplifies as
Ib(A) —b(Z p~ )|
= [|{0,0,...,0,(Z p~' —A), diag(D)(Z p~' —A), ..., diag(D)*>"(Z p~' —A)}||
<|Zp ' -A|+A|Zp 7 —A| + ..+ AT Z p A
< Adwoxg N Z p~ —A|.

Next observe that by Lemma [E.7, under the beneficial events,

a1 A . . )
1Zp ' —All =541 =841—841 < C _

min

LR In(np LR
{(ﬂ+\/13>AH,op+I|E( N+ (—)HA( )H}-

n

3. Latter term

By a similar argument,
[6(Z p7") ~ DAV} | < Aoy Z o' —ACV).

By Lemma under the beneficial events,

J

min

12p~ — A < C

LR In(np LR
((\/ﬁ+ VD) Atrop + | BM | + LHA( )I|>-

n
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Lemma E.8. Suppose k =r. Then

J

minor

IVVvI—v, V|| ‘ (E,E,8)Y<C

n

In(n
{w% Y YN M||A<LR>||} .

Proof. Similar to Lemma |D.13| we apply Wedin’s sin © Theorem (Davis and Kahan, (1970;
Wedin, 1972))) to arrive at the following inequality:

125 — At

Sy

Vv’ —v, V7| <
Apply Lemma to complete the proof. ]

Remark E.8 (Dictionary). The generalization is

IVVT =V, VI | {6 6)

1) R In(np R
o <<ﬁ+mAH,0p+||E< 0+ /20 ¢ >||).

. /
min®<7" n

Proof. Wedin’s sin © Theorem gives

[b(A) — b{A"}||

Syt

IVvi-V.Vi| <
The numerator is handled in the proof of Remark [E.7] O
Lemma E.9. Suppose Assumptions and[5.4] hold, and k = r. If
~ 3 1 1 ~ - _
pmin > C/7 In2 (np (—V—VA ) . O = CA(;-H—KJrKa),

then with probability at least 1 — O{1/(np)'°}, 8, = s,.

Proof. The argument is as follows.

1. By Lemma , |3, — s.| <A, hence §,. > s, — A, where A is defined below.

2. We want to show A = o(s,), i.e. A < ¢,s, where ¢, — 0; it is sufficient to show

A 0.
Sr

3. In such case, §, > s, — A > s, —cps, = (1 — )y, 160 8 2 S,
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By Lemma and Lemma [E.7} with probability at least 1 — O{1/(np)*°}
m(np) | 4 (n
|AS )H}
n

)
A= C— {(\/EJF VD) Ahop + ||EM || +
1 - _ 3 1 _

< Cp : {A(Fo + K+ Ka) <\/ﬁ—|— \/]_9) In2(np) + /npAg + 4/ n(:p)\/npA}

fl(/f + K+ Ka> \
<C - In2 (np) (vn+ +/p + /npAg) -

Moreover by Assumption
np

Therefore a sufficient condition for the lemma statement to hold is

Ao
Sp Pmin

Al K+ 1) Vo (np) <%+%+AE) -0

1.e.

~ 3 1
Pmin > C\/Fllﬁ(np) (% V %

Remark E.9 (Dictionary). The generalization of Lemma is

/ Pmin ~ 3 1 1
L= = 'In2 —V—=VA .
Poin = Ty > OV (0) (w‘o 7 E)
Proof. By Remark [E.7]
0 (LR) ln(np> (Lr)
A= O | (Vat V) Apop + [BYV]| 41— =[lA™] ]

Moreover by the generalized Assumption [5.4

Syt >C @
= V4 7”

Lemma E.10. Suppose Assumption[5.9 holds. Recall k is the PCA hyperparameter. Then

]

A~ N

E(A(3 - 8"),e) < 5.

95



Proof. Note that
B — Ay = AT{A(LR)B* +e+ ¢(LR)}'

Since ¢ is independent of A, A, 3*, and ¢® we have
E(A(B - B),e) =E(A[ANAB +24 6t} - 5] e)
—E(AATAMYS* &) + E(AATe &) + E(AATPMN &) —E(AB* €)
—E(AAfe ¢).

Observe that E(AAT& ¢) is a scalar. By properties of trace algebra, independence of ¢ from

A, Assumption , and the fact that A is rank k we obtain

E(AA'e e) = E [trace <5TAAT5>}

)

= trace ( [AAT} [EéT})
)

o*trace (E|AAT]

=K [trace <AAT55

Remark E.10 (Dictionary). The generalization of Lemma is

~

E(b(A) (B — B*),e) < 7%

Lemma E.11 (Modified Hoeffding Inequality; Lemma A.3 of Agarwal et al.| (2020a)). Let
X € R"™ be random vector with independent mean-zero sub-Gaussian random coordinates
with || Xil|,, < K. Let a € R" be another random vector that satisfies ||lall, < b almost

surely for some constant b > 0. Then for allt > 0,

p()g |2 1) <200 (- L),

K?2p?
where ¢ > 0 is a universal constant.

Lemma E.12 (Modified Hanson-Wright Inequality; Lemma A.4 of |Agarwal et al. (2020al)).

Let X € R™ be a random vector with independent mean-zero sub-Gaussian coordinates with
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1Xill,,, < K. Let B € R™" be a random matriz satisfying || B|| < a and |B|)%, <b almost

surely for some a,b > 0. Then for anyt > 0,

2t
P(IX"BX —EX"BX]||>t) <2- eXP{ — cmin (ﬁ K?a)}'

Lemma E.13. Suppose Assumptions and hold, and that k = r. Given A, the
following holds with probability at least 1 — O{1/(np)'} with respect to randomness in e:

<A(B - ﬁ*)a 5>
< C®In(np) {r+ 6%l + |8 (VAA+ | A = Als) }
Proof. We proceed in steps.

1. Decomposition

We need to bound <A(B — [*),e). To that end, we recall that B = Vkﬁl,;lfffY,
A= Tjkflkvg, and Y = AW 3% 4+ ¢(R) 4 ¢ Thus,

AB = ﬁkﬁ)kvzvkﬁlglfjg}/ = lA]k[A]ZA(LR)B* + IA]kUZQb(LR) + [A]kf]ZS
Therefore,

<A(B - ﬁ*)7 5)
— (U, UFAW B &) + (U UL &) 4 (U ULe,e) — (AB*, ). (30)

2. First Hoeffding
To obtain a high probability bound of the first term, we use Lemma Note that
IO UEA 5|2 < A 5|2 < LAY a0l < 3V/RA||B

since U UT is a projection matrix and || A5+ < 3y/nA due to Lemma .

It follows that for any ¢ > 0
a A 12
i ((UkU;fA(LR)ﬁ*,s) > t) < exp ( C—) (31)

A2 5|3e?

3. Second Hoeffding
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To obtain a high probability bound of the second term, we use Lemma [E.I1] Note
that
[UUT 6" |1 < [0z

since U, U7 is a projection matrix.

It follows that for any ¢ > 0

2
T 7T ) @
P (0076, 2) > t) < exp ( H(b(m)”%&z). (32)

. Third Hoeffding
To obtain a high probability bound of the fourth term, we use Lemma Note that
145712 < 1I(A = A)B" 2 + 145"
< (1A = Allz.00 + [[All2.00) 151
< (|A = Allao + VA 18]y
since ||Afl2.0 < v/nA due to Assumption

Therefore, for any t > 0

P <(AB*,5> > t) < exp (— - ACt2 ) ) (33)
o2(nA? + [|A — A3 )IIB*(IF

. Hanson-Wright

To obtain a high probability bound of the third term, we use Lemma [E.12] ¢ is
independent of ﬁk, 3, V, since A is determined by Z, which is independent of .

As a result,

E[(ffkf];‘fa, )] = E[aTﬁkﬁZ€]
=E [tmce(eTﬁkU;‘ga)]
= E[trace(es"U,UY)]
= trace(E[ec" ] UUn
< trace(a?UUT)
= ¢*trace(UTU,)

= %k. (34)
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Since U kf]f is a projection matrix,
U UT) <1, |JUUL2, = trace(U,ULULUY) = trace(UTU,) = k.
Finally, using Lemma and (34), it follows that for any ¢ > 0

P ((kaffg,e) > 5%k + t> < exp{ — cmin ( £t >} (35)

kot 52
6. Simplification.

Set the RHSs of (31), (32), (33)), and equal to 1/(np)'® and solve for . Combining
these results with ,

<A(B - 5*)7€>
< %+ Co/lnp) {77 + av/mlnp) + [0l + 118" (VA + | A~ All20)}
< & In(np) {7+ 6“2 + |81 (VAA + | A ~ Ala) }

Remark E.11 (Dictionary). The generalization of Lemma is

(A6 - 5).2)
< Co*m(mp) {r"+ 6]l + 1 (VLA + [B(A) = B(A) l2:)}

E.3.4 Collecting results

Lemma E.14. Suppose the conditions of Theorem hold. Further suppose Assump-
tions cmd hold. With probability at least 1 — O{(np)°}, |V.VE(3 — 8|12 < (2)

where

(2) = C(K, + KA)?52In*(np)
B p?nin §72"
2
2 (LR) 1 AQ
- ) Jn n(n +p)Ai,, +n HE + In(np)np .
6“1+ 187 § T+ + - 1B,

Proof. By Lemma [E.4]
C

IViVE(B =895 < §—2{||A—A(LR)II§,OOI|/B*II? V"3 v (A(B—ﬁ*),d}-
k
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Note that
jA- A3 <c{lA- AR+ IEB. ).

By Lemma with probability at least 1 — O{(np)~'°}
(A(B - 8),2) < Co*nnp) {r + 6 |lo + |31 (VA + | A = Allae) }
Simplifying, with probability at least 1 — O{(np)~1°}
NAACEESI:

7% In(np . . =
< T g oI + 13 { Vi

1
182

Note that we have taken z V 22 < 22 for € {[|¢0®||y, ||A — Al|2.00]|5*]l1}. To justify this

<HM—AﬁwHW®WWH-

simplification, one may consider redefining £ = x V 1, since the objects taken as x are

diverging.

By Lemma and Lemma [D.15, with probability at least 1 — O{(np)~'°}

~ 2
A,

C(K, + K A)? n(n+p)Ay,, +n HE(LR)
< (7“ +

2
< i In®(np) —|—C’HE(LR)

2,00

2
Sy

2 _
+ ln(np)npAQ)

In summary, with probability at least 1 — O{(np)~1°}

NAACEES]E
< C(K, + KA)? 52 In*(np)

— 4 &2
pmin Sy

2 ~
+ In(np)npA?

2 (LR)
NG n(n—kp)AH’Op—i-nHE
+7r+

¢(LR) 2+ B* 2

+ B3 o

[]

Lemma E.15. Suppose the conditions of Lemma hold.  With probability at least
L—O{(np) "}, 18 = 57113 < (1) + (2) where

6* 2 . B
(1) = U £ p)az,, + B2 + A2 in(rp)p}

PminSr

and (2) is defined above.
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Proof. By Lemma [E.5]
13— 8113
YR * 1 p LR * LR AR *
<C[IVVT - ViVIPI I + {14 - AL v 1618 v (AG - 57,9}
k

By Lemma m it suffices to focus on the first term, since the latter is bounded by (2). By
Proposition , Lemma , and since § < C and HA(LR) | < A/np, with probability at
least 1 — O{(np)~1°}

vvi —v.vl|<c p

min®°r

In(n
{m V) Drgop + BV 4 4/ 20P) HA(“"H}
C
<

o PminSr

{4 VD) Asp + | B + AyIn(np) /b }
Simplifying, with probability at least 1 — O{(np)~1°}

A * ﬁ* A LR A
16 - 51 < L {nt ), + IBOIP + 2 ha(aplp) + (2

min®“r

]

Remark E.12 (Dictionary). In the generalization of Lemmas|E. 14| and |E.15, note the new

appearance of Cy in (2):

B* 2 . _
()= 2 [0+ P, + B+ A nnp) -]
(2) = CCH (K, + KA)? 5% In*(np)

(Ploin)* Sy

2 _
+ In(np)npA?

2 (LR)
. \/ﬁ n<n+p)AH,op+nHE
| oI+ o] Y+ -

FIB B+ [0(4) ~ BLA B}
Proof. For simplicity, we prove the result by focusing on || — 5*|2. By Lemma
15 — 6713
YR ¥ * 1 A LR * LR AN/ R *
<C{IVVT - VAVIPISTE + 5 {I6A) - AL v IO v (A)E - 5.2}

By Remark and analogous algebra,

. C . _
IVVT =V VT < ———{ (Vi + VD) Anap + [ B + AV (np) /b }

. ’
min©"
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Note that
b(A) — A < C{IB(A) — b(A) 3 + () ~ b{AT}3 . }
By Remark [E.11] with probability at least 1 — O{(np)~*°}
(b(A)(B - B"), )
< G nnp) {r’ + 1|6Vl + 5" (VA + [b(A) = b(A)5,) } .

Simplifying, with probability at least 1 — O{(np)~1°}

R
<C—Hﬁ*H% {(n+p)A2 +||E(LR)||2+/_121n(np)p}
=Wt er
%In(np) [ . . - 1 . LR
#OTI i o 3 { VA + A ~ (A B+ 14) — oA b

By Lemma and Lemma [D.15 with probability at least 1 — O{(np)~1°}

o

2,00

2

_ CCy(K, + KAY (r+ £ 1)y + 0 [

4 2
pmin 87"

2 _
+ In(np)npA?
) In?(np) + C HE(LR)

2,00

In summary, with probability at least 1 — O{(np)~1°}

18— 5113
HB*Hg A2 (Lr) 12 AZ
< C(pl . )282 (n +p) H,op + ||E “ + ln(np)p

CC) (K, + KA)?&%1n®(np)
(Plain)* Sy

2 _
+ In(np)npA?

2 (LRr)
. NG n(n+p)AH70p+n"E
o g 4o+ -

B2 + lb(A) — b{A<LR>}||%,OO}] .
[]

Proposition E.2 (Projected TRAIN ERROR). Suppose conditions of Theorem hold.
Further suppose Assumptions and[5.0 hold. Let k =r and

NG
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Then with probability at least 1 — O{(np)~1°}

NAHCESI

52
< CAY K, + K)?(k+ K 4+ K,)?—— -7 In®(np)

min

~{i|l¢(LR)H§+HB*H§(*i+ Ty A)}
np

18 linp  mp P> p

Proof. We proceed in steps.

1. Recall the inequalities

2> C HE(LR) < npA3, HE(LR) - < nA3,.
Further,
A} S C - Ak + K + K,)? In’ (np).
Moreover, (n + p)A%; ,, dominates In(np)pA2.
2. Simplifying the RHS of the bound in Lemma
(2) = C(K, + KA)?521n*(np)
o Prin '§%
2
2 (LR) 1 AQ
LR * \/ﬁ n(n + p)AH’Op o HE i n(np)np LR
113+ 1817 § o + 7+ 3 + B3
15*]]1 S
Bounding its latter factor
2
2 (LR) 1 ( )TL AZ
LR * \/_ (n—l—p)Apr"—nHE +n{np)np LR
lot 15 + 1187113 3 + B3
18+ 57
i qpf VPN, A
< I + 151 { T ni

< ||¢<LR>||§+||5*||1{ f fralt <n+p>Az,op+rnA%}.
Hence
—2
(2) < CANK, + K)2(k + K + K,)*In(np)— —
{ 16092 1 187112 (nﬁfn ry +rnA2)}
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3. By Lemma [E.9]
,Z s > Cnp
,

so as long as the regularity condition holds, we can further bound

1
2 { o4 e (o +mA2)}

1
Sr{n—puqsmw% —uﬁul(m ™ +mA2)}

1 . n r
=r{ o3+ (1873 —f b+ IA2
np 18 linp ~ np P> p

In summary

9 oT In (np)
P

1 n r
{ — (|02 4 872 (—f T A)}
np P p

18*[inp— np

(2) < CAYK,+ K)*(k+ K + K,)%G

]

Remark E.13 (Dictionary). The generalization of Proposition 15 as follows. Suppose

~ 3 1 1
inin>>C\/Fln5 np (—\/—\/A )

Then with probability at least 1 — O{(np)~1°}
IV V(B =695
=2

< COLAMK, + K)?(k+ K + Ka)2( j’. - r' In®(np)

1 / / /
[ olo B+l  + o S D2

18 linp ~ mp P> p

Proof. The only updates are to (p_i 7, Ag). O

Proposition E.3 (TRAIN ERROR). Suppose conditions of Pmposz’tion hold. Then with
probability at least 1 — O{(np)~'°}
16— 5113

- _ _ o2 1 R . r o
< CAME, + P+ K+ Ko v { Do 3+ 713 (24 2+ ) |

min

Proof. We proceed in steps.
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1. Recall the inequalities

5 > C HE(LR)

< npA%, HE(LR)

< nA3%.
Further,
A%, < C-A(k+ K + K,)* In’(np).

Moreover, (n + p)A%; ,, dominates In(np)pA2.
2. Simplifying the first term on the RHS of the bound in Lemma

1) = U0 f s g, + 1B+ A )y}

pmm ’I"

* |2
<C -A(k+K+K,)?In (np)!f [22 (n+ p+ npA})

_ _ 12 1 1
< C’-AQ(/<;+K+KQ)2H52 I - 1n®(np) - (I_? + - +A%) :

3. We have shown, by the arguments above and in the proof of Proposition

* (|2
1§C’-A2/£+K+Ka2”/6 ||2-7‘1n3np- 1%—l—l—AQ
2 E
p n

min

(2) < CAY K, + K)*(k + K + K,)%¢ 2“2—(%)

1 R . n r
{—||¢< B+ 18 ||%(—f PN A)}
np 18 linp ~ mp P> p

We further bound (2), and argue that this further bound dominates (1). Consider the

factor

% n r r r
1613 (L+—+]§+};A%>

[8*lnp - n

— 181 f "y |!2( sl gAé)

< * 12 [ . AZ
<8 HQ\/n_p—i_Hﬂ 2 (n+p+r E)
T T
< I57I2 <n+p+r E)
where the last line uses [|5°]; < |83 and —L < ol < e~ ryr

summary, the further bound is

. _ Tln (n ror
(2) < CAK, + K+ K + K, (0) { ot + 15713 (4 4 v ) .

mll’l

Clearly this further bound on (2) dominates (
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Remark E.14 (Dictionary). In the generalization of Proposition [E.3,

~ 1 1
inin>>C\/Fln% np (—\/—\/A )
and
16 - 5713
< COAY K, + K)*(k+ K + K,.)? o’ ' In’(np) - [ ngzﬁ(LR)HQ +118%115 {r—/ W +7'(A )2}].
- ‘ (i) np ’ “An p "
Proof. The only updates are to (p_i 7, Ag). O

For completeness, we state a corollary of Propositions and above.

Corollary E.1 (Population projected TRAIN ERROR). Suppose conditions of Proposition
hold. Then with probability at least 1 — O{(np)~'°}

NAACENDI:
=2

< CA(K, + K)*(k + K + K,) —— v In®(np){ (i) + (1) + (iii)}

min
where

1 1 T r T
N\ (Lr) |12 2
7 _ ¢ __|___|___|__A >

y vn roor T 2)
1) = ﬁ*2<—+——|———|——A
1 1 1 1 1
Lo %112 2 2 4
(ZZZ)—HﬁHQ'T {E+E+n_p+(;+]_))AE+AE}'

Proof. We proceed in steps.

1. Decomposition

To begin, write

IVoVI(B =55 < 20V, VB = 895+ 21(V. VI = V. V(B =573
<2V, V(B =65+ 2|V V] =V, VI [16 = 575
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2. First term
By Proposition

AR

SC%MQHQM+K+K)——rm(m
1 \/ﬁ T
= W”QFEQ(————% +—+ N)}

3. Second term
By Proposition
15— 513
74 7% o 1 (LR) |12 a7 2
< CA Ky K (s K+ K)ot (op) {000+ 1903 o+ + 7% ) |

min

Moreover, by arguments in the proofs of Lemma [E.15] and Proposition [E.3],

A 1
V.V -V, VI < (*)

1687113

- _ 1

<C-A(k+K+K,)—— -rln’(np) - ( +— +A2E)
pmll’l

12 % 2 1 3 r.r 2

=C-A*(k+ K+ K,)"—— -In*(np) - (E—FE—I—AE).
Therefore the coefficient of the product is
52
C*=CAYK, + K)*(k+ K + K,)*—— - rIn’(np)

mln

which dominates the coefficient of the first term. The substantive factor in the product

1 LR * r r r r
{—nqs( g+ (S S rag) | (L Zarat)

2
0 (4 T ral ) 41878 (£ + et )

18

4. Collecting results

We have established that the coefficient will be C*. What remains is to determine the

dominating terms of

1 . n r
— ™12 + (187113 (—f + N)
np P p

1B*[[xnp— np
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and )
1 ror r o
T nAar)2 [ L o A2 «(12 [ 1 r A2 )
ot (L ot rag) + 11 (£ + £ v
Within the final term,

NN T 1+1+A22
j— —_ T =T —_ - .
n p E E

In summary, the bound is
IV VB =55 < CH{(0) + (i0) + (iid)}
where

1 1 r r
N (Lr) |12 2
i) == —+—+—+—A>
)= 2lo™I (5 + 5+ 2+ Loy

(i) = |81 (L + 4Ly %A%)

|8 linp  np  p?

* |12 2 2 4

E.4 Test error

E.4.1 Decomposition

Lemma E.16. Let Assumption hold. Let k, the PCA hyperparameter, equal r =
mnk(A(LR)’TR“N) = rcmk(A(LR)’TEST). Then,

3
||ATESTB _ATEST/B*H% < CZAm

m=1

where

Al — {HZTEST ﬁfl _A(LR),TEST||2 + ||A(LR),TEST||2”VVT _ VTVZ“HQ} ||B - 5*”%

||A(LR),TEST||2 R R R
- = {HATRAIN . A(LR),TRAINH;OOH/B*H% Vi ”qb(LR),TRAIN”g v <ATRAIN(B . 6*)75>}

e e S R
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Proof. Consider

||ATESTB _ ATEST/@*”g _ ||ATESTB _ ATEST/B* + ATEST/B* . ATEST/@*“%
< 2| ATT(B — 57) I3 + 20| (AT — AT 5 (36)

We shall bound the two terms on the right hand side of next. To analyze ||ATEST (B —

5*) H%, we proceed in steps

1. Decomposition

Write

HATEST(B o 5*) Hg _ H{ATEST o A(LR),TEST + A(LR),TEST}(B _ B*) ”g
< 2||{ATEST . A(LR),TEST}(B . 5*) ||% + 2||A(LR),TEST(B . 6*) ||g

We analyze the former and latter term separately.

2. Former term

Note that ||A™" — Z™7 p=1|| is the (r 4+ 1)-st largest singular value of Z™" p~".
Therefore, by Weyl’s inequality (Lemma |[E.6|), we have

HATEST _ grEsT b—l ” _ §;+1 _ §;+1 o 8;+1 < HZTEST p—l _A(LR),TESTH.
In turn, this gives

||ATEST . A(LR),TESTH < ”ATEST _ ZTEST b_l H + ||ZTEST ,,)_1 _A(LR),TESTH

< 2HZTEST b—l _A(LR),TESTH‘
Thus, we have

H{ATEST . A(LR),TEST}(ﬁ . 5*),@ < HA(LR),TEST . ATESTH2 . ”6 . B*Hg

< 2||ZTEST bfl _A(LR),TESTHQ . ||B . B*Hg

3. Latter term

Recall that V and V| span the rowspace and nullspace of A®®) TN regpectively.

By Assumption , it follows that (V')”V | = 0 and hence A Ty V1T — (. As
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a result,
HA(LR),TEST(B . 5*)“% _ HA(LR),TEST(VVT + VLV{)(B _ 6*) H%
_ HA(LR)’TESTVVT(B . ﬁ*)”%
< AT VYV (S - 55,

A —

Recalling that V, denotes the top r right singular vectors of Z™*™ p~! consider
VT =5)5 = I(VVT = V.V + V. V) (8- 5)3
<AVVT VYT 15— 53+ 2V VT (B — 67) 3
Recall from that
IV VI < S{IA™— AT 5 v 600y (A7 (35).)
Therefore
At (5 — 57|13

< CAMT=T PV VT —V VTP 15 - 5713

CHA(LR)’TESTHQ g 2 2 2 . %
+ _ || A TRAIN q(LR),TRAINHQ’OO“/B*“l Vi ||¢(LR)7TRAIN||2 V. < 4TRAIN(6 N ﬁ*);5> '
32

r

Finally, to analyze [|[(A™" — A™7)5*|12, we appeal to matrix Holder:
I(A™T — A™7) 57|15 < [|A™T — A™T|5 1871
[

Remark E.15 (Dictionary). Let Assumption hold.Let ' = rank[b{ A-® RN —
rank[b{ A“® ST Then,

3
||b<ATEST)6 _ b(ATEST)ﬁ*Hg < CZ A,
m=1

where

Ap = ({A A 2757 p71 —AEDTET)2 4 [p{ AT B VYT - VL VTR - 573

b A(LR)’TEST § A TRAIN LR),TRAIN * LR),TRAIN A TRAIN [ 2 *
g o= AT gy — patmmmsgis 8% v 607 v (p(A™)(3 — 8),c)

r

Ay = [[B(ATT) = b(A™)5 157113

Proof. The generalized analysis of the former term in A; is similar to the proof of Remark[E.7]

[]
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E.4.2 High probability events

Define the following events

. . . - - In®
51 — ||ATEST . ATESTH;OC)? HATRAIN . A(LR)7TRAIN||3007 < Al}, Al — Cl ) r I14(np) (1 + 2 —|—HA2E) :
) ’ p

min

2

3
C, = {||ZTEST pt— AR T2 < AQ} Ay = CR(k+ K 4+ K22 () (n+p+npAj);
{
N

C) = CAYK, + K)?*(k + K + K,)*

Lemma E.17. Let the conditions of Theorem hold. Then & occurs with probability at
least O{1 — 1/(np)'°}.

Proof. By triangle inequality

”ATRAIN _ A(LR),TRAINH;OO < 2HATRAIN . ATRAINH;OO + 2n||E(LR),TRA1N||2 (37)

max*

By Lemma and Lemma we have the desired result. Note that || A" — A3

behaves like the first term. As remarked earlier, the results in Appendix |D|are invariant to

PN or p™T so they hold for both A™ ™ and A™" despite asymmetric definitions. [

Remark E.16 (Dictionary). A generalization Lemma sufficient for our subsequent

analysis is for

&1 = [IB(A™) — AT} . [B(AT™) — bAC T < A

where
- In’(n n
Al = CIC, - M {1 e —|—n(A’E)2} .
Proof. Immediate from Assumption [C.1] O

Lemma E.18. Let the conditions of Theorem hold. Then &, occurs with probability at
least O{1 — 1/(np)'°}.
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Proof. From Lemma and Lemma with probability at least O{1 — 1/(np)°}

2

o 1
||ZTEST p—l _A(LR),TEST”Q < C - {(n +p)A§{,op + HE(LR),TESTHQ + n(:p) ”A(LR),TESTHQ}

min

< CQL {14_12(/{+I_(+Ka)2(n—|—p) 1n3(np> +7’LpA?5+ ln(np)npA2}
n

min

_ _ In®
<CA*(k+ K+ K,)? = 2(np) (n+p+ npAj).

min

As remarked above, Lemma is invariant to p™*"™ or p™*T. O
Remark E.17 (Dictionary). The generalization of Lemma[E.1§ is for
672 — [{AdmaxdmaXHZTEST ﬁ_l _A(LR),TEST”}Q S Aé]
where
,In?(np)
(pirnin)2

Proof. See the proof of Remark [E.7] O

Ay = CA*(k+ K + K,) (n+p+ npAj) .

Lemma E.19. Let the conditions of Th,eorem hold. Then &; occurs with probability at
least O{1 — 1/(np)'°}.

Proof. By Lemma and Wedin’s sin © Theorem (Davis and Kahan| 1970; Wedin, 1972),

||ZTRAIN ﬁ_l _A(LR),TRAINH
s )
r
HZTEST i)—l _A(LR),TESTH
s! '

vv? -V, V]| <

V(v =V (V)| <

Recall that the argument in Lemma is invariant to p™**™ or p™™". Simplifying as in
Lemma [E.18, we have the desired result. ]

Remark E.18 (Dictionary). The generalization of Lemma 1s about the SVDs in
Remark|E. 1| and Al = g—;A’Q.

Proof. Immediate from Remark [E.8 and the extended version of Assumption [5.4] O

Lemma E.20. Let the conditions of Lemma hold. Then & occurs with probability at
least O{1 — 1/(np)'°}.

Proof. Immediate from Lemma [E.9 ]
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Remark E.19 (Dictionary). The generalization of Lemma concerns the SVDs in
Remark [E]]

Proof. Immediate from Remark [E.9 O

Lemma E.21. Suppose the conditions of Theorem [5.1] hold and

~ 3 1 1 ~
min In2 —V—=VAg]), =CA K+ K,).
Pmin > C/11In2 (np) (\/Z_)V \/ﬁ\/ E) Cc:.=C (KA— + )

n

Then P(E€) < 106;710

Proof. Immediate from Lemmas [E.17], [E.18] [E.19] and [E.20] and the union bound. O]

Remark E.20 (Dictionary). The generalization of Lemma instead uses the condition

~ 3 1 1
Lin > OV Inz (np (—\/—\/A )

E.4.3 Simplification

Remark E.21 (Dictionary). The following lemmas are algebraic and generalize in the
obvious way: replace (pmin, 7, Ap) with (Pl s A). We therefore skip the remarks until
Proposition . The only subtleties are the presence of C; as a multiplier of Cy and factors
of A’ replacing some factors of A.

Lemma E.22. Let the conditions of Proposition[E.3 hold. Then,

E[A, | €]
r21n®(n 1 1 rn
<aice ot T (Lo Loag ) L pdd) 1+ (r 22 et ) 15712
2 In®(np) (1 1
_|_C R S 4 _+_+A2) ¢(LR),TRAIN 2
2 anin n ' p E H Hz
where

Cy = CA Kk + K + K,)%
Proof. We proceed in steps. The following arguments are all conditional on . Recall

Al _ {HZTEST b_l _A(LR),TESTHZ + HA(LR),TESTH2HVVT . VTVZ“HZ} ||B . ﬁ*Hg
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1. Former factor

By the definitions of Ay, As,

AQ + np/_lQA;; < TAQAQ
_ _ In®
<CA'(k+ K+ K,)*- w (p+ n+ npA})

13
202.7’ HZ(np) (p—i—n—i—npA%).

min
2. Latter factor

By Lemma [E.5]

1B -2 <CvVvT -V, VT2

Cyis . A
+ §_2{“ATRAIN _ A(LR),TRAINH%OOH/B*H% vV “¢(LR),TRAINH§ v/ <ATRAIN(/B —ﬁ*>,€>}.

Observe that ¢ is independent of the event €. Hence, by Lemma m
E[(A™™ (3 — 5%),¢) | £] < 5.

In summary

. i} 5 B i} A ||B*||2+ ||¢(LR),TRAIN||2+52,’,.
E[|5 — 8713 | €] < Aqflp|l5 + —— e

np/r
Focusing on the former term
Asll513 = - Aal72.
np
Hence
E[I8 — 815 | €]
r ~ ~
< o (Dol + Ba°I7 + 3 + %)
) 1115(”29) T 2 (2 m 2 (2
< Cp-6° - ——=—1 (n+p+npAL) |65+ (v + — +rnAL ) 16713
pmin np p
r
+ _||¢(LR),TRAIN||§'
np

3. Collecting results
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. 21n® o1
E[A1|5]§0102~52-LW(—+2—7+A%>

6
Prmin n

™
- { (n+p+npA2) |32 + (r+ = +mA%E) Hﬁ*uf}

r?ln®(np) (1 1 RAIN
# 0o ) (g g ot

Prnin
O
Lemma E.23. Let the conditions of Proposition[E.3 hold. Then,
E[Ay | E] < Cy-67- A% Mllﬁ I3 - (1 + g +HA%) +CA% ||l 2,
Proof. We proceed in steps. The following arguments are all conditional on €. Recall
Ay = Wﬂ{nATR/&IN _ A(LR),TRAINH;OO||5*||% V. [|grmsman 2y, grRam(g 5*)7€>}.

T

1. Former factor

Note that conditioned on € and Assumption
A(LR),TEST 2 B 3
—H .~ | < CanAZ = CrA2.
52 np
2. Latter factor

Observing that ¢ is independent of £. By Lemma m

T In® (np)

Ad|lBHI + [l + 0% < Cy -0 157113 <1 +— +nA2) + [t a2,

l’nll'l

3. Combining results

E[AQ | g] < Cl . 5-2 . AQ Mnﬂ ||1 (]_ + % + TLA%) + CAQ . THgb(LR),TRAINH%.

min

]

Lemma E.24.

E[Ag ‘ é} <C- ”n—("p)nﬂ ||1(1+p—|—nA2>

min
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Proof. Recall
Ag 1= A — A8

Using the definition of £, we have

rin’(np
B8 1812 Aol < € iy (142 4 na).
O]
Lemma E.25. Let the conditions of Theorem[5.9 hold. Then
. & _, 77 In%(np) p 2 4
ZE[Am|€] <CGiCy-07- —Hﬁ ||1 1 ‘l‘ + - D +( +p)A% + npAj
m=1 min
/r2 1n3 np LR ),TRAIN
4Gy T (1 4 Az jgmmnan 2
Proof. Recall Lemmas [E.22] [E.23], and [E.24}
E[A, | £]
7?2 In®(n 11 rn
<ot T (L D ag) o) 1B+ (r+ T mad) 19712
2 1n®(np) (1 1
+C, . — ——|——+A2> (LR),TRAIN ||2
P (L L ag ) oo
~ _ 2] _
B0 |82 Gyt 2 DB e (1 g oAt ot

E[Ag ‘ é} <0 “n—(”p)uﬂ 12 (1+ +nA2>

min

Ay dominates Aj. Focusing on the first term of Ay,

o r3In®(n 1 1 . n N
1) < 10y - 02 (R (—+]3+A2E) - { (n+ p+npAL) [5°]2 + (1+ ];+nA%) 13 ||%}

pmin n
T31n8n 1 1 *(|2
20102.52.% <ﬁ+5+AQE>{(n+P+W9A%) <||5 “2 HB H )}

r31
< 0y -52- Muﬁ ||2{1+p+p+(n+p)A2E+npA4}

Comparing to the first term of Ao, it is sufficient to bound |[|5*||s < ||8*]]1. Focusing on the

second term of Ay,

7"2 lng(np) 1 1 LR ),TRAIN
@ =00 D5 (L g ) ot

pmin
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Comparing to the second term of A,, it is sufficient to bound % + % < 2. In summary, the
bound is

3 3
~ 1
S E[AWIE] < CiCy - 52 - Mnﬁ ”1{1 + £ + + (n+p)A2E+npA4}

m=1 min

712 1n3 np LR ), TRAIN
+0p DB (g o

min

O

E.4.4 Collecting results

Lemma E.26. Deterministically, for TRAIN and TEST

lo™113 < 2llgll3 + 2nA% 8717
Proof. Write
9™ = [l + EXV 87|13 < 2|16ll5 + 2 ™ 573
Focusing on the latter term
1B 5713 < B3 /157117 < nAL18713-

O

Lemma E.27. Let the conditions of Theorem[5.9 hold. Then

3 3
~ 1
Z]E[AME]SCICQ@Z'MW |]1{1+p+ +(n+p)A2E+npA4}

m=1 min

T ln n
+02 ( p) (1+A2) ||¢TRAIN||2

mm

Proof. By Lemmas [E.25] and [E.26
3
> E[An|E]
m=1

3]
< G0y 52 D), o {2 2k (s AR + ot

min

2] 3
10y TP (A2 (e 4 A8 )

min

Opening up the product in the latter term

(1+AE) (le™™ )3+ nAENBIT) = ™3 + nALNB7IT + [lo™ ™ [3AL + nAL|I571.

117



Both nA%]|3*||? and nA%||5*]|3 are dominated by the first term. Hence

3
S B[]
m=1
<0052 () IHGBan) 18113 {1 + % + g +(n+p)AL + npA;g}
+ G W) (1 4 agy pgmoam
min .
Proposition E.4 (TEST ERROR). Let the conditions of Theorem[5.9 hold. Then
AT — A RN < O o7 T 1 2 B o )+ gt
+ G W) (1 4 gy pgmoam
Proof. By Lemma [E.T6] o
E[IA™3 — A8 1{E}] = E [I|A™5 — A" |31€] P(&)
<E[|A™76 - A 3I€]
<C i E[A,,|E].
m=1
Finally appeal to Lemma [E.27] O

Remark E.22 (Dictionary). The generalization of Pmpositz’on 18

E[[lb(A™7)3 — b(A™7)3*|3 1{€}]
(') In®(np)
(Pin)®

(T/)z 1113(?1}7) /I \2 TRAIN || 2
o (L (AR e

/ _ * n / /
< CCiCy -7 nﬁm§+p+;+m+m@a%wwm¢}

n

+Cy -

E.5 Generalization error

E.5.1 Decomposition
To lighten notation, we define, for ¢ € TEST

=2 p B, v =0(A)
which form the vectors %, 7, € R™.
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Lemma E.28. Deterministically,
17 = 7ol < 201277 p~1 5 — A™7B|[3 4 2] AT — (AT 5.
Moreover
1277 o' B AT B < 2] 27 o - AT + 2 AT AT
Proof. Write

Y=o
— ZTEST p—lB . PYO(ATEST>

— ST ﬁ)fl B + ATESTB + ATESTB* _ ,YO(ATEST>‘

We analyze each term separately.

1. Approximation error ||A™"3* — 4(A™")[]3 = [|¢™™T||3.
2. Test error ||A™T3 — A™7 %2,

3. Tmplicit cleaning error ||Z™% p~ § — A™7 3|12,

Approximation error requires no further analysis. Proposition [E.4] analyzes TEST ERROR.

What remains is an analysis of the final term via projection geometry.
Remark E.23 (Dictionary). The generalization with a dictionary considers
1. Approzimation error [|[b(A™™")3* — vo(A™ )3 = ||¢T=7|3.
2. Test error ||b(A™)3 — b(A™) 5|2,

3. Implicit cleaning error |b(Z"™" f)_l)B — b(ATEST)BH%.
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E.5.2 Implicit cleaning

Lemma E.29. Suppose Assumption holds and let k = r. Then

||ZTEST bfl B o ATEST/@H%

<z prt— Al LG - g3 [VIV)T = VIV
Proof. We proceed in steps.

1. Decomposition

Recall the definitions

Z/TEST p—l _ 0/S/<V/)T, ATEST _ U;E;(V;)T’ A’j‘_EST _ 0;,J_2;,J_( 9 /r,J_)T

so that
A Y Ly G
Hence
Z™TpT - AT = AT = U 8 (V)T
and

127 57 5 — AT Bl < T ISl V5,07l = 151 V)T B

2. 1% .l

As in the proof of Lemma [E.16] we appeal to Weyl’s inequality (Lemma [E.6]):

I 0 = 50 = 840 — sy < 1277 57— AC T

3. ||( ’ T,L)TB”?
Write

(V) Bl = 1V (V) Bllz < V5L (V3 )T (8 = 8o + IV (V5T 87 e

Focusing on the former term
IV (VD) (B =82 < 118 = 87l
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Focusing on the latter term, we appeal to Lemma [F.2;
V3V D) 8 e = IV (V) TVI(V) B
<IHVL(VI )T = VI(VI)TIVI(V) B + [[VLV)TVI(V) 5,
= [{V, (V)T = VLV (V)2
= {V (V)" = VLV 8 s
= [{V.(V)T = V' (V)}5° s
< VIV = VIV o

Remark E.24 (Dictionary). The generalization of Lemma is

627 57)3 — b(A™) 3|

< Clo(z7™ ) — AT B R+ VLV - VIV )
using the SVDs in Remark[E.1]
Proof. We proceed in steps

1. Decomposition
For the polynomial dictionary with uncorrupted nonlinearity, denote
M = b(ZTEST pfl) _ b(ATEST)
— {07 0’ 0 (ZTEST A—1 ATEST) diag(D)(ZTEST ~A—1 ATEST)
..,diag(D)dmax (ZTEST ~A—1 ATEST)}
Consider the SVD
M=Uu3yVi.

Hence

MB=UyxyV7%3

and

IM Bl < U - 1Zall - IV EBll2 = [1Z0l - VBl
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2. |||

As argued in Remark [E.7] using the decomposition of M,

[l = || M]]
S ||ZTEST bfl _ATESTH + A”ZTEST ﬁfl _ATEST” I Admax—leTEST bfl _ATESTH

< AdmaxdmaXHZTEST ﬁ_l _-ATESTH'
Next observe that Lemma
||ZTEST i)fl _ATESTH _ §;+1 _ §;+1 . S;ﬂ—i-l < ||ZTEST ﬁfl _A(LR),TEST”

In summary

HEM” S AdmaxdmaX”ZTEST i)—l _A(LR),TESTH

which is dominated by the bound on ||b(Z™" p~') — b{ ACRTETY|,
3. 1VEiBls
Write
IV3Bllz = IVar Vil < IVarVi (B = B8l + [Var Vi 5 e.
Focusing on the former term
VsV (B = B)l2 < 115 = 5]l
Focusing on the latter term, we appeal to Lemma [E.2}

IVauVuBle = IVuVy, V' (V) 5
< HVuVYy = VIV)TIV V) B + VLV VIV B
= {VuViy = ViV IV (V)5
= H{VuVi = ViV
< IVuVi = ViV A

where V' is from the SVD of b{A®®™TY and V) is from the SVD of M =
b(ZTEST i)—l) _ b(ATEST).
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4. Dictionary geometry

To complete the argument, it is sufficient to argue that V V1, = V;/ l(V;l, 7,

where V;, is from SVD of b(ATEST). In other words, we wish to show
NULL{b(ATEST)} _ ROW{b(ZTEST ﬁfl) . b(ATEST)}.

We can verify this property for the polynomial dictionary with uncorrupted nonlinearity

appealing to Assumption [C.2] Suppressing superscripts,
b(A) = {1,D,..., D™= A, diag(D)A, ..., diag(D)™"" A}

with j-th row
dmax A dmax_l A
(1,Dj,...,D- ,Aj’.,DjAj7.,...,Dj Aj7.)

and

b(Zp") —b(A)

={0,0,...,0,(Z p~t —A),diag(D)(Z p~* —A), ..., diag(D) ™" (Z p~' —A)}
= {0,0,...,0, A, diag(D)A_, ..., diag(D)">"A }

with 7-th row

(0, O, ey O, ALZ‘,~7 DiALi,-a ey D;jmax_lALi’.).

The spaces induced by the rows are clearly orthogonal, so
ROW{D(Z™ p~1) — b(A™7™)} € NULL{b(A™™7)}.
Assumption [C.2]3 further implies

NULL{b(A™")} € ROW{b(Z™" p~') — b(A™7)}.

Proposition E.5 (Implicit cleaning). Let the conditions of Theorem[5.4 hold. Then

E[|Z™" p' 5 — A™ B3 1{E)]

31 8
<y ot e D D e g )
72 In®(np)

+ Gy T (14 A) 6™

min
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Proof. To begin, write
E[|Z™" p' B — A3 {EYN = E[127 ' 6 — A BI3IE] P(E)
<E[l|Z™" 57 8- A™TBIE] .
By Lemma [E.29] it is sufficient to analyze
|Zm= pt — Al Ly 5 — g3 4 [V (V)T = VIV 53

under the beneficial event €. By Lemma the bound on the former term dominates the

bound on the latter term. Therefore we analyze
”ZTEST b—l _A(LR),TEST||2 . HB _ 6*“3
By Lemma

3
|Z777 pmt — AT 5 — BHE < AL < C Y A,

m=1
so we can use the bound previously used for analyzing TEST ERROR || A™73 — A™73*||2.
This loose bound is sufficient for our purposes, since the TEST ERROR term will ultimately

give this rate. In summary
~ 3 ~
E|1Z7" 57§ - A™B3IE) < €'Y ElALIE].
m=1

Finally, we appeal to Lemma O

Remark E.25 (Dictionary). The generalization of Proposition is

E[|lb(Z"™" p™")5 — b(A™") 35 L{E}]

/ '62_()311“( p) p n n '\2 4 1 \4
<o, G 11 {1 2 4 2 (0 (AR )

2]
+ 02 . ( zpmljn)( {1 + A/ } H(bTRAINug.

E.5.3 Bounded estimator moments

For the adverse case, we place a weak technical condition on how the estimator moments scale.
We state the technical condition then demonstrate that it is implied by the interpretable

condition given in the main text.
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Assumption E.1 (Bounded estimator moment).

2
: ) i T2 1113(71[)) * TRAIN

where Cy = C - A*(k + K + K,)%.

Recall from Appendix @ that the powers of (n,p) are arbitrary in the probability of the
adverse event; P(€°) < Wial(mp) for any polynomial of (n,p). Therefore the moments
of our estimator 4(W;.) can scale as any arbitrary polynomial of n and p, denoted by
polynomial(n, p). We are simply ruling out some extremely adversarial cases. Assump-

tion is essentially requiring that B is well conditioned. Indeed, we are able to satisfy

the assumption under a simple condition on the smallest singular value used in PCR.

Proposition E.6 (Verifying bounded estimator moment). Suppose the Assumptions

cmd hold. Further suppose §i 2 W) where E[e¥] < &8, Then Assumption

mial(n,p
holds.

Remark E.26 (Dictionary). If Assumption[C.4 holds then Assumption becomes

(r")% In®(np)

(p/min)z

2
1 A . * TRAIN
E {ﬁ > v(Wi,)?} < polynomial(n, p) - Cs - (1B7N1F + llo™™™13) -

1ETEST

Proposition [E-Q generalizes accordingly: if Assumption [5.7 holds then the generalization of
Assumption holds.

We prove Proposition [E.6] via a sequence of lemmas.

Lemma E.30. Suppose Assumptions[5.1 and[5.9 hold. Then

E[1Z27 57 5] < O A n®(np)n.

125



Proof. We suppress the superscript to lighten notation. The argument echoes Lemma [D.17]

12 67" e = max1 2,505

1
= max —|[|Z. |l
J€lpl pj
S T 1mMax HZJHQ
IS
<n? max | Zi;]
i€[n],j€lp]
< n? (A + max|Hyl).
i
Therefore
L 3, -
E (1257 I50] < E[{n? (A +max|Hil)}"]
< Cn'*(A® + E[max |H;;|*))
Z?]
< Cn*?{A® + K81n®(np)}.

The final inequality holds because for any a > 0 and 6 > 1, if H;; is a 1),-random variable

then ‘Hij|0 is a 1), 9-random variable. With the choice of § = 8, we have that

Efmax|Hy [ < CK; In« (np).

Lemma E.31. Suppose Assumption E 5. 1| holds, 5, > s, and E[e¥] < &%, Then
E[IBI5] < ¢ A% phnt 871 + 6 5).
Proof. We suppress the superscript to lighten notation. Recall that B = Vkﬁl,zlff;‘gY, hence

161l < volAll:
< VBRIV I ITE - 1Y)
= vps; IV [l

Moreover Y = AB* + ¢ + € hence

Y2 < [ All200ll87[11 + [[0ll2 + lle]l2
< VnA| B[l + [I9ll2 + [le]l2.

126



Therefore
18IS < Cp*s~8(n* A%|| 8715 + [l 6115 + llell3).

and hence

E[IBI] < Co's ™ A7 + o 15 + Ellel3).

Finally note that

4 4

1
Elell5 =E Zg? =n'E EZ&? <n'E 258 < nte,

i€[n] i€[n] 1€[n

The first inequality holds since {E,[A]}* < E,[A%], taking A4; = &2.

Lemma E.32. Suppose the conditions of Lemmas[E.30 and[E.31] hold. Then

2

VE Iz o ] < ¢ Az o) (118 + 268 ) oS

Proof. By Cauchy-Schwarz, write

VE[1Z 57 818] <\ [B 127 o7 14.c)B1]
< \/ VEIZ7™ 57 5] /B [1815]

< O AR - (np)n® - A2 p(n|| 37T + [l¢™™13)

n * 1 TRAIN 52
- a2 o) (1671 + L™ )

Proof of Proposition[E-g. To begin, observe that

E {% > Wi,.ﬂ} = |E ni{ > Wi,)?} =%\/E 127 " Bl

1ETEST 1ETEST

By Lemma [E.32]

w127 o7 bl

n p5

€

vy * 1 TRAIN
< oA o) (187 + 1 )

s*np?
1 TRAIN || 2
g

1
< 0y IR (g g 2)

mll’l

<O AK2 10%(np) (Hﬂ*ui
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where the penultimate inequality holds since s > f —~= implies s?np* > &2 and the ultimate

inequality confirms Assumption [E.I} More generally,

JE[1Z=" 5 31

polynomial(n, p)

=2

1 €

- TRAIN ||2
+ o)

<C-A'K? . In? |12
< o - In(np) { 187115 s? - polynomial(n, p)

- * 1 TRAIN
< 0 A2 o) (157 + 1 )

r2]
< Gy IR (g gy

min

as long as s > ——S5———. O
= polynomial(n,p)

E.5.4 Main result
Proof of Theorem[5.2. We proceed in steps.

1. Decomposition

By Lemma
17 = 7olls < 201277 p~1 B — A™767|[5 + 2]|¢" 5.
Hence
EllY - %ol < 2E [ 27 57 § - A™"8" 3 1{€}]
+ 2B [| 27 o - AR 1{EY

+2[|¢™ 3.

2. Beneficial case

By Propositions [E.4] and [E.5]
E |:HZTEST ﬁ_lﬁ _ ATEST/B*H% ]l{é}]
< 2FE |:||ZTEST ~—1 B o ATESTB”% ﬂ{g}] +9R |:||-:4-TESTB o ATESTB*Hg ﬂ{g}}

31
<00y -52- 208 ("p)yw 2 {1+§+%+ (n+p)A%E+npA‘%E}

mlIl

T2 lng(np) TRAIN
+02‘2—(1+A2E) 1% 13-

min
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3. Adverse case

Write

E[I1Z™ 55— A |3 1y

<2 1277 57 DI 1{EY] + 2 | A8 3 1{€
Focusing on the latter term,

LA™=B75 < [LA™5 18717 < nA®|| 87113

hence by Lemma [E.2]]

ATEST 3 2 cc < A2 2 ¢ < A2||B*||2
E [ I 1€ < na?oriime) < o2 IO

which is clearly dominated by the bound on the beneficial case.

Focusing on the former term, Cauchy-Schwarz inequality and Lemma give

E 12 57 Bl 1{€}] < \/E 127 o7 3] \/E 1€

C TEST ~—1 7
<\ EZ A Al

which is dominated by the bound on the beneficial case if

o\ JE[I1Z A

nspd

r31
<0Corot T g [y 2t g )

mln

/r2 1n3(np TRAIN
Loy TR Ay g2,

min

In the proof of Proposition we have precisely shown

w B 127 o

n4p5

r2n?
TIER) g g g2

< C,-

m1n

]

Proof of Corollary[5.1 Identical to the proof of Theorem [5.2] appealing to the previous

remarks for the appropriate generalizations (pf,;,, 7", Ap). O
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F Error-in-variable balancing weight
The outline of the argument is as follows
1. define TRAIN, TEST, and GENERAL ERROR
2. exposit the general algorithm
3. establish orthogonality, balance, and equivalence properties
4. analyze TRAIN ERROR(more precisely, || — n*||2)
5. analyze TEST ERROR(more precisely, || A™7) — A™57y*||2)

6. analyze GENERAL ERROR(more precisely, || Z™" p~ f — ag(W™)||2)

F.1 Notation and preliminaries

As in Appendix [D] we identify NA with 0 in Z for the remainder of the appendix. We
also use the notation A rather than X. Recall that (p, 3) are calculated from TRAIN. We
slightly abuse notation by letting n be the number of observations in TRAIN (and also
TEST), departing from the notation of the main text. We write || - || = || - ||op. We write

the proofs without nonlinear dictionaries for clarity. Then we extend our results to allow

for nonlinear dictionaries in subsequent remarks. In doing so, we denote the identity map

b : R? — RP with components b; : R — R. We also let A’ = Admex pl = —Loing - and

p' = C - dyaxp- Finally, to lighten notation, we abbreviate b(D;, A;.) as b(A;.) when it is

contextually clear.
F.1.1 Errors and SVDs

Consider the following quantities

i 1| .
TRAIN ERROR = EE Z {A;.n— Oéo(Wi,-)}zl

L:ETRAIN

TEST ERROR =

S|

E| > {Ad- Ofo(Wz‘,-)}2]

l IETEST

GENERAL ERROR =

E Z {a; — 040(Wz',-)}2] , G =Z.p 0= Z, 0.

LtETEST

S|
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Each ERROR is new because it corresponds to our new error-in-variable balancing weight.
The key result is about GENERAL ERROR, in which we analyze a new variant of PCR that
does not involve cleaning TEST. As we will see, post multiplying by 7 performs a kind
of implicit cleaning. By avoiding explicit cleaning, we preserve independence across rows
in TEST, which is critical for our inference argument. En route, we will analyze TRAIN
ERROR and TEST ERROR, which are closely related to TRAIN ERROR and TEST ERROR.
When using a dictionary, the updated estimator is &; = b(D;, Z;. p~ )i = b(D;, Z;.)ij for an
updated definition of 7. The SVDs are as in Appendix [E]

F.1.2 Counterfactual moments

In this exposition, we consider the case with technical regressors; take b to be the identity
to return to the case of original regressors. In the main text, we provide the counterfactual
moment for Example with the interacted dictionary. We now introduce a more
general notation to describe the counterfactual moments for general parameters and general

dictionaries. Recall from Appendix [A] that we consider causal parameters of the form

1
90 = % Z Gi, 02 = E[m(VVi,.,%)], Wl‘,. = (Ai’., Hi’.,ﬂ'i,.).

{ETRAIN, TEST

Given a dictionary b : R? — R? | define

bSIGNAL(Wi?.) _ b(A%), bNOISE(WL.) — b(ZZ’)

The general counterfactual moment is calculated as follows.

Algorithm F.1 (Counterfactual moment with data cleaning). Given corrupted training

covariates Z™M € R™ P the dictionary b : RP? — RP' | and the formula m : W x Ly — R
1. Perform data cleaning on Z™™ to obtain A™N € R*P
2. For i € TRAIN calculate m;. = m(W,.,bN°"") € R?
3. For i € TRAIN, calculate m;. from m;. by overwriting Z;. with /L

- X
4. Calculate M = =" 10
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To specialize this abstract procedure to a specific setting, it is sufficient to describe
m;. We provide the explicit expressions for m; in each leading example in the proof of
Proposition below.

As theoretical devices, we introduce several related objects. First, we define the counter-
factual vectors m;.,m,. € R for observation i. The former vector uses clean data, while

the latter uses cleaned data. In particular,
mi. = m(W,; ., b)) my, = m(W;., b¥"F) overwriting Z;. with fll

We concatenate the vectors 7. as rows in the matrix M. We concatenate the vectors 7.
as rows in the matrix M. We refer to these objects as the counterfactual matrices. We also
use the counterfactual vectors to define the counterfactual moments M*, M € R?:
M=l S agWsAy, =2 Y
2n ’ ’ n '

{ETRAIN,TEST {ETRAIN

Finally, we introduce notation for the covariance matrices G™, G e RV<V;
1 . 1 - N
G* - b A(LR) Tb A(LR) G S ATRAIN Tb ATRAIN .
o > {A; 71 0{A; ) Ll )" b( )

1ETRAIN,TEST

With this additional notation, we write the generalized coefficient as

~

ih=GMT.

F.2 Data cleaning continuity

A desirable property is that data cleaning guarantees for the corrupted regressors imply
data cleaning guarantees of the counterfactual moments. We refer to this property as
data cleaning continuity. We define the property, then verify that it holds for the leading

examples.

Assumption F.1 (Data cleaning continuity). There exist C! , C! < oo such that
1L |M—-M|3. <CllA- Al
2. maxjepy |myj| < O

In particular, we explicitly characterize (C! ,C” ) for many important causal and struc-

tural parameters of interest. Recall the variable definitions in Appendix [A]

132



Proposition F.1 (Verifying data cleaning continuity). The following conditions verify
Assumption [F-1] for the leading examples. Suppose Assumption[5.1] holds.

~

1. In Ezample with the interacted dictionary, ;. = (A;.,—A;.), C' =1, and
cr = A.

A

2. In Ezxample with the interacted dictionary, m;. = (Ai,.,—fli.), Cl. =1, and

)

C" = A for the functionals in the numerator and denominator.

3. In Example[A.5 with the identity dictionary, suppose the counterfactual policy is of
the form t: Ai’. — tl ® Ai,. + t2 where tl,tg € RRP. mi’. = [(tl - ]]_T) ® A%] + tg,
Cry = ([tillmax + 1)%, and Cp, = ([t lmax + DA + [[t2]lmax-

4. In Example with the interacted quadratic dictionary, m;. = (0,1,2D;,0, 121“ 2Di121i,.),
Ol =442, and C") = 24

5. In E:mmple with the partially linear dictionary, m;. = (1,0,...,0), C! =0, and
oy =1

6. In E:mmple with the partially linear dictionary, m;. = (1,0,...,0), C! =0, and
Cl' =1 for the functionals in the numerator and denominator.

7. In Example with the interacted dictionary, m;. = (Vi,fli,., -V, —fli.), clo=1,
and C¥ = A
Proof. We verify the result for each example.
1. Example [A1] Recall b(D;, Z;.) = {D;Z;.,(1 — D;)Z;.}. Write
m;. =0b(1,7;.) —b(0,2;.) ={Z;.,0} = {0, Z; .} = (Zi., = Z;.).
Hence

. = (i, —A), . = (A, —A).

)

19Likewise for any polynomial of D; interacted with Z; ..
HRecall that, to estimate a weighted balancing weight, we propose estimating an unweighted balancing

weight then applying the weighting. The verification here is for the unweighted balancing weight that will

be weighted.
12Recall that, to estimate a local balancing weight, we propose estimating a global balancing weight then

applying the localization. The verification here is for the global balancing weight that will be localized.
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. Example is analogous to Example [A.T]

. Example . Recall b(Z;.) = Z;.. Write

mi. =b{t(Z; )} —0(Z)=t(Z;.)~Zi. =t1 © Zi. +ta—Z;. = [(th — 17) © Z;.] + ta.
Hence

i, = [t =10 @ A; ] +ty, 1y = [(ti —17) © Ay ] + 1ty
. Example [A.4] Recall b(D;, Z;.) = (1,D;, D%, Z;., D;Z;., D}Z;.). Write
m;. = Vab(D;, Z; ) = V4(1,D;, D}, Z; ., D; Z; ., D Z;.) = (0,1,2D;,0, Z; ., 2D; Z; ).
Hence
;. = (0,1,2D;,0, A, 2D;A; ), ;. = (0,1,2D;,0, A;., 2D;A; ).
. Example A5 Let b(D;, Z:.) = {D;,b(Z;.)}. Write
ms,. = b(1, Z;.) — b(0, Z;.) = {1,b(Z;.)} — {0,b(Z;,)} = (1,0, ...,0).

Hence

. Example is analogous to Example [A.5]

. Example is analogous to Example [A.]]

F.3 Estimator properties

Orthogonality

The goal of this section is to establish orthogonality properties for the analysis to follow. In

order to formalize these orthogonality properties, we formally define n*. To begin, consider

the case without a dictionary. We define n* € R? as the unique solution to the following

optimization problem across TRAIN and TEST:

o (WTRAIN) A(LR) ,TRAIN 2
min |72 s.t. 7 € argmin —
neRrp

&O(WTEST) A(LR),TEST

2
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7™ is not the quantity of interest, but rather a theoretical device. It defines the unique,

minimal-norm, low-rank, linear approximation to the balancing weight oy. The theoretical
device n* is new to the literature since the balancing weight is new to the literature. Our
ultimate goal is to define and analyze an estimator close to ap(W;.) in generalized mean

square error while adhering to the conditional independence criterion of Proposition [4.2

Remark F.1 (Dictionary). When using a dictionary, we update our definition of n* € R

as the unique solution to the following optimization problem across TRAIN and TEST:

2

. ' aQ(WTRAIN) b{A(LR),TRAIN}
min ||n]ls s.t. n € argmin —
R?’

ne aQ(WTEST) b{A(LR),TEST}

2

Lemma F.1. Suppose Assumptions and[5.8 hold. Then,
Viii=0, Vip' =V =0
Proof. We show each result

It suffices to show 7 € ROW(ATR“N) then appeal to the same reasoning as Lemma
This result follows from a generalization of Agarwal et al.| (2020al, Property 4.1): 7 is

the unique solution to the program
min |||z s.t. 7 € argmin —2Mn + " Gy
neRp

where M c ROW(ATRAIN) by Assumptionand ROW(G) _ ROW{(ATRAIN)TATRAIN} _

ROW(A™™) Therefore 7 € ROW(A™N),
2. VI = (V'))"n* = 0. See Lemma[E.2]
[

Remark F.2 (Dictionary). Lemma continues to hold with the updated definitions of
the SVDs in Remark [E.

Lemma F.2. Deterministically, Gij = MT and G*n* = (M*)T.
Proof. Immediate from the FOC in the definitions of (7, n*). O
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F.3.2 Balance

Without any further assumptions, we demonstrate that the error-in-variables balancing
weight confers a finite sample balancing property. We articulate the balancing property in

terms of the coefficient 7.

Proposition F.2 (Finite sample balance). For any finite training sample size n, and any
dictionary of basis functions b, the coefficient 1 balances the cleaned actual regressors with

the corresponding cleaned counterfactuals in the sense that

1 5 L1 .

1ETRAIN 2ETRAIN

where @; € R are balancing weights computed from 7n: for each i € TRAIN,

Proof. By Lemma [F.2]

. n .
1ETRAIN 1ETRAIN

[]

In words, 7 serves to balance actual observations with counterfactual queries. This result
is somewhat abstract, so we instantiate it for a leading case. Specifically, Proposition

considers ATE (Example [A.1]) with the interacted dictionary.

Proof of Proposition[{.3 By Proposition [F.2]

1 . . 1 .
E Z b(DZ,A%)wZ:E Z my..

1ETRAIN 1ETRAIN

Focusing on the RHS, by Proposition

Next, turning to the LHS,
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and

A

Q; = b(DzyAz,)ﬁ _ DiAi"ﬁTREAT + (1 _ Di)Ai7.ﬁUNTREAT = D, - @EAT (1 . Di)prTREAT'

2 7

Therefore

b(Dl, Az ) . (.:JZ — {DZAZ,a (1 - Dz)Az,} . {Dl . (.:J;FREAT - (1 - Di)@UNTREAT

) 3

— {Dilei,. . @TREAT’ (1 _ Di)Az’,~ X (_LDUNTREAT)}.

2 (2

In summary, matching components of the LHS and RHS,

1 o
~ TREAT

1ETRAIN

S|

Z (1 _ l)l)A27 . (_w?NTREAT) _

1ETRAIN 1ETRAIN

F.3.3 Equivalence

Finally, we relate the properties of our estimators to an equivalence property that is well

documented in the causal inference literature; see e.g. |Ben-Michael et al. (2021)); Bruns;

Smith and Feller| (2022)) for recent SummariesE’] We demonstrate that a version of the

equivalence property holds on TRAIN, in a stronger sense than previously known, but it

does not hold on TEST.

Previous work (Robins et al., 2007; Chattopadhyay and Zubizarretal |2021)) shows that a

certain equivalence holds for treatment effects when using OLS with the interacted dictionary

(without data cleaning). We begin by generalizing this equivalence in three ways: (i) for our

entire class of semiparametric and nonparametric estimands, (ii) for any square integrable

dictionary, (iii) for estimation with or without data cleaning. In order to document the

equivalence, we define, for ¢ € TRAIN,

A

Dy, Z;.) = b(D, X;.)3, a(Dy, Z;.) = b(D, X;. ).

)

To lighten notation we also define the operator Epan[] = = > crnaml)-

13We thank Avi Feller and David Bruns-Smith for suggesting this connection.
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Proposition F.3 (Equivalence in TRAIN). For any linear functional within the class defined
by Assumption[G.1] and for any square integrable dictionary b, the outcome, balancing weight,

and doubly robust estimators coincide on the training set:
]E’TRAIN [m(VVi,w 5/)] - ETRAIN [Y;&(Du Zz,)] - ETRAIN [m(Wi,~7 f?) + &(Du Zz,){yz - ﬁ(Dw Zz,)}]
We state the result with data cleaning, but it also holds without data cleaning.

Proof. We proceed in steps.

1. To prove the second equality, we appeal to the FOC for 7 summarized by Lemma [F.2}
#TG = M. Multiplying the LHS by 8,

ﬁTGB - ATETRAIN [b(D, Xi,-)Tb(Du Xz,)]@ - ]E'TRAIN [ON‘(DM Zz,)ﬁ/(Dza Zz,)]

Multiplying the RHS by 3,

A A

Mﬁ = ]E’TRAIN [mz,]B = ]ETRAIN [m(m/i,~7 5/)]
In summary
]ETRAIN [d(DZ, Zz,):}/(Dza Zz,)] = ETRAIN[m(VVi,-a :Y)]
which implies the result.
2. To prove the first equality, we appeal to the FOC for 3: TG = Erpam[Yib( D, Xl)]

Multiplying the RHS by 7,

A

]E’TRAIN D/zb(Dza Xz )]77 - ETRAIN D/Zd<Dl’ Zl,)]

Multiplying the LHS by 7 and appealing to the previous result
67Gi = 0" G = B[ @(Di, Z0)3(Ds, Zi.)] = B (W1, 7))
O

However, our estimator involves sample splitting and implicit data cleaning to break
dependence, motivated by our goal of inference after data cleaning. In our estimator of the

causal parameter, we use, for 1 € TEST,

~

’S/(DZ, Zz,) = b(D, Zz,)ﬁ7 d/(Dl, Z%) = b(D, Z%)’f]
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Proposition F.4 (Non-equivalence in TEST). For any linear functional within the class
defined by Assumption|G.1| and for any square integrable dictionary b, the outcome, balancing

weight, and doubly robust estimators generically do not coincide on the test set:
ETEST[m(Zi,~7 7)} - ETEST[Yz‘@(Di, Zz)] # ETEST[m(Zi,~7 &) + @(Di, Zz‘,){Y; - ﬁ(Dz’, Zz)}]

Proof. The FOCs for (B,ﬁ) hold for TRAIN after data cleaning, which is how (B,f]) are

estimated. They do not hold for TEST, especially since we do not clean the test covariates. [

As such, the equivalence property is relevant for gaining intuition into the relationship

A

between (3, 7). However, the equivalence does not hold for our final estimator of the causal

parameter because of sample splitting and implicit data cleaning.

F.4 Training error

In this argument, all objects indexed by a sample split correspond to TRAIN. For this reason,
we suppress superscipt TRAIN. Note that (M*, G*,n*) are constructed from (TRAIN, TEST)

while (M, G, 7, A, A are constructed from TRAIN.

F.4.1 Decomposition

Lemma F.3. Deterministically,
147 — A3 < C{IVAVE@ = 1)l Ara V1A = A3l 3}

where

Apr = {1V = (M) oo + |G = Gl }
Proof. We proceed in steps.

1. Rewrite HAﬁ — ARy

Write

| A7 — A0t (12 = || A £ At — AUy |12 < 2| A — 0|3+ 2]|(A — ABD)p* 3.

2. First term
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Next, write

() —n")"ATA®G — ")

(i — )" ViVEATA(f — ")

1 -
—||A(H —n* 2 _
Ly -

S

— (71— ) VVEIG() — )

< IViVi (=01 - 1G (7 — 17*) lmax-
The latter factor is bounded as

|G () = 10") | max

= ||Gﬁ +M" + (M*)T G — én*Hmax

<NGH = M |lamax + 1M = (M) linax + (M) = G0 [[max + |G 0" — G0 [ max
<0+ [|MT = (M) ||max + 0+ |G" = GllmaxlIn" |1

= HMT - (M*)THmax + HG* - GHmaXHU*HI'

where in the second inequality we appeal to Lemma and we apply Holder inequality

row-wise.

3. Second term

Finally, write

I(A = A5 < [ A = A5l 3.

Remark F.3 (Dictionary). The generalization of Lemma is

Ib(A)j) — o{A™ |3 < © [IIVka(ﬁ = )l1 - Arr V [6(A) = 6{ABIYZ 17 -

F.4.2 Parameter

Lemma F.4. Let the conditions of Lemma hold. Then

o o 1., e 1
IVivi —m)l; < C {é—QllA = A I+ - A%R} :
k k
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Proof. As in Lemma [E.5]
Oy X ~ * 2 N * y *
IVAVEG =3 < {147 — A3+ | A% — Al 1’13 .
k

Using Lemma [F.3] we conclude that
Yk ¥ ~ * C Oy X ~ * L y *
IVaVEG =1 < Z{IVaVEG =)l - Arn v A = Al o1}
k
There are two cases, in which each of the two terms dominates:
L |VeVEG =03 < C’éHvkvg(ﬁ —n)||l1 - Agg. In this case,
SR 7o W PANTD) 1 X T (A ok
ViV () =)l < CovpIlVeVi () =)z - Ars.
k
Dividing both sides by |V VT (H — 1|2
NP 1
NAAGEE ] Cé—zx/ﬁ - ARg
k

hence

A~ A R . 1
VeV (=03 < Cp- A%
k

2. ViV = )3 < CllA = A fln|I7.

Remark F.4 (Dictionary). The generalization of Lemma 5
Vo VEG =) < C | I0A) ~ A Yl + 557 A

using the SVD of Remark [E.]].
Lemma F.5. Let the conditions of Lemma hold. Then

15 =n"lz<C {HVVT ~ViVEIPI 5 + éi%HA — AMIYE |1} + %p : A%R} :
Proof. As in Lemma

1 =715 = IVRVEG = )5+ IV VE" 5.

By Lemma [F.4]
IViVim -z < C {%IIA — AMIE 71} + %p : A?%R} -
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As in Lemma [E.5
IV Vi3 < IVVE = Vi VEP I3,

Remark F.5 (Dictionary). The generalization of Lemma is
I =n 5 < C (IVVT = V. VEP|In I3+ = Hb( A) — b{A“DY|3 |l 1T + %p’-A%R
using the SVD of Remark [E.]].
F.4.3 High probability events
We wish to control Agrg, which in turn depends on
IMT = (M) maxs |G = Gllmaxc

Define £ := N)_, &, where & to & are given in Appendix @, and

n
<C.ad log(np )}7

n

n

1
= - Fis — Bl
& {5%%31( " >~ {imi; — Elrgl}

1ETRAIN

max i Z {Oéo(Wi’.)Aij - E[Oéo(WZ’>A ]}

i€l |2n

1ETRAIN,TEST

ke],
Jkep) iETRAIN

1
— A A, —E[A A,
=\ max oo > {Aij A, — E[A;; Al }

{ max Z {Aiink - E[Aiink]}

o)

. n
1{ETRAIN,TEST

We show &; hold w.p. 1 — ;itm en route to controlling | MT — (M*)T||max and [|G* — G| max
and hence Agp.
Lemma F.6. Under Assumption

2
nloplo”

P(&) <
Proof. By Assumption [F.1] m;; < CJ,. Hence by Hoeflding, for any j € [p]

2n’t?
P >t <2 —_— 5.
(n - )- eXp{ n<20;g>2}

L > {ii; — B[y}
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Taking the union bound over j € [p]

1
P - Tgi — B[,
<?é%3fn > {my; — E[my;]}

TETRAIN

2n2t? 2
ShY R WTCTeA LS Gl
[]

Remark F.6 (Dictionary). A generalization of Lemma sufficient for our analysis is for
1 /
Jelp’]

n
Lemma F.7. Under Assumption[5.1] and ||ag||~ < @,

1 - -
0 > {my — Efmgl}
1ETRAIN

2

P(ED) < oo

Proof. By Assumption , log(W;..)Ay;| < @A. Hence by Hoeffding, for any j € [p]

2(2n)%¢?
P( ZQSQW%_@N%EQ}

Taking the union bound over j € [p]

P | max
JE[p]

% Z {OZO(VVZ’,-)AU — E[&o(w/z,)Aw]}

1ETRAIN,TEST

% Z {ag(W; ) Aij — Elao(W;.) Aijl}

1ETRAIN, TEST

2t> oo {20} 2

on)(2aA)2) [ nioplo”
O

Remark F.7 (Dictionary). A generalization of Lemma sufficient for our analysis is for

- {?61?1% % Z {ao(Wi )b (A;.) — Elaog(W,.)b;(Ai )]}

1ETRAIN,TEST

Lemma F.8. Suppose Assumptions|[5.1] and[F.1] hold, and ||ag|s < &. Then

n

<C.af M}

~ 14 s _ = [In(n _
190 = M s €07} < Bar = /Ty 7= A = Al 4 C (st a2 0,

Proof. We proceed in steps.

1. Decomposition
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Write

1ETRAIN

1 ~ ~
T > {rmi. —Elm.]}
1ETRAIN
1 1
! n ie%w [m 7 ] 2n ieTﬁgN:TEST [aO( 7 ) 7 ]
1
T >, {Blao(Wi)AL] = ao(Wi) A}

1ETRAIN,TEST

1 LR
LY A

1ETRAIN,TEST

= iR(’“).

k=1
By triangle inequality, it suffices to bound the j-th component of each difference in

absolute value, i.e. to bound R§k).

2. First term

We analyze

(R} — {% S (g - mij)}

1ETRAIN
1
A ~ N2
<= > (g — i)
n .
1ETRAIN

1 -
n

1 N
<-CLlA-Alz.
n 2

appealing to Assumption [F.1} Hence

1 A
7 < VO = A — Al

3. Second term

Write
1
2 ~ ~
R = - > {mi; — By},

1ETRAIN

then appeal to &.

144



4. Third term

Write

1 . 1
R® — - > Efny) - > > Elag(Wi,)Ay] =0

TETRAIN 1ETRAIN, TEST

by Riesz representation and ex-ante identical distribution of folds in the random

partition (TRAIN, TEST). In particular, since b3'“*" € Lo(W),

E[mi;] = E[m(Wi,., b5™)] = Elao(W;, )65 (Wi, )] = Elaog(W, )b, (As.)].

Y
5. Fourth term
Write
“RY = 3" {ag(Wi) Ay — Elag(Wi,)Ayl}

)" )"

1ETRAIN,TEST

then appeal to &;.

6. Fifth term

Write the final term as

1ETRAIN,TEST

where ag(W;.) <

)

_QI

Remark F.8 (Dictionary). The generalization of Lemma is

) L Tty
VT — M o {EL, €1 < A :\/C;HWHA—AHZOO%—C-(C;Q+@A’) @M.A

Lemma F.9. Under Assumption|.1
2
n10p10°

Proof. By Assumption , |A;jAix| < A% Hence by Hoeffding, for any j, k € [p]
2n2t?
P >t <2 —— .
( =) <ven {555

Taking the union bound over j, k € [p]
2n2t? 2
P >t <2p? - = ,
(1 1) soten (- BN -

P(&) <

1
- > {AyAn —E[A;44])

1ETRAIN

1

— > {AyAn — E[A;Au]}
1ETRAIN
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Remark F.9 (Dictionary). A generalization of Lemma sufficient for our analysis is for

<0 (y ) } |

% D0y ALb(A) — Efy (A )bi(4)])

Lemma F.10. Under Assumption[5.1

2

PE) < oo

Proof. By Assumption , |A;jAix| < A% Hence by Hoeffding, for any j, k € [p]

1 2(2n)%t?
2t> <200y |

P(
2n

— Y {AyAu —E[A;Ax)}

{ETRAIN,TEST

Taking the union bound over j, k € [p]
]P (

Remark F.10 (Dictionary). A generalization of Lemma sufficient for our analysis is
for

&, = ¢ max
Jkelp']

Lemma F.11. Suppose Assumptions holds. Then

1

o > {AuAn — B[4 A}

1ETRAIN,TEST

> t) < 2p2exp{_(2(2ﬂ} __2

2n)(2/_12)2 - nmpm'

O

1

o Y (B (AB(AL) — B (AB(A)])

1ETRAIN,TEST

n
HG - G*Hmaxl{g&gg} < AG
where
Ag = (A+ A= Afp) [ A= Ao +C - 42 Lo an
G — 2,00 \/ﬁ 2,00 n E-
Proof. We proceed in steps.

1. Decomposition
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Write
1

G-G= | S LA AT
+ %iETzR;IN{A{,Ai,. — E[AT A, ]}
1 3 EALA) -5 3 EAL4
n % S {E[ATA] - AT ALY

1ETRAIN,TEST

1
— > {ATA, —ATAM
+27’L { 1,770 1,-% 71, }

1ETRAIN,TEST

1 LR LR LR
om0 [ATARY - {AlyTAR]

1ETRAIN,TEST

By triangle inequality, it suffices to bound the j, k-th component of each difference in

absolute value, i.e. to bound S](.i).

2. First term

Write
1 P A 1 .
S =~ D Ay(An = Ai) < Al — D7 (Ai— Au).

1ETRAIN 1ETRAIN

Hence

2
~ 1 o
(S} < 1Al {5 > (Au - Az-k>}

1ETRAIN

- 1 n
<A~ > (A — A

1ETRAIN

A 1 -
< A 14— Al

max
In summary
W) < |14 1
1S5 | < \|A||max%”x4 — Al|2,0-
By Assumption

HAHmax < HA - AHmax + HA”max < H‘?4 - A||2,oo + A
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3. Second term

Write
1 . 7.1 i
SP=— 3 (Ay—AAn< A2 Y (Ay— Ay).

1ETRAIN 1ETRAIN

Hence

(52 < 22 {% 3 (Aij—Aij)}

1ETRAIN
_ 1 ~
< A2 . o A.N2
< n Z (A” Am)
1ETRAIN
LA - Al
n 2,00°
In summary
2)
SO < A A Al

\/_
4. Third term

Write

1
F
Jk n

Z {Aiink - E[Aiink]}

1ETRAIN

then appeal to &.

5. Fourth term

Write
1

. n.
1ETRAIN 1ETRAIN, TEST

by ex-ante identical distribution of folds in the random partition (TRAIN, TEST).

6. Fifth term

Write
1
—Sj(-i) =5 E {AiAir — E[Ai; Aurl}

1ETRAIN,TEST

then appeal to &.
7. Sixth term
By Assumption

1 ) _ 7
sﬁ):% S AGEGY < AAg.

1ETRAIN,TEST
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8. Seventh term

By Assumption [5.1] and Lemma [C.4]

S =5 > EALY < B ]| A e < 3445,

1ETRAIN,TEST
Remark F.11 (Dictionary). The generalization of Lemma is
|G = G lmasl {£5 €5} < AG

where

1 - vy [In(np’ o
oo} = D(A) ~ BA) o + O (4 20 0 g,

Lemma F.12. Suppose the conditions of Lemmas [F.§ and[F.11] hold. Then

A = {A' +[|b(A) — b(A)

A% pl{E6, Er, &5, &} < ORI}
_ 21 . ] -
: {(A + \/C;n> gHA — Al + (Ch + @A+ AW@ + (A + a)QAg} .

Proof. We proceed in steps.

1. Decomposition

Write
A = {17~ () 416G — Clhel I } < (s + A1)
Hence with probability 1 — O{(np)~'°}
Agp < Cn? (A4 + AZI07[17)-

2. Ay

By Lemma with probability 1 — O{(np)~'°}

~—

In(np

n

1 - _

Note that

A3, <C {(J,@L%HA — Al + (Ch + @A)an(np) +a?- A%} .

n
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3. Ag
By Lemma , with probability 1 — O{(np)~'°}
Ao= (A4 A Alo) A - Alsn + 0 220 0 A,
Note that

8y < {8414 - ABITIA - AR+ A 4 2,

4. Combining terms

Certain terms in A%, and A% can be combined. In particular,

1, - - . L
Cru 1A= Al o+ (2 4 1A~ AR 1A~ Al
o1, - J
< (VO + AP A= Al o+~ 1A - Al

R N
< (VO + AP A - Al

using ||121—A||§OO < ||121—A||‘217OO. This inequality implicitly appeals to ||A—AH§OO > 1,

which we can enforce by taking 1V || A — Al|3 ., since the latter is a diverging sequence.

O
Remark F.12 (Dictionary). The generalization of Lemma is
ARrl{s &1, &5 &) < Ol
- {(A’O{, + O;,L>2 %HA — A3 +{Cl +aA + (A’)W@ + (A +a)X(AL)?.
Proof. When combining terms
Clm | A= Al o+ ()7 + [5(A) ~ b(A) 3.} IH(A) — (A
< (VT +/OLAP = A~ Al o+ —(CHPIA - Al
< (VO + CL AV |14 - Al
O

150



F.4.4 Collecting results

Lemma F.13. Suppose the conditions of Theorem hold. Further suppose Assump-

tions and[5.10 hold and ||cw||oe < &. With probability at least 1 — O{(np)~1%}
IV VG —n7)ll5 < (2) + (3)
defined below.
Proof. By Lemma
ViVEG =1l < € { 1A~ AR IE + 5o M)
Consider each term with k& = r, which we bound by (2) and (3), respectively.
L5l A=A a1}

Note that
|A- A3 <c{lA- A+ IEB.}.

By Lemmas [D.10| and [D.15| with probability at least 1 — O{(np)~'°},

2

A

A—-A
2,00
2 —
C(K, + KA)? n(n+p)A3,, +n HE(LR) + In(np)npA?
< - T+ In?(np)
P g2 p
2
+C HE<LR>
2,00
In summary
C(K,+ KA)?I*(np) | , s
(2) = SR

2 _
n(n -+ p) A, + 1| B + m(np)np A2

T+ + | B3

2
Sy

2. §L4p * A%R
By Lemma with probability at least 1 — O{(np)~'°}

2
ARR

_ 21 . _ — 1 —
< Cn2||n*Hf{(A + \/C;n) g”A — Al + (Ch + @A + A?)? n(np) + (A + a)2A2E}

n

R N 1, - In(n
< OW/T+ ot adot 2P R {214 - Al + 202 4 a3,
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By Lemma and Lemma [D.15 with probability at least 1 — O{(np)~'°}

N 4
A—AH
2,00

C(K, + KA)* n(n+p)A3,, +n HE(LR)
< 5 {r +
Prmin

+C HE(LR>

2 _
+ In(np)npA* }2

= In*(np)

4

2,00

Therefore

o (Ko + KA
3

Prmin

A%r < C(VCh + Co + aA + A?) In*(np) - n®||n* |3

2 _ 2
[ n Ak, 0 [BO| - mnpnp A
— r +

2
n 52

1 In(n
+Lpenps 4 0w Ae
n ’ n

Hence

2
pn-.
i (np) - 2

Prmin r

(3) = C(\/C! +C" +aA+ A?)

2 (Ko + KA)*
8

2 _ 2
| e pa,, || B+ mmp)npa?
— r +

2
n sz

1 In(n
+Lpenps 4 0w A2
n ’ n

]

Lemma F.14. Suppose the conditions of Lemma hold. With probability at least
1= O{(np)~"}

1 =715 < (1) +(2) + (3)

where (1) is defined below and (2),(3) are defined above.

Proof. By Lemma

~ * VAR ¥ * 1 L * 1
I =1 < C{IVVT = VIR + 14 - AR + 5o |
k k

Consider each term, which we bound by (1), (2), and (3), respectively. The second and

third term are already bounded in Lemma [F.13] Therefore we focus on the first term. As
in Lemma [E.15, with probability at least 1 — O{(np)~'°}

C

min°r

VYT =V VT < {(Vi+ VD) A + B + A in(mp) v

152



Hence
I I3 w2 4
()= C 5= 5 {0+ P) A, + [BCV I + 42 Inp) -}

]

Remark F.13 (Dictionary). In the generalization of Lemmas|F.15 and|F.14}, note the new
appearances of C} in (2) and (3):

* |2
(1) = O {0+ p) Ay + B + A2 )

(pmin) Sy
CCH(K,+ KA In*(np) .,
@)= S 0

2 _
n(n+p)A%,, +n HE(LR) + In(np)npA*

T+

2 +IECV5 o + [16(A) = 0{ AV | 5

(K, + KA)*

(3) = C{V/Cl, + C) + aA' + LA + (A')*}? e

pn?
In*(np) - L [k

2 _ 2
[ np)ad,, 40 [BO| 4 mnp)npa?
— QT+

2
n sz

1 In(np’
e+ R a2

Proof. For (1), see Remark [E.§ For (2) and (3) recall that Remark gives

1

2
r!

3

Yo" A * A LR * 1
IV VTG — )2 < C [ [6(A) ~ BLAY B "+ 0 A
Consider each term, which we bound by (2) and (3), respectively.
L. - [16(A) — b{ A“VYH[3 o113
Note that

15(A) — {A“} 3 < C{CIIA — Al + [b(A) — H{AHE .}

By Lemmas [D.10| and [D.15, with probability at least 1 — O{(np)~1°},

. 2
A-A
2,00
2 _
_ C(K,+ kA2 nn + ) Ak gp 10 HE( N+ In(np)npA®y
< 1 r+ 5 In“(np)
Pmin Sy
2
+C HE<LR>
2,00
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In summary

CCI(K, + KA)?In*(np)
() = COME B L)

2 ~
n(n + p)A%LOp +n HE(LR) + In(np)npA? , )
5 + BN L + b(A) — b{ A3

Sy

T+

. é?p/ ° A%R
By Remark with probability at least 1 — O{(np)~'"}
A%r

< Ol | (ACh+ /) TIA - Al 4 (Cl a4+ (APPRED 4 (4 (e

" — A/ 1 A7 A’ * A In np, /
< CLVTy + Clt a4 G+ (APl { 1A - Al + (n 4 ).

By Lemma and Lemma [D.15 with probability at least 1 — O{(np)~'°}

2,00
2 _
ClKot KA [ 0+ )Y 40 [ B[+ Inmp)npaz 2
< {r + 5 } In*(np)
pmln S’f‘
+C HE<LR>
Therefore
(K, —|—KA)

App < C{VCL + O+ ad + GA + (A)*} In*(np) - n®||n" |}

2

pmln
2 _
1 n(n +p)A3,, +n HE(LR) + In(np)npA®
— r _I._

2
n B

1 In(np’
e+ R a2

Hence
- _ K, + KA 'n?
(3) = C{\/Cy, + Clh + aA + CyA + (A')? }2(:—> In*(np) - Sl |}
( ) ) min ) 5 r
1 n(n+p)Ay,, +n HE N+ In(np)npA? 1, s In(np')
Ly - B + 2O (A

T
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Proposition F.5 (Projected TRAIN ERROR). Suppose the conditions of Theorem [5.1] hold.

Further suppose Assumptions and hold, and ||og|lec < @&. Let k =1 and

- s 11 . _ _
- In2 — V—=VA = CA K+K,).
pmm>>C\/?n(np)<\/]3\/\/ﬁv E) C:=C (fwr + a)

Then with probability at least 1 — O{(np)~1°}
IV VTG = n)l; < CA(C, + Oy + @+ AP (Ko + K)' (5 + K + K,)*

4 1,10 ln*lIF [ 1 L n 1y ny
-r* - In" (np) - . —+—2+E+5AE+EAE .

Proof. We proceed in steps.

1. Recall the inequalities

2 2 1
52> C@, HE(LR) < npAZ%, HE(LR) < nAz, HE(LR) < n?A%.
T 2,00 2,00
Further,
A%I,Op <C- A%k + K + K,)? In®(np)
Moreover, n(n + p)A%; ,, dominates In(np)npA*.
2. Simplifying the first term on the RHS of the bound in Lemma [F.13]
C(K,+ KA?In*(np), ..,
() = S L EAE IO e
2 _
n(n+p)A3,, +n HE(LR) + In(np)npA?
r+ ; + | B3
52 ’
C(K, + KA)?In*(np) , n(n+p)Ay,, +n°pAf
< SRR AL+ o £ PR L
C(K, + KA?rn®(np), , (n+p)
< p4 §2 ||7] ||§ 1+ TA%QD—’_”AQE
C(K,+ KAk + K + K,)?rIn*(n n
Pinin 8 p

where we bound (K, + KA)? < A%(K, + K)?. By LemmalE.9]

. n
3323320717
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so as long as the regularity condition holds,

C(K,+ K)?A*k+ K + K,)? r? . n
(2) < CWEat K)AX 1 () o2 (1+—+mé)
pmin np
C(K,+ K)’A'(k + K + K,,)? a1 1 1
< ; r? -’ (np) |||} { — + = + =A% )
pmin np p p

. Simplifying the second term on the RHS of the bound in Lemma [F.13]

(K, + KA)* pn?
Pt ———In(np) - —|

Prmin r

3) =C(/Cl, + Cl + aA+ A%) In*(|7
2

2 _
n(n -+ )2}, + 0 | B+ In(np)npA?

| =

r—+

2
n sz

+ A%

1 In(np)
Z || B |4
+ n || ||2,oo + n

- 2
Note that n(n+p)A% ,, dominates In(np)npA*; n HE(LR) < n’pA}; and | B3 <

n?A%,. Moreover,

" n - Ka+Rz‘_l4 _ ” _ KG+K4
(v, + O +04A+A2)2% < A/ C, + O +a+A)2(p8—_)-
Hence

_ (K, + K)* pn?
) < A/ + O+ AP LI ) 2

min r

2
1 {7“ Lt P) A, + AT } ;. In(np)

— 2 + A% +nA%L

Since s2 > C™2,
T

_ (K, + K)? pn?
(3) < AS(\/Cl, + C" +a+ A)2¥ln4(np) i

1
1 {TJF r(n +p)
p

+ A%+ nAg

2
|
qu@p —i—'r’nA%} + n(:p)

n

Recall that A}, < C- A%(k + K + K,)*In’(np) so that

K, + K)* K+ K,)* 2
pmin 87"

1 2
- {r + <r + @) In®(np) + rnA%E} + n(np) + A% 4+ nAL
D n

(3) < AY( C;1+C;g+d+[1)2(

n

156



Within the final factor

1 ™Y\, s 12 ¢
—r+(r+— | In’(np) + rnAL y < —
n P n

2

2
r+ m) ln?’(np) + rnA%}

(7o)
(1))
|

n 2
<1+ > + —2> In®(np) +n2A4}
1

1
= Cr? { (ﬁ + » + E) In®(np) + nA%}

which dominates both 2% and nA%. In summary

o (K, + K)* <I€+K+Ka>4

pmin

n2 1 1
-p§4 I\n*lﬁ( +p+p + A% +nA4> (38)

(3) < AV /O +C! +a+ A)? r? - In'"(np)

By Lemma [E.9]

so that

P

7”

2
r
7 < ;Iln*llf-
In summary

(Ko + K)*(k + K + K,)*

(3) < CAM (/O +C! +a+ A)? r* - In' (np)

pmin
. 1 1 n 1 n
HT] ||% <n—p+E+E+Z—QA%+EA%)

4. We have shown

CAYK,+ K)?*k+ K + K,)?

Lf1 1 1
2 < P2 1 () |2 (n—p o 5A%) ;

K, + K)4(/i + K+ Ka)47’4 ) lnm(

P min

pmln

(3) SC’AlO(\/Cﬁn—I—CvaL@—l—A)Z( np)

. 1 1 n 1 n
i H%(_JFEJFEJFI_?AQEJFZ_?A%)'

np

Clearly (3) dominates (2).
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Remark F.14 (Dictionary). The generalization of Pr’opositz'on 15 as follows. Suppose

~ 3 1 1
L > CVr'In2 (np (—\/—\/A )

Then with probability at least 1 — O{(np)~'°}
Ve VEG = )ll3 < CAY(C) + /Ol + O+ @+ AP (Ko + K)' (5 + K + K,)*
* |2 1
'7”/4'1111071])'”77” {_+_+_+ A/ —f-TLA/ 4}'
()" ) s N T g T (88) ()
Proposition F.6 (TRAIN ERROR). Suppose the conditions of Proposition hold. Then

with probability at least 1 — O{(np)~1°}

17— n*[|2 < CA®(\/Ch, + Ol + &+ A (K, + K)'(k + K + K,)*
1

4 In'0(np) - 7" ||2( 4= +——|—A2 +nA4)
pm]n n p p

Proof. We proceed in steps.
1. Recall the inequalities

2
52> C'r;—p, HE(LR) < npA%, HE(LR) < n’Af%.

OO

< nAZ, HE(LR)

OO

Further,
A%, < C-A(k+ K + K,)* In’(np)

Moreover, n(n + p)A%; ,, dominates In(np)npA2.
2. Simplifying the first term on the RHS of the bound in Lemma|[F.14]as in Proposition [E.3]

1) = IS £ 4 sy, + BN + A In(up) -p)

pmln T

_ _ * |2 1 1
< C-AQ(/-@—{—K—I—KQ)QHZ I -7 1n®(np) - <— + = —|—A%) .
pon

min

3. We have shown, by the arguments above and in the proof of Proposition

- _ 12 1 1
(1) < O-A2(/<J—|—K+Ka)2”:2 I - 1n®(np) - (1—) + - —I—A%) ;

CAYK,+ K)?*k+ K + K,)?

Lf1 1 1
2 < 2 1 () |2 (n—p o 5A%) ;

(Ko K)o+ K+ Kt 4o

pmin
* (12 1 1 4
A s — + = + 5+ = A + — A
np  p* p> D b

Clearly (3) dominates (2), which dominates (1) after bounding ||n*||? < p|ln*||3.

pmln

(3) < CAY(\/Cl, +CIl +a+ A)? np)
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O

Remark F.15 (Dictionary). The generalization of Proposz'tion s as follows. Suppose

. t 1 1
’ n2 —V—VAL]).
Pmin > C\/T_ n (np) (\/]_j v \/ﬁ \ E)

Then with probability at least 1 — O{(np)~1°}
17— 0|2 < CA®(Ch 4+ /Tl + C" + a+ A2 (Ko + K)'(k + K + K,)*

Il f1 1 n
()" In'(np) - ﬁ n Tyt (AF)* +n(A%)" ¢

F.5 Test error

F.5.1 Decomposition

Lemma F.15. Let Assumptions and [5.8 hold. Let k the PCA hyperparameter equal
r= mnk{A(LR)’TR“N} = mnk{A(LR)’TEST}. Then

3
||-ATEST77 . ATESTT]*H% < CZAm

m=1

where

Ay = {HzTEST f)_l _A(LR),TESTHZ + HA(LR),TESTHQHVVT _ VT‘A/Z“”2} 17 — 77*”%

_ ||A(LR),TEST||2

Bs: (IVAVEG = 1)l A v [[AG = amn e 2],

87
Ag = AT — A

Proof. As in Lemma [E.16] consider

AT AT 3 < 2 AT (- ) [ 2 (AT - AT (30)

We shall bound the two terms on the right hand side of next. To analyze || A" (n—

77*) H%, we proceed in steps.

1. Decomposition
As in Lemma [E.I6] write
AT () — )3 < 2ILAT — ACDTETY () — ) 3 4 2] AT () — ) 3
We analyze the former and latter term separately.
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2. Former term

As in Lemma [E.T6]

||{ATEST . A(LR),TEST}(ﬁ o 77*) H% < 2||ZTEST ﬁfl _A(LR),TEST||2 . ||7¢] . 77*”%

3. Latter term
As in Lemma [E.10]
A= (G — ) |5 < LAD=)WV () — 07|13
and
VVT(@—n) 5 <20VVT =V VT |l = oll5 + 2V VT (7 =) |l3-
Recall from Lemma that

YR ¥ ~ * C YR ¥ ~ * A *
IV VTG =3 < S {IVVEG =)l - A v [ ACDT — A2y,

T

Therefore
JAEDT=T () — ) |13
< CJA TP vV - VYT 1) =07l
C«”A(LR),TESTHQ
+

32
Sy

{IIVka(ﬁ =)l Agp VAT ATRA“II%,OO||77*II?}-

Finally, to analyze ||(A™" — A™%)y*|12, we appeal to matrix Holder:
I(A™T — A™T)|[3 < || AT — A™3 |3
[

Remark F.16 (Dictionary). Let Assumption hold. Let ' = rank[b{ AU® TN =
rank[b{ AC® T Then,

3
(AT — (A )" |[5 < C Y A,
m=1

where

Ay = [{A | 2757 71— ABDTST| 2 4 B { AT VYT — VLV = o

_ ||A(LR),TEST||2

Ay IV VE G =)l - A v [B{ACD) — LA™Y 3]

h
Ay = [[D(A™T) = b(A™)||3 ool ln7 I3
Proof. The generalized analysis of the former term in A; is similar to Remark [E.I5] O
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F.5.2 High probability events

Define the new event

Es = {ARR < A5}
(Ko + K)2(k + K + K,)?

7 - In°(np)
pfnin

As = CA(\/C!l, +C! +a+ A)
. 1 1 n 2
“nlln*|| (E+E+E+Ag+m‘g) .
Set € = ﬂizlgk where the remaining events are defined in Appendix

Lemma F.16. Let the conditions of Proposition hold. Then E; occurs with probability
at least O{1 — 1/(np)'°}.

Proof. In the proofs of Lemma and Proposition , in particular (38)), we have shown

1
gp : A?%R < (3)

o (Ko + K4k + K + K,)*
p?nin
n? 1 1 n
'p ||7]*||% (ﬁ‘F;‘FE—FA%—FnAAIE)

a4
Sy

< AV(/C +Cl+a+ A) r? - In*(np)

Hence

2<Ka+K)4(H+K+Ka>4 2 ]pl0
S r“-ln
pmin

1 1 n
D=+ =+ = + A2 AL ).
n”nl|1(n+p+p2+ Etn E)

(np)

AL, < AV /C! 4 C +a+ A)

Remark F.17 (Dictionary). The generalization of Lemma involves the event

gé = {ARR S Ag}
(Ko + K)*(k+ K + K,)?
(pi’nin)4

1
2

7 - 1n° (np)

AL = CACy+/Cl,+C! +a+ A)

1 1 n
. * - - s A/ 2 A/ 4
all (43 4 5 + (8 + )

Lemma F.17. Let the conditions of Proposition |F.6 hold. Then IP’(E:’C) < nmcpm.

Proof. Immediate from Lemmas [E.17], [E.18] [E.19] [E.20] and [F.16] and the union bound. [J
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F.5.3 Simplification

Remark F.18 (Dictionary). The following lemmas are algebraic and generalize in the
obvious way: replace (pmin, T, Ap) with (., ", A). We therefore skip the remarks until

Proposition . The only subtlety is the presence of Cy in the definition of Cj.

Lemma F.18. Let the conditions of Proposition[F.¢ hold. Then

_ * |2

E[Al | 5] S 03 . T5 lnl?’(np) . ||7710||2
1 p  n n’ n’ A2 2y A4 2, \6
. +5+5+1?+ n—i—p—i-? 2+ (np +n°)AL + n°pA%

where

C3=C-A"(/C! +C! +a+ A (K, + K)*(k+ K + K,)°.
Proof. We proceed in steps. The following arguments are all conditional on €. Recall
A= {127 p AT g AT R YT VTR 3

1. Former factor

As in Lemma [E.22]

- . _ _ In®
Ay +npAiAs < CAYk + K + K,)? - w (p+n+ npAj).

min
2. Latter factor

By Proposition [F.0]

17— "2 < CAY(/Ci, + Cl + a+ AX(K, + K)* (s + K + K,)*

N2 /1 1 n
-t In'%(np) - H:g I (——I—Z—9+E+A2E—|—nA%).

3. Combining terms

Note that

n n

+]§+AZE+HA%) :§+1+E+pA%E+npA‘%E;
2

n n n

+]§+A2E+nﬁ%) =1+E+F+nA2E+n2A}§;

1 2
npA% (ﬁ + ]—? + ]% + A2E + nA%E) = pA2E + nA% + %A% + npA4E + n2pA%.
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So that the relevant terms are

p n n n’ 2 2\ A4 2 A6
1+E—|—2—9+?~|— n+p—|—? AL + (np + n°) AR + n“pAj.

Lemma F.19. Let the conditions of Proposition[F.6 hold. Then

E[A; | €]
< CAR(/Cl +C" +a+ A2 (K, + KMk + K + K)* - r* - 1" (np)
||77*||% < n  n? 2 2 4>
) 14+ -+ — +nA%L +n"A% ).
pfnin p p2 o s

Proof. We proceed in steps. The following arguments are all conditional on €. Recall

_ ||A(LR),TEST||2

=3 {IVAVT G = 07) - A v AT = A2 3,

2
Sr

1. Former factor

Note that conditioned on &€ ,

A(LR),TEST 2 3 B
A > H < CanAz = CrA®
52 np
2. Latter factor

Consider the first term.

By Proposition [F.5]

IV VG =)l < VBRIV VG — 1)l
< CA(JC +C" +a+ A) K, + K2 (k+ K + K,)?
(1 1 = :
-2 1In®(np M (—+—+—+A2 —I—nA4> )
( ) p;lnin D p2 o o
By definition of &;

Apr < Ag
(Ko + K)* (5 + K + K,)?

4
pmin

— CA(\ /Tl +C" +a+ A) r-10°(np) - nln* s

1
1 1 n 2
S+ S+ =+ A2 Af :
(n+p+p2+ B E)
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Hence

IV VI =) - Agr

< CA(/Cpy + O+ a+ AP(K, + K) (ko + K + K, r® - ' (np)-

2 1
||n I3 <n+—+l%+A%+nAj{;)

pmln p
= CA(Ch, + O+ a+ AX(K, + K)'(k + K + K)* - - 102 (np)
*||2
i <1+ + +nA2 +n2A4>
Prmin p

Next consider the second term.
Al — ATy

< Adflr 13

4

min

- _ _ In®
<CA K, + K (v+ K + K,)*- L(”p)nn*nf (1 4 g 4 nA%E) .

So the first term dominates the second term.

O
Lemma F.20.
5 14 2 z o rIn’(np) o n 2
E [Ag ] 5} < CA' Ko+ KPP (n+ K Ko = (14 + 0
Proof. Recall
= AT AR
Using the definition of £, we have
_ _ _ _ _ In®
Bl | €] < Al I} < CANK, + BP0+ K 4+ 1, TP (142 ).
O

Lemma F.21. Let the conditions of Theorem [5.5 hold. Then

S EIAE

1

> In*3(n n n? n?
< Cy- 10 (p) ||77*||%{1+§+]—)+?+(n—l—p%—?)A%E+(np+n2)A‘}E+n2pA%}.

min
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Proof. Recall Lemma [F.15 Lemma [F.18] Lemma [F.19] and Lemma [F.20}

* |2
E[A; | €] < Cs-r° In"*(np) - H/ZOHQ

-{1+B+ﬁ+n—z+(n+p+n—2)A%—I—(np+n2)A%+n2pA%};
n.p p p
E[A; | €] < CA®(/Clpt O+ @ + AP (Ky + K)' (s + K + Ko)* 7' - 1n'(np) - ”pns H

2
1

2
(1—I—%+%+nA%+n2A‘}E) ;
- _ _ _ In®
E [Ag ‘ 5} < CANKy+ K (k4 K + K2 0P 2 <1 + % + mg) .

min

Ay dominates Az. Comparing A; to Ay, it is sufficient to bound ||n*||2 < [|7*||:. O

F.5.4 Collecting results
Proposition F.7 (TEST ERROR). Let the conditions of Theorem[5.5 hold. Then

E[ A™" — A" |15 1{€}]
5 In'3(np . p n n? n?
< Cg'% -In ||§{1+ —l—;—l—;—i— (n—l—p%—?) A%—i—(np—knﬂA%—i—n%A%}.

min n

Proof. By Lemma [F.15|

B[ A7) — A7 |3 1{E} = B A™") — 4™ BIEIP(E)
< E[J AT — A" 1

Finally appeal to Lemma [F.21] O
Remark F.19 (Dictionary). The generalization of Proposition is

E[Jb(A™ ) - (A" 3 1{E)
! 51 13 2 2
<oy TR0 {ue 2o D ok (e ) (AR + () A+ ()

min

where

Cy=C- - AMC)+/Cl,+C! +a+ A (K, + K)*(k+ K + K,)°.
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F.6 Generalization error

F.6.1 Decomposition

Lemma F.22. Deterministically,
o — axll} < 227" ot i — A3+ 2 A — e
Moreover
127 o=ty — AT |5 < 2] 27T pH i — ATTR|S 4 2] AT — AT,
Proof. See Lemma [E.2§]

We analyze each term separately.

1. Approximation error ||A™" n* — ag||3 = ||¢™7|3.
2. Test error ||A™"H) — A" y*||2,
3. Tmplicit cleaning error || Z™7% p~1 7 — A™7|12.
Remark F.20 (Dictionary). The generalization with a dictionary considers

1. Approzimation error |[b(A™)n* — aw||3 = [|¢T™7|3.
2. Test error ||b(ATEST)17 — (A" )n*||3.
3. Implicit cleaning error ||b(Z™* p~1)i — b(A™")7|2.
F.6.2 Implicit cleaning
Lemma F.23. Suppose Assumptions and [5.8 hold and let k = r. Then

HZTEST ﬁ_l 77 o ATESTﬁH%

< Ozt pmt A2 {Ilﬁ — 0[5+ VL (V)T — V/(V/)T||2||n*||3} :

Proof. See Lemma [E.29]
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Remark F.21 (Dictionary). The generalization of Lemma 18

[B(Z7" 5y — bA™)i 2

< 2™ ) — ATy — 3 + [V (V)T = VIV R 1)
using the SVDs in Remark[E.]

Proof. See Remark [E.24] O

Proposition F.8 (Implicit cleaning). Let the conditions of Theorem[5.5 hold. Then

E[|Z™" p~' ) — A5 1{E})]

r®In3(n n n? n?
é%-#-lln*ll?{l+§+5+ﬁ+ (n+p+;) A%+(np+n2)A%+n2pA%}.

min

Proof. To begin, write
B[ 27" i — A3 1{E)] = B[ 27 ot — A|BIE)(E)
<E[|Z p - AE)
By Lemma [F.23] it is sufficient to analyze
|7 p — A= Y — B4 VYT = VIV

under the beneficial event £. By Lemma , the bound on the former term dominates the

bound on the latter term. Therefore we analyze
HZTEST i)fl _A(LR),TESTHQ . ||7¢, _ 77*Hg
By Lemma [F.15]

3
|27 p AT - F < A SO A,

m=1
so we can use the bound previously used for analyzing TEST ERROR||A™"7 — A™7y*||2,
This loose bound is sufficient for our purposes, since the TEST ERROR term will ultimately

give this rate. In summary,

3
E[|Z™" p~' ) — A™T[5E] < O ) E[An[€].

m=1

Finally, we appeal to Lemma [F.21] O
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Remark F.22 (Dictionary). The generalization of Pr’opositz'on 18

E[llb(Z™" p~ 1)) — b(A™")il|3 1{E}]
() In** (np)

(Prmin)*°

2 2

! * n n n
<ay. I 2o 2 o (o ) (0 G )0 ()

F.6.3 Bounded estimator moments

For the adverse case, we place a weak technical condition on how the estimator moments scale.
We state the technical condition then demonstrate that it is implied by the interpretable

condition given in the main text.

Assumption F.2 (Bounded estimator moments).

2
1 R . > In*3(n .
E {ﬁ Z O‘(Wz‘,~)2} < polynomial(n, p) - Cs - # 12
1ETEST min

where Cy = CAY¥(\/C! +C" +a+ A (K, + K)*(k + K + K,)".

Recall from Appendix @ that the powers of (n,p) are arbitrary in the probability of the
adverse event; P(€°) < poly#ial(n,p) for any polynomial of (n,p). Therefore the moments
of our estimator &(W;.) can scale as any arbitrary polynomial of n and p, denoted by
polynomial(n, p). We are simply ruling out some extremely adversarial cases. Assump-

tion is essentially requiring that 7 is well conditioned. Indeed, we are able to satisfy the

assumption under a simple condition on the smallest singular value used in PCR.

Proposition F.9 (Verifying bounded estimator moment). Suppose Assumptions
and|F.1| hold. Further suppose 35, > ————————. Then Assumption F.4 holds.

polynomial(m,p)

Remark F.23 (Dictionary). If Assumption holds then Assumption becomes

2
1 . ) )5 In' (np .
R {5 > a<m,.>2} < potyomial(n,p) - €5 - 0|
1ETEST min

Proposition [F.9 generalizes accordingly: if Assumption holds then the generalization of
Assumption [F~.F holds.

We prove Proposition via a sequence of lemmas.
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Lemma F.24. Suppose Assumptions and[5.4 hold. Then
E [ A™ 5] < € AKS i (np)n',
Proof. We suppress the supersript to lighten notation. Write
142,00 = max 14412 < max 12505 2 = 12 (D) |2.00-
Finally appeal to Lemma [E.30]
Lemma F.25. Deterministically, | M||3 < 2| M]|[3 ...

Proof. Recall [M];; = 1h;; and M; = %Eie[n] m;j. Hence

2
~ ~ 1 . 1 . D . Dy
NG =D A7 =D (52 s | <D | 52 md | < pmax ) oy = DI

J€lp] j€lp] i€[n] j€lp] i€[n] i€[n]

Lemma F.26. Suppose Assumptions and [F1] hold. Then
IM)5 0 < C - A2 (CR)*(A™™)3 o + 1)
Proof. We suppress the superscript to lighten notation. Write
IM5 o < 2| M — MIJ3 . + 2] M5 .
Focusing on the former term, by Assumption
M — M|, <CpllA—- A3

Moreover,

1A — Al e < 20 Al} 0 + 20 Al o0 < 20 AJ5 + 2047

In summary,

IM — M| < C-CL A (Al +n).

Focusing on the latter term,

IM[3 0 < n(Cr)*.

Therefore
M]3, < C-CLA(|A]l3 o +n) + C(Cl)*n.

169



Lemma F.27. Suppose Assumptions and[F 1) hold, and 8 > s. Then

118 T16/ 1 \A/ 11 \8 -8 1.8 n'op®
E[I7]5] < C - AY(C;) (C)° K - n®(np) - 6

Proof. We suppress the superscript to lighten notation. Recall that 1 = Vkﬁffff(n]\}[ )7,

hence
1911: < v/plinll2
< VBIV kllopl| 27 2 lop [V E llop | (M) 2
= V/nd (| M 2.

Therefore by Lemmas [F.25| and [F.26]

Ial1} < p*n®s%|| M]3

4 p4 .
< p'nfs16. EIIMH%OO

4
<pintsT0 B O ANCL) (CL (AL o + 1)

n4
=C - BN ' s (A5 + 1Y)
and hence
E[Il5] < C - A%Cy ) Co)n'p's B || All5 .. | +n'}.
Finally by Lemma [F.24]
E[IA3.] <0 AKE - 1 (np)n?
which dominates n?. O

Lemma F.28. Suppose the conditions of Lemma[F.27 hold. Then

n72

VE[IZ™7 7 ills] < € A°CL,(CL) K - n' (np)

st

Proof. By Cauchy-Schwarz and Lemmas [E.30] and [F.27], write

VENIZ™ o4 alld] < E 127 b I ll4]

< VETIZ™ o 5] E Al

4,2
<C-A*K?. ln2(np)n3 - AYC! (CIKE an(np) Lz f
S
7,2
=(C-AC! (CF) K2 1n4(np)—n f :
S
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Proof of Proposition[F.9. To begin, observe that

E {% > @(m.)?} - |E %{2 a(; } ENZ™ il

1ETEST 1ETEST

By Lemma

n_l\/ “|ZTEST ~A—1 A“ ] 9
16 27,4 1.4 n
<C-ACL(CL) K, - In (np)]@

n4p5
< C A (ChPKE ' (np)
P (np)
<Oy ——— - I3

min
where the penultimate inequality holds since s > \/? implies p3s* > n? and the ultimate

.J;

inequality confirms Assumption [F.2] More generally,

VEIZ™ o7 ]

polynomial(n, p)

1
s* - polynomial(n, p)

<O A0 (CIPED ' (np)
<C- A6C;n(C;;)2K§ . ln4(np)

r5n'? np .
<oy I lP) s

min

1

as long as S Z m.

F.6.4 Main result
Proof of Theorem[5.3. We proceed in steps analogous to the proof of Theorem

1. Decomposition

By Lemma |F.22]
l& — ewoll3 < 2[1 27" p~1 i) — A™ |13 + 2|5
Hence

Ella — e} < 2B |27 7 i — A3 1{E)
+9E |:”ZTEST ~A—1 A ATESTT]*“2 1{5‘3}}
+ 2[5
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2. Beneficial case
By Propositions [F.7] and [F~§]
|:||ZTEST ~—1 /\ ATEST/',]*||2 ]]_{g}]
< 2]E |:HZTEST "—1 14.TEST/’7H2 1{8}] +2E |:”ATEST/\ 14.TEST/’7>(<”2 1{8}:|

5 1In'(n non n?
SC’g-#'Hn*Hi{l—kg—l—]—)—l—ﬁ—k (n—i—p—f-?) A%E+(np+n2)A‘}E+n2pA%}.

3. Adverse case
Write
|:HZTEST b_l ~ ATESTn*HQ I[{EC}:|

< 2E (|12 p7 Al 1{EY| + 2 [l A" 1{E7Y]

Focusing on the latter term,
LA™ [)3 <A™ elln’ ] < nA?|ln*|3
hence by Lemma
TEST, *||2 e A2 2 c 2”77 ”1

E |47 B LEY] < n A P(EY) < O 35

which is clearly dominated by the bound on the beneficial case.

Focusing on the former term, Cauchy-Schwarz inequality and Lemma give

B[z o7 a3 1{€Y] < (127" o7 all4) B [1{€]

C A
< s JE[IZ7 p ]

= p

which is dominated by the bound on the beneficial case if

~L|4]

r®In*3(n n n? n?
SCg-#-Hn*H%{lengl—)JrﬁJr (n+p+;) A%E+(np+n2)Ale+n2pA6E}.

min

In the proof of Proposition [F.9] we have precisely shown

VENZ 0] )

3" T 10 ||77 H1
min

n4p5
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O

Proof of Corollary[5.2. Identical to the proof of Theorem [5.3] appealing to the previous

remarks for the appropriate generalizations (C%, pl..)- O

G Data cleaning-adjusted confidence intervals

The outline of this appendix is as follows
1. exposit general semiparametric estimands
2. exposit general nonparametric estimands
3. establish Neyman orthogonality
4. prove Gaussian approximation for the causal parameter
5. prove consistency for the asymptotic variance

6. prove validity for the confidence interval

G.1 From balancing weight to Riesz representer

We consider the goal of estimation and inference of some causal parameter 6y € R which is
a scalar summary of the regression vy, e.g. a treatment effect, policy effect, or elasticity.

We consider a class of causal parameters of the form
9—1i9 0; = E[m(Wi.. 70)|
0 — n - 1) [ m 1,-770

in an i.n.i.d. data generating process with some structure. There are two aspects of this
structure that we emphasize: (i) mean square continuity and (ii) marginal distribution shift.
In particular, we generalize Assumptions and from the ATE example to the general

case. In doing so, we also generalize the balancing weight to a Riesz representer.
Assumption G.1 (Linearity and mean square continuity). Assume

1. The functional v — Elm(W;_.,v)] is linear.
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2. There exists Q < oo and q € (0,1] such that Vy € T,

E[m(Wi.,7)* < Q - {E[y(W;,)’]}".
These restrictions generalize the usual bounded propensity score assumptions. For
example, for ATE we impose that the propensity score is bounded away from zero and one;
Assumption [5.10] in the main text is a special case of Assumption [G.I] A consequence of

Assumption is the existence of the balancing weight.

Proposition G.1 (Riesz representation (Chernozhukov et all 2022b))). Suppose Assump-
tion [G.1] holds. Further suppose the restriction vy € I' that could be imposed in estimation.
Then there ezists a Riesz representer ag € Lo(W) such that ¥y € T’

E[m(Wi.,7)] = Elao(Wi,.)y(Wi,)].

N ’

There exists a unique minimal Riesz representer ag € T that satisfies this equation. Moreover,

denoting by M the operator norm of v — E[m(W;.,v)], we have that

N

{Elog™(W;,)%} = M < Q* < co.

The balancing weight in the main text is a special case of a Riesz representer. Hereafter,
we refer to the Riesz representer as a balancing weight nonetheless, since our estimator &
achieves balance across examples; see Proposition [F.2] which generalizes Proposition [4.3]
To lighten notation, we will typically consider the case where I' = Ly(W) and o™ = «y.
When we consider the more general case, as in Example [A.4] we will use the richer notation.

In general, (70, ap) could vary for each observation. We impose that these functions
do not vary across observations. Such restrictions generalize the usual distribution shift
assumptions. For example, for ATE we impose that the marginal distribution of covariates
may shift across observations, but the outcome and treatment mechanisms, encoded by the

regression function and propensity score, do not vary; Assumption [5.9in the main text is a

special case of Assumption [G.2], which we now state.
Assumption G.2 (Marginal distribution shift). Assume

1. The regression 7y does not vary across observations: Elyo(W; )o(W;.)] = E[Y;o(W;.)]
Jor all v € Loy(W) and i € [n].
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2. The Riesz representer o does not vary across observations: E[ag(W; Ju(W;.)] =

E[m(W;.,u)] for all uw € Ly(W) and i € [n].

While Assumptions and may appear abstract, we verify that they hold under

simple and interpretable conditions for the leading examples.

Proposition G.2 (Verifying Assumptions and |G.2). The following conditions verify
mean square continuity and marginal distribution shift for the leading examples. Recall that

oo < @, while (Q,q) are defined in Assumption [G-1]

1. In Example[A]],

Wi.) = - ) X Hi.m.) = ED;| X, Hy ., m;.].
ao(Ws,) Go(Xi., Hyymi) 1 —o( X, Hi i) Pol X, B, i) Dil X Hig s

Suppose the propensity score is bounded away from zero and one, i.e. 0 < ¢ <
¢o( X, Hi., ¢i.) < ¢ < 1. Then
1 1

Lot 520 2
a=3ti=g 9=3ti=g

q=1

for T' = Loy(W). We impose that the outcome regression and treatment propensity

score do not vary across observations.

2. In Example

O./()(VVZ'.) ==

— Xi.,Hi., . :EUzXzszy G-
’ Go(Xi, Hiymi) 11— ¢o( X, Hyomi)’ Pol X, o i) Uil Xe. i

for the functionals in the numerator and denominator. Suppose the propensity score

is bounded away from zero and one, i.e. 0 < ¢ < ¢o( X, Hy.,m;.) < ¢ < 1. Then

Lot 522
a=st1i=g 9Tsti=g

q=1

for the functionals in the numerator and denominator when I' = Lo(W). We im-
pose that the outcome regression and instrument propensity score do not vary across

observations.

3. In Ezample[A.5,

t XZ‘.,Hi.,ﬂ-i,-
W) = 6l Hoeomi) = L (X By ) = Do)

)
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Suppose the density ratio w(X,;., H;.,m;.) is bounded above, i.e. w(X;., H;.,m.) <
w < oo. Then

a=w+1, Q=20+2, ¢=1
for T'=1Lo(W). We impose that the outcome regression and covariate density ratio do

not vary across observations.

. In Example A,
Oéo(WZ' ) = —Vd In f(Dz | X@., HZ'7.,7T7;,,>.

Suppose the density derivative is bounded above, i.e. —Vyln f(D; | X;., H;.,m;.) <
f < o0o. Then

a=f Q=fG+7) @=1/2
for ' that consists of functions v that are twice continuously differentiable in the first
argument and that satisfy a Sobolev type condition: E[{Vyy(D;, X;., H;.,m:.)}?] <
7? < oo and E[{03y(Dy, X;., H;.,m:.)}?] < (¥)* < co. We impose that the outcome

regression and conditional density of goods do not vary across observations.

. In Ezxample [,

D; — ¢o( X, H; ., m;.)
o W/L — gl 9 ) ) ,
oWe) = gD, 60X, By )V

Suppose treatment has non-degenerate conditional variance, i.e. E[{D;—¢o(X; ., H;.,m;.)}?] >

Qbo(Xi’., Hi,-; 7'('2'7.) = E[DZ|X,L’7 Hi,-7 7Ti,-]~

¢, and the weights are bounded above and below, i.e. |{;] < (. Then

204 - ArPA?

= ==
¢ ¢

a= q=1

for T'=1Ly(W). We impose that the outcome regression and treatment regression do

not vary across observations.

. In Ezample[A.4,

Ui — ¢o(X;., H.,m;)
o WZ _ Ez ) ) ) ,
o) = SR = go(X, . By m )}

for the functionals in the numerator and denominator. Suppose treatment has non-

¢0(Xz‘,~7 Hi,~7 7Tz) = E[Ui|Xi,-a Hi,-, 7Tz]

degenerate conditional variance, i.e. E{D; — ¢o(X;., H;,.,m;.)}?] > ¢, and the weights

are bounded above and below, i.e. |;| < ¢. Then
20A - APPA?
o= R Q = 2

¢ ¢

g=1.
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for the functionals in the numerator and denominator when I' = Loy(W). We impose

that the outcome regression and instrument regression do not vary across observations.

7. In Example[A.7],

D: 1—-D;
i) = (Vi : B Z
OKO(W’ ) h(V) {gbo(‘/i,Xi’., Hi,ﬁﬂ-i,') 1 - QS(](‘/;'; Xi"’ Hi7'7 ﬂi7') }

Suppose the propensity score ¢o(Vi, Xi., H;.,m;.) is bounded away from zero and one,
ie. 0< ¢ < go(Vi, Xy, Hy i) < ¢ < 1 and other reqularity conditions hold given in
Lemma [G 1l below. Then

1/1 1 1/2 2 -
o3(3ris) @som(Fris) i

when I' = Lo(W). We impose that the outcome regression and treatment propensity

>
IA

score do not vary across observations.

Proof of Proposition|[G.J. We verify the result for each example. To lighten notation, we

suppress the arguments (H, ).

1. Example [A]] To characterize the Riesz representer, write

E[m(Wi.,y)] = E[y(1, Xi.) — 7(0, X;,)]

D; 1—D;
=E - v(Di, X.. —(D;, X,
aox) P ) — Ty 1P X
so ap(Dy, Xi.) = ¢O£é 5 - 1_;;85 5 and a@ = é + 1 ¢ To characterize mean square

continuity, write
E[m(Wi.,7)?] = E{v(1, Xi.) —v(0, X;,)}*] < 2E[y(1, X;.)*] + 2E[y(0, X;,.)?].

Focusing on the former term

D, 1
E X;)? v(D;, X;, —E [v(D;, X;.)?*].
P X, ) = B | 551D X | < ZE (00X, )
where 0 < ¢ < ¢o(X;,.) < ¢ < 1 by hypothesis. Likewise
E[(0, [ (Di, X;.) } ﬁl@ [1(D:, X307
Hence Q = % + 1%(% =
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2. Example[A.2is similar to Example [A

3. Example[A.3] To characterize the Riesz representer, write

LX)}
=BT

so ap(X;.) = w(X;.) —1 and @ = w+ 1. To characterize mean square continuity, write

E[m(W;.,v)] = E[y{t(Xi.)} — v(X; ey (XG) = (X

E[m(Wi.,7)*] = E(0{t(Xi.)} = 9(X;,)]*) < 2E[y{#(X;.)}] + 2E[7(X;.)?).

Focusing on the former term

ey - e | L0, } (X,

where w(X;.) < @ < oo by hypothesis. Hence Q = 20 + 2 and g = 1.

4. Example [A.4 To characterize the Riesz representer, integrate by parts:

E [Vay(Ds, Xi.)] = E [_vo(Di’Xi")%l

vdf(Di|Xi,~):|
f(DilXi,.)

= [—Vo(DZ,XL)Vd In f(Dz ’ Xz,)]

_ {_wpi,xi,)

s0 ap(d,z) = —VgIn f(d | ) and & = f. See Chernozhukov et al.| (2021, Lemmas S3

and S4) for mean square continuity.

5. Example . Ignore ¢; for simplicity. To characterize the Riesz representer, let
P = — ¢o(X;.) be the regression residual of D;. Then appealing to partial

linearity of 79 and exogeneity
cov(Y;, €) = cov(DO;, €?)0; = cov(e?, €P)b;.

Therefore

_ cov(Y;, €P) _ E[Yi{D; — ¢o(X;.)}]
) E{D; — ¢o(X;,.)}?

so ao(Dy, X)) = % and @ = 24 To characterize mean square continuity,
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we use partial linearity to write

E[m(W;.,7)*] = m(Wi.,~)?
= 0?
= [E{0(D;, Xi.)owo(D;, X;.)}]?
< E[{~o(D;, Xi.)ao(D;, Xi.)}]

< &’E[{70(Ds, X;.)}]-
Hence Q = @% and g = 1.

6. Example is similar to Example [A.5]

7. Example is similar to Example . See (Chernozhukov et al.| (2021, Theorem 2)

for the characterization of (ay, Q) with localization.

G.2 From semiparametrics to nonparametrics

A local functional g™ € R is a scalar that takes the form

im : 1 .
0" = lim 05, 0o = - > 0r 0F =E[mn(Wi., )] = B[l (Wi)m(Wi.., )]

i=1

where £, is a Nadaraya Watson weighting with bandwidth h and Wj; is a scalar component
of Wj.. 8™ is a nonparametric quantity. However, it can be approximated by the sequence
{61}, By this logic, finite sample semiparametric theory for 8% translates to finite sample

nonparametric theory for 6™ up to some approximation error, which we now define.

Definition G.1 (Nonparametric approximation error). The error from approzimating the
nonparametric quantity 0™ with a sequence of semiparametric quantities {08} is A, =

/261 |gh — glim|.

Each 62 can be analyzed like 6, above as long as we keep track of how certain quantities
depend on h, which we preview in Example of Proposition [G.2 We now formalize how

these key quantities behave.
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Lemma G.1 (Characterization of key quantities; Theorem 2 of (Chernozhukov et al.
(2021)). If response noise has finite variance then 6 < oo. Suppose bounded moment and

heteroscedasticity conditions hold. Then for global functionals
flo<oxM<oo, &xSM?*<Q<o0, a<oo.

Suppose bounded moment, heteroscedasticity, density, and derivative conditions hold. Then

for local functionals
&nfon ShY0 o< My <h™'2 & ShP o ShYY e ShT QuSh?
and A, < n'2RVT2 where v is the order of differentiability of the kernel K .

Equipped with this lemma, we prove validity of the data cleaning-adjusted confidence

interval for nonparametric quantities.

Corollary G.1 (Confidence interval coverage). Suppose the conditions of C’omllary
and Lemma[G.1. Update the rate conditions to be

1. Bandwidth regularity: n="?h=3/2 = 0 and A, — 0;

2. Error-in-variable regression rate: (h™' + &) {R(%)}¥? — 0;
3. Error-in-variable balancing weight rate: Gh™{R(&)}/? — 0;
4. Product of rates is fast: h"'/*{nR(5)R(&)}¥/? — 0.

Then the conclusions of C’omllary hold, replacing (é, o) with (éh, oim).

G.3 Neyman orthogonality

To lighten notation, we suppress indexing by ¢ where possible. Recall

¢i - 1/)(‘/‘/@-, ‘gia Yo, aO)u w(w7 Q? v Oé) = m<w7 ’Y) + a(w>{y - /}/(w)} - 97

where 7 — m(w, ) is linear. We take as given that (7o, ap) exist, though the latter is

implied by Assumption [G.1]
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Definition G.2 (Gateaux derivative). Let u(w),v(w) be functions and let 7,¢ in R be
scalars. The Gateaux derivative of (w, 0,7, «) with respect to its argument 7 in the

direction u 1is
0
{877,0(111, 97 v, O[)}(U) = EZD(wv ‘97 Y + TU, O./)
7=0

The cross derivative of ¥(w,0,v,a) with respect to its arguments (v, «) in the directions

(u,v) is
2

(88 w07 )} 1 0) = 5w, 6.7+ T+ G0

Lemma G.2 (Calculation of derivatives; Proposition S1 of |(Chernozhukov et al. (2021))).

7=0,{=0

{@Wwv 97 e a)}(u) = m(w7 u) - a(w)u(w);
{0at0(w, 0,7, ) }(v) = v(w){y —v(w)};
{02 o(w, 0,7, ) }(u, v)

—v(w)u(w).
Lemma G.3 (Neyman orthogonality). Suppose Assumption|[G.3 holds. For any (u,v),
E[0,¢i](u) =0,  E[0ati](v) = 0.
Proof. By Lemma [G.2] and Assumption [G.2]
E[0,¢i](u) = E[m(W;., u) — ag(W;.)u(W;,)] = 0.

Likewise

El9ati](v) = E[p(Wi ){Yi — %(Wi.)}] = 0.

G.4 Gaussian approximation

Train (44, &y) on observations in Ij, which serves as TRAIN. Let m = |I;| = n/L be the
number of observations in I, which serves as TEST. Denote by E,[:] the average over
observations in [,. This generalized notation allows us to reverse the roles of TRAIN and
TEST, and to allow for more than two folds.
Definition G.3 (Foldwise target and oracle).

Or = Eu[m(Wi, e) + ae(Wi ) {Ys = 3e(W3.)};

00 = Eofm(Wi., 7o) + ao(Wi ) {Y: — (Wi}

K
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Lemma G.4 (Taylor expansion). Let u =4, — y9 and v = &y — ag. Then m1/2(ég —0,) =

3
> j=1 Aje where

Ay = m1/2Ee{m(Wi,-, u) — ao(Wi )u(Wi.) };

Aoy = mEyo(Wi ){Y; — % (Wi };

1
Agp = §m1/2E€{—u(Wi7.)v(Wi,~)}-

Proof of Lemma[G.4 An exact Taylor expansion gives

A 1
w(m,v in e, (Ig) - 1/12 = {aﬁ/wl}<u) + {8Oé¢l}(v> + é{aigqvbl}(u) ’U).
Averaging over observations in Iy,

B — 0 = Balm(Wi ) + el )Y; — 3V )] — Balm(Wi 70) + a0} (i — 20(¥:.))]
=E v (Wi, 0,90, ae)} — Ee{thi}
1
= Ee{aﬂbz}(“) + Eﬁ{aawi}(v) + §E€{a'2y,awi}<u7 U)-
Finally appeal to Lemma [G.2] O

Lemma G.5 (Residuals). Suppose Assumption[G.1] holds and

E[€2‘Wl7] < 527 Ha0“oo < a.

7

Further suppose that for (i,7) € Iy,

Wi, ) ALAe(Wi )7, Go(Wi ) Aé (W )| 17

Then with probability 1 — ¢/ L,

1/2
A<= (%) @+ RGN

37\ /2 )
2l <= () s{Ria0)

Proof. We proceed in steps.

182



1. Markov inequality implies

&=

(AL
27
A2

B(|Au] > 1) < 22,
2

E(|A
P(|A3@’ S tg) < (|t 35')
3

~—

}P’(|Alg’ > tl) S

=

2. Law of iterated expectations implies

E(A@) = E{E(A%K | 17)};
E(A3) = E{E(A3, | I))};
E(|As]) = E{E(JAs| | I7)}.

3. Bounding conditional moments

Conditional on If, (u,v) are deterministic. Moreover, within fold Z,, W; . 1LW, .. In
particular, w(W;.)lLu(W;.)|I; where w(W;.) = 4(W;.) — vo(W;,.) since

)

VWi ) AW, 2o(Wi ) Lo (Wi, Ae(Wi ) Lo (W) 7.
Likewise v(W;.)Lo(W;.)|I; where v(W;.) = &u(W;.) — ao(W;,.) since

N N

v(Wi.) = ag(Wi.)—ao(Wi.),  au(Wi.)dLae(W; )1y ao(Wi.)dLao(W; )| L7, Ge(Ws.) oo (W;.) |17
fg]

Hence by Lemma

BIALITE = E [m— 3™ {m(W,,w) — ao(We Ju(W, )} (m(W;.. u) — 0o(W;, Ju(W;)}

(IS
(&
Q]

< 2E[E[m(W;., u)*)| 1] + 2E[Edl{ao(Wi, )u(W;,) )1 ]
< 2(Q + A {EE[u(W,, )] I{])7.

—E % > {m(Wi.,u) — ao (Wi )u(W;,)}

i€ly

= E [E[{m(W;,,u) — ao(W;, )u(W;,)}?|1f]
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In the last line we use Jensen’s inequality and ¢ € (0, 1] to argue that

E[E[m(Wi,., u)*]|If] = Eo[E[m(W;,., v)*| I{]]
< QE[{E[u(W:)*|f]}7]
< Q{EE[u(W:)* 11711}
= Q{E[E[u(W:)]| 1]}
We also use the fact that E[E,[u(W;.)?]|If] is vanishing and g € (0,1] to argue that
E[Ee[{oo(Wi )u(W:) FIIF] < G°E[E,[u(W;.)}]| 1]
< & {B[E [u(W;,)}| 7]}

Similarly by Lemma

E[AS|If] =E m—Z{U IY: = %W ) Ho(W; )Y — v0(W;,)]} ]eC]
=E —Z{U )Y — % (W;,)]}? Ig]

E [Ee[{v(Wi,)[Y; — %0 (Wi, )]}]| 1f]
< 0B [E[o(W:,)*]1 7]

Finally

El|Aul 5] = G VE(Ee —u(IV;, Ju(W, )} 1]

< %mE[EMWiMWi,)mm-
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4. Law of iterated expectations and Jensen’s inequality imply

1

5B [VIEEAu(W, o (W) [} 1]
1

= SVmEEA{[u(W; )o(W: )|}

1

< 5VmVR(3)VR(Gr).

E|Ag| <

To verify the last line, use the shorthand u; = u(W;.) and v; = v(W;.). Then

N )"

E[E{|u(Wi )o(Wi)[}] =

t7 3L’
5272(54@) €
P(|A ty) < ——F% = —:
(|Age| > t2) 2 3L
V2 0R (A2 LR (6) V12
]P)(|A3A > t3) < m { (’W)} { (af)} _ i
2 3L
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Therefore with probability 1 — €¢/L, the following inequalities hold

6L\ '/* _ ]
Al <n= (%) @+ @) RGN
1/2
Bl <= (%) olRG@

Badl < 15 = S2m ARG} PR (@)

Finally recall m = n/L.

Definition G.4 (Overall target and oracle). Let L be the number of folds. Define

m
Mh
m

Mh

=1 =1
Lemma G.6 (Oracle approximation). Suppose the conditions of Lemma hold as well
as Assumption [G.4 Then with probability 1 — €

R 3L ., - NG _ R . .
— 0= 0] <A =—[(@Q"* + a){R(1)}"* + 5{R(60)}'/* + {nR(70)R (&) }*] .
Proof. We confirm |Chernozhukov et al.| (2021, Proposition S6) generalizes to the new norm.

1. Decomposition.

By Lemma [G.4]

nl/2 1

L 3
- 1
1/2 12 2
n'?(0 - 0) = mmLE:m/ —0) =L > A

=1 j=1

2. Union bound.

Define the events
& ={Vj €{1,2,3}, \Ajg\ < tj}, E = ﬂleé’g, E¢ = ulesg.

Hence by the union bound and Lemma [G.5]

L
P(&E) SZ = €.



3. Collecting results.

Therefore with probability 1 — €,

3

nl216 - g < L2 1 ZZ|A]k|<Ll/2 ZZQ_LWZt

Zl]l (=1 j=1

Finally, we simplify (1, ts,?3) from Lemma . For a,b > 0, (a4 b)'/? < a'/? + /2,

Moreover, 3 > 62 > 3/2. Finally, for e < 1, ¢ ¥/2 < ¢!, In summary
/2 L2 )
n= (%) @+ RENT < @ + RGN

A /2
"o <3_> F(R(@)} < 25 (R(@)1

€

< L R GOR @}

]

Lemma G.7 (Berry Esseen Theorem for i.n.i.d. data; Shevtsova (2010)). Suppose B; are
i.n.i.d. random variables with E[B;] = 0, E[B?| = o2, E[B?] = &. Let 0* = E,[0?] and
& =E,[&}]. Then

1/2

P {n—En[Bi] < z} —®(z)

g

[NIE

sup
z€R

3
< BF (E) n~2, PP =0.5600.

o

Proof of Theorem[5.4 Fix z € R. First, we show that

/2 3
P{n—(Q—é’o) Sz}—cb(z) < cBF (§> rf?—i—ﬁ—l—e,

o o

where ®(z) is the standard Gaussian cumulative distribution function and A is defined in

Lemma

1. High probability bound.

By Lemma [G.6], w.p. 1 —,

Observe that

P{E(é—ﬁo)gz}:P{E(é—é’o)ngrE(@—é)} SIP{E(H_—HO)SZ—FA}—FG
g g g



2. Mean value theorem.

There exists some 2z’ such that

A
Dz +A)—P(z) =V, o) - A < —.
(4 8) - 0(:) = V.0(2) - A €
3. Berry Esseen theorem.
By Lemma [G.7]
/2 ¢ 3
sup |P {—(9 — ) < z} —®(2)| < PE (—) n-?
z g
taking
_ 1 1
0 — 0= — Z[m(Wiﬁo) + ag(Wi){Yi — % (Wi)}] — n Z E[m(Wi.., )]
i€[n] i€[n]
1
= Z [m(Wi, o) + ao(Wi){Yi — v (Ws)} — 04
i€[n]
1
== W
1€[n]

The choice of B; = 1; satisfies the conditions of Lemma [G.7] under Assumption [G.2]

Hence

o

P{f(é— 0o) < z} — B(2)

gP{E(G—Go)SzJFA}—cD(z)Jre

g

:]P’{%(H—@o)Sz—i—A}—CID(z+A)+<I)(z+A)—<I>(z)+e

3
) A
<o (8) e B ge
<c (U)n —i—\/%—ke

Next, we show that

1. High probability bound.

By Lemma [G.6, w.p. 1 —,



hence

Observe that

P{%(é—eo)gz—A}gP{

_p {
2. Mean value theorem.

There exists some 2z’ such that

P(z) —P(z—A) =V, 9(2)- A<
3. Berry Esseen theorem.

As argued above,

/2 3
sup P{—(Q—Qo) < z} —®(2)| < PE (%) n-2
Hence
@(Z)—P{";(é—eo)m}
<<I>(z)—IP’{%é(0—90)§z—A}+e
:CD(Z)—@(2—A)+@(2—A)—P{§(0—00)<Z—A}+€
A e (8
<=t (E) e

G.5 Variance estimation

Definition G.5 (Shorter notation). For i € I;, define

%’ = w(Wi,w eia Y0, aD)a

~

¢i = ¢(Wi7~7 é? ”j/fv df)
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Lemma G.8 (Foldwise second moment). Suppose Assumption holds. Then

Eo{ (s — s + 0 — 6;)*} < 4 {(é —00)% + ZAJ‘Z} ;

J=4

where

AM = ]Eg{Tn(VVif7 u)Q};
Ase = Eo[{ae(Wi Ju(Wi ) };
Aoe = Eelv(Wi,)*{Y; — 50(Wi,) ).

Proof. Write

Ui — i = m(Wi, 3e) + Ge(Wi){Y — %(Wi)} — 0
— [m(Wi,70) + ao(Wi){Y; — 70(W;)} — 0]
+ Ge{Y; — (W)}
= (0; = 0) + m(Wi, u) — & (W:)u(Wi) + v(Wi){Y; — 70(W;)}.

Hence

~ ~

Vi — i + 00 — 0; = (60 — 0) + m(W;,u) — &e(Wi)u(W;) + o(Wi){Yi — 70(Wi)}.
Therefore
(ths =i +00—0,)° < 4 | (0o — 0)” +m(Wi, u)? + {@e(Wi)u(Wi)}* + o(W,)*{Yi — Vo(Wi)P] :
Finally take E;[-] of both sides. O
Lemma G.9 (Residuals). Suppose Assumptz'on holds and
Ele}[Wi] < 0% laelle < &
Then with probability 1 — €' /(2L),
Au <ty = QRGN

6L R
Agp <t5 = ?(07/)273(%);

6L .
A6g S t6 = ?5'27?,(040.
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Proof. We proceed in steps analogous to Lemma [G.5]

1. Markov inequality implies

E([Aul).
t4 ’
E([Asel).
ts
E(|Asl)

P(|A6g’ > tﬁ) < —
te

P(|A4g| > t4) S

P(|A5g’ > t5)

IA

2. Law of iterated expectations implies

E(|Agl]) = E{E(JAyl [ I7)};
E(|Ase]) = E{E(|As| | I7)};
E(]Age|) = E{E(|As| | I7)}-

3. Bounding conditional moments

Note that
E[Ay|If] = EEAm(W;,, u)*}I7] < Q{E[E{u(W:.)*}HIF]}
where in the last expression we use Jensen’s inequality and ¢ € (0, 1] to argue that

E[E[m(Wi,, w)?||[{] = EeElm(W;., u)?|I{]]
< QE,[{E[u(W;)?|[[11}7]
< Q{E[E[u(W;)?|I]]}1
= Q{E[E[u(W:)*)|I]]}.
Similarly
E[Ase| 1] = E[E[{ (Wi )u(W; )Y |I7] < (&)’ E[E{u(W;, ) HIF].

Finally

E[Aw|If] = E[E[{o(W:,.)[Yi = 7(Wi )]} 1] < G°E[E{o(Wi,)*} I{].

)
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4. Law of iterated expectations and Jensen’s inequality imply

E[Ay] < E [Q{E[E{u(W;.)*}HI{}H]
< Q{E [E[EAu(W;,.)*}I{]] }
=Q{E [EE{U(WZ',~) }] 3

QR(30);
E [(@/)E[E{u(W;,)*}I]]
E [(@)Ee{u(W;,)*}]
= (a')*R(%0);
E[As] < E [0*E[E{v(W;,)*}HI{]]
=E [0°E{v(W;,)*}]
= 2R (dy).

E[A5]

IN

5. Collecting results gives

QR(%)? ¢
P(|A 1) < 225 .
(|Age| > t4) < t 6L
(@)°R(%) €
P(|A ) < ——— = —
<| 5£| > 5) — t5 6L7
2R (éy) €
P(|A ts) < = .
(|Age| > t6) < o 6L

Therefore with probability 1 — ¢'/(2L), the following inequalities hold:

6L -
|Ag| <ty = —QR(’Yz)q;

6L R
|Ag| <5 = o — (@) R(%);
6L
|Age| < tg = —‘272( 0).

]

Lemma G.10 (Oracle approximation). Suppose the conditions of Lemma as well as
Assumptz'on hold. Then with probability 1 — € /2

B {(ds — s + 00 — 0,)7) < A = 4(6 — 6)° + &

— {Q+(@)YR(30)T + °R(a)] -
Proof. We proceed in steps.
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1. Decomposition.

By Lemma [G.§|
L
En{(i — ¢ + 60 — 6,)°} = % D B (i — v+ 00 — 0,)°}
f:1 gL
S 4(0—00)2 + ZZZAJZ

2. Union bound.

Define the events
& ={Vj €{4,5,6}, |A;] <t;}, & =&, (£) =UL (&)

Hence by the union bound and Lemma [G.9]

~

€ €

PUENT S S P{ENT S L = 5
(=1

3. Collecting results.

Therefore with probability 1 — €' /2,

L 6
B { (i — ¥ + 00 — 0;)2} < 40 — 6;)* + % > > 1A

(=1 j=4
4 L 6
<A0-0,)+ =) >t
L (=1 j=4
6
=4(0-60;)> +4) ¢
j=4

Finally appeal to Lemma for (t4,ts5,t6).

O

Lemma G.11 (Markov inequality). Suppose E[t)}] = x} < oo. Then with probability
1—€/2

9 1/2 X2
) -sa-(5) X

193



Proof. Recall that

1 1
2 1 2 a_ 1 4
’ _n;JZ’ * nz—IXZ
Let
B; = %2, B = En[Bz]
Note that

BB = E[B]= > B =2 ol =0

=1 =1 =1
_ "L V(B . E[B? o Efyf i Xi X!
V[B] — Zl:l 2( ) S Z’L=1 [ Z] =1 [wz] _ Zz:l Xi _ X

n n? n? n? n

By Markov inequality
_ _ V[B !
P(|B — E[B]| > t) < ;]—%.

Solving, the final inequality implies

Proof of Theorem [5.5 We proceed in steps.

1. Decomposition of variance estimator.

Write
6 = E.(¢})
= En{ (s — 0 + 1)}
= En{(ths — 1:)*} + 2Bn{(ths — i)} + En(47).
Hence

52 —E,(v?) = B, {(¢h — )2} + 2B, { (¢ — )i}

2. Decomposition of difference.

Next write

6% — (0% + BI1AS) = {6 — E,(¥?) — B1as} + {E, (v7) — o*}

< {6” — E.(t?) - BIAs) + A"
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where the last line holds with probability 1 — ¢//2 by Lemma |G.11{ In what follows,
we focus on the former term. We solve for BIAS = BIAS; + BIAS, as a function of Ay,

using the decomposition
6% —E,(?) — BIAS = B, {(¢; — 1;)%} — BIAS; + 2B, {(¢; — 1;)1h;} — BIAS,.

3. BIAS;

Write

E.{(¢s — )%}
— B { (i — i + 60 — 0; + 6 — 65)°}

= Eo{ (i = ¥+ 00 = 0)°} + Ea{(0; — 00)} + 2Ea{ (4 — i + b0 — 0:)(0; — 60)}

< Bn{ (Wi — i + 00 — 6:)°} + En{ (6 — 60)°} + 2[Enf{ (¢ — ¥ + 6o — 6:)*}]"*[Enf{ (6: — 60)*}]"/>
< A+ Agur + 2(A)2AL2

ouT”*

where the last line holds with probability 1 — ¢//2 appealing to Lemma Taking

BIAS; = Agur, We have shown

En{(@z - %)2} — BIAS; < A’ + 2(A’)1/2A1/2

ouT*

4. BIASs

Next, write

E, { (i — i)}
< [Bald - 02)] " (B2}
< [Bat (e~ 02)] " {BuwD) — 0% 4 07}

< {A/+AOUT+2(A/)1/2A1/2 }1/2 . {A//—|-0'2}1/2

ouT

where the last line holds with probability 1 — ¢’ appealing to Lemmas |G.10| and |G.11]

as well as the analysis for BIAS;. In summary,

2]En{<1722 . waZ} S Q{A/ + AOUT + Q(A )1/2A1<J2 }1/2 {A” + 0_2}1/2

T

< 2{(ANY? 4 AL + 2 2(ANIALLY - {(A)Y + 0}
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Taking BIASy; = 2A(1){)2Ta, we have shown
2B, { (thi— i)t} —BIASy < 2(A)2{(A") 2o} +2AL2 (A") 24252 (A AAYE{(A") P40},

5. Collecting results
In summary, with probability 1 — ¢’

6% — (0% + BIAS)

< {6* - E,(¢?) — BIAS} + A

= B {(¢i — i)} — BIAS;, + 2B, { (¢ — )i} — BIASy + A

< A+ 2(A)PAYE
+2(ANY2{(A")2 4 o} + 2847 (A2 4+ 22 (A)AGL{(AM)Y + o}
+ A

= A+ A
+2(AN2{(ANY2 4o+ AYR

AL (A
+ 2VHAN AL (A2 + 0}
<A+ A
+3(A) AN + o+ AT
+ 3(A")P{AYE + (A)ANLY

ouT

+3(A) A

:A/ A”—{—3[(A/)1/2{(A”)1/2—{—U—l—Aé{JQT}—l—(A”)UQ{AUZ (A)1/4A1<J4}—|—(A/)1/4A1/4 ]

OUT T OUT

Combining terms yields the desired result.

G.6 Confidence interval

Proof of Corollary[5.5 Immediately from A in Theorem , 6% 6, and

limIP’(HOE [éi#})zl—a.

n—oo
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For the desired result, it is sufficient that 62 % o2 + BIAS, which follows from A’ and A” in

Theorem (.51 O

Proof of Corollary[G.1. By Lemma [G.I], write the regularity condition on moments as
By Lemma [G.1] write the regularity condition on moments as By Lemma [G.I] write the
regularity condition on moments as By Lemma [G.I], write the regularity condition on

moments as
{(FL/O')3 I CQ} n—1/2 < {(h71/6)3 n (h73/4)2} n-1/2 < R=3/2p-1/2
By Lemma [G.1] write the first learning rate condition as
(@ +a/0 +a) RO < (7 +h7 02 +a) RAN £ (7 +a) {RE)I
By (Chernozhukov et al.| (2021, Lemma S.9), write the second learning rate condition as
G{R(aM}? S ah ™ {R(a)}.

By Lemma and (Chernozhukov et al.| (2021, Lemma S.9), write the third learning rate

condition as

{nR(AR(&M}2 /o S AnRAR(@)} 20t W12 = h= V2 {nR(F)R (@)} /2.

H Nonlinear factor model

H.1 Notation and preliminaries

We lighten notation by denoting R, = R(%,) and R, = R(ay). Note that the distinction

between n and m = % is irrelevant in the context of (R,, R,) due to the absolute constant

2

C.

Lemma H.1 (Low rank approximation (Agarwal et al, 2021)). Suppose Assumption[5.1]]

holds for some fixzed H(q,S,Cyg). Then for any small § > 0, there exists A syuch that
r=rank(A") < C-679 Ap=||A— A" < Cy - 6°

where C' is allowed to depend on (g, 5).
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H.2 Main result

Proof of Corollary[5.4 From Lemma
r<C-079 Ap<C-6°.

The conditions Corollary imply (0,5, &, &, Q) are irrelevant, so we wish to verify the
following simplified rate conditions from Corollary [5.3}

Ry—0, Ro—0, nR R — 0.

Furthermore, under the conditions of Corollary , the relevant terms in (R, R,) simplify.

For R, the relevant terms from Theorem [5.2] are

L p 1 P
ngcr3{5+ﬁ+5+<1+5)A%E+pA‘%E}.

For R, the relevant terms from Theorem are

11
Ra§0r5{—+—+ b

n P n 2 4 6
—+ = 1+=+—-]A n A npAyg ¢ .
2t o n2+p2+( +n+p) »+ (n+p)AL +np E}

There are two cases.
1. n > p. In particular, n = p* with v > 1. Then
3 (1 2 4 3q (1 25 48
R, <Cr | =+ Ay +pAy ) <CO™ | =+ 07 +po .
D p

The three terms are equalized with 2% = p~!. Hence

R, < coml _opnl _ oy
p p
Similarly
Ra < COr° <1% + gA%E + nA% + npA%) <06 ™ (]% + %523 + no*S + np565> :
The four terms are equalized with 2% = p~!. Hence
Ra < 05_56122 = C’p%ﬁ2 = C’p%_Qn.
p p

To satisty R, < R, — 0, it is sufficient that

5q 5) 2
p2s Y 5 0 = %—2+v<0 — %<5(2—v).
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To satisty /nR R, — 0, it is sufficient that

1 3¢ 5
n2pis

1
2p4

S

2q_3 2(] 3 q 1/3
= — 0 — — = 0 =< =|=- .
nps 2 <~ g 2—i—v< <:>S<2(2 v)

193]
NG

In summary, a sufficient generalized factor model is one in which

2 1/3 3
92— ° <2,
52-v)A 2(2 U)’ v=3

2. n < p. In particular, p = n" with v > 1. Then

com

R, < Cr? (ﬁ v Paz pAg) < C§ (£ 4 Pgrs p545> .
n®> n n> n
The three terms are equalized with 6> = n~!. Hence
R, < 05—34% - cnﬁ% — Cn3t2p.
Similarly

R, < Crd <n pA%E + pA% +npA6E> < Co (n 525 +p54s+np56s>

The four terms are equalized with 6*° = n~!. Hence

Ro<Cs55 L —opt L C’n%_Qp.
¢ = n? n?
To satisfy R, < R, — 0, it is sufficient that
nIE T ) = ﬂ—2+U<0 — L 2(2—11)
25 S 5 '

To satisty /nR, R, — 0, it is sufficient that

1 1 1 29_3 2qg 3 q 1/3
n2nis” pInisT p2 =n’s 2p—>0<:>———+v<0<:>—<§ ——v].

S 2 S 2

In summary, a sufficient generalized factor model is one in which

q 2 1/3 3
5 <52-UN3 (2 U)’ V=

Note that the latter condition binds for 1 < v < % In conclusion, a sufficient generalized

(\V]

factor model is one in which n = p¥ or p = n" and

1<v<

l\.'JIOJ

<3U
4 2’

W<

199



H.3 Nonlinearity

Remark H.1 (Dictionary). Under the conditions of C’orollary the relevant terms in
(R+,Ra) are as before, instead using (r', Aly). To lighten notation, define ¢ = dax - q-
Then

< C- pmax <C- §~9dmax — (v . 59
and

Al < CA™> . d A < C-Ap < C-6°

Therefore the proof of Corollary[5.4 remains the same, updating q as ¢ = dyax * -

I Simulation and application

I.1 Simulation design

Consider the following simulation design adapted from Agarwal et al.| (2020a); [Singh et al.
(2020), with fixed (n,p,r). We focus on average treatment effect with corrupted covariates
(Example. A single observation consists of the triple (Y;, D;, Z; .) for outcome, treatment,
and corrupted covariates where Y € R, D; € {0,1}, and Z;. € RP. A single observation is
generated is as follows.

First, we generate signal from a factor model. Sample U ~ N(0,1,,) and V ~
N(0,1,.,). Then set X = UV™. By construction,

E[X;] =E Z UisVsj | = ZE [Uis] E[Vy5] = 0;
Ls=1 | s=1

VXl =V Z UisVsj | = ZV [Uis] V[Vs] =1
s=1 i s=1

Draw response noise as &; s N(0,1). Define the vector € RP by 3; = j72. Then set

D; ~ Bernoulli{A(O.25XT5)}

where A(t) = (0.95 — 0.05) li’;?(g()t) + 0.05 is the truncated logistic function. The average

treatment effect 6y = 2.2 by construction.
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Rather than observing the signal covariate X;., we observe the corrupted covariate

Zi.=[Xi. +H;.]Om..

H;: i Fyy is drawn 1.i.d. with mean zero and variance Jfg. m;; is 1 with probability p and NA
with probability 1 — p. We consider different choices of the measurement error distribution
Fy to corresponding to classical measurement error, discretization, and differential privacy.
In summary, the three data corruption parameters are (Fy,op, p). The remaining design
parameters are (n, p,r) corresponding to the sample size, dimension of covariates, and rank
of the signal.

For classical measurement error, Fy = N(0,0%). For discretization, we generate

Z;j = sign(X;;) - Poisson(|X;;|) and implicitly define Fiy by H;; = Z;; — X;;. Note that
E[Zij| Xij] = sign(Xi;)E[Poisson(| Xi;|)| Xi;] = sign(Xi;)| Xij| = Xij

as desired. Below, we show that o7, = V[H;;] = 1.7 in this construction. In other words, we
consider discretization with about a third as much variance as the signal. For differential

privacy, Fg = Laplace(0, 07%)

Proposition I.1 (Discretization noise-to-signal ratio). Given some random variable X,
define P = Poisson(|X|). Suppose Z = sign(X) - P. Define H =7 — X. Then E[H] =0
and VIH| = E[| X]|].

Proof. To begin, write
E[Z|X] = sign(X) - E[P|X]| = sign(X) - | X| = X.
By the law of total variance
V[H] = E[V[H|X]] + V[E[H|X]].

Focusing on the latter term

E[H|X]|=E[Z - X|X]=E[Z|X]- X =0.
Focusing on the former term

V[H|X] = V[Z|X] = E[2*|X] - {E[Z|X]}*.
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Moreover

E[Z?|X] = E[P?|X] = V[P|X] + {E[P|X]}* = | X| + X°.

In summary

VIH|X] = |X] + X* - X* = |x],

and hence

V[H] = E[| X]] + V][0].

I[.2 Formalizing privacy

Proof of Proposition[0.1]. Fix the commuting zone i € [n]. We refer to the construction of

the summary statistic
L

K3

- 1
Xij = [;(MY) = —

(i)
Li My

=1
as the j-th query f; about M @ where j € [p]. To ensure privacy level ¢; for query f;, a

possible mechanism is, according to |Dwork et al. (2006, Proposition 3.3)

Zij =Xy + Hy, Xy =f;(MY),  Hy; "~ Laplace(S(f;)/¢;)-
S(f;) is a quantity called the sensitivity of the query, to which we return below. If no
individual appears in two commuting zones, the Bureau can achieve privacy level € while
publishing all j € [p] variables for this commuting zone by setting ¢; = €/p.
We wish to characterize the resulting sub-exponential parameters. They are, by inde-

pendence of the Laplacians,
Ko = ||Hi|ly, = fjféa[prHinzpa = mﬁxﬁ's(fj)/Gj =2/ -pmax S(f;);
K2 = HE[H?Hl]HOp = max V(H;;) = 2max S(fj)2/e? = 2/62 - p? max S(fj)2.
’ ij j j

What remains is to define and characterize the the sensitivity S(f;). The sensitivity of
the query f; is the most that the query may vary if one individual in the microdata were

replaced. Formally,

max |f;(MY) - f;(M7)] < 5(f;)
M@ ppE)
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where M@ and M) are two possible data sets of L; individuals that differ in one individual.
In what follows, we suppress indexing by ¢ to lighten notation. By hypothesis, each
entry of microdata is bounded: |M;;| < A. This fact, together with the fact that the query

f;j is a sample mean, provides a bound on the sensitivity S(f;). To begin, write
1 (2 =
(M) =— My, p = — My; + My, ¢ -
o) = {370 = {5

Therefore without loss of generality

[(M) = (M) = - (Myy = M},)

and hence

1

E(MKL - MéL) <

=%

S(fy) = max |fi(M) — f;(M")] = max

[]

Proof of Proposition[6.3. Fix the individual ¢ € [n]. The query is X;; = f;(X;.). To ensure

privacy level ¢; for query f;, a possible mechanism is, according to Dwork et al.| (2006,

Proposition 3.3)

i.4.d.

The Bureau can achieve privacy level e while publishing j € [T] variables for this individual
by setting €; = €¢/T".
We wish to characterize the resulting sub-exponential parameters. They are, by inde-

pendence of the Laplacians,
Ko = [|Hi[ly, = max 1 Hijlly. = mftxﬂ - S(f;)/e; = V2/e- T max 5(f;);
k* = |E[H] H; )||op = max V(Hy;) = 2max S(f;)*/e; = 2/¢* - T? max S(f;)*.
: ij j j

What remains is to characterize the the sensitivity S(f;). The sensitivity of the query f;

is the most that the query may vary if one entry in the microdata were replaced. Formally,

max | f;(X;.) — f;(Xi )] < S(f))

. /
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where X;. and XZ’ are two descriptions of an individual that differ in one characteristic.
By hypothesis, each entry of microdata is bounded: |X;;| < A. Therefore

S(f;) = max [f;(Xi.) — f;(X] )| = Jnax | Xi; — Xi;| < 2A.

. /
Xi. X!

iy

I.3 Empirical application

The variable definitions follow Autor et al. (2013)). In the authors’ original specification
(Autor et all 2013, Table 3, column 6), X;. € R consists of: a constant, an indicator for
the 2000-2007 period, percentage of employment in manufacturing, percentage of college
educated population, percentage of foreign-born population, percentage of employment
among women, percentage of employment in routine occupations, average offshorability
index of occupations, and Census division dummies.

In our augmented specification X;. € R consists of variables from the original speci-
fication as well as additional variables in (Autor et al., 2013, Appendix Table 2). These
include percentages of the working age population: employed in manufacturing, employed in
non-manufacturing, unemployed, not in the labor force, receiving disability benefits; average
log weekly wages: manufacturing, non-manufactuing; average benefits per capita: individual
transfers, retirement, disability, medical, federal income assistance, unemployment, TAA;

and average household income per working age adult: total, wage and salary.
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