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1 Introduction

This paper proposes a novel theory on how short positions through derivatives affect the underly-
ing asset. Existing theories predict that derivatives fragment investors across the derivative and
underlying markets and, as a result, attract liquidity away from the underlying market.! They
predict this keeping the aggregate number of investors fixed. I build a dynamic search model
of derivative and underlying markets and show that when the aggregate number of investors is
instead endogenous, the result reverses. Short positions through derivatives increase liquidity of
the underlying asset. I refer to this as a liquidity spillover effect.

I show the result in the context for bond and credit default swap (CDS) markets. It works
as follows. Introducing short positions through CDS contracts attracts into credit markets not
only investors who want to short the underlying credit risk and buy CDS, but also investors who
want to take the opposite side and long the underlying credit risk. In turn, long investors—for
whom buying bonds and selling CDS are economically similar positions—search and trade at the
same time as bond buyers. They do this to expand their trading opportunities and to alleviate
their search frictions. The result is an increase in bond market liquidity. The number of bond
buyers, the bond turnover, the trading volume, and the speed it takes to sell all increase. The
increase in liquidity, in turn, increases the bond price.

The data supports my theory. Sambalaibat (2014) documents that when the European
Union banned in 2011 naked CDS purchases referencing European sovereigns, liquidity of the
underlying bonds deteriorated.? In my model, banning naked CDS positions is equivalent to
shutting down CDS trading, which in the model just reverses the spillover effect. Investors can
no longer sell CDS because their counterparties are banned from buying CDS. Long investors
exit the CDS market, but by exiting the CDS market, they also pull out from the bond market.
The result is a decrease in bond market liquidity as observed after the ban. Thus, preventing
investors from shorting ultimately ends up banning investors who want to take the opposite side
and long the asset.

I show the liquidity spillover effect with a model that builds on Duffie, Garleanu, and Ped-

ersen (2005, 2007) and, in particular, on Vayanos and Weill (2008). A fraction of bond owners

!Using Kyle (1985) framework, Subrahmanyam (1991) and Gorton and Pennacchi (1993) show that stock
index futures and security baskets, respectively, lower liquidity of the underlying stock market because some
traders migrate to the derivative markets. John, Koticha, Subrahmanyam, and Narayanan (2003) show that
options have a similar effect on stock market liquidity using Glosten and Milgrom (1985) framework.

2Naked CDS purchases refer to CDS purchases in which the CDS buyer does not own the underlying bonds.
They constitute a short position on the underlying bonds.



experience a liquidity shock and subsequently have to sell their bonds. They search for a buyer,
and when they find one, the difficulty of finding another one forces them to sell their bond at
a discount. Search frictions, as a result, create an illiquidity discount in the bond price. The
illiquidity discount, the expected search times, and the volume of trade depend on the relative
number of sellers and buyers. The number of buyers and sellers are, in turn, endogenous.

I extend this standard search framework in two ways. First, I add CDS contracts. CDSs
pay when the underlying bond defaults. A CDS buyer—who benefits if the bond defaults—is
short the underlying credit risk. A CDS seller has the opposite long exposure. CDSs are in
zero net supply, while bonds are in fixed supply. As with trading bonds, investors search and
bargain with a CDS counterparty. Second, I endogenize the aggregate number of investors by
endogenizing their entry.?

With this model, I offer three contributions. First, I provide a novel insight on how derivatives
affect the market for the underlying asset. The insight applies, beyond derivatives, to any
mechanism that expands the set of feasible allocations in the economy (e.g., tradable securities
and contracts, trading mechanisms and venues, private currencies).

Second, I provide the first theoretical framework of over-the-counter (OTC) trading in both
the underlying and derivative markets. In existing microstructure models of derivatives, illiquid-
ity arises from asymmetric information.* We lack models of derivatives in which illiquidity arises
from a key friction in trading assets over-the-counter: search costs. In the context of OTC traded
assets, search models are the current workhorse environment of endogenous liquidity frictions
and asset prices. But so far, they feature either a single asset or multiple assets with identical
cash flows.> We lack models of multiple OTC traded assets in which one asset is a derivative
of the other. Models specific to CDS either feature exogenous trading costs, as in Oehmke and
Zawadowski (2015), or abstract from bond trading, as in Atkeson, Eisfeldt, and Weill (2015).
We thus need a model that features trading in both bonds and CDS, endogenous trading costs,
and an endogenous feedback between the two assets. My framework fills each of these gaps.

Third, I shed light on naked CDS purchases and fill a gap in the CDS literature that focuses

3 Afonso (2011) and Lagos and Rocheteau (2009) also endogenize entry but in a single market search model.

“In addition to Subrahmanyam (1991), Gorton and Pennacchi (1993), and John, Koticha, Subrahmanyam,
and Narayanan (2003), Back (1993) studies how options affect the volatility of the underlying asset, while Biais
and Hillion (1994) study how options affect the price informativeness of the underlying asset.

°Single asset frameworks include Duffie, Garleanu, and Pedersen (2005, 2007), Lagos and Rocheteau (2009),
Neklyudov (2012), Hugonnier, Lester, and Weill (2014), Shen, Wei, and Yan (2015), Neklyudov and Sambalaibat
(2016), and Uslu (2016). Multiple asset frameworks include Vayanos and Wang (2007), Vayanos and Weill (2008),
and Weill (2008).



on covered CDS purchases—CDS purchases in which the protection buyer owns the underlying
bonds (see, for example, Thompson (2007), Arping (2014), Bolton and Oehmke (2011), Sambal-
aibat (2012), and Parlour and Winton (2013)). Allowing investors to trade the issuer’s credit
risk without trading the bonds is what defines CDS, why they proliferated, and why they were
controversial.

The paper is organized as follows. Section 2 presents the model environment, Section 3
characterizes the equilibrium, prices, and liquidity measures, and Section 4 presents the main
result. Section 5 shows that the spillover effect is robust to two alternative specifications (in
one, investors can short-sell; in another, investors optimally choose their search efforts). I also
contrast the spillover effect with existing results on short sales. Proofs are relegated to the

appendices.

2 Model Environment

Time is continuous and goes from zero to infinity. Agents are risk-averse, live infinitely, have
idiosyncratic stochastic endowments, and can invest in a risk-free asset with return r > 0. They
hold and trade bilaterally a risky bond and a CDS contract with a cash flow based on the risky
bond. Finding someone to trade with involves search. Agents enter the economy if doing so

makes them better off. This is the model in a nutshell; the rest of this section elaborates.

2.1 Assets

The bond is a perpetuity that occasionally comes short of its promised cash flow. I define such
occasions as a default. In particular, the bond has supply S, trades at price pp, and has a

cumulative cash flow process Dy ; satisfying

dDy, = 6dt — JdNy, (1)

In (1), 6 > 0 is the promised rate of the coupon flow, {IN¢, ¢ > 0} is a Poisson counting process
with an intensity parameter n > 0, and J > 0 is the size of the default. The process N; counts
the number of defaults in [0,¢], and its increment, dNV;, is 0 or 1. Thus, (1) says, in a small
interval [t,t + dt], with probability ndt, the bond defaults and its cash flow decreases by J.
Otherwise, it pays the coupon at the promised rate. Agents can hold 0 or 1 unit of the bond,

and I denote their bond position with 8, € {0,1}. I assume that agents cannot short bonds, but



I relax this in Section 5.
In a CDS contract, the buyer pays a premium flow p, to the seller; the seller, in return, pays

the buyer J if the bond defaults. The CDS buyer’s cumulative cash flow D.;, as a result, follows
dD.; = JdNy. (2)

Since this is perfectly negatively correlated with the bond cash flow, the CDS buyer has a
short exposure to the underlying credit risk. Conversely, the CDS seller has a cash flow that is
positively correlated with the bond (—JdN;) and is thus long credit risk. Herein, when I refer
to a long or a short position, I will mean with respect to the underlying credit risk.% I denote
an agent’s CDS position with 0. € {—1,0,1}, where each denotes a short, a neutral, and a long
position, respectively. I restrict the net asset position to 0 < |6, + 0.] < 1, which rules out
simultaneous long positions in both assets.

An investor terminates a CDS contract by paying their counterparty a fee. The fee is
endogenous and is such that the nonterminating side is indifferent between (a) continuing the
contract and (b) accepting the fee, searching for a new counterparty, and, upon a match, entering
a new position. I assume that when the nonterminating side is indifferent, she accepts the fee
and starts the process again. I denote with Ty and T the fees the seller and the buyer pay their

respective counterparties.

2.2 Agents

Agents have time preference rate § and CARA utility preferences with risk aversion parameter

a: u(C) = —e~2Y. Agent i’s cumulative endowment process e;; follows

deiy = pepipdt + pigoe(—dNy) + /1 — p? 0edZ,, (3)

where e > 0 and o, > 0 are constants, Z; is a standard Brownian motion, and p;; is the in-
stantaneous correlation process between the bond cash flow and the agent’s endowment process.
The processes {Z, pit, Nt} are pairwise independent. The correlation process p;; is indepen-
dent across agents and is a three-state Markov chain with states p;; € {—p, 0, p} where p > 0.

Agents switch from the negative and positive correlation states to the uncorrelated state with

5Thus, a long position through the CDS market, for example, does not mean an investor has bought CDS but
means she has sold CDS and is thus long exposed to the underlying default risk.



Poisson intensities 74 and 7,, respectively. The intensity of switching from the uncorrelated
state to either the positive or negative correlation state is zero (the uncorrelated state is thus
an absorbing state).”

The different correlation realizations across agents generate heterogenous private valuations
for the underlying credit risk. As I show later in Proposition 1, an investor whose endowment is
currently negatively correlated with the bond (p;+ = —p) has the highest private valuation for
the bond (hence, the most willing to buy it); those with an uncorrelated endowment (p;; = 0)
have an intermediate valuation; and those with a positively correlated endowment (p;+ = p)
have the lowest valuation. This difference in valuations creates a motive for trade. In particular,
a random change in an agent’s valuation (due to a random change in her correlation) generates
a need to trade and rebalance her portfolio. From hereon, I will refer to an agent with p; ; = —p
as a high-valuation agent or “h” for short, with p;+ = 0 as an average-valuation (“a”) agent, and
with p;; = p as a low-valuation (“I”) agent. I will denote the valuations with i where ¢ € {h, a,l}.

Referring to agents according to their valuations is simpler than referring to their correlations.

2.3 Agents’ Decisions

Agents first decide whether to enter the economy. At any point in time, fixed flows of agents
Fy, and F; are born as high- and low-valuation agents, respectively. An endogenous fraction v;

of them enter according to

1 Vijo,00 > Oi
Vi =93 [0,1]if Vo0 = O; (4)
0 Vio,0 < Oi,

where i € {h,l}, Vjjo,q] is the investor’s continuation value upon entry, the subscript [0, 0] captures
the fact that investors enter without an existing position, and O; is the investor’s fixed entry

cost.® Thus, investors enter if the continuation value of doing so is at least greater than their

"In Section 3, as I describe how agents trade in equilibrium, I explain why one of the correlations is an
absorbing correlation. In short, I do so to model both short positions and entry and exit.

8We can ignore the entry decision of average-valuation agents because, in equilibrium and as a result of an
additional parameter condition, the continuation value of an average-valuation agent is zero: Vgo,0) = 0. Thus,
for any positive entry cost, O, their entry rate is zero. Moreover, the results depend not on the absolute levels
of Oy, and O; but on their magnitudes relative to O, (i.e., the model can be recast in terms of Op, — O, and
O; — Og). Thus, without loss of generality, I set O, = 0. As for Oy, and O, the results hold for any O, and O;
including when O, = O;. I denote them separately to allow for general values of O, and O; and to later show
where the effects come from.



entry cost. The total flows of high- and low-valuation entrants, as a result, are vy Fy and v Fj,

vn

and their steady state masses are and V}y—fl, respectively. I explain in Section 3.2 how agents
exit.

Second, once in the economy, agents choose their consumption, C', and their bond and
CDS position, [0y,0.]. I categorize agents into types 7 € T-—where a type 7 = i[6,0.]
specifies the agent’s valuation ¢ € {h,a,l} and asset position [6;,8.]—and recast their choice
over asset positions as a choice over types. The entire set of feasible positions is [0p,0.] €
{[1,0],[0,1],[0,0], [0,-1],[1,-1]}. Due to search frictions, however, only a subset of this is feasi-
ble to any one agent type, and the subset changes if, for example, the agent finds a counterparty.
So, I summarize the events affecting a type 7 agent with a counting process Nt(Tt) and denote
its dimension with K (73) and the intensity associated with dimension k& with (&, 7). When an
event associated with dimension k arrives, the agent chooses between types Ttl € T(m, k) CT.

Thus, denoting with U (W, 1) the indirect utility of type 7, agent with wealth W;, the agent

solves

UWo,10) = max E {/ eﬂtu(Ct)dt] , (5)
{CreR, 7, €T (1¢,k)} 0

subject to the wealth process,

AW, = (rW; — Cy) dt + de; + dD20y ; — ppdby ¢ + (pedt — dDS)6,., (6)

and the transversality condition, lim E[e=#Te~omWr] = 0.

T—o00

2.4 Search and Matching

An agent wishing to rebalance her position initiates a match with another agent at Poisson
arrival times with intensity parameter \/2. The total volume of matches between any two agent
types 7 and 7/, as a result, is A, (half of it initiated by 7 and the other half by 7’), where
ur and p,r are their respective masses. Given the total volume, a type 7 agent matches with a

type 7' agent with total intensity “~~~= = Au,.. The corresponding expected search time

Arpprr
Hro

1
DYV
as a result, has both an exogenous (\) and an endogenous component (/). Upon a match, if

trading either the bond or CDS yields positive gains from trade and the resulting positions are

feasible, they trade at mutually agreeable terms of trade (to be described in Section 3.3). The

9Appendix A explains the counting process in detail. It is a notation that helps characterize the agents’
optimization problem. Later, as I characterize the equilibrium, I incorporate the events affecting an agent
(hence, this process) directly into the equilibrium conditions.



matching intensity A is exogenous for now, but I endogenize it in Section 5.3 and allow it to

differ for bond versus CDS matches.

3 Equilibrium, Prices, and Liquidity

I start this section by characterizing the agents’ continuation values. Then, as standard in the
literature, I conjecture agents’ optimal trading strategies. Doing so helps characterize who are
the bond and CDS buyers and sellers and their masses. Then, using the continuation values and
the conjectured trading strategies, I characterize prices, define the steady state equilibrium, and
prove its existence in Theorem 1. Since this section is tedious, readers wishing to see the main

result may skim it and proceed to Section 4 which contains the main result of the paper.

3.1 Continuation Values

As Proposition 1 shows, the continuation values, V., arise from the optimization problem (5).

Proposition 1. Solutions for U(W,T) are of the form U(W,7) = —e "¢WHVr+a) yhere a =
% (@ — % — %Taag). The term V; is given by
Ve =(6 —=nJ +x:) 0 — y|Ob| + (pc —1J + 27) bc — y|0c| (7)
K(r) 1
+ k,7) max — <1 — e_m(vf’_VTJrP(T’T/))) ,
;’Y( )’T’ET(’T,k) ro
where x, = x for a high, r = 0 for an average, and x, = —x for a low-valuation investor,

x = rapoend, (8)
ra
Y= 777J2 (9)

and P(7,7"), given in (B8), is the instantaneous payoff of switching from T to 7'.

Equation (7) illustrates how private valuations differ across agents. A long position (either
buying the bond, [0y, 0.] = [1, 0], or selling CDS, [0y, 0.] = [0, 1]) yields a high-valuation investor
an extra flow utility of x compared to an average-valuation investor and 2z compared to a
low-valuation investor. Similarly, a short position (buying CDS, [0y,0.] = [0, —1]) yields the
most utility to a low-valuation investor and the least utility to a high-valuation investor. This

difference in valuations results in the equilibrium trading strategies discussed in the next section.



The difference in valuations, x = rapoenJ, captures the benefit of sharing the endowment
risk. It increases in the agents’ risk aversion («), the correlation between the agents’ endowment
and the bond (p), the endowment volatility (o.), and the bond default risk (both the default
intensity, 1, and the size of the default, J). The term y = %nﬂ affects both long and short
exposures and in the same direction; thus, it captures a holding cost. It increases in the agents’
risk aversion and the default risk (again, both the default intensity and the size of the default).

I assume that the risk aversion parameter « is small and linearize (7). See Duffie, Garleanu,

and Pedersen (2007) and Vayanos and Weill (2008) for similar approximations.

3.2 Optimal Trading Strategies

I describe now and illustrate in Figure 1 the stages investors go through and the optimal actions
at each stage (Theorem 1 proves that they are indeed optimal).

Investors enter the economy as high- or low-valuation investors and subsequently search for
a counterparty. Upon finding a counterparty with whom trading is profitable, they bargain over
the price, trade, and reach their optimal asset position. At any point, high- and low-valuation
investors may experience a valuation shock. If they do, they optimally exit the economy. If the
shock occurs before they were able to reach their optimal position, they exit immediately. But
if it occurs after they have established a position, they unwind their position and then exit.

In particular, those entering as a high-valuation investor, k[0, 0], seek to long credit risk by
either buying the bond or selling CDS. They search for both a bond seller and a CDS buyer and
trade with whomever they find first. The population of high-valuation investors, as a result,
consist of investors who are at different stages in their search: those who have not established a
position and are still searching (h[0,0]), those who have purchased the bond (h[1,0]), and those
who have sold CDS (h[0,1]). The investors with the latter two positions have reached their
optimal position. I will interchangeably refer to high-valuation investors as long investors.

Those entering as a low-valuation investor seek to short credit risk by buying CDS. They are
the naked CDS buyers in the model (low-valuation investors do not own bonds in equilibrium).
The population of low-valuation investors, as a result, consist of investors who are searching to
buy CDS (1[0, 0]) and investors who bought CDS (I[0,-1]). The latter have reached their optimal
position. I will interchangeably refer to low-valuation investors as short investors.

Investors unwind exposures and exit as follows. Upon a valuation shock, investors with CDS

exposures terminate their contract immediately (by paying a fee) and exit. Their counterparties



accept the fee and start the search process again. Bond owners, on the other hand, first have to
search for a bond buyer and, as a result, become one of the bond sellers in the economy. Upon
finding a buyer, they sell and exit.

For unwinding and exiting to be optimal, the valuation that high- and low-valuation in-
vestors revert to has to be such that the optimal position for investors with that valuation is
no position. This is the role average-valuation investors play in the model. First, the optimal
position for average-valuation investors is no position, [0y, 6.] = [0,0]. Assumption 1 ensures this
in equilibrium.'® Second, when high- and low-valuation investors get a valuation shock, they
revert to an average-valuation investor. Put together, it is optimal for high- and low-valuation
investors to unwind their positions upon a valuation shock. Moreover, once an investor becomes
an average-valuation investor, her valuation does not change again (recall from page 5 that the
uncorrelated state is an absorbing state). This ensures that investors exit instead of waiting to

switch back to a different valuation.
Assumption 1. 2y > 2 — (r +74)Op > — (z — 2y — (r +7)O;) > 0.

As Appendix C explains further, this setup with entry and exit and three valuations is
a simple way to endogenize the aggregate masses of investors with different valuations and to
model short positions. See Vayanos and Wang (2007), Vayanos and Weill (2008), Rocheteau and
Weill (2011), and Afonso (2011) for similar setups with entry and exit (though not necessarily
all with endogenous entry or short positions as in my model).

Given the optimal positions and trading strategies, the equilibrium agent types are T =
{h|0,0], h[1,0], h[0, 1], a1, 0],1[0,0],[0,-1]}. Of these, a[l,0] and k[0, 0] are the actively searching
bond sellers and buyers and thereby make up the bond market; /[0, 0] and k[0, 0] trade as CDS
buyers and sellers and make up the CDS market. Note that h[0,0]-type investors are both a

bond buyer and a CDS seller at the same time. The bond trading volume, as a result, is

My = Ma[1,01100,0]5 (10)

while the CDS trading volume is M. = Apyjo,0)14h[0,0]-

10 Appendix D explains Assumption 1 in detail. Suppose Oy, and O; are small. Then, the assumption bounds
the default size, J, between 1 and 2 units of po., which is the part of the endowment risk that can be hedged by
bonds or CDS. Otherwise, if the default risk is too small, then even the average-valuation investors also want to
hold CDS positions. If it is too large, then no investor wants to enter CDS contracts.



3.3 Bargaining and Terms of Trade

Buyers and sellers Nash-bargain over the price so that each gets half of the total gains from trade.
The marginal benefit of buying the bond (i.e., the buyer’s reservation value) is the difference
between the expected utility of owning versus not owning the bond: Vj1 9] — Vijo,0- The buyer’s
gains from trade are then Vj,(y g — Vjj0,0) — pp- Similarly, the seller’s reservation value is V[ g,
and her gains from trade are p, — Vj(1 o). The total gains from trade are V(1 o) — Vijo,00 — Va[1,0)-

The bond price, as a result, is the average between the buyer’s and the seller’s reservation values:

1 1
Py = §Va[170} + i(vh[l,o] — Vijo,0))- (11)

The CDS spread (i.e., the CDS premium), p., and termination fees are characterized similarly
in Appendix B.

Prices capture, through the continuation values, the tradeoffs investors face as they negotiate
with a counterparty. If an investor lets a counterparty go without trading, she (a) postpones
hedging benefits a trade would have yielded and (b) while waiting for another counterparty,
risks getting a valuation shock and losing altogether future trading opportunities. But if she
trades, she foregoes other counterparties that she could have traded with. The price that the
two parties negotiate—and hence the surplus each extracts—balances these incentives to reach

a deal.

3.4 Equilibrium

I analyze the steady state equilibrium. It is continuation values {V;} ., population measures
{ir} 7, prices {py,p.}, termination fees {7y, Ts}, and entry rates {vp,1;} such that (i) the
continuation values {V;} ., solve the agents’ optimization problem (5), (i) population masses
equate the flow of agents switching into type 7 € T to the flow of agents switching out of 7 and
solve (B13)-(B18), (iii) market clearing conditions (B19) and (B20) hold, (iv) bond and CDS
prices {py, pc} arise from bargaining and solve (11) and (B9), (v) entry decisions {vp, 1} solve
(4), and (vi) termination fees {T%, 75} solve (B10) and (B11).

Combining the equilibrium conditions, the bond price and the CDS spread depend on the
continuation values. The continuation values depend on the expected search times, which, in
turn, depend on the masses of buyers and sellers. The masses of buyers and sellers and the

entire distribution of agent types depend on the entry rates of high- and low-valuation investors.

10



The entry rates, in turn, depend on the continuation values.

Theorem 1. Under conditions (E5) and (E8), a steady state equilibrium exists in which the

entry rates are given by an interior solution: v, € (0,1) and v € (0,1).

Appendix E outlines the proof, while online Appendix F contains the full proof. Conditions
(E5) and (E8) ensure that the entry rates of high- and low-valuation investors have an interior

solution.

3.5 Equilibrium Prices and Liquidity

Later, I analyze the bond trading volume (10) and the illiquidity discount in the bond price as

measures of bond market liquidity. To define the latter, Lemma 1 characterizes the bond price.

Lemma 1. The bond price is

@—nl+z—y (r+7%)O0n (r+2%)1 (@~ (r+7a)0n)

(12)

Py =

1
" N T 2r 4 ya+ Anpoo)g
dl?ﬁ%ﬁ?ﬁgdggsio illiquidity discount

The first two terms in (12) capture the bond price in the absence of search frictions (A — 00).
In the absence of frictions, a bond owner can sell her bond to a high-valuation (i.e. long) investor
the moment she experiences a valuation shock. Only long investors, as a result, own the bond.
Since the bond price is the average between the marginal valuations of different bond owners,
and long investors are the only bond owners, the bond price depends on their valuation only. In
particular,  —nJ is the expected cash flow of the bond, and é —nJ 4+ x — y is the long investors’
utility valuation of this cash flow. The additional discount in the bond price, (r + 74)Op,
compensates a long investor for her entry cost (or, equivalently, for her funding cost).

The third term in (12) captures the illiquidity discount created by search frictions. In the
presence of frictions, a bond owner wishing to sell her bond has to search for a buyer. When
she finds one, she sells her bond at a discount accounting for the difficulty of locating another
buyer. Similarly, a buyer, anticipating the difficulty of reversing positions, negotiates a discount

in the price. Thus, let dp denote the illiquidity discount:

(r+27a) L (x = (r +7a)On

dp
T 2r 4 Yd + )‘Nh[0,0}

)
T
2

11



Lemma 2. The CDS premium (or, equivalently, the CDS spread) can be characterized as

1 22 —2y— (r+ @)
pe=MJ—x+y)+ (r+7)O0n +(r+2v) = y— (r+7a) hl . (14)
—_— 27 + 94+ Yu + Minjo,0) 3

premium due to
funding cost premium due to CDS market illiquidity

Eq. (14) expresses the CDS spread from the perspective of a CDS seller, who in equilibrium
is a long investor. It reflects the cost of selling CDS. It increases in the default risk—both the
default intensity, 7, and the size of the default, J—and hence in the expected default payment.
The entire term nJ — z + y is the long investor’s utility valuation of the expected payment.
The second term, (r + v4)Op, shows that the long investors’ entry cost (or, equivalently, their
funding cost) gets passed on to buyers as a higher CDS premium. The third term is zero in a
frictionless environment (A — 00). Otherwise, it is positive. Thus, the third term captures CDS

market illiquidity, and it increases the CDS premium.

4 The Main Result

Theorem 2 presents the main result of the paper: Shorting bonds through naked CDS purchases

increases bond market liquidity.

Theorem 2 (The Spillover Effect). Suppose A < oo. In the equilibria of Theorem 1 in which
investors trade CDS, the bond market has fewer sellers (uq1.0)) and more buyers (jpjo0]), the
illiquidity discount (dy) is smaller, the bond price (py) is higher, the volume of trade (My) is
larger, and high-valuation investors enter at a higher rate than in the environment without CDS

trading.

The next paragraphs give the intuition. The introduction of CDS expands the pool of
counterparties that long (i.e. high-valuation) investors can trade with. Before they only traded
with bond sellers, but now they can also search for and trade with naked CDS buyers. The larger
pool of counterparties has two benefits. First, it shortens a long investor’s expected search time.
She values this because she (a) discounts and (b) risks getting a valuation shock and losing
future trading opportunities, both of which make her impatient. Second, the ease of finding a
counterparty improves her bargaining position and, as a result, the surplus she extracts from a
counterparty. Put together, the introduction of CDS improves the long investor’s continuation

Value7 Vh[O,O] .
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The benefit of entering and trading as a long investor now exceeds the cost: Vyg 0 > Op.
Long investors, as a result, enter at a higher rate and do so until the increase in Vyg o is
reversed and the marginal entrant is again indifferent: Vjj9 g = Op. The result is an increase in
the aggregate number of long investors in the economy.

The increase in the number of long investors, in turn, increases bond market liquidity. The
additional long investors first spend time searching for a counterparty and, as a result, expand the
mass of long investors looking for a counterparty, h[0,0]. Since k[0, 0]-type investors search for
both bond sellers and CDS buyers, for bond sellers, a larger mass of h[0, 0]-type investors means
a larger pool of potential counterparties. The result is an increase in bond market liquidity: a
shorter expected search time for bond sellers, fewer bond sellers (hence, less misallocation), a
larger bond turn over, and a larger trading volume. If the model had dealers, the increase in
liquidity would also manifest as a decrease in the bond bid-ask spread.

The increase in bond market liquidity increases the bond price. Sellers, who now find a
buyer more quickly, raise their reservation value for the bond. Buyers are also willing to pay
a higher price knowing they can sell quickly should the need arise. Put together, buyers and

sellers negotiate and trade at a higher price.

4.1 A Naked CDS Ban

Using a difference-in-difference analysis, Sambalaibat (2014) documents that following the Eu-
ropean Union naked CDS ban, liquidity of sovereign bonds affected by the ban deteriorated.!!
My model predicts the same. Since the CDS buyers in my model are naked CDS buyers (they
do not own bonds), a naked CDS ban in the model is equivalent to shutting down CDS trad-
ing. Shutting down CDS trading reverses the spillover effect. Long investors can no longer sell
CDS because their counterparties, the naked CDS buyers, are banned from buying CDS. Long
investors, as a result, scale back their credit market operations and, in doing so, pull out from
their bond trading. The result is a decrease in bond market liquidity. Thus, preventing investors
from shorting ultimately drives away investors who want to take the opposite side and long the

underlying asset.

11n October 2011, the European Union banned naked CDS purchases referencing EU government bonds. It
did so by allowng investors to buy CDS only if they held the underlying bonds. It thus prevented investors from
purchasing CDS either to speculate or to hedge positions correlated with the sovereign. In the model, consistent
with the actual ban, both would be considered a naked CDS purchase because the CDS buyer in the model does
not hold the underlying bonds.
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4.2 Key Ingredients

Four ingredients generate the liquidity spillover effect. The first is the endogenous entry of long
investors. Long investors are the counterparty to both bond sellers and CDS buyers. If their
entry rate and hence their mass are fixed, the introduction of naked CDS buyers just crowds
out bond sellers and, as a result, exacerbates their search costs. Thus, introducing CDS but
keeping the entry rate of long investors fixed reverses the spillover effect. Bond market liquidity
deteriorates.

The opposite results with fixed versus endogenous entry rates suggest that bonds and CDS
are complements when investors adjust their entry rates but are substitutes when they do not.
We can interpret the results with fixed versus endogenous entry rates as partial versus general
equilibrium effects of CDS (or as short- versus long-run effects). Most models predict the partial
equilibrium or the substitution effect. Generating the complementarity is, therefore, nontrivial.

The second ingredient is condition (E5). It is related to the first ingredient. It ensured
that the entry rate of high-valuation investors, vy, is given by an interior solution both before
and after CDS introduction.!? It implies that a sufficient number of long investors exist on the
sideline who can enter and absorb the short interest. Otherwise, the demand for short positions

(captured by the total mass of low-valuation agents, is too large relative to the supply of

4f)
long capital (which is at most %), and introducing short positions just crowds out bond sellers.
This occurs if the equilibrium entry rate of long investors hits the corner value v;, = 1 before a
sufficient number of them could enter and absorb the short interest. The short interest, in turn,
is a function of the entry cost of short investors (O;), the holding cost (y), and the intensity of

experiencing a valuation shock (7,).'

Proposition 2. In a frictionless environment (A — 00 ), the introduction of CDS does not affect

the illiquidity discount (d, ), the bond price (py), nor the volume of trade (My).

As Proposition 2 shows, the third ingredient for the spillover effect is search frictions. In
a frictionless environment (A — o0), CDS attracts additional long investors as before. But
the increase in the aggregate mass of long investors does not affect bond market liquidity.

The illiquidity discount is already zero, and the bond volume is the maximum possible. CDS

12Condition (E5) simplifies the proof of the spillover effect. It is a sufficient but not a necessary condition for
the spillover effect (see Appendix E for further discussion).

I131f the entry cost of short investors, Oy, is small, the benefit of entering as a short investor is more likely to
exceed it. A small holding cost y implies larger gains from CDS trade. If ~, is small, short investors expect to
hold their position longer, implying larger gains from trade. Each implies a larger entry of short investors.
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contracts, as a result, are redundant. Thus, the broader message of the paper is that, in the
presence of trading frictions, the introduction of securities that complete markets complements
existing assets. In the absence of frictions, they are redundant. Similar results should arise with
other frictions. Goldstein, Li, and Yang (2013) and Goldstein and Yang (2015), for example,
highlight a similar complementarity theme in the context of multiple markets and multiple

dimensions of information, respectively, using asymmetric information environments.

Proposition 3. Suppose long investors cannot search for both bond and CDS counterparties
at the same time but, upon entering, have to choose which one to search for (i.e., direct their
search effort to). Then, with the introduction of CDS, bond market liquidity either deteriorates

or remains unaffected.

As Proposition 3 shows, the last ingredient is the ability to search for both bond and CDS
counterparties at the same time. Recall that the ability to also search for short investors increased
the probability of trade and the bargaining position of long investors. Removing this ability (and
thereby segmenting bond and CDS markets) cancels these effects and, with them, the reasons
that long investors increased their entry rate in the first place. As a result, the spillover effect

does not arise.

5 Robustness Results and Discussion

In Section 5.1, I relax the assumption that investors cannot short-sell and show that the spillover
effect remains intact. In Section 5.2, I show that covered CDS positions do not arise in equi-
librium. In Section 5.3, I show that the spillover arises even if investors optimally choose the
intensities with which they search for a bond versus CDS counterparty. In Section 5.4, I contrast

the spillover effect with existing results on short sales.

5.1 If Investors Short-Sell

In this section, I relax the assumption that investors cannot short-sell and compare bond market
liquidity between two environments: (1) a benchmark environment in which short-selling is
feasible, but CDS trading is not and (2) an environment in which both short-selling and CDS
trading are feasible. Online Appendix I presents the full model. The results of this section are

numerical and are illustrated in Figure 2 in online Appendix .14

14The model with both CDS and short-selling is complicated and involves solving, at minimum, a system of
23 equations and variables (10 value functions, 9 population masses, 2 entry rates, the CDS premium, and the
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The short-selling part of the model follows Vayanos and Weill (2008) and works as follows.
After purchasing the bond, long investors now lend their bond in a repo (i.e. a security lending)
market and, as a result, earn a lending fee. On the other side of the repo transaction, short
investors (1[0, 0])—in addition to searching for a CDS seller—search to borrow the bond to short-
sell it in the spot market. Parties meet in the repo market through search and, upon a match,
negotiate over the lending fee. I denote with A, the exogenous search intensity in the repo
market. An investor unwinds the short sale by first buying the bond in the spot market and
then delivering it back to the bond lender. To unwind a bond loan, if her counterparty has not
yet (short-) sold the bond, the lender recalls the bond, sells it, and exits. If the counterparty
has already sold the bond, the lender walks away with the collateral that the short seller puts
aside.

In this section, I allow the search intensity, A, to differ for bond versus CDS matches. Let
Ap and A, denote the search intensities governing the volume of bond and CDS transactions,
respectively. Section 2 environment is a special case, where Ay = A\; = A. The volume of bond
and CDS transactions are then My = Apup sitps and M. = Acficppie,s, Where py, 5 and ju ¢ are the

masses of bond buyers and sellers, and p. s and p.s are the masses of CDS buyers and sellers.

Lemma 3. The bond price in the presence of short sales is given by:

(0=nJ)+z—y—(r+7a)On (r+27)1 (@~ (r+7)O0n)
r T 2145+ Nty sy

Py =

illiquidity discount

n (r 4+ Xopips) 1 Arujo,0] 56r
T 27474 + Aoy

lending fee effect
where wy, defined by (129), is the total gains from trade from a repo contract.

Lemma 3 shows that in the presence of short sales, two characteristics of the bond determine
its price. The first is its liquidity as before. The second is the lending fee that the bond
generates. Bond owners now earn an additional cash flow by lending their bond to short-sellers.
The additional cash flow, captured by the third term in (15), increases the bond price.

The introduction of CDS affects both components. First, it creates the liquidity spillover
effect as it did when investors could not short-sell. The intuition is the same. The ability to also

trade with CDS buyers attracts additional long investors into the economy. Once they enter, the

lending fee). Thus, analytically showing any results is intractable.
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additional long investors search simultaneously for a bond seller, creating the spillover of long
investors and liquidity into the bond market. The result is a decrease in the illiquidity discount,
an increase in the bond price, and an increase in the trading volume. This result arises even if
the entry rate of low-valuation investors were to remain fixed. In addition, CDS also changes
the participation incentives of low-valuation investors. As a result and for the same reasons as
on the long side, CDS attracts additional low-valuation investors. The increase in the mass of
low-valuation agents creates another layer of the spillover effect. Long investors react to the
increase in the mass of low-valuation agents and enter at an even higher rate than if the entry
rate of low-valuation agents were to remain fixed. The result is a further increase in the bond
price and trading volume. Thus, allowing short-selling just changes the benchmark environment,
and relative to this benchmark, the marginal effect of CDS remains the same.

Second, CDS affects the bond price by changing the bond’s lending fee cash flow. The
direction of the change depends on the matching efficiency of the CDS market, A, relative to
that of the bond and repo markets. If \; is small, the additional inflow of low-valuation agents
translates to a large increase in the number of investors looking for a short position, g g-
Since 1[0, 0]-type agents search to borrow the bond at the same time, an increase in their mass
increases the bond borrowing demand, the lending fee, and, thereby, the bond price. As A,
increases and investors start to buy CDS quickly, the number of investors still searching for a
short position decreases. As a result, the borrowing demand decreases, increasing the supply of
lendable bonds. This drives down the lending fee, the cash flow the bond generates through the
lending fee, the buyers’ reservation value for the bond, and hence the bond price.

The net impact on the bond price depends on the above two effects. For a relatively large
A¢, the lending fee decreases sufficiently that the resulting downward pressure on the bond price
dominates the opposite pressure from the liquidity spillover effect. The net effect is a decrease in
the bond price. For a relatively small A., either the lending fee increases, or even if it decreases,
the decrease does not dominate the spillover effect. The net effect is an increase in the bond price.
Thus, when investors already short-sell, the net effect of CDS on the bond price is ambiguous.
However, it still creates the liquidity spillover effect, and the effect of this channel on the bond

price is unambiguous.
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5.2 Covered CDS

Buying CDS as a hedge on bonds that one owns ([0, 0.] = [1,-1] ) can be referred to as a covered
CDS position. Since investors with this position are both long and short on the underlying credit
risk, they also proxy arbitrageurs or CDS-bond basis traders. Although the position is feasible

in the model, Lemma 4 shows that it does not arise in equilibrium.
Lemma 4. The mass of agents with a covered CDS position, [0, 0] = [1,-1], is zero.

It is a corollary of Proposition 1. The intuition is as follows. Regardless of the investors’
bond position, the gains from CDS trade exist only between high and low-valuation investors
(in particular, with the high-valuation investor as the CDS seller and the low-valuation investor
as the CDS buyer). The gains from CDS trade between high- and average-valuation investors
and between average and low-valuation investors are both negative.'® So only low-valuation
investors buy CDS in equilibrium. But low-valuation investors at no point find it optimal to
buy bonds. Put together, a covered CDS position does not arise in equilibrium.

In Author (2015), I extend the environment of this paper so that covered CDS positions arise
in equilibrium. I show that doing so just changes the benchmark environment and—relative to
this benchmark—the marginal effect of naked CDS positions remains the same as in Section 4.
The marginal effect of the covered CDS position itself is also an increased bond market liquidity.

This is intuitive. The ability to hedge bonds with CDS makes buying bonds more attractive.

5.3 Endogenous Search Intensities

In this section, I endogenize the search intensity, A, as follows. A high-valuation investor, [0, 0],
searches for a counterparty in bond and CDS markets with search efforts A, and ., respectively.
As a result, she meets a bond seller with total intensity Apfiq[1,0) and a CDS buyer with intensity
Actijo,o)- Since a total mass fuyg0) of long investors does the same thing, the total volume of
bond matches is My = Appia[1,0)14n[0,0), While the volume of CDS matches is M = Acpyjo,0)4n[0,0]-
For simplicity, I endogenize the search effort of only long investors and set the search effort of

investors on the opposite side (i.e., of bond sellers and CDS buyers) to zero.'6

15For example, if an average-valuation investor buys CDS from a high-valuation investor, the gains from CDS
trade are proportional to © — 2y — (r 4+ v4)Op. But, by Assumption 1, this is negative. That is, when high- and
average-valuation investors enter a CDS contract, the holding cost both sides incur together with the entry cost
outweigh the total hedging benefit.

16 A model in which both sides of the market choose their search effort is intractable. Nevertheless, in online
Appendix J, I endogenize the search effort of all investors and discuss the parameter conditions under which
the spillover effect arises. Numerically, the results with one- versus two-sided endogenous search intensities are
analogous.
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Investors choose {Ay, A\¢} accounting for a flow search cost
(N, Ac) = co ((M)? + (Ae)?)* (16)

where ¢y > 0, g, and a are constants. Investors thereby internalize the cost of searching in
multiple markets at the same time. The steady state equilibrium now includes Ay and A, as
additional endogenous variables and the first order conditions with respect to them, (J5) and

(J6), as the equilibrium conditions they satisfy.

Lemma 5. The characterization of the bond price and the illiquidity discount are the same as
(12) and (13).

Proposition 4. Suppose g > 1 and a > é

so that the cost function (16) is a strictly convex
function. Then, with the introduction of CDS, the illiquidity discount (dy) decreases and the
bond trading volume (My) increases. Long investors lower their search effort in the bond market

(Ay) but without changing their total search cost, c(Ap, \¢).

The introduction of CDS creates the same liquidity spillover effect as in the environment
with exogenous search efforts. The intuition is the same. Naked CDS buyers expand the pool
of long investors in the economy. Long investors, in turn, trade with bond sellers due to the
substitutability between bond and CDS positions. The result is an increase in the number of
bond buyers, a decrease in the number of sellers, and an increase in bond market liquidity.

The CDS introduction, at the same time, reduces the long investors’ incentive to search in
the bond market. To see this, consider how long investors choose their search effort. For small

« and for g = 2 and a = 1, for example, the first order condition with respect A, simplifies to

1
Ao = goHart ol (Vaino) = Vaioo) = o). -

The right-hand-side is the long investor’s expected rents from trading in the bond market: the
mass of bond sellers (j14[,0)) times the gains from trade upon a match. The gains from trade, as
an implicit function of fi4[1 o), increase in the mass of bond sellers. The whole right-hand-side,
as a result, increases in p,[1 0. The mass of sellers, however, captures bond market illiquidity
(in particular, the extent of asset misallocation due to search frictions). Put together, long
investors search more intensely for a bond seller if liquidity in the bond market is low. As

liquidity improves, long investors reduce their search effort in the bond market and allocate it
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to the CDS market instead. They do so, in particular, without changing their total search cost,
¢(Ap, Ac). Thus, in Proposition 4, the reduced search effort of long investors and the greater
bond market liquidity are both byproducts of CDS introduction and the change it induces in
the bond market.

These results highlight which ingredients in the main environment are crucial and which are
not. In the main environment, I assumed that investors do not face explicit search costs. This
assumption is not crucial. The spillover effect arises even if investors internalize the cost of
searching in multiple markets and reshuffle their search efforts between the two markets. The
crucial ingredients are instead (1) the substitutability between bond and CDS trades, (2) search

frictions, and (3) costly and endogenous entry. Each matters because of the other ingredients.

5.4 Contribution to the Short Sale Literature

Now I explain how my results contribute to our understanding of the effect of short positions.

First, I shed light on the effect of synthetic short positions—positions that do not require
trading the underlying asset for neither the short side nor for their counterparty, the long side.
Prior results on short-selling arise because short-selling requires trading the underlying asset.
Boehmer, Jones, and Zhang (2013) and Beber and Pagano (2013), for example, document that
short-selling bans during the financial crisis deteriorated stock market liquidity. These were
bans on regular short sales, not on short positions through derivatives. Consistent with this,
Vayanos and Weill (2008) show that short-selling increases liquidity of the underlying asset.
They emphasize this is because short sellers have to trade in the underlying spot market: first
as a seller to establish the short position, then as a buyer to unwind the position. Since these
results arise because short-selling requires trading the underlying asset, they do not generalize
to synthetic short positions. Thus, the novelty of my paper lies in showing the effect of synthetic
short positions.

Second, the spillover effect will arise not only with synthetic short positions but also with
short-selling. In particular, the introduction of short sellers will have the same spillover effect
on regular bond sellers that naked CDS buyers had in the context of CDS. They will expand
the pool of sellers that long investors can trade with and, as a result, attract additional long
investors into the economy. In turn, the additional long investors will trade not only with short
sellers but also with regular bond sellers, creating the liquidity spillover to regular bond sellers.

Thus, the spillover effect is a novel, general effect of short positions.
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Third, in contrast to the literature started by Miller (1977), I highlight a general equilibrium
effect of short positions. Miller (1977) and the subsequent literature propose that short-sale bans
increase asset prices by keeping pessimists (who are equivalent to low-valuation investors in my
model) out of the markets.!” The participation rates of different investors are fixed in these
environments. In contrast, I endogenize them and show that banning short positions keeps out
not only investors who want to short but also investors who want to take the opposite side and
long the asset. The result is a decrease in asset prices. Thus, endogenizing participation rates
reverses the main result of this literature. As mentioned earlier, we can interpret the results
with fixed versus endogenous participation rates as partial versus general equilibrium effects (or
as short- versus long-run effects). The opposite conclusion of my paper shows that we tend to
focus on partial equilibrium effects of financial innovations when their general equilibrium effects
may be the opposite and more important.

Lastly, using asymmetric information environments, a body of work analyzes the effect of
short sales on price informativeness (see, for example, Diamond and Verrecchia (1987), Bai,
Chang, and Wang (2006), and Cornelli and Yilmaz (2013)). In contrast, I study how short
positions affect asset prices through their effect on liquidity of the asset. For OTC traded assets
(such as bonds and CDSs), illiquidity is a key asset pricing component. Moreover, in a large class
of OTC markets (e.g., currency, sovereign bonds, municipal bonds, off-the-run Treasuries, and
various derivatives), the illiquidity arises more from search costs than asymmetric information
about the quality of the asset. Thus, my paper’s contribution is to build a model of trading in

derivative and underlying assets in which illiquidity arises from search costs.

6 Conclusion

The point I make in this paper is simple. If we want to model and understand the effect of
new financial instruments and mechanisms on existing ones, the number of investors that could
potentially trade and use the instruments should be endogenous.

I make this point in the context of bond and CDS markets. I build a search model of bond
and CDS markets and show that introducing short positions through CDS contracts attracts

into credit markets not only investors who want to short the underlying credit risk but also

17See, for example, Harrison and Kreps (1978), Jarrow (1980), Chen, Hong, and Stein (2002), Scheinkman
and Xiong (2003), and Hong, Scheinkman, and Xiong (2006). In these environments, investors agree to disagree
about asset fundamentals. Heterogenous beliefs, in turn, generate heterogenous private valuations as in my
environment.
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investors who want to take the opposite side and long the underlying credit risk. In turn, long
investors—for whom bond and CDS positions are economically similar positions—search and
trade at the same time in the bond market. They do this to expand their trading opportunities
and to alleviate their search frictions. The result is an increase in the number of bond buyers,
bond market liquidity, and the bond price. I refer to this effect as a liquidity spillover effect.

This insight applies not only to derivatives but also to any mechanism that expands the set of
feasible allocations in the economy (e.g., tradable securities and contracts, trading mechanisms
and venues, private currencies).

Shutting down naked CDS positions in the model reverses the spillover effect and, as a result,
decreases bond market liquidity. This result suggests that by banning naked CDS positions on
sovereign bonds in 2011, regulators in Europe inadvertently decreased bond market liquidity,
reduced bond prices, and thereby increased sovereigns’ borrowing costs when they intended to

achieve the opposite and quell a sovereign debt crisis.
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Figure 1: A Snapshot of Transitions Between Agent Types

The figure shows the transitions between agent types. Flows of v, F}, and v F; agents enter the economy as new
high- and low-valuation investors. High- and low-valuation investors revert to average-valuation with intensities
~va and 7., respectively. An investor seeking a long position (h[0,0]) finds a counterparty in the bond and CDS
markets with intensities Apio(1,0 and Apypo,g), respectively. A bond seller (a[1,0]) finds a buyer with intensity
Minjo,0]- A trader seeking a short position by buying CDS ([0, 0]) finds a counterparty with intensity Apn[o,q)-
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Appendix

A The Counting Process N;(7)

The counting process Nt(T) captures the different ways an agent’s type can change. Consider,
for example, agent type 7 = h[0,0]. The dimension of Ny(7) is K(r) = 3, where the three
possible events are: (1) the agent’s valuation changes, (2) the agent finds a counterparty in the
bond market, and (3) the agent finds a counterparty in the CDS market. Intensities of these
events are Y(1,7) = 74, ¥(2,T) = Mtqp1,0, and ¥(3,7) = Apy[o,0, respectively. Similarly, consider
agent 7 = h[0,1] (an agent who has sold CDS). Then, K(7) = 2, and the two possible events
are (1) the agent himself gets a valuation shock or (2) his counterparty’s valuation changes. The
intensities are: y(1,7) = 4 and v(2,7) = 7,. It is analogous for the other agent types.

B Value Functions, Terms of Trade, Population Masses
Substituting in (11) and (B9), the continuation values simplify to

M. 1
rV; = 7 (0-=V + —We B1
1[0,0] Yu( 1[0,0]) o) 9 (B1)
M, 1 M, 1
rV; = 0—-V + —w —We B2
1[0,0] Ya( 1[0,0]) 00 2 o 2 (B2)
™WVhno = (0—=nJ)+z—y+vaVap,o — Vapo) (B3)
M, 1

Va = (0—-nJ)—y+ 5Wh B4
po = Oonh) -yt (B4)
Vi1 = Pe— J —x) —y+7i(=Ts = Vipo,1)) (B5)
Vi) = —Ppet+ I +z) —y+vu (=15 — Vijo.1)) » (B6)

where w, is the total gains from a CDS transaction:
we = (Vajo,1) = Vapo,) + (Vip1y — Vipoo)) » (B7)

and wy is the total gains from a bond transaction:

wp = th,o] - Vh[070} - Va[l:ol'

The instantaneous payoff from a transition from 7 to 7’ is given by:

—pp if 7 =1[0,6.] and 7' =i[1,0.]
P(r,7)y=<py, ifT=i[1,0.] and 7" = i[0, 6] (B8)
0 else.

The CDS buyer’s surplus is Vijg_1] — Vjjo,0, While the seller’s is Vj9 1] — Vijo,0)- Thus, the
CDS premium is implicitly defined by

Vo) = Vajo,0) = % (Vio,11 = Vio,0) + Vi, — Vajo,) - (B9)

Consider the fees the CDS counterparties pay to terminate their contracts. If a buyer ter-
minates, the seller goes from being a h[0, 1] type to h[0,0], and the seller’s utility decreases by
(Vh[o,l] — Vh[o,o})~ To make the seller indifferent, the buyer has to pay a fee equal to the decrease
in the seller’s utility:

Ty = Vo] — Vhio,0]- (B10)
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Analogously, a CDS seller (the long side) has to pay the short side:
Ts = Vi1 — Vijo,0- (B11)

The right-hand sides coincide with the gains from trade to each side. Hence, both equal %wc.

Inflow-Outflow Equations

Given the conjectured trading strategies, the steady state masses are such that the flow of agents
switching into a type equals the flow of agents switching out of that type. For example, the
mass of h[0, 0] agents evolves as

inflow outflow

Opnfo,0
% = UnFn 4 Yuttno,) — (Vaknio,0) + (Majr,0 + Mujo,0]) £ajo0) - (B12)

In (B12), the flow of agents turning into h[0,0]-type are (1) the new high-valuation entrants,
vy Fp, and (2) long investors who had previously sold CDS but are now searching again because
their counterparty terminated the contract, v, /40,1 The agents switching out of type h[0, 0] are
those who (1) experience a valuation shock, yagp0,0), (2) match with a bond seller, Apiq[1 0]44[0,0
and (3) match with a CDS buyer, Ay 0ptho,0)- The steady state mass is characterized by

0, . . .
w = 0. That is, pp[p,0) is constant, and the inflow equals the outflow.

The inflow-outflow equations for the other agent types are analogous:

long investor h[0,0] : UnFn + Yultnfo,1] = Yabno,0] + My + M. (B13)
naked CDS buyer ([0, 0] : v Fy + Yatio -1] = Yubhijo,0] + Me (B14)
bond owner Ah[1,0] : My = yapin1,0) (B15)
bond seller a[1,0] : Yakn[,0 = Mp (B16)

sold CDS h[0,1] : Me = Yapinjo,1] + Yultn[o,1] (B17)
bought CDS [[0,-1] : M = (Yu + va) tajo,-1]- (B18)

Market Clearing

For the bond market to clear, the total mass of bond owners has to equal the bond supply:
Phj1,0] T Haf1,0] = S (B19)
For CDS market clearing, the number of CDSs sold has to equal the number of CDSs purchased:
Hhjo,1] = Hifo,-1)- (B20)

Equations (B19) and (B20) show that bonds and CDSs are, effectively, inside and outside money:
bonds are in fixed supply, while CDSs are created within the economy and are in zero net

supply.'®

¥Bonds and CDSs are money in the sense that they serve as a store of value and expand the set of feasible
allocations in the economy. For discussion on financial innovation as inside money, see, for example, Gennaioli,
Shleifer, and Vishny (2012) and Brunnermeier and Sannikov (2016). For discussion on inside money (particularly,
as a medium of exchange), see, for example, Cavalcanti and Wallace (1999a), Cavalcanti and Wallace (1999b),
and Lagos (2010). The latter literature starting with Cavalcanti and Wallace (1999a) addresses when inside and
outside money co-exist and whether they are complements or substitutes. In contrast, I shed light on how the
creation of inside money (CDS) affects the liquidity of outside money (bonds).
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C Three Valuations

I explain further why I need three valuations.

In an environment with just two valuations (say, high- and low-valuation agents) and no
entry and exit, introducing CDS deteriorates bond market liquidity. In such environment and in
the absence of CDS, the optimal position for the low-valuation investor is no position: Investors
buy the bond as a high-valuation investor and sell when they become a low-valuation investor.
When we introduce CDS, the optimal position for the low-valuation investor turns into a short
position. They, as a result, go one asset position further and buy CDS after they sell their bond.
But because the number of investors of each valuation is fixed, allowing CDS and hence short
positions deteriorates bond market liquidity.

The point of the paper is to, instead, show that investors’ participation incentives change in
response to CDS. I thus need to endogenize the aggregate number of investors of each valuation.
One way to do that is to endogenize their entry. But to model investors’ entry, I have to model
their exit also. Otherwise, entries without exits result in infinite masses.

Exit is optimal under two conditions. First, investors cannot exit with an existing position.
So, to ensure that investors unwind their existing positions, their valuation has to change to a
valuation whose terminal optimal position is no position. Second, once their valuation changes,
they cannot have an incentive to wait to switch to another valuation instead of exiting. That
is, the valuation they switch to has to be an absorbing valuation.

A model with just two valuations but with entry and exit also does not generate the result
I want to show. Suppose investors enter the economy as a high-valuation investor, switch to
a low-valuation investor at some point and, once they switch, remain forever a low-valuation
investor. In the absence of short positions, this model works fine. Investors buy the bond after
they enter; when they switch to a low-valuation, they sell and exit forever. In the presence of
CDS, high-valuation investors still go long, but low-valuation agents now want to short (as their
terminal optimal position). This implies that exiting is not optimal for low-valuation agents.
They, instead, want to remain in the economy and short.

Thus, an environment with two valuations allows short positions in the absence of entry
and exit, allows entry and exit in the absence of short positions, but does not allow both short
positions and entry and exit.

D Intuition for Assumption 1

The intuition for Assumption 1 is as follows. The gains from CDS trade between high- and
average-valuation investors are proportional to z — 2y — (r +4)Op. This is negative by Assump-
tion 1. Intuitively, the difference in their valuations—hence, the total hedging benefit (z —0)—is
too small relative to the holding cost both sides incur (2y) and the entry cost, (r + v4)Op. The
lack of gains from trade ensures that (a) an average-valuation investor does not buy CDS from a
high-valuation investor, and (b) once a CDS buyer (initially, a low-valuation investor) switches to
an average-valuation, she prefers to unwind the short position that she has with a high-valuation
investor than to remain a CDS buyer.!? The gains from CDS trade exist only between high- and
low-valuation investors: 2x — 2y — (r 4+ v4)Op — (r + 7,)O; > 0. Their valuations are far apart
enough that the total hedging benefit, 2 = x — (—x), outweighs the holding cost, 2y, and the
costs of entry, (r + v4)Op + (7 + 7.) 0.

On the bond side, the gains from trade between high- and average-valuation investors are
proportional to the difference in valuations, x — 0, minus the entry cost: & — (1 +74)Op.2° This

197t is analogous between average- and low-valuation agents. The gains from CDS trade between them are
proportional to © — 2y — (1 + v, )Oy, which is negative. This ensures that (a) an average-valuation investor does
not sell CDS to a low-valuation investor, and (b) once a CDS seller (a high-valuation investor) switches to an
average-valuation investor, she prefers to unwind her long position than to remain a CDS seller.

29When high and average-valuation investors trade a bond, the total holding cost does not change because,
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is positive by Assumption 1. Thus, a bond owner who switches to an average-valuation investor
prefers to unwind and sell her bond to a high-valuation investor.

Consider how these parameter conditions relate to the original parameters. To gain intuition,
let us ignore Op, and O;.2! Then, Assumption 1 simplifies to 2z > 2y > z or & > y > %:L’
Substituting in the definitions of x and y,

2rapoend > Q%nﬁ > rapoend.

Canceling terms,
2p0¢ > J > poe.

Thus, Assumption 1 bounds the default size, J, between 1 and 2 units of po., which is the part
of the endowment risk that can be hedged by trading bonds or CDSs.

E Proofs

Because the proofs of Proposition 1 and Theorem 1 are long, I relegate them to online Appendix
F and G.

In the body of the paper, the same search intensity, A, governs matches among bond coun-
terparties as CDS counterparties. However, the results in the paper hold even if the search
intensity differs for bond versus CDS matches. Thus, herein, I adobt the general specification:

My = Nppinjo,0)fbaf1,0) @and Me = Acpinjo,0)Maf1,0- The specification in the paper is a special case:
Ap = Ae = A. T adopt this simpler specification in the paper body for exposition.

I summarize the main steps of Theorem 1 proof. In step 1 of the proof, I show that the equilib-

rium conditions narrow down to a set of five equations and five unknowns { uus0,01, Vajo,01 Vijo,0> ¥hs V1 }:

YaS 12— (r+7)Vapo
(7 +74) Vajo,o) — Mo 5 [ i (E1)
(va + Mottnfo,01) 27+ Va + Nokinjo0)3
F
(Y + )50 122 =2y — (r +72)Vapg) 0
“Ya A YuF Actnfo,0) 2 T+ Ya + Yu + Acknjo,0)3
1 122 — 2y — (r +7a)Vapyo
Vio,0) = 7)\01%[0,0]5 [ 1] (E2)
T+ Yu T+ Yd + Yu T )\c,uh[(LO] 2
Abhn[o,0]S s
vpFy, = 4+ Vg + Ya\e Tu E3
ht'h = YdHhr[0,0] T Vd ()\b/ih[o,o] n 7d) YdAcHh[0,0] Va4 Yd + Aelinfo] (E3)
1 Vio,00 > Oi
vi =4 10,1 if Vi, = O; for i € {h,l}. (E4)
0 Vi, < Oi
In step 2, I show that Vjg ] decreases in vp,. This result and the assumption that
Ae(Yat+yu) V}Y:l %(2m—2y) )\b’)’dséﬂﬂ
SAp (Ya+YutreB) (r+vatrutAens) | (a+ i) (r+va+Aeis)
—_—— > On > E5
2 (7" + ’yd) + S)\b . (r + rYd) h Xe(va+7u) V.l\::l % )\b’de% ( )

(Yatrutrel) (r+vatrutAciit) + (va+Xo ) (r+ya+ Ao d)

unlike CDS transactions, investors do not create new positions. Only the ownership of the bond changes.
21, for example, z —y > 0, z — 2y < 0, and (z — 2y) + [v — (r +74)On — (r +7u)O1] > 0, then Assumption 1
holds.
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for v; € [0,1] and where {1 is given by (G21) ensure that the solution for v, is unique, positive,
and interior.

Ensuring that the entry rate of high-valuation investors is given by an interior solution both
before and after CDS introduction simplifies the analysis. In search models with exogenous entry,
given the conjectured trading strategies, the system of equations characterizing the population
masses does not depend on the value functions and can be solved on its own. Then, the value
functions are a linear system of equations of the population masses. The conjecture-and-verify
method, as a result, simplifies the analyses and proofs by decoupling the system of equations into
two sets. Endogenizing entry, however, reverses this decoupling. The population masses depend
on the entry rates, but the entry rates depend on the value functions, which, in turn, depend
on the population masses. All three sets of variables have to be solved simultaneously. Thus,
the model with endogenous entry is significantly more complicated. Focusing on the interior
solution helps simplify the analysis.

In step 3, using the result from step 2 that vy, is given by an interior solution, (E1) and (E2)
become

YaS 1 x—(r+74)0n

(va + Mottngo,0) 27 + Va + Mobnjo,0)3
) (ya+7)%! 1 20 -2y — (r+72)0n .
“d A+ Yu + Aeltnfo,0] 27 + Ya + Yu + Ackno,0)5

(r+74)0n — X (E6)

1 )\Mhool 22 — 2y — (r +74)On =)
T [’]27“+’Yd+’}’u+)\cﬂh[o,o]%

Vio,0 =

Equations (E6) and (E7) together define Vg o as an implicit function of v;: Vjjgg)(1). I show
that Vjjg0)(11) strictly increases in 1. This result and the condition that

* * S CC—O T A
2’711 (T + Yd + Yu + %Acﬂh) (/7d + Yu + Ac#h) Oh (T + 'Yd) - (7d+zi£2)(2}2£+—:’2§2)\2u2)
0< <1,
Fy (22 =2y — Op (7 +7a)) (Va + u) A
(E8)

where
20[ (T + 7u) (T + Vd + ’Yu)

Ae (22 — 2y — (r +74) Op — (r +74) O))

ensure that a unique interior solution exists for v;. They also imply that two corner solutions
exist: vy =0 and v = 1.

In step 4, I show that—taking the entry rates as given—the rest of the equilibrium variables
are uniquely determined, and the population masses and the gains from trade are, in addition,
positive. Finally, in step 5, I show that all the conjectured optimal trading strategies are indeed
optimal.

The above discussion shows that multiple equilibria exist, each with a different entry rate of
low-valuation investors: a unique interior solution v; € (0,1) and two corner solutions (v; = 0,
vy = 1). For a given level of v, the entry rate of high-valuation investors, however, has a unique
solution. Condition (E5) ensures that it is, in particular, an interior solution. The fact that
v; = 0 is one of the solutions shows that even if CDS trading is feasible, investors may not trade
CDS in equilibrium. Since the paper is about the effect of CDS, I contrast the equilibria with
CDS (i.e., vy > 0, whether it is an interior or a corner solution) to the environment in which
I shut down the CDS market (or, equivalently, to the equilibrium with 1, = 0). The marginal
effect of CDS is qualitatively the same for both the interior, v; € (0,1), and the corner, v; = 1,
levels of the entry rate. Thus, the equilibrium multiplicity due to the different entry rates of
low-valuation agents is unimportant.

1,
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Proof of Lemma 1. Substituting the value functions of h[1,0], h[0, 0] and a[1, 0] into the bond
price, (11), and simplifying,

1 1 1 1 1 1
TPy =0 —nJ + 2T YT 5w — 5 (%%[1,0]2% + Ac#z[o,o]iwc - )\buh[o,o]zwb> . (E9)

Combining the value functions for k[0, 0], h[1,0], and a[1, 0], substituting in M; and M., using
Vipo,00 = On, and simplifying, we get

1
(r +7a)wp = 2 — (1 + 7a)On + Aotinjo.0] 5 Wo- (E10)

Using (B2), Vjj0,0) = O, and (E10), (E9) becomes

1 1 1
rpy, = 0—nJ+ 2T =Y 5w — g ((r+74)0n —x 4+ (r +v32)On + (7 + vq)wp)
1
= 5—77J+:c—y—(r+’yd)0h—§(r+2’yd)wb. (E11)
From (E10),
o= BT (r +7a)On (E12)

"+ Yd + Aobajo0) 3
Substituting this into (E11), we get

_ d—nJ+x—y—(+7)0n (+2v) 22— (+7)0
r 2r T+ Ya+ Aofinfo,0) 3

) (E13)

The proof of Proposition 2 in online Appendix H shows that as Ay — o0, Apppjo,0 — 00
Hence, the bond price in the absence of bond market search frictions is given by the first term
in (E13). O

Proof of Lemma 2. Combining (B2), (B5), and the termination fees, we get

1 Mb 1 Mc 1
r+d) (Vi) = Vaoo)) =pe—(nJ — ) =y — Yagwe — we 2%
( ) ( h[0,1] h[0 0]) ( ) 2 Ih[0,0] 2 fhf0,0] 2

Using the fact that V1) — Vijo,0 = %wc, the CDS premium is given by

0] — )yt s 2w Mo L Me 1
DPe=(NJ = yr+ S \r Yd) W SWh N
‘ 2 © 7 a2 [hjo,0] 2
1
=nJ —z+y+ = (r+27yg) we + (r + v4)Op, (E14)

2

where the second equality uses (B2) and Vjjgg) = Op. Combining the value functions,

22 =2y — (r + 7)) Va0
T+ Yg + Yot /\cuh[o,o}%

(E15)

Substituting this into (E14), we get (14). O

Proof of Theorem 2. Herein, I denote with hats the variables in the counterfactual environ-
ment without CDS.

The expected rents a long investor extracts from trading in the bond market, /\b,LLa[LO]%wm
have to be smaller in the equilibrium with CDS than in the equilibrium without CDS. To see
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this, the value function of a long investor is given by

1 1
(1 +7a) Vhjo,0) = Abaf1,0] 5% + Actafo,0] 5 e (E16)

The first term is the expected rents a long investor extracts from trading in the bond market.
It is the probability of finding a counterparty in the bond market times the gains from trade
from a bond transaction. The second term is the analogous expected gains from trade in the
CDS market. Since the high-valuation agents’ entry rate is an interior solution with and without

CDS, (E16) with and without CDS is

1 1
(' +7a)On = Aphtaf1,0] Wb + Actjo o) 5We
N 1.
(r +7a)On = Abfaf 0] 5%,
respectively. Since )\c,ul[o’o}%wc > 0, and the left hand sides are the same, it has to be that:

Abfla[1,0] 5@ > Noha[1,0]3Wh-
Combining (B19) and (B15), we get

Abka[1,0/4h[0,0] = Yd(S — Haf1,0])- (E17)

Equations (E12) and (E17) define pp(9,0) and wj as implicit functions of y, o). Using (E12) and
(E17), pnjo,0) and wy, change with g, o) as

Openo,0] _ Yt Mt
Otta[1,0] Abfha[1,0]

Owp, _ (vat AbHh[0,0]) 5Wb
Otta[1,0] Hal1,0] (r+va+ )\bﬂh[o,o]%)

Thus, ppp0 decreases in pig[1 o), while wjp increases in i 1,0 Then, the expected rents a long

investor extracts from trading in the bond market, Appq[1 0] %wb, as an implicit function of 4 g
increase in pg1,0]- As a result, 1,0 has to be smaller in the equilibrium with CDS than
in the equilibrium without CDS: pig109) < flg[1,0)- In turn, this implies that: w, < @, and
Kh(0,0] > Hhjo,0)- Since the illiquidity discount dp, just depends on fu( ], we have: dj < dp. From
(E17), a decrease in fi4[1 q) implies an increase in the bond volume: M; > M,. From (E3), an
Increase in fip[o,0] Tequires an increase in v especially since v; changes from zero to a positive
value in the presence of CDS. O

This proof relies on condition (E5), which is a sufficient but not a necessary condition for the
spillover effect to arise. It ensured that the entry rate of high-valuation investors is an interior
solution with and without CDS. The effect of CDS introduction before the entry rate of long
investors adjusts is a decrease in the mass of long investors searching for a counterparty, rio,0),
and an increase in their expected utility, Vj,jo0). Both effects decrease the bond price. As long
investors start to respond to short investors and enter at a higher rate, these two effects start to
reverse: fip[o,0] Starts to increase (this drives the bond price up), and Vj(gq], in turn, starts to
decrease (this also drives the price up). At some point, which I will denote with 7, enough long
investors enter so that (a) pp(o,0) is now higher than in the environment without CDS, (b) even
though the increase in Vj,(g ] is not reversed yet and Vj,(g g] is still higher than without CDS, the
increase in the bond price from the increase in p0 g dominates the opposite pressure from the
increase in V(9. With a further entry of long investors, j)go) increases so much so that the
increase in Vo o) is fully reversed, and Vj,(g g is the same as in the absence of CDS. This is the
new equilibrium entry rate of high-valuation investors. This level of the entry rate is higher than
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necessary because even at the lower entry rate, vy, the bond price and volume start to surpass
their levels in the absence of CDS.
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Online Appendix: A Theory of Liquidity Spillover Between Bond and CDS
Markets

F Proof of Proposition 1

Proof of Proposition 1. First, I derive the Hamilton-Jacobi-Bellman (HJB) equations.

Eq. (5) can be written recursively as:??

U(Wt, Tt) = max U(Ct)At —+ (1 — BAt) EU(Wt+At7 Tt-i—At)- (Fl)
CteR, T4 At €T (t,k)

Subtract (1 — SAt) U(Wy, 1) from both sides and divide by At:

UWipnat, Terar) — UWy, 1)
U(W = C, 1—-B8AHE . F2
BU (Wi, 1) CtGR,Tth)éT(Tt,k)u( t) + (1 — BAL) [ Al (F2)

In the limit as At — 0, (F2) becomes

BU(Wt,Tt) = ma.

x (F3)
CteR, Ty qt €T (7¢,k)

w(Cy) +E [dU(Wt’ Tt)} .

dt

Consider the expectation of dU (W, 7). Applying a Taylor series expansion to U(Wy, 1) and
taking its expectation, we get?

1
EdU (Wi, 7¢) =Uy (Wy, 7)E [dW;] + 5UWW(Wt, 7)E [dW7] (F4)

K

+ Z Ve(Te, k)L [U(Wy + P(7e, Tevar), Terar) — U(We, 7))
k=1

Consider dW; in the first term. Using (1), (2), (3), and (6) and rearranging, we get
AWy = (rWy — Cp + prepr + 80y + pebey) dt + (gepr + J (bt + 0Ocyp)) (—dNy)
+ Maedzt — ppdbp-
Using E[dN] = ndt,
EldW,] = (rWy — Cy + [pepr — depin] + (0 —nJ)0p 1t + (e — 1T )0c,t) dt. (F5)

Using E[dN?] = ndt,

E[dW?] = (0epr + J (O + 0c))” ndt + (1 — pf) o2dt (F6)

— <J2 (Op1 + 06702 N+ 20epid Oyt + Ocp) n + |:(O‘ept)2 N+ (1 — p?) O’S:D dt.

22This comes from observing that over a small time interval [0, At], (5) can be written as:
U(Wo,m0) = E [ e u(c)dt = u(cs) At + e A [ e 70-A0u(c dt]
where {c;} is the optimal consumption path. The term inside the expectations operation is U(Wa¢, Tat), thus
U(Wo,10) = max u(co)At + e PAEU (Wat, Tae). Similarly, if we start at {W;, o} and approximate e PO
co

1 — BAE, we get (F1).
BAUW, 1) = Uw (Wi, 7)dWe + 3 Uww (We, ) dW7 + Ur (We, 7)dre + 2Urr (We, 72)dr?



Thus, substituting (F5) and (F6) back into (F4), we get

EdU (Wy, 1) =

Uw (Wi, 1) [t Wi — Cy + [prepr — depin] + (6 — 1nJ)0p s + (pe — nJ)0c,t) dt] (F7)
1

+ §UWW(Wt, Tt) ((Jeb,t + Jec,t)2 n =+ 20’6pt7’] (J9b7t + J@C,t) + [(Uept)Q n + (1 — p%) 0'3:|> dt
K

+ Z Ve (72, k)AL [U(We + P(7e, Terar), Teear) — U(We, 1)) -
k=1

Substituting (F7) back into (F3), the HJB in the steady state is given by

pUW,T) =

max  u(C)+ Uy (W, ) rW — C + [ptepr — 0epn] + (6 —nJ)0p + (pc —nJ)0c]  (F8)
CeR, 7 €T (1,k)

U (W,7) (76, + 700° 0+ 200000 (0, + T0.) + [(0epr) 0 + (1 = 2) 7|
K
+> 4@k [UW + P(r,7),7) = UW,7)].
k=1

Using the guessed functional form U (W, 1) = —e~"*W+Vr+8) and the FOC of (F8) with respect
to C', the optimal consumption rate for agent 7 is

l
C = oga(T) + (W +V, + EL) , (Fg)
where2*
__1<log(r) r—p 1 2)
a=-—*—-—=—-ras’|.
r « ra 2
Inserting (F9) back into (F8) and using U(W,7) = —e 7*W+Vr+a) 1y, — rae—meW+Vrta) and
Uww = —r2a2e meWHVrta) we get
B /Befmé(wt+v.r+a) — _elog(r)—ra(W+Vr+a) (F10)

= |1
Tae—roc(W-‘rVr—l—a) |: og (T)

T - (VT + C_l) + [,UepT - Gean] + (5 - T]J)@b + (pc - T]J)QC:|

1 )
- §r2a2e_"a(w+w+“) {(J@b + J0)? 10+ 200p:m (JOp + JO.) + (0epr)* 1 + (1- pz) O'z}

K
+ Z v(r, k) max [UW + P(r,7'),7) - UW,71)].
1 T'eT (1,k)

Divide both sides of (F10) by —-Le re(W+Vr+a@) and rearrange to get

K

1
0=rV, — ra(W+Vr+a) = k UW + P ,/,/—UVV, 4 ra
e D LS g, OOV P 00
1[log(r) r—p 1 9 1 5 5 o
- [ P + [ptepr — 0eprn) — Jra [(UepT) n— o'epT}

1
— [(5 —nJ)0y — §ra ((Jﬁb + JOC)2 1N+ 20ep:m (JOp + J90)> + (pe — 17,])90] .

24The FOC with respect to C is: 0 = e~ ¢ — Uw (W4, 7). Using Uw = raeiTC“(W*VTJ"_‘), re reW+HVrta) _
e~ Rewrite it as: /09N e=ra(WHVrta) — o—aC,



Using the definition of @, by = pepr — Teprn — %'roa [(Uepr)2 n— Jgpz} , and 0,0, = 0, we get

1
rVe=0b; + [0 —nJ —racepmJ| 0y — §TO£J277 [(95)2 + (90)2} + [pc — (nJ + racepnJ)] 6.

K
-1
+ra(W+V.,—+a)7 ,k UW+P ,I,/—UVV, .
‘ a2 [0V 4 Plrs5) ~ UK
I assume that pepr — geprn — %roz (06p7)2 (n—1) =0 so that b, = 0. Using x, and y defined in
(8) and (9) and the guessed functional form for U (W, 1),

Ve =((6 —=nJ) —z7) O — ylOb| + [pc — (nJ + 27)] 0 — y|Oc|. (F11)

K
1 /
- ,]{1 [1 _ —ra(P(r ) +V. =V5) )
+ig 2 k) e 1=

G Equilibrium Existence

Proof of Theorem 1. I prove in five steps. In step 1, I narrow down the equilibrium conditions
into a set of five equations and five unknowns. In step 2, I show that the solution for the entry
rate of high-valuation investors is unique and interior. In step 3, I characterize the solution for
the entry rate of low-valuation investors and show that three solutions exist. In step 4, I show
that—taking the entry rates as given—the population masses, value functions, the gains from
trade, and prices are uniquely determined. The population masses and the gains from trade
are also positive. Finally, in step 5, I show that the conjectured optimal trading strategies are
indeed optimal. ]

Step 1

Proof. From the market clearing conditions, the masses of agents who have reached their optimal
asset position are

Bh1,0] = S — Hal1,0] (G1)
Hijo,-1] = Hhr[0,1] (G2)

1
= MC' G3
Hho,1] v+ Ya (G3)

They depend only on the masses of active searchers.
I simplify the rest of the equilibrium conditions, first, into a set of nine equations of nine

unknowns, fia[1,0]s H4[0,0]: £h[0,0]s Wby We, Vijo,0]> Vhfo,0)» Vh, and v

AbHa[1,0]Hh[0,0] = Yd(S — Ha[1,0]) (G4)
1 1
(r+a)ws = T — Np [fta[1,0] T Hr{0,0]) Wb = Actifo 0] 5We (G5)
1 1

(r + 794+ Y)we = (2 — 2y) — )‘bﬂa[l,o}gwb — Ae (tugo,0) + Hnp0,0]) FWe (G6)
v by

= + M, GT7

Tu HI[o.0 Yd + Yu (G7)

1 1
(7 =+ 7a) Vajo,0) = AbHal1,0] Wb+ Actfo o] 5We (G8)

3



1
(r+ ) Vip,0 = Ac#h[o,o]iwc (G9)

vpEp + Y Me = vapnjo,0) + My + Me (G10)
Yd + Yu
1 Vi,o] > Oi
0 Vi, < O;

Eq. (G4) comes from combining (B19) and (B15). Eq. (G5) comes from combining the value
functions for h[0, 0], h[1,0], and a[1, 0], substituting in M}, and M., and simplifying. Combining
the value functions for k[0, 0], k[0, 1], {[0,0], and [[0,-1] and substituting in M} and M, yields
(G6). Eq. (GT7) comes from (B14). Substituting M}, and M, into (B2), we get (G8). Substituting
My, into (B1), we get (G9). Combining (B13) and (G3), we get (G10). Eq. (G11) is the entry
condition for high and low-valuation agents, given in (4).
Next, I simplify the nine equations further into a set of five equations of five unknowns.
Combining (G5) and (G8),
o= " (r+ ’Yd)Vh[O,Oi ' (@12)
T+ 7d + Abtnf0,0) 3

Combining (G6) and (G8),
22 =2y — (r + 7)) Vajo,0

We = T (G13)
T+ 5d + Yu + Aclnjo,0)3
From (G4), solve for 141 o) as
YaS
Ha = . (G14)
.0 (Moknjo,0) + 7a)
From (GT), solve for 0] as
yly
Yu
Hifo,0] = . (G15)
007 T}rw Achth[0,0]

Plugging these expressions back into (G8)-(G11) gives five equations of five unknowns {Mh[0,0]7
Vijo,00 Vijo,0)» Vhs Vi }:

YaS 1@ = (r+7)Vap,)
Va + Mobnjo,0]) 27+ Ya + Ablinfo,0)3
(Y + yu) 22 122 — 2y — (r + 7a) Vapo,o)

“Ya+ Y+ Ackp0,0] 2 7+ Y + Yu + Acuh[o,o]%

(7 +72) Vajo,0) — Mo ( (G16)

=0

L oo 122720 = () Vi
R, cih[0,0] 274+ 93+ vu+ )\c,uh[&o]%

Vijo,0 (G17)

v Fy
Abith[0,015 o

VhFh = Yapb ) +’7d +’Yd)\cﬂ 5
O R v MO+ Atino)

(G18)



1 Vio,00 > Oi
Vi = [0, 1] if Vi[O,O] =0 for i € {h, l}. (G19)
0 Vi,o < Oi

Step 2

Proof. In the second step, I establish that, taking v; as given, a unique positive solution exists
for vy,

I start by showing the sign of yj,(9,0. The right-hand side of (G18) strictly increases in juy g,
is zero at py00 = 0, and goes to 0o as pp(p0 — oo. Thus, from (G18), pyp,0) is positive and
uniquely determined for any v, > 0 and v; > 0.

Next, I establish the existence of a solution for vj,. When vy, = 0, jip00 = 0 from (G18).
Also, Vjjg,0) = 0 from G17, and hence v; = 0. Solving for (7+74) V40,0 from (G16) and evaluating
the solution at w00 = 0 and v, = 0 gives the left-hand-side of Assumption (E5). Thus, by
Assumption (E5), Vy0,0) > Op when v, = 0. For a given level of v, solving for (r + v4)Vio,0)
and fup[o,0) from (G16) and (G18), respectively, and evaluating them at vy, = 1, we get

Ae(Ya+yu)vi Fr 5 (22—2y) \pyaS3a
Yu(Ya+trutrei) (r+vatrutAeil) | (va+Aei) (r+ratAeiid)
Vi = G20
(’I” + ’Yd) h[0,0] )\b'YdS% /\C('Yd‘i”}’u)VlFl% ’ ( )
(vat o) (rtvatXeig)  Yu(Yatrutded) (r+yatrutdefiz )
where
313 5 37332
ﬁ_{q+[q2+(7r—p2)} } +{q—[q2+(ﬂ—p2)} } + p, (G21)
b= _%7 q :p3 + bcga%ada ™= 376(17
a = _)\b>\07
Fy, vk
b= < - -5 )\c>\b_'7d ()\b+)\c) _VU)‘ba
Yd Yu
Fy Fn  vyE
c=(Va+ ) <<—S> >\b—7d> + <— YdAes
Vd Vd Tu
and

d:Fh(7d+7u)'

By Assumption (E5), the right-hand-side of (G20) is less than (r + ~v4)Oy for any v; € [0,1]
implying that Vjjo g < Op when v, = 1. Thus, a solution for v, exists, and it is an interior
solution: v, € (0,1).

Next, I establish uniqueness. Equations (G16) and (G18) together define V},(o g as an implicit
function of vy, and vy: Vijo 0)(vh, v1). Applying the Implicit Function Theorem to (G16) and using

. . A%
the fact that o o) is positive, ﬁ

is negative. Applying the Implicit Function Theorem to (G18) and using the fact that Khjo,0] 18
positive, pp[o,0) increases in vy, for any v; > 0. Put together, for v} such that Vij0.0 = On, Vio,0]
is strictly decreasing in vy:

evaluated at an interior solution for vy, (i.e., at Vjjo,0) = On)

OWVhio,0 (V5> v1) _ Wiy Opnjo,0)(Vhs v1)
vy, Ottn[o,0] vy,

< 0.



Thus, vy, is given by a unique interior solution. O

Step 3

Proof. In this step, I characterize the solution for the entry rate of low-valuation agents.
First, [ establish that Vg o) strictly increases in v;. Using the result in step 2 that the solution
for v, is an interior solution, (G16) and (G17) become

vaS L o — (r+74)04

(Ve + Xotno,0)) 27+ g+ Abkn[0,0]3

F]
Y ('7d+7u)% 1 2x — 2y — (r + v4)Op, —0
Va + Yu + Aekn0,0] 27 + Ya + Yu + Acknfo,0]3

(r +72)On — Ap (G22)

Ly 1202y (4100 (G23)
. clh0,0] 27 4+ vg + Yu + Acﬂh[oyo]%

Vijo,0]

Equations (G22) and (G23) define Vjj g as an implicit function of vj: Vjjogj(4). Applying the
Implicit Function Theorem to (G22), (0] strictly increases in v;. The right-hand-side of (G23)
increases in pup[o,0) and hence with v;. Put together, Vg o) strictly increases in v.

Solving (G22) and (G23) for v; and py[,0) and evaluating them at Vg o) = Oy, we get

S’ -0 A

Fy (22 — 2y — Op (7 +7a)) (Ya + ) Ae

v =

I

(G24)

where
200 (r 4+ vu) (r +va + V)

Ae 2z — 2y — (r +74) Op — (7’—1—’}/“)01)'
If 0 < v <1 (which is Assumption (E8)), an interior solution exists and is uniquely given by

(G24). Since Vo) as an implicit function of v; strictly increases in v, two corners solutions
(v =0 and v, = 1) also exist when 0 < v < 1. O

1,

Table 1 characterizes the solutions for v for all possible parameter conditions, not just (ES8).
The last row, for example, says that if the low-valuation investors’ entry cost is too high, then
none of them enter in equilibrium. By assuming (E8), I rule out such condition to ensure that
the CDS market can exist in equilibrium.

Table 1:
v is given by (G24).
Parameter condition The solution
v <0 =1
v =0 v=0,y=1
0<I/l*<1 VIZO,I/ZE(O,U,V[:1
v =1 v=0,y=1
v >1 =20

Step 4

Proof. Equations (G1)-(G3), (G14), (G15), and (G22) uniquely determine the masses of agent
types. In turn, wy, and w, are uniquely given by (G12) and (G13), where Vj,99) = Op. Given the



agent masses, (B1)-(B6), (11)-(B9), (B10), and (B11) uniquely determine the value functions,
prices, and termination fees.

The solution, moreover, is positive. Using Vj99 = Op, Assumption 1, and the fact that
Bhjo,0) > 0, we have that wy, > 0 and w, > 0. The result that 40,0 > 0 implies that p4)1 9 > 0
and fy[p,0 > 0. Nonsearcher masses are similarly positive. O

Step 5

Proof. In this step, I verify that the conjectured trading strategies are in fact optimal.

From step 4, the gains from a bond transaction are positive, wp > 0. The trading strategies
of the bond buyer and seller, as a result, are optimal. This also shows that an average-valuation
investor prefers to not hold a bond.

Analogously, since the total gains from a CDS transaction are positive: w. > 0, it is optimal
for 1[0, 0] type agent to buy CDS, and for A0, 0] type agent to sell CDS as conjectured.

Consider a CDS seller’s decision to terminate her contract if she reverts to an average-
valuation investor. Upon reverting to an average-valuation agent, if she pays the termination
fee and terminates the CDS contract, her utility changes by —Ts + 0 — V(g 1;. If she instead
remains a CDS seller, her utility changes by V,0,1] — Vi1, where

mVaj01] = Pe — N =y + 7u(Ts + 0 = Vgo.17),

and a0, 1] is an off-equilibrium asset position. She prefers to terminate if Vajo,1) < —Ts, that is,
if

1
Va1 +1s = Voo + FWe

:Pc—ﬁJ—ZH"YuTB 1

(r + ) 2"
_ At )@ —2y) — (@ - (r + Ya)On)Acthf0,0]3 (@25)
(T + 'YU) (T + Y4+ Yu + )\c/lh[o,o]%)

is negative. The third equality uses (14) and (G13). For an interior solution of v; (i.e., using
V1[0,0] = O; and (G23)), the numerator of (G25) simplifies to

[+ Yd + V) [22 — 2y — (r +72)On] [ — 2y — (7 + 74) O]
20 — 2y — (7“ + ’Yd)Oh — (7“ + ’Vu)Ol '

By Assumption 1, the second squared bracket is positive, the third bracket is negative, and the
denominator is positive. The whole term, as a result, is negative. For a corner solution v; = 1,
since fip[0,0) increases in v; and the numerator of (G25) decreases in Knjo,0); the numerator of
(G25) will remain negative. Thus, V,j01) < —Ts: once a CDS seller switches to an average-
valuation investor, she prefers to pay the fee and exit the market than to remain a CDS seller
and wait until her counterparty terminates the contract. This shows that an average-valuation
investor prefers no position than a long position through the CDS market.

Consider now a CDS buyer’s decision to terminate. Upon reverting to an average-valuation
agent, if she pays the termination fee and exits, her utility changes by: —T; +0 — Vj[g . If she
remains a CDS buyer, her utility changes by: Vyi9_1] — Vjjo-1), where

V1] = —Pe +1J =y +7a(Ts + 0 = Vo 1))

She prefers to pay the fee if
Va[O,—l] < =T,



where Ty = %wc. The difference is

T — 2y — (7“+’Yd)0h

V. Ts =
al0,-1] + r+ 74

The right-hand-side is negative by Assumption 1. Thus, a CDS buyer, upon a valuation shock,
prefers to pay the fee and exit the market than to remain a CDS buyer. That is, an average-
valuation agent prefers no position than a short position through the CDS market. O

H Proofs of Propositions 2-3

Proof of Proposition 2. For this proof, I set A\. = A\p = A. I prove the result for two parameter
regions separately: % < S and % > S.
Consider the region % < S and what Ay 0] limits to in this region. Suppose /\lim Abnjo,0) =
— 00
oo. This implies that lim pyp(00 = 0. To see this, if lim ppjo g > 0, then A and Apyp,0) limit to
A—00 ’ A—00 ’ ’
oo at the same rate. The right-hand-side of (H3), as a result, limits to zero, implying v, — 0.
But, using (G18), this contradicts that )\lim Bhjo,0] > 0. Thus, )\lim Phjo,0] = 0 whenever Ay o]
—00 — 00

limits to co. Then, using lim ppp0,0p = 0 and lim Ao 0) = 00, (G18) becomes
A—00 ’ A—00 ’
Fp v F

Vp— = S + . (Hl)
Yd Yu

From (H1), v, = 0 cannot be a solution. If v, is an interior solution v, € (0, 1), taking the limit
of (G17) as /\lim Atipjo,0) — o0 and using V(9.0 = Op, we get
—00

lim (7 + ) Vijo,0) = 22 — 2y — (7 + 7a)Op. (H2)
A—00

Using Assumption 1, this implies Vg o) > Oy, and hence v = 1. Plugging v; = 1 in (H1),

F; F
Vhl :S-f-*l > S.
Vd Yu
Ey

This is a contradiction in the parameter region Z < S. If v = 1, (H1) becomes

which is again a contradiction in the parameter region % < §. Thus, in the parameter region

v < it has to be lim Abtpo,0] < 0.
Yd A—00 ’
Now using )\lim Abipfo,0) < 00, I derive the limits of the entry rates. Solving for Vj,(g g from
— 00

(G16),

Ae(Ya+yu)vi Fi 5 (22—2y) 4 AovaS3T
(r+)V;  Mu (Ya+rutAetino, o)) (rHvatrutrcsno,0 ) (Ya+Xotngo,01) (T+va+Aokni0,0 3 ) (H3)
V) Vhl0,0] = AbvaS3 Ac(vatru)viFig ’

+ (vat+Xotino,01) (T+va+ oni0,0 3 ) + Yu(YatvutActnio,0) (rHva+rVutAckno,0 )



The limit of the right-hand-side is

(vat+yu) 2 Fi & a8t
2x — 2 2
lim (r + 40V _ yu(yatyatm)(rHratyetmy) (22 —2y) + (’Yd+m)(r+’yd+m%)x (H4)
A—00 Vd)Vhlo0) = (yatyu)nFid 1 Y4S% ’
Yu(vatyutm) (r+yatutmsg ) (yatm) (r+yatms )
where m = lim Auypo) and 7 = hm v;. The right-hand-side is a weighted average between
A—00 ’ A—o00

(2z—2y) and z. By Assumption 1, both 2z—2y and z are larger than Oy,. Thus, )\lim Vio,0] > Ohs
— 00
which implies that )\lim vy, = 1. Plugging (H4) into (G17),
—00

L Y454
my (va+m) (r+yatmg

T4 Yq + Yo+ M3 7455 N (Yatva) 7 Fr 2
(vat+m)(r+yatmz)  yu(vatyutm)(r+yatytmsy)

) (z —2y)

)\hm (T‘ + ’)/u)‘/l[o’(]] = s (HE))
—00

The coefficient in front of (z — 2y) is less than or equal to 1, the right-hand-side, as a result, is
less than = — 2y. But, by Assumption 1, x — 2y < (r + v,)O;. This implies that Vjg g < O; and

)\hm vy = 0. Thus, if Fh < S, then 0 < hm Aﬂh[o 0 < 00, hm 0 vy = 1, and hm 0y = 0. Since
—00

hm 0y = 0, the env1ronment converges to the environment Wlthout CDS, and hence the result

that CDS is redundant.
Now consider the reglon . h > S. Suppose m = hm Aﬂh[o 0] < oc. Then, using arguments as

above, lim Aupg o) < oo implies that lim vj =1 and hm v; = 0. Using these entry rate limits,
A—00 ’ A—00 A—00
lim fu,(90) = 0 (implied by lim Apyjo0 < o0), and (G18), we get
A—00 ’ A—00 ’
B m

— S (Ho)
Ya M+

For any oo > m > 0, the right-hand-side is less than S, which is a contradiction in the parameter
reglon > S. Thus, it has to be hm )\Mh[o 0] — 0.

The 1lhqu1d1ty discount just depends on the limit of Auyjg0). Since Apypo0) = 00, dp — 0.
Moreover, the bond volume is
_ SVaMnf,0]
Yd + An[o,0]

As Mupjo,0) = 00, My limits to Svg. Thus, in a frictionless environment, the illiquidity discount
and the bond trading volume are the same in the environments with and without CDS trading.

The above completes the proof. As an aside, I derive the limits of the entry rates for the
parameter space, % > S, in particular, in two subregions: 7 h> 8§+ Fi and S + Fl > > g

Yd
Taking the limit of the right-hand-side of (G18) as Ajupjg0) — 0o and using /\hm Mh[o,o} =0,
—00

F; F;
nlh gyl
Yd Tu

(H7)

Consider the first subregion: £& > § + . For (H7) to hold, it has to hm 0 Uy € (0,1) for any
v, € [0,1]. Then, )\hm Vhjo,0] = Oh The hrmt of the right-hand-side of (Gl?) as Mtpfo,0) — 00 is
—00

R, (22 =2y — (r 4+ 7a)On) - (HS8)

Using Assumption 1, this is greater than O;. Thus, in the limit, v, = 1.

Consider the second subregion: S + % > % > S. Suppose v, € (0,1). Then, from (H7),

9



S+ Vé—Fl = I/h% < %, which is a contradiction. Thus, it has to be v, = 1 and becomes:
u

F F
“h gy A (HY)
Yd Yu

From here, v; € (0, 1]. O

Proof of Proposition 3. 1 denote with V%}O] the long investor’s expected utility associated
with a market choice m € {b, c} and with v}" the fraction of long investors that choose m, where
b and c stand for entering the bond market and the CDS market, respectively. The equilibrium
entry rates {V} }ye(p,c,he} SOlve

1 Vil > fo[o,o]vvff[o,opoh} /Viio.o
vt = (0,13 Vi = V,f[om,v,f[omoh} Vi o (H10)
0 hl0,0] < Vif)[o,opvff[o,opOh} Voo

The value functions of investors participating in the bond market are characterized by

1
"Vaoo = 70— Vo) + Abta[1,0] 5% (H11)
™Vino = (0-nJ)+x—y+5%Vapo — Vapo) (H12)
M, 1
™WVapno = (—nJ)—y+ p [1b0] S (H13)

The population masses {10, ”2[070]7 Ha[1,0} are given by
V;]LFh = ’Ydﬂ%[om + M,

My = vapnp,o) (H14)
Bhi10] + Hal1,0] = S (H15)

The entry rate into the bond market, 2, solves (H10).
The value functions of investors in the CDS market are characterized by

. . M, 1
Vi, = 70— Vi) + 7/%[0 0 5% (H16)
M. 1
Voo = (0= Vi) + . e (H17)
Vo1 = Pe— MJ —x) =y +7(=Ts — Vipo,1)) (H18)
Vi) = —pet+t M +2) =Y+ (_TB - Vl[o,-l]) . (H19)

The population masses { Kh[o,1]> uz[070]7 H[0,-1] Ml[o,o]} of investors in the CDS market are char-
acterized by
Vi Eh 4 Yukbhio1] = Yakho,0) + Me

viFy + Yapupo,-1) = Yubhfo,0) + Me (H20)
M = vapnjo,1) + Yukno,1]

Hnjo,1] = Hifo,-1)-
The entry rates into the CDS market, v} and v, solve (H10) and (4), respectively.

10



Combining the equations characterizing the population masses, we get

b
23 b AbHh[o,0]

= U + S.
v h[0,0] <

)\bul};[op] + 'Vd)
Applying the Implicit Function Theorem, /LZ[O 0] increases in 1/2.

I describe next how bond market liquidity depends on the mass and hence the entry rate
of high valuation investors. Combining the value functions for k[0, 0], h[1,0], a[1, 0], the bond
price is

p=2"1v 1 (r+ Nttt (H21)
r T4 yd+ )\b/ﬁz[m}% + )\bua[l,O]%
_b-nJ-y 1 (7 + Mokthpo.0) (Y + Aokt 0p) (H22)
r 7 274(r +va) + 7 S + (27 + 372 + Appajo,0) Motnjo,0)

where the last equality uses (H14) and (H15). The right-hand side and, thus, the bond price is
increasing in (0,0 Combining the equations characterizing the population masses,

My = Yafin1,0] (H23)
= Ya(5 = Haf1,0)) (H24)
vaS
=78 — ——) (H25)
(Aotnfo,0) + Vd)
A
g bHK[0,0]7d . (H26)
Abinio,0] + Ve

The bond volume, as a result, increases in pp00). Thus, the bond market is more liquid if
high-valuation investors enter at a higher rate.
Combining the value functions and the population masses of the bond market investors,

ApYdS
A YaS + 2(r + vq + )\b,ul;’l[g,o] %) ()‘b“z[o,o} + 7d)

(r+ ’Yd)vf?[o,o] = xT.

Thus, Vi?[&o] is decreasing in “2[0,0} and hence in u}bl. To simplify the analysis, I assume that,

prior to the CDS introduction, the entry rate into the bond market, VZ, is given by an interior

solution.
When CDS trading is feasible, we can rule out V}i’[o g < Oy, as the equilibrium outcome.

fo[o,o} < Oy, implies 1/2 = 0. But a decrease in 1/2 implies fo[o,o} > Op, not Vii)[o,o] < Op. Thus,
in equilibrium when CDS is feasible: Vif[o 0] > Oy,
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Table 2

Combined
1 e o VZ[ o> Vioo  Vioo > Voo
2 Vh S0 hjo,0) = ©h Vh[O 0] — sz[o,o] Vh[o 0] — =V [0 o~ On
4 th[o,o} = On Vig[o 0] th[o 0] ViZ[O,O] > Oh - th[o,o]
5 Vool <On Vaoo > Vaioop Vi) > On > Viio
7 Vhoo T Yh 0 Vitg g = On VZ[ 0= Vh[O 0] Vh[O 0= V [o 0= Oh
8 Vool <Or Vioo > Vil Vh[O o] = On > Vi g

0,0]° th[o,o]v

and Op. The first row cannot be an equilibrium. V,f[o o > th[o 0] would mean that 1/2 =1

To figure out the equilibrium outcomes, Table 2 lists possible orderings of V}i’[

and v§ = 0. At vf = 0, however, low-valuation agents do not enter either (v, = 0), and hence
if[o o = 0. This contradicts Vc[0 o > Op,. The fourth and fifth rows cannot be an equilibrium.

Vh[O 0] [0,0] 0,0]

evaluated at I/h = 1 should be lower than Oy,. Hence, it is a contradiction. The sixth row is not

an equilibrium. fo[o,o} > V}f[O,O] = Oy, implies that v; = 1 and 1/2 = 0. However, Vf?[o,o] evaluated

> Op >V 1[0,0] implies that v = 0 and l/h = 1, but since Vh is decreasing in 1/2, Vé’[

at 1/2 = 0 does not equal Oy,
Four equilibria exist. In two of them, the entry rate into the bond market, VZ, stays the
same as in the environment without CDS. In one of these two, the entry rate into the CDS

market is positive: vy + 1/2 < 1 and Vh[o 0 = V}i’[o 0 = Op, while in the other, none of the

high-valuation investors enter the CDS market, and Vf?[o,o] = Oy > th[o,o] = 0. In the other
two equilibria, the entry rate into the bond market, 1/2, decreases. In one of these, shown in
row 3, fo[o,o] > fo[o,o] > Op, implying that 1/2 = 0 and v; = 1. This means that all high-
valuation investors enter the CDS, and the trading activity in the bond market disappears. In
the other, shown in row 2, Vh[o o = =V A, 0] > Oy, implying that the entry rate into the bond

market decreases (so that Vh[o,o] is higher).?

Thus, with the introduction of the CDS market, high valuation investors enter the bond
market either at the same or at a lower rate. If the entry rate remains the same, the illiquid-
ity discount and bond volume also remain unaffected by CDS introduction. If the entry rate
decreases, bond market liquidity deteriorates. The bond volume decreases, and the illiquidity
discount increases. O

I Short-Selling and CDS

This section presents the model with both short-selling and CDS trading. The short-selling
part of the model follows Vayanos and Weill (2008). To be self-containing, I describe the main
features and mechanism of the Vayanos and Weill (2008) framework, but for more details I refer
the reader to their paper.

I denote an agent’s portfolio with [0y, 6,, 6.] where the CDS position is now denoted on the
third position, 8, = 1 denotes that an agent has lent her bond, 6, = —1 denotes that the agent
has borrowed a bond, and 6, and 6. denote bond and CDS positions as before. If an agent has

25The entry rate could decrease to another, smaller, rate v2 > 0, or all the way to zero, v2 = 0.
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no CDS position, I denote her position with just [0y, 6,]. Combined, we have seven feasible asset
portfolios: [1,0] is a bond owner, [0,1] is an investor who has lent out her bond, [1,-1] is an
investor who has borrowed a bond but has not yet sold it short, [0,-1] is an investor who has
borrowed a bond and has sold it short, [0,0,1] is an investor who has sold CDS, [0,0,-1] is an
investor who has bought CDS, and [0, 0] is an investor with no asset position.

Short-selling changes the equilibrium agent types and their optimal trading strategies as
follows. A high-valuation bond owner (h[1,0]) now searches for a bond borrower in the repo
market (i.e., for a short investor) to lend her bond to. After lending her bond, her position
changes to h[0, 1]. If she reverts to an average-valuation while her counterparty has not yet sold
the bond, she demands back the bond and becomes a bond seller (a[l,0]). If she reverts to
an average-valuation after her counterparty has already (short-) sold the bond, she seizes the
collateral her counterparty has put aside and exits the market.

A low-valuation investor without a position (I[0,0]), in addition to searching in the CDS
market, now searches at the same time for a bond lender in the repo market. If she first meets a
bond lender, she borrows a bond and her type changes to I[1,-1]. She becomes a short seller in
the bond market. If she reverts to an average valuation before she could short-sell the bond, she
delivers back the bond and exits the market. But if she sells, her type changes to [[0,-1]. This is
her terminal optimal position. If she gets a valuation shock and becomes an average-valuation
agent (a[0,-1]), she searches to buy back the bond. After buying back, she delivers the bond
back to the lender, unwinds her short position, and exits.

Define the total mass of bond sellers as

Hb,s = fu1,-1] T Ha[1,0]5

where fy(; 1) is the mass of short sellers and g1 o) is the mass of regular bond sellers (that is,
those with a long position looking to unwind their long position). Analogously, the total mass
of bond buyers is

Hb,s = Hh[0,0] + Ha[0-1]>

where h[0,0] are the long investors seeking a long position by buying a bond, and a[0,-1] are
the investors looking to buy back the bond to deliver it to its repo counterparty and unwind
their short position. In the repo market, the active searchers are the bond borrowers, 1[0, 0], and
bond lenders, h[1,0].

Define with ¢’s the meeting intensities:

s = )\bﬂb,B
s = Aollis
que = )\rﬂh[l,D]
dso = )\rﬂl[0,0}
dep = )\C,UZ[O,O}
e,s = Ackpfo,0]-
The inflow-outflow equations are
UnEh + Yultio,0,-1] = Yatn(o,0] + (qs + des) HBnfo,0) (11)
Qsth[0,0] T Yuli[1,-1] T GsHaf0,-1] = deoMh[1,0] T Ydih[1,0] (12)
GuoMh[1,0] = YdHh[0,1] T Yuli[1,-1) T dsHa[0,-1] (I3)
Vi Fy A Yapup 1)+ Yatpo,1) + Yako,0,-1] = Yutifo,0] T (que + Ges) tafo,0] (14)
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QLeti]o,0] = Yuli,-1] + detai 1] + Va1 (15)
st 1) = (Yu + 7a) Hijo-1) (16)
Yuli[0,-1] = dsHal0,-1] + YdHa[0,-1] (I7)
Yaktn[1,0) + Yati,-1) = Gelaf1,0] (I8)
Gesn[0,0) = (Yu + Yd) Hr[0,0,1] (19)
Qe,sHR10,0] = (Yu + Yd) j0,0,-1)- (110)

The market clearing conditions are

P10 t Haf1,o) + M1 =S (I11)
Hhjo,1] = Hi[1,-1) + Hifo-1] T Ha[o,-1] (I112)
Fh[0,0,1] = H1[0,0,-1]- (113)

To characterize the value functions of agents who have lent their bond, h[0, 1], we have to keep
track of their counterparty. The subscript on the value functions of an k[0, 1] investor, as a result,
denotes both the agent’s own type and the type of her counterparty. For example, Vo 1)i1,-1]
denotes the value function of an investor who has lent her bond (k[0, 1]) whose counterparty is
[[1,-1] type.

The value functions are

Vhio,0] = Y (0= Vi) + as (Vapo — Vap.o] — P) + dee (Vao,0,1) — Vap,ol) (I14)
Vo =0 —nJ + 2 —y 4 gso (Va1 — Vap,o) + v (Vapo) — Vapo) (I15)

Vi1 =0 —nJ + @ —y+ fee +va (Vap,o — Vapapup.-1]) (116)
+ Yu (Va0 = Vapaqn.-11) + @& (Vap,aji0.-1 — Vao,ai1,-1))

Va1 =0 —nJ + 2 —y+ fee +va (z = Vapyo-1) + Yu Vao,a0.-11 — Vapao,-1y) (117)
"Viojao-1] =6 —1J + & —y + fee +7a (2 = Viojapo,-1]) + s (Vapo) = Vap,ajap.1)  (118)
Vi, = Yu (0= Vip,o) + qee (Vip-11 — Vip,o) + @es (Vio,0,-11 — Vijo,01) (119)

rVino1 = —fee + 7 (0= Vip 1) + @ Vijo-1) — Vi +2) + 74 Vipo) — Vip-1p)  (120)
rVio,1) = —fee = (0 —nJ —x) =y + v (Vao,-1) — Vi) +7a Vi) — 2 — Vi) (121)
Vapo,1] = —fee — (6 —nJ) —y+ s (0 — pp — Vapo-1) +7a (0— 2 — Vajo, 1)) (I122)

Va0 =0 —=1nJ =y +qs (s + 0 = Vopr 0) (123)

Vhi0,01] = Pe — 1 + 2 — y 4+ 74 (=Ts = Vhjo0,1]) (124)

"Vi00-1 =0 +2 =y —pe + v (=Ts — Vipo.1]) - (125)

where z is the collateral that the bond lender seizes if the bond borrower cannot deliver the
bond, and fee is the lending fee the security borrower pays the security lender throughout the
repo contract. Following Vayanos and Weill (2008), I set z = V1 g The entry decisions of
high- and low-valuation investors are as before and are given by (4).

The terms of trade arise from bilateral bargaining as before. In a bond transaction, the bond
buyer h[0, 0] and the seller a[1, 0] bargain over price. The bond price, as a result, is characterized
by

1
po =5 (Vapo = Vapo,o) + §Va[1,o]- (126)

N | —
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I assume, following Vayanos and Weill (2008), that the other bond buyer (a]0,-1]) and seller
(1[1,-1]) transact at the same price and focus on the parameter conditions where it is optimal to
do so. The bond lender and the borrower negotiate over the lending fee so that each gets half
of the total gains from trade:

Vionp-1] — Vapo = 5 (Vapag-1 — Vapo + Vip-1 — Vip,) - (127)

1
2
As in the main environment, the CDS spread is given by
1
V0,0, = Vhjo,o = 3 (Vapo,01] = Vapo,0) + Vip.0-11 — Vip,]) - (I28)
Define the gains from a repo transaction as
wr = (Vajoui-1 — Vao) + Vi1 — Vio,o)- (I29)

Proof of Lemma 3. Take the difference between (I15) and (I114) and get

1 1 1
r (Vh[l,o] - Vh[070]) =0-nJ+x—-y+gso iwr — Yd%b — Qs §Wb —qc,B iwc- (130)
Using (114),
1
r (Vi) — Vapo) =0 —nJ +z—y + Gnomwr = Jawh — (7 +7a) Vafo,0]- (I31)

Combine this with (I123) and Vj9) = O and solve for wy, as

T (r 4+ 72)On + Gso 3wy (152)
b — .
(r+74+ qu3)

Combine (123) and (I31), simplify, and get

11 1 1
rpy=0—nJ —y+ut g <—7da)b — (r +7a) Vajo,0 + q32Wb) + oty (133)

From (I32), geswp = — (r + ¥d) Vijo,0] — (r +va)wp + Gsoswy. Substitute this and Vijo,0 = On
into (I33) and simplify to get

2 1
s 7d> Wy + Qo =Wy (134)

rpb=5—nJ+x—y—(T+7d)0h—< 5

Plugging (132) into (I34), and simplifying, we get

(0= n))+r—y—(+v)0n (r+2vs)1(x—(r+75)0n)
Py = - a5 1 (135>
r T 27+ 9a+ Mepess

~
illiquidity discount

" (r 4+ Noptns) 1 Arfifo,05r
r 27 4+ 74 + Apfos 3

lending fee effect
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The bond price without short-selling is

. §—nJ+x—y—(r+74) O <r+27d>1x—(r+7d)0h
by = - - 1
r r 2(T+’Yd+QB§)

(136)

O

I compare the two environments without CDS and with CDS based on what the entry rates
converge to once CDS is introduced. In particular, I use the following algorithm. First, I let
the entry rate of low-valuation agents adjust to the CDS introduction but keeping the entry
rate of high-valuation agents fixed. Next, I let the entry rate of high-valuation agents adjust
to both the CDS introduction and the change in the low-valuation agents’ entry rate that the
CDS introduction induces in the first step. I repeat this process until both entry rates are
at equilibrium. Whether low-valuation agents adjust their entry rate first then high-valuation
agents adjust or vice versa gives the same result. The result is as follows. The CDS introduction
increases the value of entering for both long and short investors. Short investors, as a result,
enter at a higher rate (assuming that their entry rate was given by an interior solution before)
until their entry rate converges to the maximum possible: the corner solution (v, = 1). In
response to both the CDS introduction itself and the resulting increase in the low-valuation
agents’ entry rate, long investors also enter at a higher equilibrium rate.
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Figure 2: The Marginal Effect of CDS When Investors Already Short-Sell

The figures illustrate the results discussed in Section 5.1. The dashed lines plot the masses of actively searching
investors (plots (a)-(e)), the bond price, the bond volume, and the repo contract lending fee for an environment
in which investors short-sell but do not trade CDS. The solid lines do the same for an environment in which
investors both short-sell and trade CDS. They are plotted as functions of CDS market matching efficiency (Ac).
The relevant model is in online Appendix I. The parameter values used to generate the plots are r = 0.04,
a =0.05 00 =540, p=1,0 =1, n = 0.0012, J = 500, Fp, = 2.5, F; = 0.18, 74 = 0.35, vy, = 0.44, X\, = 120,
Ar =17, Op, = 0.4, and O; = 0.925. I focus on parameter conditions such that short-selling exists in equilibrium
both before and after CDS introduction. For example, as \. — 145, the gains from a repo contract go to zero.
So, for A\. > 145, investors stop short-selling and start using CDS only.
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J Endogenous Search Efforts

I setup the environment so that all investors who want to rebalance their asset position choose
their search effort optimally. In particular, in addition to long investors, bond sellers, a[l,0],
and CDS buyers, [0, 0], also choose their search effort. As a result, the total bond volume is
My = (Aa[1,0] T Ab,n[0,0]) Ha[1,0Hr[0,0): While the CDS volume is M. = (¢ njo,0 + Ai[0,01) 41[0,0] #n[0,0]
Then, only for the proof of Proposition 4, I set the search efforts of the short side to zero:
Aijo,0) = 0 and Agp1g) = 0. I assume throughout that the parameter conditions are such that the
entry rate of high-valuation investors is given by an interior solution with and without CDS.
In the paper, I focus on the simpler environment with only the long side choosing search
efforts because endogenizing search efforts on both sides of the market complicates derivations
significantly. Given the intractability, in Proposition J.1, I only characterize the parameter
conditions under which introducing CDS still increases bond market liquidity. Numerically, the
results when both sides choose search intensities versus when only one side chooses are analogous.
The HJB equations are derived analogously as in the environment with exogenous search
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intensities. As a result, the value functions are characterized by

rVe=—cXpr, Aer) + (0 —nJ — 1) 0y — y|Op| + (pc — nJ — x7) O — Y6, (J1)

K(r)

1 /

+ k‘, 1— —ro(V_1=Ve+P(7,7")) ,
;7( T)T’gf%ik)m < ‘ )

where ¢(Ap -, Ae,r) is the agent’s total search cost. Simplifying (J1) further, for the nonsearcher
agent types, the value functions are identical to (B3), (B5), and (B6). The value functions of
the searcher agents include the costs of their search efforts:

M. 1

™Vipo = (0= Vi) — 0, Njo,0) + o) Jwe (J2)

M, 1 M. 1

rVj = 0-V, —c(A ) A + ) —We J3

R[0,0] ’Yd( h[0,0]) ( b,h[0,0] ,h[o,o}) Hhf0.)] ) b Hh(00] 5 ( )
M, 1

Voo = (6—nJ)—y— C(Aa[1,0]70) + ’ 5 Wh- (J4)
Hal1,0] 2

The first order conditions with respect to the search efforts are:

(A, 1[0,0]5 Ae,h[0,0])

O, fo,0] = tap1.0] (=P + Vi) = Vapo,o) (35)
aC(Abgii’[oA,;hmw = tupo.o] (Vao.1) = Vo)) (96)
W = tnjo.0] (Vio,11 = Vijo,0) (J7)
W = njo.0) (P = Varo)) - (78)

The optimal search efforts equate the marginal cost (the left-hand side) with the marginal
benefit (the right-hand side) of an additional unit of search effort. The equilibrium equations
are analogous to the baseline environment plus (J5)-(J8) that pin down the optimal search
efforts.

Proof of Lemma 5. Combining (B3) and (J3), the reservation value of the buyer is
1 1

T (Vi) = Vi) = (6 = nJ + 2 —y) — yaws + (Ao pjo,0] Aehf0,0]) — bs Wb — e 5 We
where qps = Hii\[{)lj()] and qep = ui\[/([fo]. Using (J3), we can write it as

r (Vi) — Vapo) = (6 = nJ 4+ 2 —y) — (r +7a) Vajo,0) — Yaws-

Next, consider the seller’s reservation value. Combining (B3), (B4), and (J3), we get

1 1 1
(7 +7a) Wb = @ + c( Ay 40,01 Ae,hf0,0]) + (Aaf,00,0) — s Wb — Qo 5 — den 5 We- (J9)
where ¢ = Mﬁﬁ’?(}}. Using (J3), this becomes
1
(r+v)wy=2— (r+q) Vo0 + C()\a[170], 0) — qu§wb. (J10)

18



From (J10),
1
Qb Wb — c(Aa1,0:0) = = — (1 +7a) wo — (7 +7a) Vajo,0)-
Plug it into the reservation value of the seller and get

Voo =0 —nJ +x —y— (r+7a) Vajo — (r +va) wp

Combining the reservation values of the bond buyer and the seller and using Vj,jo,0) = O,

1
rpbzé—nJ—i—x—y—(r—i—’yd)Oh—§(r+2’yd)wb. (J11)

From (J10) and the fact c(Aq(1,0,0) = 0 when Agp; g = 0,

oy = z —(r+7a) On (712)

(T + va + Qbs%) ‘

Plugging it into (J11), the bond price and the illiquidity discount have the same characterization
as in the environment with exogenous search efforts. O

The results so far apply to both the environment in which only the long side chooses their
search effort (i.e., A pjo,0) and A pjo,0) are endogenous, and A,pq0 = 0 and Njgq) = 0) and the
environment in which both sides of the market choose their search effort (i.e., Ay nj0,0, Ac,hj0,0];
Aaf1,0], and Njjo 0] are endogenous). In Proposition 4, only the long side chooses their search
efforts. Then, Proposition J.1 allows both sides to choose their search efforts and characterizes
the parameter conditions under which the liquidity spillover effect arises.

Proof of Proposition 4. | denote the variables in the counterfactual environment without
CDS trading with hats. To simplify the notation, I denote Ay pj0,0) @s Ap and A pjo,0 @8 Ac-

I first show that long investors keep their total search cost, ¢(\p, Ac), the same with the
introduction of CDS. Using (J3) and V(g0 = Oh,

(7 +70)0n = =0 ()7 + M) + Nt 150 + Moo e
Using the first order conditions (J5) and (J6), this simplifies to
(r +7a)On = (ag = L)eo (M)? + (X))
in the environment with CDS trading and
(r +74)On = (ag — 1)co ((Xb)g)a

in the environment without CDS. The right-hand-sides are the (ag — 1) times the total search
cost incurred by long investors, h[0, 0], in the respective environments. Since the left-hand-sides
are the same across the two environments, long investors incur the same total search cost in the

~ a
environments with and without CDS trading: co ((Ap)? + (A\e)?)" = co ((Ab)g> . This implies

NN
)+ () = ()" (J13)
Now consider how CDS introduction affects Ay. Since A. > 0 in the environment with CDS

trading and g > 0, from (J13), Ay < M\p. Thus, investors lower their search effort in the bond
market.
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Now consider how CDS affects the marginal cost of an additional unit of Ay, %ﬁ(:‘c). It is
Oc(Apy Ac)

S = ageo ()" () + ()|

in the environment with CDS trading and

a%;bm = ageo (1) [((xb)g)a_l}

in the environment without CDS trading. From (J13), the terms in the square brackets are

. ~\g—1
equal. Since A\, < Ay and g > 1, we have that ()\b)gfl < ()\b>g . Thus, the marginal cost,

%ﬁ’\’:‘c), is lower in the environment with CDS than in the environment without CDS.

Now, consider how CDS affects bond market liquidity. Using (J5) and (J12),

Oc(Ap, Ae 1 x—(r+ @)
( ’ ) = Ha[1,0] 5 ( f)/d) h1 : (J14)
8/\(, 2 (T + Yd + /\bﬂh[0,0] 5)
Combining (B19) and (B15),
A . Ya(S — Ma[l,o])
bHR00) = — -
Hal1,0]

Plugging this in (J14), the right-hand-side of (J14) as an implicit function of p, g strictly
increases in pi,p,0)- Then, using the above result that the marginal cost (i.e. the left-hand-
side of (J14)) decreases with CDS introduction, it has to be that p,p0 < flgn,0. In turn,
Haf1,0] < Ha[1,0) implies that wy < @y, dp < db, and p, > pp. The bond volume is given by:
My = 74(S — ta[1,0])- Since the mass of bond sellers decreases, the bond volume increases. [

Proposition J.1. Consider the environment where both sides of the market choose their search
efforts (i.e., Appjo,0], Achf0,0], Aaf1,0), and Ajog are endogenous). Suppose (J18) holds. Then,
with the introduction of CDS, the illiquidity discount (dp) is smaller, the bond volume (My) is
higher, and the bond price (py) is higher.

Proof. The following three equations characterize fiq[1 0], f4[0,0, and wp as implicit functions of
A:
1

E(Mau,o] + 1110,0]) Ha[1,0) h[0,0)wWb = Yd(S — Ha[1,0]) (J15)

((Ma[l,o} + Nh[O,O])2 + 2Mh[o,o]/~0a[1,0]) wg

=x— —A 1
(r+ya)wp = @ T (J16)
Hal1,0] (Na[l o] T 210 0]) wp?
(r+74)0p = — ’ ’ + A, (J17)
16C0
where M1
A © —we — co(Aepfo,0)’-

o] 2

Eq. (J15) comes from combining the inflow-outflow equations with (J5), (J16) comes from
combining (J9) with (J5), and (J17) combines (J3) with (J5)-(J6).
Applying the Implicit Function Theorem,

a0 _400 (860 (Ka1,0] + 2mj0,07) (1 + Ya) + Kajo (MZ[LO] + 3ka[1,0)1m[0,0) T “%[0,0}) Wb)
0A B
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owp 4co (400 (Haf1,0 + Hrf0,0]) Vd + Knjo (”3[1,0] + Ha[1,0/4m[0,0) Mi[o,o]) Wb)
oA~ B ’

where
B = —16¢5(r + 7a)vaws + 2¢0 (Miu,o] + Ia[1,0/Hh[0,0] T N%[o,o}) (2r + 37a) wj
+ njo0] (Hafr.0] + Hnjo.0)) (Mz[m] T Hal1,0)/hfo,0] T ﬂizz[o,O]) -

Thus, %% < 0 and 29 < if
B>0. (J18)

0, . . . .
In turn, % < 0 and % < 0 imply that bond market liquidity and the bond price are higher

in the presence of the CDS market. O
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