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1. Motivation
* A simple dynamic panel model

. +(1-9)a; +¢,, where the ¢, arei.i.d.

ltl it?

* Equivalentto y, =« +u,;u, =ou,,  +¢

”
e Inmitial Obs.: y,, =ya, +u,.
* E(yii |ai) :[1_(1_7/)5H]ai

« If y=1, E(y,|a,)=a, — y, 1issaid to be mean stationary.
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* Popular GMM estimation
e Legitimate moment conditions:
*  Ely,,,(Ay,—0Ay, )]=E(y,,,Ag,) =0, and many others.

*  GMM using these moment conditions 1s called GMM using level
instruments to differenced equations.

« Known to be unreliable if o 1s close to one.
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* Popular GMM estimation

* Legitimate moment conditions if y =1:

* E[Ayi,t—l(yi o 5)/1-,_1)] — E(Ayi,z—l[(l o 5)0"1' + git]) — Oa
because Ay, =Au,, , isuncorrelated with «;.

« GMM using these moment conditions 1s called GMM using
differenced instruments to level equations.

 We refer as the “MS” GMM estimators to the GMM estimators
using these moment conditions.
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« Known facts for the data with large N and small T

« If y#1, MS GMM estimators are inconsistent.
 If y =1, there 1s efficiency gain by using MS moment conditions.

« MS GMM estimators are particularly useful when o 1s near one.
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What if both N and T are large?
* Are MS estimators still consistent even if y #1?
Why possible? y. =[1-(y-1)5""']a, +u, = a, +u, as t—>oo.
e Is there efficiency gain?
« Whatif 6 is close to one or one?
» These questions motivate this paper.

« Try to provide some insights.
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*  What this paper does.
 (Consider three estimators

» Anderson-Hsiao Estimator
* GMMusing g, =2y, ,(Ay, — Ay, ).

 Consistent even if y #1.
 Hsiao and Zhang (2015) and Phillips (2015)

* MSI Estimator = GMM using g, .7 = Zthszi’t_l (Ve —dy;,1).
«  MS2 Estimator = GMM using both g, ..(d) and g, ., (d).
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*  What this paper does.

e (Consider three cases

«  |o]<1.
W

¢« O0=1-—, w,c>0.
T° v

« 0 =1 (turns out to be equivalent to the case of ¢>3/2).
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«  Why MS1? How representative it is for MS estimation?
e All available linear moment functions even if y #1:
E(y,(Ay, —0Ay,, ))=0, s<t—1.
e All available non-redundant linear moment functions when y =1:

E(Ay,,,(y;,—06y,,,))=0 for t=2,3,..,T.

* MSluses E(C_Ay,,,(y,—dy,,.,))=0.
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2. Preliminaries
Basic Assumption (BA):

(1) The random vectors (y,,,,)" are i.i.d. over different i and have zero means

and finite second moments.
E(aiz) = 0-024 <05y, =ya; +u,; E(u,|a)=0, E(uizo la,) = Gé

(11) For all 7, the ¢, are i.1.d. over different i and ¢, and independent from the
(y.0,2.)", and have finite moments up to 4™ order, with E(¢,)=0 and

E(glz) — 062‘ < 0.

(ii1) AsN,T —> o, N/T — p <o (Can be relaxed.)
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e Link between AH and MS1 moment functions

st () =2 LAy, (v, —dy,, )
=[(ViraVir = YioVa) = (Vi = ¥ip)d]
2V (Ay, —dAy, )
=m(d)—g,5.7(d)
1 N
1/2T1/22 18 us1,r (0)

1 N 1 N
— N1/2T1/2 Zi=ln/liT (5) o N1/2T1/2 2 lgAS zT(5)

N
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 Estimators

- SNy LAY,
+  AH estimator: &, =—— thzy 2
22 Vi

A LAY Y,
* MSI estimator: 0, = N’:l - Vi Vi
zi:lztzszi,t—lyi,t—l

£va12{2yi,z2Ayi,t1] Pl {2;\[12{2%;2Ayl¢j
MS?2
e MS2 estimator: & ZZIZ?:ZAyi,t—Iyi,t—l Zi]ilzzT=2Ayi,z—1yiz

MS2 — ’

zi]\ilztizyi,t—szi,t—l I}—l zi]\ilz:zT:zyi,t—szi,z—l
Zz]'\ilziszi,t—lyi,t—l e Zi]ilth=2Ayz',z—1yl',t—1

v 1 $N (gAH,iT(g))z gAH,iT(g))gMSl,iT(S)
NI D T i (01 (0) (usrir ()
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J o= 1 zi]\ilgAH,iT(5MS2) -l Zi]\ilgAH,iT (5Msz)
ON@T-1)| gy ; 52| sy S
2218 us1 (Oys2) 2018151 (Os2)
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3. Asymptotic Results When |§|<1

Theorem 1: Under BA with |§|<1,as N,T — oo,

(NT)"*(8,, —5)=X+0,(1);
(NT)"? (8151 = 0) = P Buusi (0., 7) + X +0,(1);
(NT)? (855 = 8) = " Brys> (8,7) + X +0,(1);

(N (1-8)1-p)c>+H/oc,)
(1-8)Y(1-y)’ o’ /o; +1

(:BMsz Pus: )2 + o, (D),

J
vs = 2(1 S5)

where X ~ N(0,2(1+9))

AEA-KAEA| 13



4. Asymptotic Results When 6 =1-yT"™

Theorem 2: Under BA and LAU, the following holds as N,T — .

TS, -0~ \ P
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(1+E[(J(1))2})
12 [ & N0, 2
om(-a) 1" ([ wora])

(N(0,4), if c<1,

, 1f c=1;

(N(O,1), if ¢>1;

. 1
(NT)"? (851 =8 )= AN (o,—j, if c=1;

a,

N(0,4)+0,(1), if <1,

where a, = (E((J(l))z) _ WE[ [ 01 (J(r))zerz.
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N(O,l), if ¢>1;
2

1/2 N
(V) (%2‘5)“1\[(0, : j if ¢ =1;

a, +Cl2

| N(0,4), if c<1,
where a, = E((J(1))?).

Jus =y (1) +0,(1) (convergence rate is (NT)"*)if c>1
1/2 312 2 2
P /4 O, :
JMS%((T—I)(S‘“)/Z G (1—)/)0_2+H3j if c<1,

where H, ~N(0,1).

&
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Remarks
(1) AH estimator is normal if ¢<3/2.

(2) MS1 and MS2 are always asymptotically unbiased and normal.
(3) When 1<c¢<3/2, MS2 is more efficient than AH and MS1.
When ¢ <1, AH, MS1 and MS2 are asymptotically equivalent

(4) JMSzZZ(l) if ¢>1/3; —> oo, 1f c<1/3.

(5) t-tests for the unit root hypothesis (from AH, MS1 and MS2) are consistent
if c<1.

(6) MS1 and MS2 can be asymptotically biased if p = 0.
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5. Asymptotic Results When 6=1

T"(8 4 — ) =2C+0,(1);
(NT)"? (8,51 =)= N(0,) +0, (1),

S

(NT)l/Z [ —5)2 N(O,%)-I—OP(I);

Jus =2 D+0,(1).

Remark
J,s 18 x°(1) when data follow unit root processes, as well as when data

are mean stationary.
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6. Simulation Results

o.=4; o, =var(y,)=4; o, =1.
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Table 1: Root Mean Square Errors (y=1)

Estimator 0=0.5 0=0.8 0=0.9 0=0.95 0=0.99 0=1.0
AH 0.066 0.088 0.125 0.454 67.69 80.63

T7=10
MS2 0.064 0.067 0.058 0.045 0.033 0.030
AH 0.027 0.031 0.034 0.040 0.185 41.02

T=50
MS2 0.026 0.028 0.028 0.025 0.015 0.011
AH 0.018 0.020 0.021 0.023 0.041 6.197

N=100 T=100
MS2 0.018 0.019 0.019 0.018 0.011 0.007
AH 0.012 0.014 0.014 0.015 0.020 6.424

T=200
MS2 0.012 0.013 0.014 0.013 0.010 0.005
AH 0.009 0.009 0.010 0.010 0.012 1.438

=400
MS2 0.009 0.009 0.010 0.009 0.008 0.004
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Table 2: Sizes of t-Tests with MS2 Estimator (y=1)

Estimator 0=0.5 0=0.8 0=0.9 0=095 | 6=0.99 0=1.0
AH 0.062 0.054 0.040 0.018 0.003 0.002

T7=10
MS2 0.068 0.058 0.051 0.050 0.055 0.055
AH 0.066 0.068 0.060 0.055 0.030 0.000

T=50
MS2 0.062 0.053 0.056 0.064 0.072 0.073
AH 0.049 0.058 0.055 0.059 0.043 0.000

N=100 T=100
MS2 0.056 0.056 0.056 0.056 0.038 0.040
AH 0.058 0.049 0.045 0.047 0.041 0.000

T=200
MS2 0.060 0.056 0.047 0.051 0.051 0.059
AH 0.044 0.050 0.047 0.045 0.037 0.001

=400
MS2 0.046 0.050 0.048 0.048 0.056 0.063

MS2, reasonably well sized
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Table 3: Power of the t-Tests for the Unit Root Hypothesis (y=1)

Estimator 0=0.8 0=0.9 0=0.95 0=0.99

AH 0.632 0.139 0.049 0.003

T7=10
MS2 0.844 0.432 0.211 0.061
AH 1.000 0.860 0.266 0.030

T=50
MS2 1.000 0.967 0.565 0.118
AH 1.000 0.997 0.564 0.054

N =100 T=100
MS2 1.000 1.000 0.791 0.140
AH 1.000 1.000 0.917 0.082

T=200
MS2 1.000 1.000 0.967 0.177
AH 1.00 1.000 0.999 0.137

=400
MS2 1.00 1.000 0.999 0.245
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Table 4: Size of the J-Test for the Mean Stationarity Hypothesis (y=1)

0=0.5 0=0.8 0=0.9 0=10.95 0=10.99 0=1.0

I'=5 0.053 0.040 0.040 0.041 0.047 0.048

=10 0.061 0.053 0.051 0.049 0.043 0.047

T'=50 0.050 0.049 0.053 0.058 0.052 0.055

N=100

=100 0.050 0.055 0.054 0.047 0.046 0.045

7'=200 0.051 0.052 0.047 0.041 0.044 0.043

T'=400 0.036 0.049 0.051 0.062 0.044 0.037

Reasonably well sized.
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Table 5: Root Mean Square Errors (y=4)

Estimator 0=0.5 0=0.8 0=0.9 0=095 | 6=0.99 0=1.0
AH 0.023 0.027 0.038 0.063 9.864 10.89

7=10
MS2 0.147 0.066 0.036 0.036 0.083 0.039
AH 0.018 0.020 0.021 0.023 0.055 9.627

T=50
MS2 0.082 0.042 0.026 0.021 0.031 0.014
AH 0.014 0.016 0.016 0.017 0.028 2.276

N =100 T=100
MS2 0.049 0.028 0.019 0.017 0.021 0.009
AH 0.011 0.012 0.012 0.013 0.017 28.51

T=200
MS2 0.027 0.017 0.013 0.013 0.014 0.006
AH 0.008 0.009 0.009 0.010 0.011 2.688

=400
MS2 0.014 0.011 0.010 0.010 0.010 0.004
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Table 6: Size of the t-Test with the MS2 Estimator (y =4)

0=0.5 0=0.8 0=0.9 0=10.95 0=10.99 0=1.0
=10 1.000 0.999 0.646 0.073 0.029 0.035
'=50 0.997 0.774 0.322 0.098 0.057 0.058
N=100
7'=200 0.613 0.235 0.094 0.052 0.043 0.055
7'=400 0.334 0.128 0.077 0.064 0.044 0.058

Table 7: Power of J Test for the Mean Stationarity Hypothesis (y =4)

0=0.5 0=0.8 0=0.9 0=0.95 0=10.99
=10 1.000 0.709 0.130 0.052 0.038
'=50 1.000 0.837 0.325 0.126 0.046
N =100
7'=200 1.000 0.798 0.287 0.096 0.037
T7'=400 1.000 0.780 0.278 0.084 0.051
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Main findings from simulations

 AH performs well even if 6 1s close to one.
« When 6 1snot close to one, little gain by MS2.
 When data are not MS and ¢ 1s not close to one, the #-test from MS2
over-rejects correct hypothesis, especially when N >T'.
e The MS assumption should be routinely tested.

e MS2 is useful when o6 1s close to one.

* The unit root hypothesis can be tested by usual #-test.
 Biasis small when ¢ 1s close to one or 7 1s much larger than V.
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8. Concluding Remarks
e  While limited, our findings can have three general implications.

«  GMM estimators using the MS conditions are asymptotically biased if data
are not mean-stationarity and data are only mildly persistent. The mean
stationarity assumption should be routinely tested using the over-identifying
restriction statistics.

e Contrary to common belief, GMM estimators not implementing MS
conditions can produce reliable inferences even if data are of near unit roots.

« The MS moment conditions would be most useful for the analysis of
persistent data.
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