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1. Abstract

We theoretically examine the mechanism of asset
mispricing using

We find that investors
In stock markets, which causes
stock mispricing. However, we also show that the

This study also contains numerical and
experimental examinations.



2. Previous Studies

Sequential trading model under asymmetric
iInformation

- Glosten and Milgrom (1985)
- Avey and Zemsky (1993)
. Easley and O’ Hara (1992, 1997)

Asymmetric information and mispricing

- Wang (1992)
- Brunnermeier (2005)
- Barberis, Mukherjee, and Wang (2016)



3. Model Setting

We use the sequential trading model
(Glosten and Milgrom, 1985).

- There Is one risky asset.
- Value of risky asset 6 is either O or 1.

1
- The probability is P(6 = 0) = P(0=1) = 5
(Price of asset € [0, 1].)

- We assume 6 = 1 without loss of generality.



- There I1s one market maker, and informed
traders and noise traders.

posts bid and ask prices at any
time.

have which
gives true value 6 = 1.

- Informed traders risky asset.

randomly buy or sell with an equal
. 1
probability of 5



- Each trader trades of risky asset with
the market maker.

- The market maker does not know who Is an
iInformed trader and who Is a noise trader.

-¢ represents the probabillity that an informed
trader comes.

- The market maker



.¢ There are two types of market;
informed market (I) and uninformed market (U).

-In an . one or more Informed
traders exist; ¢ > 0.

In an - no Informed trader
exists; ¢ = 0.



Informed Market (6=1)

Informed Trader Buy

Noise Trader Buy

Ya Noise Trader Sell
1
The probability of buy is ;‘b
1-¢

The probability of sell is >



Let wy be trade event at time k:
wyi = B, if trader buys at k.
wr = S, if trader sells at k.

Let £4(hy) = P(M = 1]h,) : market maker’s belief that
the market is informed under trading history
N, = wiwo - - - Wp.

We focus on this conditional probability.



4. Trader’s beliet based on Bayes theory

Using Bayesian theory, we have

The first term of denominator Is
P(h,, M = 1)
=P(h,M=1,6=1)+P(h,, M =1,6 =0)

= P(hy| PM=1,6=1)
+P(hy| )P(M =1,0=0).
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Under M=l and 6 =1,we have

 Pw=BM=1,0=1)= 1;¢
<
| P(a)k:5||\/|:|,9=1):1;2"j
Then, we obtain
Bn Sn
P(hn =ca (2] (52)

where B, is the total number of buys and S,, is the total
number of sells in h, = wiws - - - wy.
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Then, we obtain

En = P(M — ||hn)

1 1
(L+ @) (L-¢)> - Séo+ (1-9)™(1+¢)™ - 5o

1 1 '
(L+ 9B1(L - @)5n - Z6o+ (1 - $)P(L+ )0 - o + (1~ o)

So, &, depends only on the number of buys and sells and
does not depend on the order of them.
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5. Bayesian update of trader’s belief

We have
§n+1 — P(M — I|hn+1)
_ P(a)n+19 M — I|hn)
P(wn+1, M = 1|hy) + Plwn+1, M = U|hn).

In the case of wn.1 = B, the first term of
denominator Is

P(wns1, M = 1]hp) = P(wns1 = BIM = 1,6 = 1, hy)
X P(M = I|hy)
+P(wns1 = BIM = 1,6 = 0, hy,)
X P(M = I|hy).

13



Under , the probabillity of wn,1 = B

1+¢

s P(wni1=BM=1,0=1hy) = =

In order to update {P(M =1 | h,)}, we need

Using upn, the first term of the denominator of
éns1 = P(M =1 | hnag) is

1+ ¢ 1-¢
5 Hnént

P((Un+1a M = ||hn) =

&n.
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Under M = |, we have the Bayesian update for {upn}
when wny1 = B as follows:

pn+1(wiwy - - - wpB) = P(@ = Hwni1 = B, hy)

P(wn+1 = Bl0 = 1)P(0 = 1]hy)
P(wne1 = Bl6 = 1)P(@ = 1lhn) + P(wn+1 = Bl = 0)P(© = Olhy)

1+¢
i 5 #n(thn) (1 + (o)
L ¢ﬂn(hn) + ~—¢ (1 — un(hn)) L=+ 20 fin(n)

2 2
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Similarly, we can have a Bayesian update for u, when
wn+1 = S. Then, we obtain

- (14 ¢)un et = B
1- ¢+ 2¢u, e
tn+1(Nns1) = < ’
(1 - @)un = S
1+ ¢ — 2¢un T

1
where uo(w) = >



1

We define a, = — — 1, then we have
Hn .
,Un_>0<:>an_>°°,,un—>E@anﬁlalln_)]-@an_)()o

So, we have the following proposition 1 and corollary 2.

Proposition 1:

17



Corollary 2:

un depends on the number of buys and sells and not on
the order in which they are executed.

In the case of informed markets, u, converges to 1 a.s.
when 6 = 1, and O a.s. when 6 = 0.

In the case of uninformed markets, u, converges to either

1
O or 1 a.s. The probability that u,, converges to Ois = and

2
vice versa.

18



Remember
§n+1 — P(M — I|hn+1)

_ P(wn+1, M = 1]hp)
P(wn+1, M = I|hy) + P(wn+1, M = U|hn).

In the case of w1 = B, the first term of the denominator

IS

1+ 1 -
2¢/’tn§n+ 2¢

P(wns1 = B,M = lhy) = (1 — pn)én.

When w,,.1 = B, the second term of the denominator is

1
P(wne1 = B,M = Ulfy) = 5(1 - £n).

19



Therefore, we have the following Bayesian update for

&n = En(hn) = P(M = 11hy).

(340 -3
%+¢(ﬂn_%)§n

'fn

'-f:n+1:<
%_ﬁb(ﬂn_%) .
\ %_¢(ﬂn_%)§n

&n

Note: u, = P@ =1M =1,h,) is
En = P(M — ||hn)-

wni1 = B

Wnil = S

to consider than

20



Example:

Let us consider the case of hy = BS BBB

& =P(M =1 | hg) is not close to one because
1
us = P(Ss=1o0r4 | M:U)':.:—g,

but P@=1| M =1,hs) is close to one.

21



We have an explicit form of &, as follows.

Proposition 3:
En = P(M — ||hn)

1 1
L+ (A=-¢)> - Séo+ (1) (1+9)> - S&o

B 1 1
(L+ 9B1(L - §)5n - Z6o+ (1 - §)P(L+ )0 - S + (1 o)

The above equation Is the same as the solution based on
the Bayesian theory in section 4.
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From the proposition 3, we have the following corollaries
4 and 5.

Corollary 4: £,does not depend on the order of buys
and sells and only depends on their number.

In the case of informed markets, &, converges to 1 a.s.

In the case of uninformed markets, &, convergesto O a.s.

Corollary 5: In the case of uninformed markets, E[&;]
monotonically decreases and converges to O .

On the contrary, in the case of informed markets, E[£,] .,



Let us define asset price py:
1
Pn = &ntin + é(l —&n).
We also define market efficiency in Definition 6.

Definition 6:

In the case of informed markets, the market is efficient
with respect to price pif p = 6.

Similarly, in the case of uninformed markets, the market is

1
efficient If p = 5

24



From corollary 2 and corollary 4, we have the theorem?.

Theorem 7:

The probability that the market is efficient under p,
converges to 1 a.s.
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Figure 1 The transition of price by Bayesian up-
dates when the market is uninformed. e
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Figure 2 The transition of &, by Bayesian updates
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6.Quasi-Bayesian update of market maker’s belief

Remember, the update of {&,].

( 1 + ¢(/,l _ 1
12 & 12 - &n wni1 = B
2 + ¢(,un _ §)§n
§n+1 = 9
1 1
T gb('u N
12 & 12 - &n Wnt1 = S
N 2 ¢(/Jn _ §)§n
Bayesian update Quasi-Bayesian
PO=1M=1,hy) : un — tna Mn — HMn+1

\ — !

P(M = ||hn) : gn — §n+1 Eﬂ — Eﬂ"'l 28



We define Quasi-Bayesian update as follows by replacing

Hn 1O fnia:
[ -3
B 3+ (1 — 3)én
Entl =
} 00~ 5
\ %_¢( _%)En

where go = ofo.

wni1 = B

W1 = S

29



We have the following propositions and theorems.

Proposition 9:

&n < E’n. forany w,n > 1.

This proposition states that the probability of M = | Is

always higher for Quasi-Bayesian updates than for
Bayesian updates.
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Proposition 10:
&, depends on the order of buys and sells.

We have the following inequalities of paths where the
number of buys are the same as that of h,,.

[ &(BB---BSS---S) < &(hy) < é(BSBS --BSB - B) B, > Sh

| £(SS---SBB--B) < &(hy) < é(SBSB--SBS--- S) B, < Sh

For example: &5(BSBS B> &(BBSS B> &(BBSBS > ¢5(BBBS S
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Theorem 11: When the market is uninformed, there
exists a function m(n), n € N that has the followingthree

properties:

1. E[£,] > m(n) forallneN,

2. m(0)= &, IrI]im m() = O,

3. m(n)has a local maximum in 0 < n < co.

This theorem states that we have

, Indicating that the probability of M = | increases
erroneously initially even though M = U.
On the contrary, E[£,] monotonically converges to O.

32



Theorem 12:

If the market is informed, &, diverges to 1 a.s., and if the
market is uninformed, En converges to O a.s.

Thlis theorem means that En finally converges to the true
value.
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Let us define asset price Pp:
= 1 ~
Pn = &nttn + é(l —&n).

Then, we have the following theorem 13.

Theorem 13:

The probabillity that the market is efficient with respect to

price p converges to 1 a.s.
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Figure 3 The transition of Price by the Quasi-
Bayesian updates when the market is uninformed.
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7. Experiments

ID :
A BorC
Red50 Red75 Red25
White50 White25 White75
Round| Picked ball Probability of box "B or C" Box
Red White 0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100% A B C
2 Red White 0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100% A B C
3 Red White 0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100% A B C
4 Red White 0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100% A B C
5 Red White 0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100% A B C
6 Red White 0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100% A B C
7 Red White 0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100% A B C
i 0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100%
8 Red White A B C
i 0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100%
9 Red White A B C
10 Red White 0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100% A B C

Figure 5 Answer sheet used In experiments
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Figure 6 Results of the experiment
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&. Conclusion

In this study, we investigate the belief update process of
market makers regarding risky asset.

We assume In stock markets:
uncertainty of asset value and that of existence of
iInformed traders.

By using the sequential trading model, we first show that
the for the asset value (i, and the

existence of informed traders &, are
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Next, we introduce the
which investors tend to apply to their belief updating.

We find that
(1) the probabillity of the existence of informed traders by
the quasi-Bayesian update model En IS than

that of Bayesian model,

(2) even though there is no
Informed trader in the market,

(3) regarding the existence
of iInformed traders and the market becomes efficient.
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We experimentally investigate the belief update process
of traders and find that traders’ behavior is consistent
with the quasi-Bayesian update model.
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