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Abstract

We study second-degree price discrimination by a two-sided monopoly platform. We
find that the platform may optimally forgo price discrimination and offer a single con-
tract on the side that generates strong externalities due to non-responsiveness (Gues-
nerie and Laffont 1984). However, under certain conditions, the platform may mitigate
or remove this non-responsiveness by properly designing price discrimination on the
other side. Our research also delivers a welfare analysis of price discrimination in
two-sided markets. Then we provide two different applications of our theory: the
net neutrality debate and an optimal mechanism design for an advertising platform

mediating consumers and advertisers.
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1 Introduction

Many two-sided platforms mediating interactions between two different groups prac-
tice price discrimination (‘PD’ for shorthand) against one or both groups of agents.
However, little economic analysis has yet been put forward regarding second-degree
price discrimination by a two-sided platform, despite the fact that second-degree price
discrimination by a monopolist is one of the best-known applications of the principal-
agent theory.!

For example, the world’s largest on-demand streaming service, YouTube, launched
its ad-free premium version ‘YouTube Red’ for a subscription fee in October 2015
while maintaining the free version which contains advertisements.? Since YouTube
advertisers pay different average-per-view costs depending on ad formats, ad amount
and targeting, it suggests that YouTube now adopts PD towards both advertisers and
users. Network neutrality regulation is another important example. The debate has
primarily focused on whether a tiered-Internet should be allowed for Internet service
providers (ISPs) vis-a-vis content providers while ISPs’ menu pricing against residential
consumers with different quality-price pairs remains uncontroversial. Thus, we can
conceptualize the ongoing network neutrality debate as whether society would benefit
from introducing PD on the side of content providers in the presence of PD on the side
of residential broadband Internet-service subscribers.?

In this paper we adapt a canonical model of monopolistic screening a la Mussa and
Rosen (1978) to a two-sided monopoly platform (Armstrong 2006; Rochet and Tirole
2006) and study the profit-maximizing mechanism of second-degree price discrimina-
tion. In particular, we address the following questions: When is it optimal for the
monopoly platform to offer multiple options over a uniform choice to a given side?
When does allowing a monopoly platform to use PD increase or reduce welfare? When
does PD on one side complements or substitutes for PD on the other side?

A central concept in our paper is non-responsiveness (Guesnerie and Laffont 1984,

!The seminal papers include Maskin and Riley (1984) and Mussa and Rosen (1978), and there is

a vast literature on non-linear pricing. See Armstrong (2015) and Wilson (1993) for in-depth reviews.

2There are other examples of menu including an ad-free premium service. Youku Tudou, China’s
biggest video site, allows subscribers to skip all ads at 20 RMB per month and Amazon Kindle users
can choose “Special Offers” to avoid ads for a price ($15-$20). Menu pricing on the consumer side is

also used by payment cards, newspapers, Spotify etc.

3There has been a fast development of the literature on net neutrality regulation embracing the
two-sided market framework. See Greenstein, Peitz, and Valletti (2016) for a recent review on the

economic literature about the regulation debate.



Laffont and Martimort 2002), which refers to a clash between the allocation that the
principal desires to achieve and incentive compatible (or implementable) allocations;
as a result, the principal finds it optimal to offer a pooling contract. In a standard
principal-agent model, this conflict may arise when the agent’s type directly affects the
principal’s utility. For instance, suppose that the principal is a benevolent regulator
who cares not only about economic efficiency in production cost of a regulated firm but
also about an externality measured by the amount of pollution the firm emits. Incentive
compatibility requires that a low-cost firm should produce more output than a high-
cost firm. However, if the higher cost results from greater efforts to reduce pollution,
then the principal may want to induce the high-cost firm to produce more than the
low-cost firm. However, such a “non-monotonic” quantity schedule clashes with the
implementability condition (i.e., only increasing quality schedules can be implemented
in a incentive-compatible way), which makes the principal adopt a pooling contract
that is offered to both types of firms.

In this paper, we point out that this non-responsiveness situation can frequently
appears to two-sided platforms which offer intermediation services involving cross-
group interactions. Furthermore, we show that a two-sided platform may mitigate or
remove non-responsiveness at one side by properly designing PD on the other side.
Consider, for instance, a media platform that offers content to consumers who are
exposed to advertisements delivered together. Suppose that there are rich (H type) and
poor (L type) consumers. Without PD on the advertising side, the rich may suffer the
higher average nuisance from advertisements so that they have a greater willingness
to pay to avoid ads than the poor. However, from an advertiser’s perspective, the
rich consumers are more valuable than the poor ones. Therefore, the platform may
prefer that H type consumers have a greater exposure to ads than L types, which is
impossible to implement because of the incentive compatibility constraints. Can a two-
sided platform show more ads to the rich consumers while still inducing self-selection?
The answer is positive, provided that there are high-end advertisements that disturb
the rich less than the poor. Then, by designing a PD on the advertising side that
assigns more weight to such high-end ads than to low-end ones, the platform can make
viewing ads on average less displeasing to H types than to L types.

One assumption implicitly made in the above example is that, although the rich
consumers will pay more to avoid the ads on average, there must be some high-end
ads that they find less offensive. We refer to this property as type reversal. Note also
that above the platform’s screening instrument (called “quality” in our model following

Mussa and Rosen 1978) on one side is complementary to the one on the other side from



the consumers perspective.*

In this paper we provide a canonical monopolistic screening model of a two-sided
platform that allows for all possible combinations of type reversal or no reversal and
complementarity or substitutability between the qualities on each side of a two-sided
market.> In our model, a monopolistic two-sided platform offers a menu of price-quality
pairs to a continuum of agents whose mass is normalized to one on each side. The utility
that an agent i of side k (= A, B) obtains from interacting with an agent j of the other
side [ # k (and | = A, B) depends on each agent’s type, denoted 6 and ¢, and the
quality each agent receives, denoted ¢F and qé-. We consider a two-type model: agent
1 of side k has either H or L type where H type is defined to have the greater expected
benefit than L type from any given increase in ¢F when interacting with all agents on
the other side 1. The two qualities ¢F and qj- can be complements or substitutes on
a given side, which we refer to as “non-separable” case. By contrast, the “separable”
case refers to the situation in which the qualities affect agent i’s utility in a separate
way.

We have four sets of novel results. First, we consider the separable case and charac-
terize the first-best and the second-best allocations. In the separable case, we find that
the first-best quality schedule on a given side k is decreasing (i.e., the quality chosen
for H type is lower than the one for L type) if the L type of side k generates sufficiently
larger positive externalities to the other side than the H type does. In the presence of
asymmetric information, such decreasing schedule clashes with the implementability
condition, which makes pooling optimal. More generally, asymmetric information cre-
ates not only the well-known own-side distortion but also new distortions due to the
two-sidedness of the market as the information rent yielded to the H type of a given
side can be affected by the quality schedule offered to the other side. Consequently,
the standard result of “no distortion at top and a downward distortion at bottom”

holds no longer. In addition, because of this new distortion, a non-responsiveness

4Suppose that the platform offers consumers the service to opt out of advertising at a certain
fee, which clearly means a higher quality to consumers. The benefit from avoiding the ads should
increase with the amount of advertisements which measures “quality” to advertisers. So, the two

quality measures go to the same direction and form complements.

®The qualities are complements (substitutes) on side k if the cross-derivative of u*(g¥, qé) is pos-
itive (negative) for k # [ and k,l = A, B. This should not be confused with the complementarity
(substitution) between PD of both sides.

6One caveat is that the H type does not necessarily have the greater benefit than the L type for

interacting with each given type of agents on the other side (see Section 2 for details).



can occur even if the first-best quality schedule is increasing—this is not possible in a
one-sided market. In other words, two-sided interactions generate another source for
non-responsiveness, different from the one identified by Guesnerie and Laffont (1984).

Second, we provide a welfare analysis of price discrimination in the separable case
and apply it to the net neutrality regulation. Suppose that the platform introduces PD
on side B. We isolate its effect on the welfare of the same side, which is the standard
welfare effect in one-sided market, from its effect on that of the other side which is
unique to a two-sided market. We find that introducing PD on side B raises (reduces)
welfare of side A if H type agents of side B generate more (less) positive externalities to
the agents of side A than L type agents of side B do. When applied to the net neutrality
regulation, our results suggest that prohibiting price discrimination on the content
side can be socially desirable if L-type content generates more positive externalities to
consumers than H-type content. Here, H type content is expected to be more sensitive
to traffic delay than L type content: e.g., H type content includes video and music
streaming service, video conferencing, etc. If H type content has more market power
and hence tends to use more micro-payments instead of advertising-based business
model than L type content does, then the former would extract much more surplus
from consumers than the latter does. In this case, H-type content could generate
less positive externalities to consumers than L-type content and the net neutrality
regulation could be socially desirable. Our welfare analysis captures that of Choi, Jeon
and Kim (2015) as a special case.

Third, we characterize implementable allocations on one side given an arbitrary
quality schedule on the other side. We find that the implementable allocations on side
k are equal to the set of increasing quality schedules if any of the following conditions
holds: (i) ¢¥ and qj. are separable on side k, (ii) there is no type reversal on side k,
(iii) there is no PD on side [ with [ # k. Then, we show that if the qualities are
non-separable and there is a type reversal on side A, a decreasing schedule can be
implemented on side A when some appropriate PD is introduced onto side B. The
intuition for this result is as follows. Basically, the implementability condition on side
A means that, given a quality schedule on side B, an L type’s gain from choosing ¢
instead of ¢} must be greater than that of an H type. Consider a decreasing schedule
on both sides, i.e., ¢f > ¢}, for k = A, B. Consider a particular kind of type reversal
(later to be defined as ‘type reversal with a positive sorting’) such that the L type
agent on side A gets the larger benefit than the H type when interacting with an L
type on side B. If the two qualities are complements on side A, then the L type agent

on side A can experience a much greater utility increase from choosing ¢ instead of



q;; than the H type, which makes ¢;' > ¢4} implementable.

Last, we illustrate our insights by providing an application to an advertising plat-
form as we described earlier in the introduction. This application also allows us to
answer the question of when introducing PD on one side complements or substitutes
for PD on the other side.” We study how the optimal profit-maximizing mechanism
varies with the intensity of the type reversal on the consumer side. We find that, for a
low intensity of type reversal, the profit maximization requires that L type advertisers
to advertise more than H type advertisers, which clashes with the implementability
condition on the advertising side. Thus, a pooling contract becomes optimal on the
advertising side. This implies that a strict PD on the advertising side will reduce the
platform’s profit and therefore PD on the advertising side substitutes for PD on the
consumer side. By contrast, for a high intensity, profit maximization requires H type
advertisers to advertise more than L type advertisers and can even require implement-
ing a decreasing quality schedule on the consumer side (i.e., showing ads only to H
type consumers). Then, PD on the advertising side is complementary to the PD on
the consumer side as it not only allows implementation of a desirable discrimination

on the advertising side but also a decreasing quality schedule on the consumer side.

B Related literature

This article is related to several strands of literature. First, our paper is closely
related to the second-degree PD in the principal-agent theory (e.g. Maskin and Riley
1984; Mussa and Rosen 1978) and to the concept of non-responsiveness. The non-
responsiveness was developed by Guesnerie and Laffont (1984) and then was explored
by Caillaud and Tirole (2004) in the context of financing an essential facility and by
Jeon and Menicucci (2008) in allocating talented scientists between public and private
sectors. To our knowledge, however, non-responsiveness has never been explored from
the perspective of two-sided markets; our contribution is to identify a novel source for
non-responsiveness that has to do with two-sidedness of various markets.

By now, there is a large literature on two-sided markets. Our paper is more closely
related to the papers studying a monopoly two-sided platform (e.g., Caillaud and
Jullien 2001, Rochet and Tirole 2003, Armstrong 2006, Rochet and Tirole 2006, Hagiu
2009, Jeon and Rochet 2010, Weyl 2010). They mostly study the optimal pricing
structure by focusing on the number of users joining the platform on each side; for

instance, Weyl (2010) considers a rich type space and identifies the Spence (1975)

“We say that PD on one side complements PD on the other side if the optimal mechanism does

not involve any pooling.



distortion in that when deciding the level of participation on one side, the platform
internalizes cross-side externalities to marginal rather than average users of the other
side. To our knowledge, we are the first to study second-degree price discrimination of
a monopoly platform: we introduce a screening instrument called ‘quality’ on each side
and allow the platform to offer a menu on each side in a setup where the benefit that an
agent obtains from interacting with another agent depends on the type of each agent
and the quality that each agent chooses. We maintain the standard assumption in the
literature that all agents on any given side interact with all (or a random subset of)
agents on the other side (Armstrong 2006, Rochet and Tirole 2006, Weyl 2010). This
framework allows us to analyze several important issues that have not been previously
addressed such as non-responsiveness and complementarity or substitution between
PD on one side and PD on the other side. Gomes and Pavan (2016) is slightly close
to our paper in that they consider heterogeneous agents on both sides. But they
study a centralized many-to-many matching and an optimal matching rule®, which
does not satisfy our assumption that all agents on one side interact with all agents
on the other side. Their screening instrument is the matching rule while we consider
qualities as screening instruments as in the standard monopolistic screening literature
(Mussa and Rosen 1978). Choi, Jeon and Kim (2015) study second-degree PD of
a two-sided monopoly platform in the context of the network neutrality regulations.
However, they consider heterogeneous agents only on the content-provider side and
assume homogeneous agents on the consumer side, while we consider heterogeneous
agents on both sides. Moreover, they study neither non-responsiveness nor type reversal
and their welfare analysis is a special case of ours.”

Finally, our application to an advertising platform is related to the two-sided mar-
ket literature on advertising/media platforms (Gabszewicz, Laussel and Sonnac 2004;
Anderson and Coate 2005; Peitz and Valletti 2008; Crampes, Haritchabalet and Jullien,
2009; Ambrus, Calvano and Reisinger 2016; Angelucci and Cage 2016). For instance,
Angelucci and Cage (2016) study PD of a monopoly newspaper by selling subscription

and individual issue to consumers but do not consider PD on the advertising side. Our

8They provide conditions on the primitives under which the optimal matching rule has a threshold
structure such that each agent on one side is matched with all agents on the other side above a threshold
type.

9Bshme (2012) analyzes second-degree PD in a monopolistic screening model with network effects.
Since he considers two types of agents only in one side, who are heterogeneous regarding their intrinsic

utility from joining the platform, most remarks we made to Choi, Jeon and Kim (2015) apply to Bohme
(2012).



contribution consists in studying the second-degree price discrimination of the platform
by focusing on non-responsiveness and complementarity or substitution between PD
on one side and PD on the other side.

The rest of the article is organized as follows. We set up the canonical model in
Section 2. In Sections 3-5, we consider the separable case. We characterize the first-
best allocation in Section 3 and the second-best allocation in Section 4. In Section 5,
we perform the welfare analysis of price discrimination and provide the application to
net neutrality debate. In Sections 6-7, we consider the non-separable case. In Section
6, we study the implementable allocations on side A for a given quality schedule on side
B and in Section 7, we apply the insight from Section 6 to an advertising platform. We
conclude in Section 8. All mathematical proofs not covered in the text are relegated

to the Appendix.

2 A canonical principal-agent model in two-sided markets

We consider a canonical principal-agent model (Mussa and Rosen 1978, Laffont and
Martimort 2002) and adapt it to a two-sided market where a monopoly platform as the
principal designs a mechanism to mediate interactions between agents from two sides,
k = A,B. On each side there is a mass one of agents. Let 0F represent the type of agent
1 on side k. For simplicity we consider a two-type model: an agent has one of the two
types, H or L, on each side, i.e., 0% € {H, L}. Let v}, € (0,1) represent the fraction of
H-types on side k. Let v¥ =1 —v¥. Let ¢F be the “quality” chosen for agent i of side
k: although we call it quality, ¢ be interpreted as quantity depending on applications.
When an agent ¢ of side k interacts with an agent j of side [ with & # [ and k,l = A, B,
the gross utility the agent ¢ obtains can be represented as follows:
Ur;,05, 4F q)) = 05" (df . d)),

where the types interact in a multiplicative way with qualities as in Mussa and Rosen
(1978) and ij represents the consumption intensity of the agent ¢ of side k as a function
of both agents’ types. Compared to the price discrimination in one-sided market of
Mussa and Rosen (1978), there are two additional interactions from the two-sidedness
of the market: both the type of and the quality of the agent j on the other side [
matter.

We maintain the standard assumption in the two-sided market literature (Arm-
strong 2006, Rochet and Tirole 2006, Weyl 2010) that all agents on any given side

interact with all (or a random subset of) agents on the other side. We focus on the sit-



uations in which any given agent receives a unique quality that does not depend on the
types of the agents interacting with. Therefore, on each side k£ (= A, B), the platform
offers the following menu of quality-price pairs {(q’ﬁI, P, (qk, p’Z)} where ¢, € R de-
notes the quality for a H-type agent of side k and p% € R denotes a monetary payment
from a H-type agent of side k to the platform.'® Let q = (¢51, ¢i', ¢, ¢F) € RY denote
the vector of quality specifications. If all agents accept the offer of the platform and

self-select, agent 7 of side k£ obtains the following utility depending on his type

Vil (s d)  + viOfpu®(dfar) — Py, if 07 = H;
vl pu(q], dy)  + vifiuk(ar qh) — i, if6f = L.

To provide more tangible interpretation for the parameters and variables in our

model, let us consider three applications.

e Net neutrality regulation: In Section 5, we apply our model to the net neutrality
debate. In the debate, a monopoly ISP mediates a group of network subscribers
(k = A) with a group of content providers (k = B). The parameter §;} in this
setting measures consumer i’s preference intensity when she consumes content
provided by content provider j, which is then multiplied by her utility that de-
pends on the consumer i’s choice of her residential Internet quality, ¢/, and the
sending content provider j’s quality, ¢P. Similarly, 677 measures content provider
j’s preference intensity relating to the revenue which is also affected by the types

of ¢ and j.

e Advertising platform: In Section 7, we apply the model to an advertising plat-
form. In the application, ¢/ € {0,1} and ¢/* = 1 means no exposure to advertising
like YouTube Red and ¢! = 0 means exposure to advertising like basic YouTube.
9;@‘- captures consumer ¢’s nuisance from advertiser j’s advertisement. On side B,
qJB represents advertising amount of advertiser j and Gﬁ measures j's advertis-
ing revenue which is jointly affected by consumer i’s type such as income and

advertiser j’s type such as the advertised product’s characteristics.

e Privacy protection and targeted advertising: Consider consumer privacy protec-

10Tf the quality chosen for an agent of side k can vary depending on the type of the agent of side !
he is interacting with, we can consider the following mechanism { (¢}, , a5, %), (5 g, a5 P%)} in
which q}“{ 1, represent the quality for an H-type agent of side k when he interacts with an L-type agent
of side I. Such mechanism can be relevant for targeted advertising in which the amount of advertising

for a given type of advertiser varies depending on the type of consumer.



tion design by an online-advertising platform who uses the information released
from consumers to increase efficiency in targeted advertising. In this environment,
¢i* captures the level of privacy designed for consumer i and qf the advertising
amount by advertiser j, while the intensity measures typify the match-based

preferences by consumers and advertisers.!!

We assume that the utility function v* : R — R is strictly increasing in ¢*, and
concave in (¢*,¢') with k # [ and k,l = A, B. Note that u* may increase or decrease
with ¢'. For example, it is increasing in ¢’ in net neutrality application, but decreasing
in ¢! in the application to an advertising platform. Let u*, denote the partial derivative

of u*¥ with respect to its m-th variable, for m = 1,2. Moreover, we define u}, as follows:

k

0%k (gF, ¢b)
U12(Qfa‘1§) =T

9q;'0q;

We assume that uf, has the same sign for each ¢F and qé. For a given side k the
qualities are said to be independent if u%, = 0, complements if u¥, > 0, and substitutes
if uf, < 0. The costs of producing ¢;* and ¢} are respectively denoted by C*(g;') and
Cch (q;3 ). We assume that both cost functions are strictly increasing and convex.
Depending on the match of types, we have the following four parameters of con-

sumption intensity on side k:

N H L

H | 6y O

L |0y Oip

To give a standard meaning to the H and L types, we introduce the following

notation and assumption:

Assumption 1. 0% = vL,0%, + Lok, > 0% = vL0%, + vL0%,  with k # 1 and
k1= A B.

Assumption 1 means that the H type on side k enjoys a higher increase in benefit from
a marginal increase in u* than the L type on side k when interacting with the agents
on the other side [. Because of Assumption 1, we say that the quality schedule of side
k is increasing if ¢¥ < ¢¥ and decreasing if ¢f > ¢%. Basically, ¢* () is increasing in 0

if a higher 6 leads to a higher ¢*.

1 According to a recent settlement between the Federal Communications Commission (FCC) and
Verizon Wireless in March 2016, the wireless company needs opt-in from users in order to employ
its tracking system so-called “supercookies” for targeted advertising. In the model, qlA can have two

binary values for opt-in and opt-out (default) choices.



Under Assumption 1, we can further identify three sub-cases depending on the signs

Definition (type reversal) We say that on side k, there is

no type reversal if 0% — 0%, >0 and 05, — 0%, > 0;
type reversal with a positive sorting  if 0%, — 05, > 0> 0%, — 0% ;

type reversal with a negative sorting if 0%, — 0%, > 0> 0%, — 0% .

Type reversal arises on side k if an L type obtains the greater marginal benefit
compared to an H type when interacting with a particular type of side [(# k), despite
that by definition the H type will always enjoys the greater average benefit than an L
type when interacting with all the agents of side [. If this particular type of side [ is L
(H), then we have type reversal with a positive (negative) sorting.

For simplicity, we assume that it is optimal for the platform to induce full partici-
pation of all agents on both sides. Therefore, no PD on side k£ means that the platform
offers a sole option (g%, p%) = (g%, p%) on side k which satisfies the participation con-
straints of both types.'3

Even with a two-type model of the multiplicative specification, our model is char-
acterized by quite a few parameters of OF = {0%,, 0%, 0% .. 0% } vF and the utility
function u* is defined for each £ = A, B. For this reason, when necessary, we consider
a simpler case by further specifying the model. In the case of uf, = uf}, = 0, u and u®
become separable in the sense that there exist four single variable functions u4, us, u3,

and u% satisfying
u (g, ¢"%) = ui(¢") +up(e®) and w(¢”, ¢*) = up(¢”) +uf(¢?)

where the superscripts refer to the side of the agent whose utility is computed whereas
the subscripts refer to the side of which the quality affects the utility of the agent.
In Sections 3-5, we focus on this separable case whereas in Sections 6-7 we consider
the non-separable case. Note that in the separable case, under certain conditions, the

optimal quality schedule on one side does not depend on the quality schedule on the

12We are implicitly assuming that 6% 5 — 0% . # 0 and 6%, — 6%, # 0 but this is immaterial and

only for expositional brevity.

13This assumption is relaxed in the application to an advertising platform in Section 7 where the

exclusion of a certain type of advertisers may arise in an optimal mechanism.
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other side. This helps us to perform the positive and normative analysis of introducing
PD on a given side independently of the quality schedule applied to the other side.
However, we consider the non-separable case when we study complementarity and

substitution between PD on one side and PD on the other side.

3 First-best in the separable case

In this section we characterize the first-best quality schedule that maximizes the total

surplus given as follows:

HFB(CI) = V?IVE [eleUA(QflaqH) + QHHU (QqufI)}

HLU <QH7 qL) LBHUB(QE7 Qﬁ)}

[0

+ Vf’/g [QLHUA(QL7QH) gLuB(th Qfﬂ
L 07
(

fo) -V CA(%) VHOB(QJ]LBI) - VECB(C]LB)y

where each of the first four lines represents the total gross surplus from each matching
pattern (H, H), (H, L), (L, H) and (L, L) while the last line measures the total costs.'*
Given our assumptions, II? is concave and therefore the FOCs characterize the
first-best quality schedule. In the separable case, the first-best quality schedule on side
A, denoted by (qy AFB qf FB) 'is determined by a system of the following two FOCs:

Onuy' (an) + (Whohy + vEOr)us (a1) = CV (apy); (1)
quﬁ’(qL) + (VEQgL +vr 9]L3L) EI(Qf) = CA/(Q?) (2)

Note that neither of (1) and (2) depends on the quality schedule on side B.

We find that the first-best quality schedule is decreasing on side A (i.e. qf FB

¢y"P) if and only if

(9A QA) A/( ?IFB) + [Vg (951{ - egL) +up (QEH - efL)} U%(Qf{’FB) <0. (3)

For a clearer interpretation of (3), for now let us consider the special case in which

14 Ay alternative cost function is
Cvira +vitar) + CP(vizan +viap).

Qualitative results in this paper remain robust regardless of which cost function is chosen.

11



there exists a 8§ > 0 such that
ufi(q) = BRuii(q)  for each ¢ >0, (4)

where % captures the intensity of the externalities from quality of side A to side B.

Then, the condition specified at (3) becomes

(07 — 02) + B2 v Ofin — 05.) + 7 (08, — 07,)] <.

N / N
~~

(1)>0 (H)=0

The first bracketed term denoted by (f) represents the change in the private bene-
fit that a side A agent would experience when her type changes from L to H. This
term is positive under Assumption 1. By contrast, the second term (1) represents the
change in the externality onto the agents on side B from the same type change. If
vi (08 — 05,) +vE (02, —07,) > 0, it captures the situation that the H type of
side A generates a greater positive or a smaller negative externality to side B than
the L type of side A does. Both the own benefit to side A and the externality onto
side B take positive values, which means the first-best quality schedule is increasing
such that qf’FB < qﬁ,’FB. However, if v5 (QEIH — HEL) +vB (GLBH — HEL) < 0 and 3%
is sufficiently large, the externality term (I) is negatively large enough that Condition
(3) is satisfied. Then, the first-best schedule is decreasing, i.e., qf’FB > qg’FB. Such
decreasing quality schedule can arise only if the L type agent of side A generates a

sufficiently greater externality to side B than the H type agent of side A does.

Proposition 1. (First-best) Suppose that Assumption 1 holds and both u” and u” are

separable (i.e., ufy, = ub, =0).

i) The first-best quality schedule on side A, (qp™®, ¢""?) is determined by (1) and
H L
(2) independently of that on side B, (qgﬁFB’ QLB’FB).

(ii)) We have a decreasing first-best quality schedule qf’FB > qg’FB if and only if
inequality (3) holds. This is when an H type’s gain in terms of private benefit
relative to that of an L type on the same side A is smaller than an L type’s
contribution in terms of externality to the other side B relative to that of an H
type.

(iii) Parallel statements can be made regarding qo" " and qp """,

Decreasing quality schedule matters only for the side that generates large positive

externalities. For instance, if A side alone generates positive externalities such that
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the platform makes most revenue from side B, the first-best quality schedule on side B
is always increasing.

The analysis of the first-best in the separable case can be extended to some non-
separable cases. For instance, we can prove that for specific u4 and ug in which the
effect of complements/substitutes is represented by the product of qualities, a small
degree of complementarity (substitution) on both sides increases (decreases) each first-

best quality compared to the separable case.'®

4 Second-best in the separable case

In this section, we study the second-best mechanism in the separable case and identify
the distortions generated by asymmetric information. By doing so, we can clearly
identify two different sources for non-responsiveness: one is known from Guesnerie and
Laffont (1984), but the other is newly emerging due to the two-sidedness of the market.

The platform’s optimization problem is given by:

max vy [py — CNay)]+vi [pf — CHal)]+vi [ph — CP(afh)]+vE [pf — CP(a])]

{(a¥.p%).(dk p¥)}

subject to

k
IRy vyl yu®(dh. dy) + vioh uF (dfy, ) — vy > O;
k
(IRL) VHQLHU (QLv (IH) + VLQLLU (qlza qi) - p > 0;
k
(IC%) Vo0 g™ (g, dby) vk 0% b (dh, b)) —pby > V0 g (g, ¢+ 0% u (g, ¢h )=
(IC}) V0% b (qf, ghy)+vi0F ut (af, 6b) —ph > V0%t (aly, b)) +0/4 0% pu (dhy, a) —pliys

where k,l = A, B and k # .

When u? and u? are separable, the above constraints get simplified as follows:

(IR},) Ofui(ar) + vl mul (qy) + vl (ar) — vy > 0;
(IR}) Orur(ar) + vigbr g (dy) + vibipui (ar) — pp > 0;
(ICH)  Ohuilaly) — Pl > O5ui(ar) — pi;

(ICy)  Ofup(ar) —pi > O7uialy) — Pl

Notice that the two IC constraints (IC¥;) and (IC¥) are independent of (g%, q%) (be-

15The analysis can be obtained from the authors upon request.

13



cause of uf, = 0), but (¢}, ¢}) affects both IR constraints (IR¥;) and (IR}). By adding
up the two incentive constraints on side k, we obtain the implementability condition
on side k, which is equivalent to the monotonicity constraint ¢f > ¢¥.

To solve the platform’s optimization problem, we impose the following property on

each single variable utility function:
Assumption 2. uf(0) =0, u}’(q) > 0, uf"(q) <0 for each q, for each k,l= A, B.

We focus on the standard case in which (IR}) and (IC%,) are binding while (IR%;)

is redundant.

Lemma 1. Suppose that u? and u® are separable and there is no type reversal or type

reversal with a positive sorting for a given side k. Then, under Assumptions 1 and
2, (IRY,) is redundant, (IRY ) and (IC%;) bind in the optimal mechanism, and (IC% ) is

equivalent to g% > qk.

Remark 1. We can prove Lemma 1 under weaker assumptions such that it covers

non-separable ut and u®. For the details, see the proof of Lemma 1 in the Appendiz.

Lemma 1 allows to use (IR¥) and (IC¥) to pin down the agents’ payments on side

k, and then we can write the expression for H-type’s information rent as follows:

Uy = (0 — 0p)uiar) + vig O — Opm)i (d) + v (05, — 05,)ur (az).

Therefore, the platform’s original problem is equivalent to maximizing the following

objective subject to the monotonicity constraints ¢7 < ¢ and ¢? < ¢5:

~

II(q) = 0"P(q) — vjQpy — viQy. (5)

Let ¢ denote the maximizer of IT when the monotonicity constraints are neglected.

When we focus on side A, from the first-order conditions, we have:

Orui' (i) + 00w (@) = C(dR); (6)

0w (qz) + 00 ud (6z) = CY(ar), (7)

where 64* = 67 — (077 — 07') viy /v is the virtual valuation of an L-type of side A,
which is smaller than 6 under Assumption 1. Assume momentarily g5 > ¢, which
implies qu’SB = q}‘f‘[ and qf’s B _ cjf.

To identify the distortions generated by asymmetric information, we compare the

FOCs of the first-best (1) and (2) with these second-best FOCs (6) and (7). First,
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regarding the utility that the quality of side A generates to the same side, 67 is replaced
by the virtual valuation 64V, which is well-known from the price discrimination in one-
sided market. Second, regarding the utility that the quality of side A generates to
the other side, v505 . + vP0B,, is replaced with 6P, and v508, + vP05, with 05,.
This distortion is unique in a two-sided market and is interpreted as the Spence (1975)
distortion in a two-sided market by Weyl (2010): the monopoly platform evaluates the
externality to side B agents with the valuation of the marginal type (i.e., the L type)
instead of using the average valuation of all agents. This occurs because the payment
of type H on side B is determined not by (IR%) but by (ICE) (see Lemma 1). For

this reason, even a distortion at the top arises whenever 65 ,, # 62,: precisely, we have

A,FB ASB
qy >

greater beneﬁt than an L type of the same side B from interacting with an H type

if and only if 85, = 05,,. For instance, if an H type of side B obtains

agent of side A, then it is optimal for the platform to introduce a downward distortion
in g7 in order to extract more rent from the H type agents on side B.

To make a concrete comparison of qf’FB with qA’SB, let us consider the specific case
in which (4) holds. Then, we find qA B < qf 5B if and only if

0 — 01" = (9A 07) < Bivi (05, — Om.)- (8)

mlm

This means that there will be an upward distortion at the bottom on side A when
there is type reversal with a strong positive sorting on side B (i.e., 0%, — 05, > 0) such
that inequality (8) holds.

In summary, we report that (i) no distortion at the top is not valid any more: there
can be either an upward or a downward distortion at the top, (ii) the same is true for
the distortion at the bottom though a downward distortion will be the case except for
type reversal with a sufficiently large positive sorting.

Now we turn to the monotonicity constraint. If g < g\, then (g4, g3) cannot be the

optimal schedule (that is, (qfl 5B qf SB) # (74,3})) and the monotonicity constraint

binds, which means a pooling contract (qfl 5B — qf SB) is required in the optimal

mechanism. This case occurs if and only if the following condition holds:
(07 — 02" )u' (@) + (00 — 02wl (@) < 0. (9)
Again considering the special case in which (4) holds, this condition is equivalent to

O + 8ROy < 01" + BIOT, (10)
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which can be decomposed as follows:

A _ pA | pB(, BpB ByB ByB ByB
\HH — 00 + B (vpOun + v 0oy —vebnL —vr QLLZ

First best term

A
14

< Vol o) B [0 — 08) — 0 0] ()
L

(. S

. R distortion due to two-sidedness
distortion in one-side market

Suppose that there is no distortion due to the two-sidedness of the market. Then, a
necessary condition for (11) to be satisfied is that the left hand side in (11) is negative,
which means that the first-best schedule must be at least strictly decreasing. This is
exactly what happens in one-sided market as in Guesnerie and Laffont (1984). We
notice here, however, that the condition (11) can be satisfied even if the first-best
schedule is rather increasing as long as the distortion from the two-sidedness is strong
enough.'® This result has one important implication: the distortion associated with
two-sidedness expands the possibility of non-responsiveness.

Lastly, we briefly mention the case of pooling for the completeness of our analysis.
For the pooling, we have ¢5°” = ¢;"*% = ¢458 and from (6) and (7) the optimal

pooling schedule is characterized by
07ud'(a) + 07ud (0) = CV(q). (12)

We summarize thus far results as follows:

Proposition 2. Suppose that u* and u? are separable and that for a given side A there

is mo type reversal or type reversal with a positive sorting. Then, under Assumptions
1 and 2, we find:

(i) (Quality distortions) The second-best optimal mechanism is such that the quality
schedule on side A is increasing (qﬁ,’SB > qf’SB) if and only if (9) is satisfied

with the reverse inequality. For an increasing second-best schedule,

(a) Both an upward and a downward distortions are feasible at the top: qf[’FB 2

qfl’SB if and only if 05, = 68,

(b) The distortion at the bottom can be even upward: for instance, when uf(q) =

6By E (05 — 07) captures the Spence distortion in qﬁ,’SB and BEvE (05, — 6F,) the Spence

. .. ASB
distortion in ¢;"%".
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BBu4(q) holds, qA SB qf EB it and only if

5A VH(‘gLL QIJ—BIL) > 92‘ - efv (QH Qf)~

h:>|m>

(i1) (Non-responsiveness) A pooling scheme on side A becomes optimal if (9) holds.
Interestingly, the pooling can occur in the optimum even when the first-best quality

schedule s increasing.

Note that pooling can occur only on the side which generates strong externalities
because (11) will be never satisfied under Assumption 1 when 3% is close to zero.

The analysis of the second-best can be extended to some non-separable cases. In
the standard case in which the monotonicity constraint is not binding, the analysis of
the second-best is the same as that of the first best but for the fact that the valuations
of the L-type replaced by the virtual ones:

J

]
Jv o _ nJ H J J . v nJ H nj J
QLH - QLH ] (QHH QLH)’ QLL - QLL - V_j(eHL - QLL)'
VL L

Hence, for the specific non-separable u,, up mentioned at the end of Section 3, a
small degree of complementarity (substitution) on both sides increases (decreases) each

second-best quality compared to the separable case.

5 Welfare analysis

In this section, we study the welfare effect of introducing PD on side B in the separable

case and then apply our result to the net neutrality debate.

5.1 Welfare analysis of price discrimination in the separable case

We consider the setup in which Lemma 1 holds. Recall that the second-best quality
schedule (q; ASB qﬁ, SB) is determined independently of PD on side B. This implies that,
for the welfare analysis, we are allowed to consider only the part of the welfare that is

affected by (qf}, q? ), which is given by

Wi(qg,q7) = v {QHUB an) + (UHQHH + ULQLH) ug(qn) — CB(CIE)}
+op {QL ul(q7) (UHQHL +UL‘9LL) u(qr) — CB(QE)}‘

We assume that when PD is allowed, the platform chooses a strictly increasing
schedule on side B, qB SB qf 5B When PD is prohibited on side B, then the platform
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chooses the pooling schedule ¢5 = ¢P = ¢%%B, which is determined by
07 ug (q) + 05uz (0) = CP'(q).

Hence, we have the following relationship:

B,SB B,S BSB
ag > q >qL

For simplicity we focus on the case of linear relationship u4(q) = BguB(q) with 84 > 0
and let u5(q) = u(q) and B3 = B.

In order to isolate the effects of the PD on the same side from the effects on the
other side, we conduct the welfare analysis in two steps. First, we analyze the effect
on the total welfare in the hypothetical and extreme case of 0%, = 01, = 07, = 0.
Second, we relax this restriction and analyze the effects of PD on the welfare of side
A. The first step allows us to rediscover the welfare effect of PD in one-sided market;
the second grants us to isolate the welfare effect on the other side, which is distinctive

in a two-sided market.

5.1.1 Welfare effect on the own side

Suppose 04, = 04, = 04y = 02, = 04, Then, we have:

W(ag.qf) = vh {(0F + B0Mu(qn) — CP(qf)} +vf {(0F + B0Mu(ef) — CP(q])}

In this case, the welfare effect of PD is the same as the effect in a one-sided market

in which an H type’s marginal valuation is given by (95 + B@A) v’ and an L type’s
marginal valuation is given by (QB + BGA) . Under PD, we have no distortion at

the top, qfl SB qfl FB, and a downward distortion at the bottom, qB SB qf FB

Specifically, when PD is introduced, the welfare for the H type increases because PD

will remove the distortion at the top under the pooling scheme (in math, ¢%58 # qu,’FB

= qfl 5B — qg FB) but the welfare for the L type drops because PD will lead to a
distortion at the bottom (in math, ¢%58 = ¢>FP = (P58 < ¢DFP),

Hence, the net effect of PD depends on whether the increase in welfare of the H
types is smaller or larger than the reduction in welfare of the L types. PD would
increase welfare if v? is close to one because then the virtual valuation #5* = 68 —
(07 — 67) vf JvE is close to 87 and hence the welfare under PD is close to the first-best
welfare.

To further pin down a condition under which PD reduces welfare, suppose that v?
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is such that #2V + 3604 = 0, which implies qLB’SB = 0 and this restriction is equivalent
95,793

= ghpon vE. Then, PD will lower welfare if the following inequality holds

B
to vy =

of [(0F + 56" yu(g®P) — CP(¢PP)
welfare decrease?rom the L types
68 — 68
07 + 5oA
> ofy [0 + 66" ula ™) — C%a®®) — (0 + 80 )u(™*) = CP ("))

i [(0F + p0M)u(g™?) — CP(q™57)] (13)

/

welfare increase from the H types

This inequality holds if 6% is slightly larger than 62.17 Then because the welfare

enhancement from the H types is negligible relative to the welfare reduction from the

B,SB

L types who are assigned with ¢, = 0 under PD, the total welfare is lower under

PD.

5.1.2 Welfare effect on the other side

Let us now study how the PD on side B affects the welfare of side A when the re-
striction of 04, = 04, = 04, = 64, is relaxed. First, let us define W4(¢5, ¢?) and
AWA(¢E, ¢B) as follows:

W4(qn.qF) = ( 9HH+UL9LH) ug(qp) + o7 ( 01+ vpo] )UB(QL)
AWA = WA( BSB)qLB SBY _ [y A(gBSB 4B:5B).

WA (qB, ¢P) measures the welfare for the agents on side A that is associated with
the quality schedule on side B; AW# denotes the difference in this measure as PD is

introduced onto side B. Hence,

8

The parameters (045, 041,07, 04 ) affect AW4 directly but also indirectly through
the changes in the quality variables on side B. The first-order conditions for the quality
variables on side B are analogous to those of side A, (6), (7), and (12), from which we

can check that 64,04, do not appear but 07,07, do. This implies that only direct

1"Tn details, the inequality relationship in (13) becomes an equality if 93 = GB and the derivative
of the left hand side with respect to #F is greater than the derivative of the right hand side with

respect to 08 when 08 = 5.
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effects matter for 64, and 04,. Hence, we find that AW# increases with 64, and
decreases with 6%, because of u(qh*?) — u(¢?58) > 0 and u(¢?58) — u(¢?*?) < 0
respectively.

On the contrary, because of the indirect effects, it is not straightforward to see how
AW changes with 62, and with 04,. As we show in the proof of Proposition 3 in the

Appendix, we find it useful to define a function f(q) such that

_ (@)
) C"(q) = Sgu(9)

flg) = ’Zlé?(q)

d
v (q)

dq

Then, we can show that AW# increases with 07, if v0%4,, +vi07, > vi0s, + 007,
and f(q) is weakly increasing.'® Similarly, the effect of 62, on AW is identified.

We summarize thus far findings as below.

Proposition 3. Suppose that the platform introduces PD on side B. Consider us(q) =
BuB(q) with 8 > 0 and let uB(q) = u(q). Recall AW# measure the change in welfare
of side A from PD on side B. Then, we find

(i) AWA strictly increases with 04y, and strictly decreases with 04, .

(i1) If vy +vi08y > vaba, +vlr0d, and f(q) is weakly increasing, AW strictly

increases with 04y, and strictly decreases with 67, .

When the conditions of Proposition 3(ii) hold, AW increases with 64, — 04, and
0, — 07, . The insight is clear. For instance, 64, — 07, measures the difference in the
externalities onto the H and L type agents of side A from an H type agent of side B.
Therefore, introducing PD on side B increases (decreases) welfare of side A if H type
agents of side B generate more (less) positive externalities to the agents of side A than
L type agents of side B do.

As the conditions in Proposition 3(ii) are largely sufficient, we consider a CARA

utility u(q) = 1 — e~ and a quadratic cost C'(q) = %q2 in order to provide a tighter
2 =242

14+qa
find that if v;07,, +v107, > viada, + 008, AWA strictly increases with 64, (and

strictly decreases with 67,) if and only if the risk aversion is small enough, which is

tangible condition. Then, we have f(q) = «

, which is decreasing. However, we

A
precisely given by ﬁ > 3a’.

ApA ApA
vt

18For instance, f(q) is increasing if v is linear and C” is concave.

20



5.2 Application to the net neutrality debate

Now let us apply our results to the net neutrality debate. In the debate, the monopoly
platform is an Internet service provider (ISP) which mediates interactions between
consumers on side A and content providers on side B. ¢! represents residential Internet
quality sold to consumer 7, which depends on the download speed and capacity. ISPs
practice price discrimination on the consumer side and this has never made controversy
in the debate. The key issue is whether the regulator should allow ISPs to practice
price discrimination on the content side.

So, let us focus on the welfare consequences of introducing PD on the content side.
In this application, we consider a specific case of u5(q) = ¢, u(q) = Baq with 54 >0
and CP(q) = 1¢*. Then, we obtain

B,SB
qy = 05+ Bpbrn
5 = 08 o,
B,SB B,SB
S Ufqu + Bl = 08 + B (0B + 0P01) .

Furthermore, we can readily find that

qﬁFB C]B’FB = 9H ‘9L +BBUH (QHH 0HL)+6BUL (QLH efL)>0§ (14)
a®? = q"F = 05 — 07 + Bavl (07 — 07,) > 0. (15)

We can reasonably assume that H type content such as real-time video streaming
service is more sensitive to traffic delay than L type content such as text-based websites.
Therefore, it is natural to assume that in the first-best case a benevolent social planner
prefers providing a higher quality to H type content than to L type content so that (14)
is satisfied. We also hear that most ISPs prefer to practice PD on the content side,
which implies that (15) should be satisfied as well. In this circumstance, one should
be interested in studying the conditions under which PD on the content side reduces
overall welfare while (14) and (15) are satisfied.

The change in welfare of side A as we move from no PD to allowing PD on the

content side is derived as

ﬁBUH [ 93 + BBUL ( - efL)} [Uﬁ (G?IH QHL) +up (9 efL)} .

From (15), we know qB OB _ ¢BSB — 08 — 08 + pavB (OfH QfL) > 0. Hence, the sign

of AW has the same sign of the term [viy (07, — 051,) +vi (07 — 64,)], which is the
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difference between the externalities on consumers generated by an H type content and
those generated by an L type content. This is altogether consistent with Proposition
3.

The welfare of side B that depends on (qfl, q? ) is

W¥(az,a1) = vir [Oup(ay) — CP(ag)] +vf [07up(ar) — CP(ar)] -
Hence, the change in the welfare of side B is

AWB = WB(QEISB,(]ESB) WBB( BSB7qBSB)

B
= I [gB _ 9P 1 gauP (04, — 02)] [(20F — 1) (08 — 08) — P (04, — 0,)] .

B
2v7

As before, AW?® has the same sign as [(20F — 1) (05 — 0F) — ULB(HA — 674,)], which

incorporate two opposite effects. On the one hand, an increase in ¢5 by qB 5B — ¢BoB

B,SB BSB)

and the corresponding decrease in ¢? by vE(q,;°" —¢q /v raises overall surplus by

vB (08 —0P)(q5°P — ¢BSB). On the other hand, the same change increases overall cost

S
by v (a " — 57"

B,SB
07, = 07, . Then, as v changes, ¢o'°" and ¢

/2vB. To understand why this term decreases with v2, suppose
B.SB are constant but gp 7 increases with
v8 because the downward distortion in qLB’SB lessens as v? goes up. As a result, the
quality spread diminishes as vZ enlarges, which in turn reduces the overall cost under
PD because the cost function is convex. For instance, when 64, = 62, AW?P > 0 if
and only if v? > 1/2, which is consistent with the result in Section 5.1.1.

Taken together, the PD on the content side reduces total welfare from both sides

if the following inequality holds:

(207 —1) (07 — 07) —vP (01 — 071
208

B [on (01 — 0111) + o1 (020 — 071)] + <0.

To isolate different effects, suppose first 04, — 04, = 03, — 0, = 0. Therefore,
AWA = 0. Then, (14) and (15) are trivially satisfied and the PD on the content
side reduces welfare if 1/2 > vL ThlS is because when 1/2 > v2. PD introduces too
much downward distortion in qL B which is a standard logic against PD in one-sided
market.

Now in order to shut down the above effect, consider the case of 1/2 = vZ. In
addition, assume 04, — 04, = 07, — 6, = 6. Then, the PD on the content side
decreases total welfare if and only if (85 —1/2) § > 0. For instance, if 85 > 1/2, then

the condition is satisfied whenever 6 > 0. In this case, L. type content generates more
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positive externalities to consumers than H type content does and hence allowing PD
on the content side decreases welfare on the consumer side. Then, (14) and (15) are
satisfied if

08 — 08 > Bio.

Hence, the gap in the externalities 0 should be mild enough such that it is optimal to
assign a higher quality to H type content in the first best.

In summary, when applied to the net neutrality debate, our results generate a new
rationale for maintaining net neutrality regulation: when L type content generates
more positive externalities to consumers than H type content, it is socially desirable to
maintain net neutrality. In real world, such situation can arise if H type content has
more market power and hence tends to use more micro-payments instead of ad-based
business model than L type content does such that the former extracts much more
surplus from consumers than the latter.

Lastly, we connect our general model of two-sided PD with Choi-Jeon-Kim (2015)
which show how business models on the content side would affect the overall welfare
with and without PD on the content side. One notable contribution of this article is to

find the results of Choi-Jeon-Kim as a special case of our more general consideration.

Remark 2. Choi-Jeon-Kim (2015) consider a two-sided market with heterogeneous
content providers but homogeneous consumers. In this setup, they introduce a param-
eter a € [0, 1] that represents division of surplus between content side and consumer

side. Specifically, their model can be captured as a special case of our model as follows:
91{31 = aSp, GLB = &S, ‘9}411{ = 9?}{ = (1—a)Su, eéL = efL = (1—a)Sy, Bg =1

where Sy = 04 + 05 > Sp = 04, + 08 > 0 holds. Then, (14) and (15) are trivially
satisfied. They find that even if welfare is higher with PD for o = 0 and o = 1, PD
can reduce welfare for an intermediate range of . However, in their model, AW > 0
fora <1 as 04y — 04, =024, — 02, = (1 —a)(Syg — Si) > 0. Therefore, introducing
PD on the content side always increases welfare on the consumer side in their model,

which tmplies that our general model captures some effects that theirs can not.

9They assume that without PD, the monopoly platform excludes L type content for o = 1 and
this is why welfare is higher with PD for a = 1.
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6 Implementable allocations in the non-separable case

In this section we consider the non-separable case and characterize the implementable
allocations on side A with type reversal given an arbitrary quality schedule on side B.
In the next section we provide an application of our result to an advertising platform.

By summing the incentive constraints in the second-best problem, (IC];{) and (IC]z),

and considering k = A, we find the implementability condition on side A as follows:

= vy [0y — 00] [ (ai, a5) — (a7, ai1)]

(16)
+vp (00 — 07) [w*amm. af) — v ar qf)] > 0.

Let us take (¢5, ¢P) as given and assume a type reversal of positive sorting on side
A e, (03, —04) > 0> (04, — 04,). Later, we briefly describe how our results
extend to the case of negative sorting. Let F' denote the set of (g4, q7') satisfying the
implementability condition on side A (16) for a given pair of (¢5,¢?).2° In order to

describe F, we let

M (from “monotonic”) denote the set of (¢4}, ;') such that ¢+ > ¢! > 0;
N (from “non-monotonic”)  denote the set of (g5}, ¢7') such that 0 < ¢t < ¢3;
D (from “diagonal”) denote the set of (g7, ¢s) such that 0 < ¢4 = ¢t

Since @4 = 0 at each point satisfying ¢i = ¢3!, it is obvious that D C F. Moreover
it is immediate to identify F if ®4 is strictly monotonic with respect to gi}. Precisely,
if ®4 is strictly increasing in ¢j; then F' = M U D; if ®4 is strictly decreasing with
respect to qi, then F'= N U D.

If u? is separable, then
o = (07— 07) (wilam) — ui(ar)

which is strictly increasing in ¢4 by Assumption 1, and thus F = M U D. This
result does not depend on whether the type reversal occurs with a positive sorting or
a negative sorting.

Considering a positive sorting and complementarity between the qualities, we have

04
e = vh (0 — ) i o)+ 08 (03— 08) e
H

20Hence, F depends on (g5, ¢P) though our notation does not make it explicit.
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Therefore, 4 is strictly increasing in qj; if g5 > ¢P (since in this case uf(q¢s, ¢5) >
ui (g4, q7) and Assumption 1 holds) or if ¢ff < ¢P and |[vP (647, — 64',) | is close to zero
and /or the effect of complementarity is small. Conversely, if ¢ < ¢Z, [vf (677, — 61,) |
is close to v (04 — 014) (i-e., 05 — 07 is close to zero) and the effect of complemen-
tarity is strong, then ®“ is strictly decreasing with respect to qi;.

In the case of substitutes, we obtain opposite results: ®4 is strictly increasing in gy
if ¢& < ¢P (again uft(qs, ¢B) > uit(qs, ¢P) and Assumption 1 holds), or if g5 > ¢Z and
VP (645, — 07,) | is close to zero and/or the effect of substitution is small. Conversely,
if ¢f > qf, [vP (07, — 07) | is close to vf (07, — 07;) and the effect of substitution
is strong, then ®4 is strictly decreasing with respect to q.

The case of a negative sorting (i.e., 01, — 02, > 0 > 04, — 02,) is symmetric to

that of positive sorting. The following proposition summarizes our results.

Proposition 4. Suppose that Assumption 1 holds, there is type reversal on side A,

and quality schedule on side B (¢, qF) is given.

(i) If u? is separable, the implementable set of (qi,q)) equals the set of increasing

quality schedules (i.e., F'= M U D) regardless of type reversal.

(ii) Suppose that on side A, qualities are complements (resp. substitutes) and type

reversal occurs with a positive (resp. negative) sorting.

(a) The implementable set of (qi,qs) is equal to the set of increasing quality
schedules (i.e., F = M UD) if ¢& > ¢P.

(b) The implementable set of (qiy,qy) is equal to the set of decreasing (or con-
stant) quality schedules F' = N U D if ¢& < ¢P, the complementarity (resp.

the substitution) is sufficiently strong and 05 — 0% is close to zero.

(#1i) Suppose that qualities are substitutes (resp. complements) and type reversal oc-
curs with a positive (resp. negative) sorting. Then, the same statements as above
in (ii) can be made for (a) if ¢5 < qP (b) if ¢5 > ¢P, the substitution (resp. the

complementarity) is sufficiently strong and 03 — 04 is close to zero.

Proposition 4 identifies when implementing a decreasing schedule on side A requires
an increasing (or a decreasing) schedule on side B. Let us provide the intuition. The
implementability condition (16) means that given the quality schedule on side B, when
qi < qit, the L type’s utility gain from receiving ¢3! instead of g7 must be larger than

the H type’s gain from doing the same. Consequently, absent PD on side B, a decreasing
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schedule (i.e., ¢gj < ¢f') is not implementable by the definition of the H and L types.
However, this is no longer the case if we introduce PD on side B under type reversal
on side A. Consider type reversal with a positive sorting and suppose that the qualities
are complements. If ¢85 < ¢P, a decreasing schedule (i.e., ¢4 < ¢i') becomes now
implementable as an L type’s utility gain can be larger than an H type’s one when the
quality increases from ¢ to ¢i*. This is because an L type enjoys a high marginal utility
from interacting with an L type when the qualities are complements and type reversal
with a positive sorting arises (64, < 62,). Symmetrically, if qualities are substitutes
and there is type reversal with a positive sorting, implementing a decreasing schedule
on side A requires ¢5 > ¢P.

The discussions of the case with no type reversal and the above proposition give us

sufficient conditions for F' to equal the set of the increasing schedules:

Corollary 1. The implementable set of (qi1, ;) is equal to the set of increasing quality

schedules if at least one of the following conditions is satisfied:

(i) There is no type reversal on side A;
(ii) u? is separable;

(iii) There is no PD on side B (i.e., ¢5 = ¢?).

7 Application to an advertising platform

We here provide an application to demonstrate how our insight obtained in the previous
section plays out in a more realistic two-sided market of a media platform that mediates
content users and advertisers via content. This application also allows us to answer
the question of when PD on one side complements or substitutes for PD on the other

side. We consider private information on both sides.

7.1 The model

There is a mass one of consumers on side A and a mass one of advertisers on side
B. Agents on each side have two different types, H and L. To reduce the number of
parameters, we consider the equal population of each type on both sides, i.e., vij =
vB =1/2. On side A the platform offers a menu of quality-price pairs (g, ps) and
(qr,py), with (qu,qL) € {0,1}2 where ‘1’ means high quality or no nuisance from
advertising and ‘0’ means low quality or nuisance from advertising. On side B, we

consider that each advertiser has multiple products to advertise and hence demands for
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multiple ad slots per consumer. Therefore, the platform offers a menu of advertising
level (per consumer) and price: (ay,ph) and (ar,p?), with {ay,ar} € R2.?! Each
consumer earns a constant utility ug > 0 from consuming the content offered by the
platform if he does not receive any advertising. Consumer ¢ suffers disutility from
advertiser j’s ads which is given by ;;1(a;) with a;; > 0 where we assume (-) (> 0)

is increasing and convex. Then, consumer i’s gross utility when ¢; = 0 is given as??

OéHLw(CLL), if 9;4 = H;

1
2
Uy — %O./LH@/J(CLH) — %CILL’QD((IL), lf 0;4 = L

{ uo — sogpt(an) —

In a similar manner let §;;R(a;) with ;; > 0 represent the revenue that advertiser j
earns from consumer ¢ when ¢; = 0 where R(-) (> 0) is increasing and concave. Then,

advertiser j’s expected revenue from joining the platform is given by

%SHHR((ZH) + %SHLR((IH), if QJB = H;
1BunR(as) + 3BLLR(ar), if 67 = L.

Then we impose the following assumptions on the parameters for two-sided inter-

actions.

Assumption 3.
(i) agp + app > apg + arg
(1) agg < apg, QgL > apr
(iit) Bum > Bru, Bur > Prr
(iv) Bar > Bur, Brw > Prr-

The first inequality (i) means that an H type consumer suffers more from nuisance
than an L type in expected terms, which is equivalent to Assumption 1 applied to
side A. The two inequalities in the second line (ii) introduce type reversal on side
A. Conditional on receiving the ads from H type advertisers, an H type consumer’s
nuisance is smaller than an L type consumer’s nuisance. Against L type advertisers,
by contrast, the opposite holds. The inequalities in the third line (iii) means that an H
type advertiser generates more revenue than an L type no matter what the consumer

type they interact with: in other words, there is no type reversal on the advertiser side.

21 Targeted advertising is not considered. In the case of targeted advertising, the mechanism on
the advertising side would be (aff,ak;, p%) and (af, al, p?) where for instance alf (af;) refers to the

amount of advertising per H (L) type consumer done by an H type advertisier.

22 Alternatively, we can consider that for instance, the disutility of a H-type equals v (ag "+

apr %) but the our results are not affected.
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Hence, this assumption is stronger than Assumption 1 applied to side B. Lastly, (iv)
means that an H type consumer is more valuable than an L type consumer in terms of
advertising revenue for both types of advertisers.

In terms of the taxonomy introduced in the canonical model, the type reversal
on side A is of a negative sorting because we have 04, — 02, = agy — ary < 0
and 04, — 02, = ayr — ary > 0. In addition, the two screening instruments (g, a) are
complements on side A: from u(q,a) = —(a) - (1 — q), we have u3' (1, a) — u$(0,a) =
Y (a) > 0.2

We assume that the platform is not viable without selling advertising, which means
(qm,qr) = (1,1) is never optimal. In what follows, we characterize the optimal con-
tracts for the linear specification of 1(a) = R(a) = a for simplicity. We restrict our
attention to non-negative consumer prices of pﬁ >0, pf > 0 because a negative price

may induce consumers to take the money and run without consumption.

7.2 The optimal mechanism

Consider the general case in which the platform can propose a menu (including a
pooling contract) on each side. On the advertising side B, we have ay > a;, from the

implementability condition; in addition, the binding IR? and ICZ imply

1
P = 3 (Bra(l —qu) + Br(l —qr)) ar, (17)
B 1 1
P =75 (Buu(1 —qu) + Bur(1 —qr)) aH—7 ((Buw — Bru)(1 — qu) + (Bur — Bre)(1 —qr)) ar.
(18)
On side A, we have the following four constraints:
1
(IC7) uo — garr(l —ar)ar — garn(l - q)an — i
> ug — §OéLL(1 —qu)ag, — §OéLH(1 — qu)ay — Pl
(ICH) o — ganr(l —am)ar — gann(l - qm)an — Ph
1
> ug — §aHL(1 —qr)ar, — §OéHH(1 —qr)ag — py;
1 1
(IR7) (e §OéLL(1 —qr)ar — §OéLH(1 —qu)ay — pp > 0;
1
(IR7) g — §OéHL(1 —qm)ar, — 504HH(1 — qu)ag — py > 0.

2uB(-) can be written as follows: u”(q,a) = R(a) - (1 — q).

28



Adding IC% to IC4 leads to the inequality

(gar — qv) (ar — pan) >0, (19)

where p = % € (0,1). Given a negative sorting and complementarity between

qualities, according to Proposition 4, implementing a decreasing schedule on side A
(g < qr) requires an increasing schedule ay > ay on side B (in fact, a sufficiently
increasing schedule in this application, i.e., pag > ar).

Suppose that IR? binds at ¢, = 0 which pins down p? equal to p; = ug— %oz LLar —

1
2

that the upper limit of advertising levels consistent with the binding IR#, p* > 0 and

argag. As p? > 0 must hold, azrar + apgag < 2ug must be satisfied. It means

the implementability condition ay > aj, is represented by the line EA in Figure 1.
Similarly, the binding IR@ at qg = 0 with pﬁ > 0 requires ayrar, +aggag < 2ug; the
corresponding upper limit of advertising levels is represented by the line CD in Figure
1. Type reversal with a negative sorting implies that EA crosses CD from above as ay

increases.

v

= = Ery
Wy g ay 2uq 2u, ay

Arp Xpn
Figure 1: Optimal candidate contracts for the advertising platform
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B Allocation (qu,qr) = (0,0)

When (g¢x,qz) = (0,0), IC4 and IC% do not impose any restriction on (ax,ar)
but it implies p{; = p7 = p”* and the binding participation constraint on side A is
determined by the sign of a; — pay. Precisely, if a; < pay then IRZ binds, and p?
is equal to ug — %ozLLaL — %aLHaH. Conversely, if a;, > pay then IR% binds, and p?
1

SQHLAL — fagpay. Given (17) and (18), we find that the platform’s

is equal to ug — 5

profit is computed as

1 1
7(0,0,ag,ar) = wuy+ ZL(BHH + Bur)am + Z(zﬁLH + 2081 — Bun — PuL)ar

OHL—OLL

argayg + opLag, if arp < MCLH

1 { aAggayg + agrarg, lf ag Z arg, Z M(ZH
QHL—OLL

and it must be evaluated over the polygonal set with vertices (0,0), A, B,C. So, our
attention can be limited to the points A, B and C.

B Allocation (qg,qr) = (0,1)

When (qy,qr) = (0,1), the implementability condition (19) is simply given by
ar, < pag and IC4 and IR7 make IR4 redundant. Then we obtain pf = wg and
pﬁ = ug — %aHHaH — %aHLaL. As explained, p}f‘[ > 0 requires (ag,ar) to belong to
the triangle which has vertices (0,0), B, D in the graph; our attention can be limited
to the points B and D, and the platform’s profit is given by

1 1 1 1 1

(0,1, an,ar) = ug + ZﬁHHCLH — ZCVHHGH + (§5LH — ZBHH)GL — Z@HLCLL-

B Allocation (qg,qr) = (1,0)
When (qm,qr) = (1,0), (19) becomes a; > pay and IC} and IR% make IR
redundant. Then we obtain pé = Uy, pf = Uy — %aLHaH — %aLLaL and the profit is

1 1 1 1 1

7T(1, 0,am, GL) = up + ZLBHLQH - ZaLHaH + (§5LL - ZﬁHL)aL - ZaLLaL-

From p7 > 0, we need to restrict (ay,ar) to belong to the triangle which has
vertices (0,0), B, E; our attention can be limited to the points B and E.

In summary, we have:

Lemma 2. Consider the application with the linear specification and Assumption 3.

The profit-mazximizing mechanism is one among the following seven candidates:
(a) Contracts A, B, or C with (qy,qr) = (0,0);
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(b) Contracts B or D with (qu,qr) = (0,1);

(¢) Contracts B or E with (qu,qr) = (1,0).

7.3 No PD on side B

Now let us study the case in which advertisers face a single menu of ag = a; = a.
Since this case is a special case of the more general case in the previous subsection and
the solution can be easily understood from Figure 2 following the diagonal, we relegate

the proof to the Appendix and provide only the result:

Lemma 3. Consider the application with the linear specification and Assumption 3.
Conditional on no price discrimination on the advertising side, the optimal mechanism
is either Contract C with (qu,qr) = (0,0) or Contract E with (qu,qr) = (1,0).

7.4 Comparison

The previous analysis has identified all possible candidates for the optimal mechanism.
Because we have many parameters, for clear comparison among them, we reduce the
number of parameters to one. By doing so, we can gain further insight about un-
der which condition a particular contract becomes optimal and when PD on one side
complements or substitutes for the one on the other side.
Let ug = 1 without loss of generality and consider the following set of values which
satisfy all assumptions made in this section and use only one parameter ¢:
{ ug =1, aHHzl—%é, ozHL:g, arg =1, ozLL:% (20)
Bun =1+ &0, Bz = 1.01, Bre = 1.01, Brr =1

where § € (0.0G,%) to satisfy the assumptions of ay;, — arr, > apyg — agy and

Bur > Bur. Then the points A, B,C, D, E have coordinates (2,0), (35f20,—3§i‘;0) ,

(5 47_235, 5 47_235), (lgf 5,0), (%, %), respectively. Remarkably, ¢ captures the intensity of

type reversal in that as it increases, the net surplus generated by a H type’s watching

a H type’s advertisement becomes larger.

Let m(qm, qr; A) represent the profit at point A given (qm, qr). Then, we find that
7(0,0; B) > 7(0,1; B), w(0,0; B) > w(1,0; B), and 7(0,0; B) > m(0,0; A). In other
words, we can eliminate the three contracts (0, 1; B), w(1,0; B), and 7(0,0; A) from
consideration as they are strictly dominated by 7(0,0; B). Comparing the surviving

four candidates leads to:
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Lemma 4. Consider the application with the linear specification with parameters given

by (20). Then, the optimal mechanism is
(a) Contract E with (qu,qr) = (1,0) and ap, = ay if 6 € S; = (0.06,0.659)
(b) Contract C with (qu,qr) = (0,0) and ar, = ag if 6 € Sy = (0.659,0.993)
(¢) Contract B with (qu,qr) = (0,0) and ag > ar, > 0 if 6 € S5 = (0.993,1.887)
(d) Contract D with (qu,qr) = (0,1) is ag > ap, =0 if 6 € Sy = (1.887,2).
where the neighboring contracts are tied at each border value of o.

For small enough § € S;, showing advertisements to H type consumers is not
optimal as their nuisance cost is high relative to the advertising revenues generated
from them. Conditional on advertising only to L type consumers, the platform ideally
wants to implement a;, > apy on the advertising side as their nuisance from watching H
type ads is much larger than the nuisance from L type ads. However, such a decreasing
advertising schedule cannot be implemented on side B because of the implementability
condition. Therefore, the platform chooses the uniform treatment of a; = ay, which
leads to Contract E with (qg,qr) = (1,0).

As 0 increases into S,, it becomes optimal to show advertisements to both types
of consumers. However, the platform still wants to choose a; > ay and hence is
constrained by the implementability condition on side B. This leads to pooling on both
sides: gy = q, = 0 and ag = ar, = ay which is Contract C.

As § further increases and belongs to Ss, it is still optimal to show advertisements
to both types of consumers but now ¢ is high enough that H type consumers generate
much advertising revenue to H type advertisers while experiencing not much nuisance.
Hence, the platform implements ag > a; > 0, which makes Contract B optimal.

Finally, for a high enough § € Sy, H type consumers generates so much advertising
revenue to H type advertisers while experiencing little nuisance that the platform wants
to shutdown advertising to L type consumers and not to sell advertising service to L
type advertisers, which leads to Contract D.

Now we turn to the original question: how the PD on both sides affects the profit
of the platform compared to the PD on the consumer side only? For relatively small
0 € S1US,, the optimal contract involves pooling on the advertising side: it can
even involve pooling on both sides if Contract C is optimal. The platform wants to
implement a;, > ay but it cannot due to the implementability condition, which makes

ayg = ar, second-best optimal. Therefore, forcing a strict PD on the advertising side
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would reduce the platform’s overall profit. Hence, we can state that the PD on the
advertising side substitutes for the PD on the consumer side in this case.

For relatively large 6 € S3 U Sy, the PD on the advertising side complements the
PD on the consumer side for two reasons. First, given (¢m,qr) = (0,0), since the
platform wants to implement ay > aj, introducing the PD on the adverting side
increases the platform’s profit. This is a standard argument for a second-degree PD in
one-sided market. Second, introducing PD on the adverting side can increase the profit
by allowing the platform to implement a strictly decreasing schedule on the consumer

side, which is unique in a two-sided market.

Proposition 5. Consider the application to the advertising platform with the linear

specification and parameters given by (20).

(i) The PD on the advertising side substitutes for the PD on the consumer side if
o€ S1 U S,

(ii) The PD on the advertising side complements the PD on the consumer side if
o€ Sg U Sy.

(a) For 6 € Ss, it does so by implementing a strictly increasing advertising

schedule without affecting the allocation on the consumer side.

(b) For 6 € Sy, it does so not only by implementing a strictly increasing ad-
vertising schedule but also by relaxing the implementability condition on the

consumer side to implement a strictly decreasing quality schedule.

The above result can provide some insight about actual business practices by many
online media platforms. For instance, YouTube recently launched its long-discussed
paid subscription service, YouTube Red. This kind of PD on the consumer side cor-
responds to the increasing schedule (¢, qr) = (1,0) in which H type consumers pay a
certain fee to avoid the ads. Suppose for instance that YouTube Red means a change
from Contract C with (¢g, qr) = (0,0) (i.e., 6 € S2) to Contract E with (¢m, qr) = (1,0)
(i.e., 6 € S1). Then, this change involves an increase in advertising amount without

changing its composition and an L type consumer gets worse off.

8 Concluding Remarks

A two-sided platform mediates interactions between two different groups. Each agent

in a group plays a dual role of obtaining the private benefit from interactions and
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generating externalities to the agents of the other group. We show that this dual
role may make pooling optimal on the side which generates strong externalities. In
addition, we show that in the case of non-separable utility, properly designing price
discrimination on one side may allow to mitigate or remove pooling on the other side
because PD on one side may affect the set of implementable allocations on the other
side. We also provide welfare analysis of price discrimination in a two-sided market.
Our canonical model of two-sided PD can be applied to more specific environments as
we demonstrated how our model can be adapted to net neutrality regulation and online
media advertising platforms. It is to be hoped that our work will serve as a foundation
from which studies of different specificity and greater depth may be undertaken for

understanding price discrimination in two-sided markets.
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Appendix

A Mathematical Proofs

The proofs for other propositions and lemmas are discussed in the text. Thus, here we

provide mathematical proofs for Lemma 1, Proposition 4, Lemma 3 and Lemma 4.

A.1 Proof of Lemma 1

Lemma 1 in the text provides sufficient conditions for the following claims to be true
(notice that standard arguments imply that the second claim is a consequence of the
first):

(IR%) is redundant
(IRY) and (IC%) bind in the optimal mechanism for k = A, B (A.1)
(IC%) is equivalent to ¢ > ¢F

In fact, (A.1) can be proved under weaker assumptions than the ones described in
Lemma 1. Precisely, consider the following conditions, which are both satisfied if u* is

separable and satisfies Assumption 2:

u*(¢",¢') = 0 and wi(¢",¢') >0 foreach ¢ ¢ (84.2)
ub(¢*,¢") > 0 foreach ¢~ ¢ (A-3)
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Then we can state and prove a more general version of Lemma 1 than the one given
in the text.

A general version of Lemma 1 The claims in (A.1) hold true if any of the

following four sets of conditions is satified.

(i)
(i)

(iii)

On side k there is no type reversal and (A.2) is satisfied, for k = A, B.

On side A there is no type reversal and (A.2) is satisfied for k£ = A; on side B
there is type reversal with positive sorting, (A.2)-(A.3) are satisfied for k = B,

and u®, > 0, or ub, < 0 is close to zero and/or v (05, — 05,) is close to zero.

On side B there is no type reversal and (A.2) is satisfied for £ = B; on side A
there is type reversal with positive sorting, (A.2)-(A.3) are satisfied for k = A,

and uf, > 0, or ufh, < 0 is close to zero and/or vE(6, — 62,) is close to zero.

On both sides there is type reversal with positive sorting, (A.2)-(A.3) are satisfied
for k = A, B, for one side k we have u}, close to 0 and/or v} (8%, — 6%, ) close to
zero, and for the other side | we have ul, > 0, or u}, < 0 is close to zero and/or

vh (0%, — 0 ) is close to zero.

Proof of the general version of Lemma 1

(i)

Consider side A. We can combine (IR7) and (IC4) to find that (IR%) holds if
v (O — O )u (az, aip) + v (O — 07 )u (a5 7)) = 0 (A.4)

Since (A.2) is satisfied for £ = A and there is no type reversal, it follows that
vi (O — O2m)u(az aip) = 0 and vf (Ofp — 07p)u(a, af) = 0, hence (A.4)
holds.

Adding up (IC4), (IC%) yields the inequality (16), and such inequality is equiv-

alent to g5 > ¢t if
vir (O — Onm)ur (i, a) +vr (O — 07,)ui (ai, af) > 0 (A.5)

Since (A.2) is satisfied for £ = A and there is no type reversal, it follows that
v (O — 02p)ui (gir, afi) > 0 and vp (07, — 07p)ui' (g7, 97) > 0, hence (A.5)

holds. The proof for side B is analogous.

For side A we can argue exactly like in the proof of part (i) to prove that (A.4)
and (A.5) is true.
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For side B, we can combine (IR?) and (ICZ) to find that (IRE) holds if
vir(On — 0r)u® (4 ay) + v (05, — 07)u” (af ,a7) = 0 (A.6)

Then we notice that vy (05, — 02,)u®(¢2, qi) > v (058, — 08, )uP (¢B, ¢7') given
that 05, — 6P, > 0, (A.3) holds for k = B, and ¢ > ¢i. Therefore the left
hand side in (A.6) is at least as large as vir (05, — 05, )uP(¢P, ¢2) + v} (65, —
07 )uP(qf . qit) = (05 — 07) u”(qF, qi), which is non negative because of As-
sumption 1 and (A.2) for k = B.

Adding up (IC%), (IC?) yields an inequality analogous to (16), and such inequal-

ity is equivalent to g5 > ¢P if

vg(egH - QEH)U?(QED qf‘[) + Uf(efm - HEL)ulB(qfla Qf) >0 (A7)

Given type reversal with positive sorting on side B, and given that (A.2) holds for
k = B, the first term in (A.7) is positive and the second term is negative. In case
that uth > 0, we find that vij (05, — 07y )ut (477, aiy) > v (05 — 07k )ut (a7, 47,
hence the left hand side of (A.7) is at least as large as v (05 ; — 08, )uP(¢5, ) +
v (08, —0P)uP (¢5, qi) = (05 — 6F) uP (¢, ¢i}), which is positive by assumption
1 and (A.2) for £ = B. In case that ub, < 0 is close to zero, then uZ(¢5, q5) is
only sligthly smaller than u?(¢5, ¢!), hence the above argument still applies. In
case that vy (05, — 6P,) is close to zero, then the sign of the left hand side in

(A.7) is determined by the term vt (05, — 02,)uP(¢5, ¢t) > 0.

The proof coincides with the proof given for part (ii), after switching the roles of
A and B.

Suppose that uf, is close to 0. Then the left hand side in (A.7) is close to
(05 — 68) uP(qh, qi'), which is positive both if ¢} > ¢7' and if ¢f; < ¢;'. Like-
wise, if v1(05, — 02,) is close to 0, then the left hand side in (A.7) is close to
vy (055 — 02,) uP(qh. qif) > 0, both if ¢ff > ¢! and if ¢j} < ¢i'. In either case

we obtain ¢B > ¢P.

Then assume uf, > 0 and use ¢5 > ¢P to obtain that the left hand side in (A.5)
is at least as large as (64 — 08 ust(qh, ¢P) > 0. In alternative, if uil, < 0 is close
to zero and/or v2 (04, — 04,) is close to zero, then it is still the case that (A.5)

is satisfied. Therefore g5y > ¢3.

Given qj > g, we can prove that (A.6) holds by using 65, — 02, > 0 and (A.3)
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for k = B as in the proof of part (ii). Likewise, given ¢ > ¢?, we can prove that

(A.4) holds by using 04, — 07 > 0 and (A.3) for k=A. A

A.2 Proof of Proposition 3
(i) The proof of (i) is omitted since it is straightforward.
(ii) Let 04 = viaba, + 007, and 07 = vio5h, + vio), .
e About the effect of 02, we first notice

dgf Bu/(¢F) dg® Bugu (¢7)

oty C"(ap) — (0 + B0’ (af)”  dOfy  C7(¢%) — (0F + BOL)u"(¢P)

Then we have

d(AW}/B) B A

dq 0 ) I
204 = vpvL (U(QfBI) u(q” )) + Ufl‘gHU (48) i — (g + v 07 (¢7)
LH

d9A
(u'(qh))?
C"(qfy) — (0F + 807 )u" (qf)
o5 (W (¢?))?
QL)BC”((]B) . (HLB 4 Bﬁf)u”(qB)
— of {vf (u(af)) — ul®)) + |04 — (0% +vE0D)]| B0}

= iy (u(eg) —u(a™)) +vidyh

UH(UHHA

Hence if f(q) = % is increasing, and 51‘} > éf, then d(AV[;g/ﬁ) > 0.
C”( ) (q) ( ) deLH
e About the effect of 07, , we notice
dgp B’ (af) dg” pupu'(q”)

o, C"(qf) — (05" + B0 )u"(qf)  dbs,  C"(¢B) — (0F + B0 " (¢F)
Then we have

HBVELD (ot fola?) — ataf)] + [0 - 80+ 0890 91)
(v'(q7))?
C"(q?) — (0P + BOf " (¢F)

(/(a?))
L O e = 8 + R )

= —vPv} (u(@®) —u(ql)) +vP07p

Then we find that d(AW4/3) < 0 if f(q) is increasing and 64 > 64. B
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A.3 Proof of Proposition 4

Here we prove a more detailed version of Proposition 4, and for that purpose we let
o(qir) = vir (Ot — 01) ui' (qiz, air) + v (O — Oor)ut (qir, ar)

denote the derivative of ®4 with respect to gi}: notice that ¢ does not depend on ¢;.
As the case of negative sorting is symmetric to the case of positive sorting, we only

provide the proof for the positive sorting of which the statement is refined as follows.

Refined version of Proposition 4(ii)
(i) Suppose that w12 > 0 and uq12 > 0 (not needed for part (a)).

(a) When ¢& > ¢, we have F = M U D.
(b) When ¢f < ¢, we have that
(bl) If ¢(0) < 0, then F = N U D if ¢(0) < 0.
(b2) If ¢(0) > 0 > lim,a #(qs), then let g4 be uniquely defined by

q—+oo

#(q%) = 0. The set F has the shape of a sandglass, such that it includes
all points in M such that ¢, < g and ¢y < @5, and some points in N
if g7 > -

(b3) If lim a #(q) > 0,then F = M U D.

Qg —+00

(ii) Suppose that u12 < 0 and u112 < 0 (not needed for part (a)).

(a) when gy < qr, we have F = M U D.
(b) When gg > qr, we have that (b1-b3) from part (i) hold.

Proof of part (i): Complements: ui, (¢, ¢®) > 0 and uf,(¢?, ¢®) > 0 for each
A B
a4
L If g > qf, then ui'(qs, aff) > ui(azp,af) and o(q5y) > (Vi (Ofim — O) +
vB(03, — 04, )ui(gn,q?) > 0. Therefore ®4 is strictly increasing in g5 and

F=MUD.

2. If ¢B < ¢, then assume uf}, > 0, that is uf} is increasing with respect to ¢®, or

equivalently uf}, is increasing with respect to . Then ¢/(q5) = v (057 — 075) uii(ait, aff)+
ve (07, — 071 udy (airs af) < (vi (‘9}411{ - 9?]{) +vp (0, — 071))ui (air. i) < 0.

Therefore ¢ is strictly decreasing.
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o If ¢(0) < 0, then ¢(g) < 0 for each g4 > 0. Therefore &4 is strictly
decreasing in g5 and F' = N U D.

o If p(0) > 0> limga_, #(q3), then let G4 be uniquely defined by ¢(q4) =
0.
Now fix ¢, and consider ¢i < ga. Then ¢(g) > 0 for qi € (0,¢;) and
DA, qt) < 0 for each gi < gif. Conversely, ®*(qs,q) > 0 at least
for ¢i € (¢, 7], because ®4 is increasing in qi for ¢y € (¢, q%). Since
d(q) < 0 for qif > g4, it is possible that ®4(ga, ¢7') < 0 for ¢4 sufficiently
larger than g1
Now consider g7 > G4. Then ¢(qs) < 0 for each gt > ¢}, hence ®4(qz1, ¢7) <
0 for each qf; > ¢i'. Conversely, ®(q#,¢') > 0 at least for ¢ € [g5,q7)
because @4 is decreasing in ¢i for q5 € (G4, q7). Since é(qs) > 0 for
q < Gy, it is possible that ®4(q5h, ¢i') < 0 for ¢f; sufficiently smaller than
T
In this case the feasible set is non convex, and has vaguely the shape of a

sandglass.

o If limga , d(q) > 0, then ®4 is strictly increasing in g4, hence (I4) is

satisfied if and only if (¢4, q3}) € M U D.

Proof of part (ii): Substitutes: ui}(¢*,¢®) < 0 and uf},(¢*, ¢®) < 0 for each
A B
a9
L If qff < qf, then ui'(af,qf) > ui'(azy.qf) and ¢(ag) > (vi Oy — Ofy) +
vB(O3, — 02 ) uit(¢h, ¢P) > 0. Therefore (I4) is equivalent to g7y > q;.

2. If ¢B > ¢&, then assume ui}, < 0, that is uf} is decreasing with respect to ¢, or
equivalently uf}, is decreasing with respect to ¢*. Then ¢/(q57) = v§ (055 — 01n) wit (a5, ah )+
vi (O — Oz )uii (ai. af) < (v (O — 02n) + v (O, — 02p))uii(air, af) < 0.
Therefore ¢ is strictly decreasing and we obtain a feasible set similar to the case
2 above: (i) NUD if $(0) < 0; (i) a sandglass if ¢(0) > 0 > limga_, . ¢(qi);
(iii) M U D if lim,a #(qs) >0. A

q—+oo
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A.4 Proof of Lemma 3

Then, the platform’s price against advertisers is set to make L type advertisers earn

zero net surplus:

(Ber(1 —qu) + Brr(l —qr))a (A.8)

l\DI»—t

Py, =Pp =

A.4.1 Allocation (qg,qr) = (0,0)

In this case IC4 and IC% imply p = p4 = p?, hence IR% implies IRZ and p? =

Uy — %( uy + agp)a, with a < ay = a}{fﬁ in order to have pA > 0. Since
p? =ph = 3(BLu + Brr)a, the platform’s profit is equal to
1 1
ug + §(BLH + Brr)a — §(OéHH +apgr)a

and it should be maximized with respect to a € [0,ay]. Assuming Srg + Orp >
apg + agp, the optimal a is ay (point C in Figure 1), hence the maximal value is

1 1 1

Ug + (§5LH + §5LL — 504HH — §OéHL)dH-

A.4.2 Allocation (qg,q1) = (0,1)

In this case IC;‘I and ICZ1 require ug — %(aHH +agr)a —pf_‘l > up — pf and ug — pf >
Uy — %(Ox L tapp)a— pﬁ. Combining the two inequality conditions, we obtain (ay +
app —agy —agr)a > 0. Because of Assumption 2-(i), (apy +arr, — agy —agr)a < 0
and thus the derived condition holds only if a = 0. When a = 0, the platform extracts
the full rent by charging p = p& = ug and the profit is equal to ug. As we assume that

the platform is not viable without selling advertising, this situation is not optimal.

A.4.3 Allocation (qy,qr) = (1,0)

In this case the constraints are given by

(IRQ) Up — Pg >0

(IRZ) up — %(OCLH +ary)a—pp >0

(IC%) up — Py = g — %(OZHH +apgr)a — pi
(ICE‘) Uy — %(OzLH—l—aLL)a—pf > ug —pfl
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2ug
OLHTOLL

and the optimal tariffs are p3 = ug, p7 = uo—%(aLH—i—ozLL)a, witha; < ap =

for pf > 0. Since pf = pf; = 1f8Lra, the profit is

1
Uy — Z(QLH +arpL)a+ §ﬁLLCL

and it should be maximized with respect to a € [0,ar]|. Assuming 25, > ary + arr,
the optimal @ is a;, (point E in Figure 1), hence the maximal profit given (qy,qr) =
(1,0) is

1 1 1
Uug + (§6LL — —arg — —arp)ar.

4 4

A.5 Proof of Lemma 4

Given (qu, qr) = (0,0), the profit function is

1 1 101 1 101 1 101
7(0,0,apy,ar) = 1+—(1+—5+—)aH+—(2 +2—1——(5——>aL

4 6 ' 100 4\” 100 6. 100
_1 (1 — 1—125)6LH + gaL if ay Z ary, Z %CLH
2 amp + %CLL if ar < %CLH

Hence
201 1
A = 4§
m(0,0; 4) 500 12
23095 + 6030 — 15062
0,0: B) =
(0,0 B) 300(36 + 20)
1809
0,0:0) = — "
m(0,0:C) 25 (64 — 30)

Given (qm, qr) = (0, 1), the profit function is

1 1 1 1
7'('(07 17CLH7CLL) == 1+4_1(1 + 85> CLH_Z_L<1 - §6> ag+ (5 . m — Z_l . (]_ + 65)) ar—

1 9346 — 7562 + 3000

1LB) = —
m(0.1; B) 150 35 + 20
16+ 24
1.D) = -2
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Given (qg, qr) = (1,0), the profit function is

L0 J_1.l (0 Lo (1110
T s AL =2 g ) H T 4T\ T 1 100 ) @

Hence,

3 1496 + 670

100 36 + 20

(1,0, E) = g

7(1,0;B) =

Comparing these derived payoffs, we obtain the stated result. B

44



