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Abstract

Benefits of the Digital Economy are evident in everyday life, but there are significant
concerns that these benefits may not be appropriately reflected in official statistics.
Statistical agencies are typically unable to measure the benefits that result from
introduction of such new goods and services. The measurement of the net benefits of new
and disappearing products depends on what type of index the statistical agency is using to
deflate final demand aggregates. We examine this measurement problem when the
agency uses any standard price index formula for its deflation of the value aggregate,
such as GDP. An Appendix applies the methodology to the problem of measuring the
effects of product substitutions for disappearing items.
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1. Introduction

The debate regarding the benefits of the Digital Economy regularly features the
suggestion that mismeasurement by national statistical offices is playing a major role in
obscuring productivity, economic growth and welfare gains.? If measurement is lacking,
through methodological challenges, statistical agency budgets or data availability, then
we are severely hampered in our ability to understand the impact of new technologies,
goods and services. In this paper, we build on a earlier attempt by Diewert and Fox
(2017) and develop new frameworks for measuring welfare change and real consumption
growth in the presence of new and disappearing goods (and services); such goods are
frequently synonymous with the Digital Economy.

New, often very specialized digital goods are now part of daily consumption for many,
accompanied by the disappearance of previously consumed commodities. We provide a
framework for quantifying the welfare benefits and costs of new and disappearing
products.® The basic idea is the following. Statistical agencies typically use a “matched
model” approach when they construct price indexes, and these are used to deflate a final
demand value aggregate; i.e., when constructing a particular price index that compares
the prices of a group of products over two periods, the scope of the index is usually
restricted to the set of commodities or products that are present in both periods. The
resulting index is called a maximum overlap index.* However, if one is using the
economic approach to index number theory that was originally developed by Konds
(1924), then reservation prices for the missing products should be matched up with the
zero quantities for the missing products in each period; the reservation price for a missing
product is the price which would induce a utility maximizing potential purchaser of
product to demand zero units of it. Normal index number theory can then be applied to
the resulting augmented data set for the two periods under consideration.”

This reservation price approach for the treatment of new goods is due to Hicks (1940;
114). Hofsten (1952; 95-97) extended his approach to cover the case of disappearing
goods as well. If reservation prices are estimated, elicited from surveys,® or guessed, then
the “true” price index can be calculated and compared to its maximum overlap

% See, for example, Feldstein (2017), Reinsdorf and Schreyer (2017), Syverson (2017), Groshen, Moyer,
Aizcorbe, Bradley and Friedman (2017), Ahmad, Ribarsky and Reinsdorf (2017), Hulten and Nakamura
(2017), Ahmad and Schreyer (2016), Byrne, Fernald and Reinsdorf (2016).

® Diewert and Fox (2017) considered the case of free goods. While free goods often have an implicit price,
this price is usually unobserved. In this case, a price of zero is applied by national statistical offices,
resulting in the positive quantities of these goods having no measured value. Hence their benefits to
consumers go unmeasured, and they do not appear in nominal and real output. See Brynjolfsson and Oh
(2012) on measuring the value of free digital services, and Nakamura, Samuels and Soloveichik (2016) for
examples of how to think about the valuation of free media.

* This type of index dates back to Marshall (1887). Keynes (1930; 94) called it the highest common factor
method while Triplett (2004; 18) called it the overlapping link method. See Diewert (1993; 52-56) for
additional material on the early history of the new goods problem.

® See Diewert (1976) for practical applications of the economic approach to index number theory.

® See Brynjolfsson, Eggers, and Gannamaneni (2017) on the use of online choice experiments to elicit
valuations of goods and services.



counterpart.” Thus an estimate of the bias in the deflator can be formed. This bias in the
deflator translates into a corresponding bias in the real output aggregate. We will evaluate
this bias in the context of a statistical agency that uses maximum overlap Térnqvist
indexes in section 3. The context we consider is one in which transaction level data are
available so that indexes can be calculated from the elementary level. In a similar manner,
we will evaluate the bias in the Laspeyres, Paasche and Fisher (1922) maximum overlap
indexes in section 4. Section 2 develops some general relationships in the expenditure
shares of a true index relative to its maximum overlap counterpart. These relationships
will be used in sections 3 and 4.

Finally, an Appendix applies the algebra developed in sections 3 and 4 to to the problem
of measuring the effects of product substitutions for disappearing items.

2. The Relationships between True Shares and Maximum Overlap Shares

Consider two periods, 0 and 1. There are three classes of commodities. Class 1 products
are present in both periods with positive prices and quantities for all N products in this
group. Denote the period t price and quantity vectors for this group of products as p;' =
[pllt,...,pth] >> Oy and qlt = [qllt,...,qth] >0y fort=0,1.

Class 2 products are the new goods and services that are not available in period 0 but are
available in period 1. Denote the period O price and quantity vectors for this group of K
products as p2° = [par”....p2x’ ] >> Oy and q2° = [G12°,...,01k°] = On. The prices in the
vector p,”" are the positive reservation prices that make the demand for these products in
period O equal to zero. These reservation prices have to be estimated somehow. The
period 1 price and quantity vectors for these K products are p,* = [p2:t,....p2«'] >> Oy and
02" = [g1’...,G2x '] > O and these vectors are observable.

Class 3 products are the disappearing goods and services that were available in period 0
but are not available in period 1.2 Denote the period 0 price and quantity vectors for this
group of M products as ps° = [pai’,....psm’] >> On and gz° = [gs:°,....qsm°] > On. The period
1 price and quantity vectors for these M products are ps'” = [pa*,...,pam’ ] >> Oy and gs*
= [g31%,...,qam’] = On. The prices in the vector ps* are the positive reservation prices that
make the demand for these products in period 1 equal to zero. Again, these reservation
prices have to be estimated somehow.

" Feenstra (1994) uses our suggested general methodological approach in the context of purchasers who
have CES preferences and he uses the Sato (1976) Vartia (1976) maximum overlap index number formula
which is exact for CES preferences. An advantage of his methodology is that the Hicksian reservation
prices in the CES context are equal to +co and thus there is no need to estimate these reservation prices
using his approach. However, it is likely that his approach overestimates the benefits of new products and
moreover, the CES functional form is not fully flexible as are the preferences that are exact for the
Tornqvist and Fisher indexes; see Diewert (1976). Hausman (1996) (1999) (2003) and Hausman and
Leonard (2002) develop an expenditure function approach that uses a flexible functional form to estimate
reservation prices.

8 Diewert and Fox (2017) did not consider the case of disappearing goods. Another difference between
Diewert and Fox (2017) and the current paper is that here we use a traditional index number approach,
whereas the previous paper used an indicator approach, i.e. a difference framework.



Define the true expenditure shares for product n in Group 1 for periods 0 and 1, s;,° and
st in the usual way:

(1) S1n° = P1n’Gn’ /[pl qi° + pz qz° +pa03°] ; n=1,..N;

= pun’Qun/[p:>-q° + pa Gs ] since q,° = O;
(2) S1n" = P1n'Qan” /[p1 . + pz qz +ps' 05" ; n=1,.,N;

= PG /[P 0e” + p2tg']’ since gz’ = On.

Note that these shares can be calculated using observable data; i.e., these shares do not
depend on the imputed prices p,” and ps* .

Define the true expenditure shares for product k in Group 2 for periods 0 and 1, s»” and
sai’, as follows:

(3) sa” = P2’z /[P0’ + P2 + pa’aa’] ; k=1..K
= pszQ2kO/[p10'Q10 + DSO'QSO] since qZOO: On;
=0; since gk = 0;
(4) sa’ = Pa o 1[p1 01 + p2tg” + pst 05Tl ; k=1..K
= p2k1Q2k1/[p11~qll + p21~OIzl] since q31 = On.

Note that these shares can also be calculated using observable data.

Define the true expenditure shares for product m in Group 3 for periods 0 and 1, Sz’
and sz, as follows:

(5) Sam’ = Pam CGam". /[pl q0 + pz Q2 +p3t03”] ; m=1,..,M;
= Pam am’ /[p1 g + pa U ] since q,° = O;
(6) S3m™ = Pam™Gam’ /[p1 . + pz qz +ps 03] ; m=1,.,M;
= Pam Gam /[P1 01" + p2Q2'] since qs" = Oy;
=0 since gam” = 0.

Note that these shares can also be calculated using observable data.

Now define the expenditure shares for product Group 1 using just the products that are in
Group 1. These are the shares that are relevant for the maximum overlap indexes Whlch
will be defined shortly. The maximum overlap share for product n in period t, 51,°, is
defined as follows:

(7) $1n0' = P1n 1 7p1"q1'; t=01:n=1,.N.

These maximum overlap shares are also observable. It can be seen that the following
relationships hold between the true Group 1 shares and the maximum overlap Group 1
shares: ™

° The inner product of the vectors p," and g.' is denoted as p;"gy' = Zp=1" p1n'gan’, etc.



(8) s1n’ = S1no P11 /[p:>q:° + pa®-a3’] ; n=1,...N;
= 5100°[1 = Zm=™ Sam’] ;
(9) s1n’ = s100™pr-qu/[pat-ant + p2 9] ; n=1,.,N;

= $1n0"[1 — Zk=1" Sk'] -
3. The Tornqvist Price Index Decomposition

Let Pyo denote the Térngvist maximum overlap index. The logarithm of this index is
defined as follows:

(10) InPo = Zp=1™ (1/2)(5100° + S1n0))IN(P1n/P1nd).

The logarithm of the true Torngvist index, P+, is defined as follows:

(11) InPr = Zpet™ (1/2) (520° + S2a)IN(P10P1nY) + Zket® (112) (52 + Sach)IN(pa/p2i’)
+ Zmle (1/2)(53m0 + 53m1)|n(p3ml*/p3mo)
= Zn=t (U2)(512° + S10)IN(E1np1n) + ier® (1/2)(0 + sa)In(pa/pa)
+ Zm=™ (1/2)(s3m” + 0)IN(Pam® /pam’) using (3) and (6)
= Z:n=1N (1/2){31n00[1_2m=1M S3mo]+31n01[1 - Zk=lK SZkl]}In(plnllplno)
+ St (12) (52 IN(Pa /P2 + Zmea™ (1/2)(sam)IN(Pam’ /pam’)
using (8) and (9)
= InP1o + (1/2) k1 sac [IN(Pax /pa”) = Zn=1" Stno” IN(P1n/p1n)]
+ (1/2)Zm=1™ s3m’[IN(P3m’ /P3m’) — Zn=1" S1n0’ IN(P1n/p1n)] using (10)
= InPyo + Ink + Inpu

where the logarithms of the terms k and p are defined as:

(12) Inic = (1/2) 21 sad [IN(Pak 2’ = Zn=t” Swno” IN(P1/p1n)]
= (1/2) k=1 sa [In(P2c ) — InPyo™];

(13) Inp = (1/2)Zm=1™ sam’[IN(Pam™ 1p3m’) = Zn=1™ S100° IN(P1n/P1n0)]
= (1/2)Zm=1™ sanl[IN(Pam® /pan’) — INP10"]

where the (weighted) Jevons index using the maximum overlap share weights of period 1
is Pjo* and the (weighted) Jevons index using the maximum overlap share weights of
period 0 is Pyo”; i.e., the logarithm of these two indexes are defined as follows: ™

(14) InPyo" = Zn=1" s100" IN(P1n/p1nY);
(15) |nPJoo = anlN Slnoo |n(p1n1/p1n0).

19 These relationships are due to de Haan and Krsinich (2012; 31-32).
! These could also be described as Cobb Douglas indexes, and (14) has been called a geometric Paasche
index and (15) has been called a geometric Laspeyres index.



Exponentiating both sides of (11) leads to the following relationship between the “true”
cost of living index Pt and the price index Pro that is defined over products that are
available in both periods:*?

(16) Pt = Pyo x K x .

The above k and p terms are counterparts to Feenstra’s (1994; 159) A.; and A terms that
he derived for bias due to changes in the availability of commodities in the context of
CES preferences.

The term « defined by (12) can be regarded as a measure of the reduction in the true cost
of living due to the introduction of new products. The period 0 imputed price for new
product k, px”, is likely to be higher than the actual price for new product k in period 1
adjusted for general inflation, p'/P1ot, and thus « is likely to be less than 1. The bigger
is the share of new products in period 1, Zi=1< sz, the more k will be less than 1. Note
that the logarithmic contribution of each new product to the reduction in the true cost of
living can be measured using the additive decomposition that definition (12) provides.

The inflation adjustment term p defined by (13) can be regarded as a measure of the
increase in the true cost of living due to the disappearance of existing products. The
period 1 imputed price for disappearing product m, pam® , is likely to be higher than the
actual price for product m in period 0 adjusted for general inflation, psm’Pi0°, and thus p
is likely to be greater than 1. The bigger is the share of disappearing products in period 0,
Sme1" Sam’, the more p will be greater than 1.

The decomposition defined by (11) is also useful in the context of defining imputed
carry backward or carry forward prices for products that may be new or unavailable.
Recall that the imputed reservation prices in period 0 are the prices p»’" and the imputed
reservation prices in period 1 are the prices psm' . Rough estimates or more precise
econometric estimates have to be made for these reservation or virtual prices.™® However,
it is possible to use available information on prices and quantities for periods 0 and 1 in
order to define the following carry backward prices pa’ for the missing products in
period 0 and the following carry forward prices psms- for the missing products in period
1

(17) p2kb25 p2klé PJO(l) ; k=1,.
(18) psmf = pam Pio ; m=1,..,M.

Thus the inflation adjusted carry forward price defined by (18) for the missing product m
in period 1 takes the observed price for product m in period 0, psm’ and adjusts it for

12 This formula was first derived by de Haan and Krsinich (2012; 31-32) (2014; 344). Their imputed prices
for the missing products were obtained by using hedonic regressions whereas our imputed prices are
interpreted as Hicksian reservation prices but the algebra is the same in both contexts. For additional
discussion on this formula and its variants, see de Haan (2017).

3 Rothbarth (1941) introduced this term for the Hicksian (1940) reservation prices. Hicks did not give a
name to his pricing concept.



general inflation for the group of products that are present in both periods 0 and 1 using
the (weighted) maximum overlap Jevons index Po°. Similarly, the inflation adjusted
carry backward price defined by (17) for the missing product k in period O takes the
observed price for product k in period 1, pa and deflates it by the (weighted) Jevons
maximum overlap price index, Py'. The above inflation adjusted imputed prices are
more reasonable than the often used constant carry forward prices, psm’, or constant
carry backward prices, pa'. From (12) and (13) and (11), it can be seen that if the
reservation prices are equal to their inflation adjusted carry forward prices (so that psm’ =
Pami for m = 1,...,M) and inflation adjusted carry backward prices (so that p2" = pa” for
k =1,...,K), then the true Tornqvist index Pt will equal its maximum overlap counterpart,
PTQ.

However, in general, economic theory suggests that the reservation prices will be greater
than their inflation adjusted carry forward or backward prices. Thus we define the
following margin terms, kx and pm, which express how much higher each reservation
price is from its inflation adjusted carry forward or backward price counterpart:

(19) 1 + k= p2k0*£p2kbo : k=1,.,K;
(20) 1 + pim = Pam” /Pame’; m=1,..,

Now substitute definitions (17)-(20) into (11) and we obtain the following exact
relationship between the true Tornqvist index Pt and its maximum overlap counterpart
PTO:

(21) In(P1/P10) = — Skt (1/2)s2 In(1 + K1) + Zmn™ (172)83m” IN(L + ).

Exponentiate both sides of (21) and subtract 1 from both sides of the resulting expression.
Define the right hand side of the resulting expression as the function g(kz,...,Kk, H1,..-,1tm)
and approximate g by taking the first order Taylor series approximation to g evaluated at
0 =x1 =..=Kk =1 =.. = um. The resulting approximation to (Pt/Pto) — 1 is the
following one:**

(22) (P1/P10) — 1 ~ Zm=a™ (1/2)53m tm — Zk=t® (1/2)52 Kk
From equations (1) and (2), the period 0 and 1 value aggregates for the goods and

services in the group of N + K + M commodities under consideration, v° and v*, are
defined as follows:

(23) VO = plo‘qlo + p30_q30; Vl = pll'qll + pzl'CI21-

The “true” implicit Térnquist quantity index Qr is defined as the value ratio, V‘/V°,
deflated by the “true” Toérnqvist price index, Pt ; i.e., we have:

Y This formula is similar in spirit to the highly simplified approximate formulae obtained by Diewert
(1987; 779) (1998; 51-54).



(24) Qr = [V'\V°)/Pr.

Statistical agencies can use maximum overlap Tdrngvist price indexes to deflate final
demand aggregates in order to construct aggregate quantity or volume indexes.™ Thus in
our context, the maximum overlap Térngvist quantity index, Qro, is defined as follows:

(25) Qo = [V'NV]/Pro.
The bias in Qo relative to its true counterpart Qr can be measured by the ratio Q/Qro:
(26) Q/Qro = ProfPr

where we have used definitions (24) and (25) to derive (26). An exact expression for the
logarithm of Pro/Pt can be obtained from (21):

(27) In(P1o/P1) = Zit® (112)s2d IN(L + K1) — Zm=a™ (1/2)s3m° In(L + ).

Exponentiate both sides of (26) and subtract 1 from both sides of the resulting expression.
Define the right hand side of the resulting expression as the function h(kz,...,kk, H1,...,1tm)
and approximate h by taking the first order Taylor series approximation to h evaluated at
0 =K1 =..=Kk = W1 =.. = um. The resulting approximation to (Q+/Qro) — 1 is the
following one:

(28) (Q1/Qr0) — 1 ~ Tyt (1/2)s2t ik — Zinea™ (1/2)Sam” pn.

Thus if there are no disappearing goods, the right hand side of (28) becomes -1
(1/2)sa ki and this number is a measure of the downward bias in the maximum overlap
Tdrngvist quantity index for the value aggregate in percentage points. That is, (28) gives
the downward bias in welfare from ignoring new goods and services.

In the following section, we develop analogous bias formulae for price and quantity
aggregates that are constructed using maximum overlap Laspeyres, Paasche or Fisher
indexes.

4. The Laspeyres, Paasche and Fisher Decompositions

Using the notation that was defined in section 1 above, define the true Laspeyres price
index, Py, as follows;*°

(29) P = [pr"aa” + p2ta2” + ps* g1/ [pa%an° + p2° a2 + ps’as’]

15 The US Bureau of Labor Statistics uses the Térnqvist price index as its target index for its chained CPI.
Typically, there are no adjustments for new and disappearing products so these Tornqgvist price indexes are
essentially maximum overlap price indexes.

1 The Lowe index, which uses a fixed base that may not be either of the periods under consideration, is
used in constructing the CPI in many countries. We do not explicitly consider this index here, but similar
results as for the Laspeyres index can of course be derived.



= [pr"0e’ + ps'aa P 0 + PGl using gz’ = Ok
= Zn=lN Slno (plnllplno) + Z:m=1NI S3mO (me1 /p3m0)-

Define the maximum overlap Laspeyres price index P o that is defined only over
products that are present in both periods as follows:

(30) PLo = pi™a:/p:%qy°
= anlN Slno0 (plnllplno)

where the maximum overlap shares s;,0° are defined above by definitions (7).

Recall equations (8) which exhibited the relationship between the true share weights for
continuing products, s1,°, and the share weights for the commodities present in each
period, Si,0”. Using definitions (29) and (30) and equations (8), we can derive the
following relationship between P_and P\ o:

(31) PL=Zn=1" S1n° (P1n7P1n°) + Zm=1" Sam” (Pam’ /Pam°)
= Z:n=1N Slnoo[l - Z:m=1NI S3mo] (plnllplno) + Z:m=1NI S3mO (p3ml*/p3m0)
=PLo - anlN S1n00(zm:1M SSmO)(plnl/plno) + Z:mle 53m0 (p3m1*/p3mo)
= PLo + Zm=1" Sam” [(Pam’ /P3m’) — Zn=1" S100 (P1n/P1n")]
=PLo+ Zm=1" Sam’ [(psml*/ psmo) — PLo]
= Pro(1 + Zm=1"" sam° [(Pam” /Pam’ PLo) — 11)
= P|_o(1 + OL)

where o = Znet™ sl [(Pam’ /Pam’ PLo) — 1] is a bias term which when multiplied by P o
and added to the maximum overlap Laspeyres price index, P o, enables us to obtain the
true Laspeyres price index, P.. There is a presumption that this error term will be positive
in which case P o has a downward bias and must be adjusted upward by this term in
order to account for the effective increase in the price level which is due to the
disappearance of the products in Group 3 during period 1.

The decomposition defined by (31) is also useful in the context of defining imputed carry
forward prices for products that become unavailable in period 1. Thus define the carry
forward prices for the disappearing products as follows:

(32) pamt" = PamPLo ; m=1,.,M.

Thus the period 0 price for disappearing product m, ps.’, is adjusted for general group
inflation using the maximum overlap Laspeyres price index P o and is carried forward to
period 1. These carry forward prices are different from the carry backward prices in the
previous section which used the Jevons index Py’ as the adjusting index of general
inflation.

Define the following margin terms, om, which express how much higher each reservation
price is from its Laspeyres inflation adjusted carry forward price counterpart:
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(33) 1+am5p3m1*/p3mf0 ; m=1,... M.

Now substitute definitions (33) into (31) and we obtain the following exact relationship
between the true Laspeyres price index P, and its maximum overlap counterpart P o:

(34) PL=Pro + Zm=1" S3m [(Pam” /Pam’) — PLo]
=Pro(l + Zm=1" sam” [(1 + o) — 1])
= PLo(L + Zm=1" Sam” Olm).-
Thus we have the following exact formula for (P /P o) — 1:
(35) (PL/PLo) — 1 = Zm=1™ Sam’ .
We expect the margins o, to be positive in general. In this case, it can be seen that the
maximum overlap Laspeyres price index will understate inflation as measured by the true

Laspeyres price index, provided that there are disappearing products in period 1.

The “true” implicit quantity index that matches up with the true Laspeyres price index is
the Paasche quantity index Qp defined as follows:

(36) Qp = [VIVO]/PL.

The maximum overlap Paasche quantity index, Qpo, is the implicit quantity index that
deflates the value ratio by the maximum overlap Laspeyres price index:

(37) Qpo = [VVO]/PLo.
The bias in Qpo relative to its true counterpart Qp can be measured by the ratio Qp/Qpo:

(38) Qp/Qro = PLo/PL using (36) and (37)
= U1 + Zm=a™ Sam’ o) using (34).

where we have used definitions (24) and (25) to derive (26).

Define the right hand side of (38) as the function f(a.,...,ouv) and approximate f by taking
the first order Taylor series approximation to f evaluated at 0 = a; =... = am. The
resulting approximation to (Qp/Qpo) — 1 is the following one:

(39) (Qp/Qpo) — 1 & — =1 (1/2)53m° Ol

Thus the use of a maximum overlap Laspeyres price index leads to a resulting maximum
overlap quantity index which will tend to overstate volume growth if there are
disappearing products in period 1.

A similar analysis can be carried out for the Paasche price index. Define the true Paasche
price index, Pp, as follows:
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(40) Pe = [p:l-qu’ + p20iz” + pa” Qe V[ps i’ + 22" + pa ']
= [paqu' + p2"a2’Vp i’ + pz”-a’] . using gs' = Ou
= [Zn=1" st (Pun/P1n)) ™+ et s (P pa’)

Define the maximum overlap Paasche price index Ppo that is defined only over products
that are present in both periods as follows:

(41) Pro = p1"qi'/p®as’
= [anlN S1nO1 (plnllplno)_l]_l

where the maximum overlap shares si,0" were defined above by definitions (7).

Recall equations (9) which exhibited the relationship between the period 1 true share
weights for continuing products, si,', and the corresponding share weights for the
commodities present in each period, s;,"". Using definitions (40) and (41) and equations
(9), we can derive the following relationship between Pp and Ppo:

(42) (Pp) ™" = Zpet 510t (Pan/p1n®) ™ + Zuet st (P /pa®) *
= T ?mol[l - zkzliSZkl]K(plnll/ p1n01)71 "B Z|1<=1K 52k1K(p2k11/ p2k01)71 .
= (PPO)_l - 2n=1K Sln? 2k=11 S%Ii (E)ln /p1n l\)l_ + 12|<=1 ) Sok O(Ilek Ipa )~
= (Pro) ™ + Zk=1" Sok [(P2x /pak *)_ —Zn=1 S1no (P10 /P10 )]
= (Ppo) ™t + Tkt sak [(pac/pa’ );1 — (Pro) ']
= (Ppo) {1+ Tyt 52k1[(p2k1£ P2’ Pro) t — 1]}
= (Ppo) {1+ Bt sak' [(pax” Profpa’) — 113}
1
= (Ppo) (1 +B)

where B = 21 sal[(pa’ Pro/pact) — 1] is a bias term which allows us to adjust the
reciprocal of the Paasche price index defined over continuing products, 1/Ppo, S0 that the
adjusted index is equal to the reciprocal of the true Paasche price index, 1/Pp. The
relationship (42) can be rewritten as follows:

(43) Pp = Ppo(1 + B) L.

There is a presumption that the error term [ will be positive in which case Ppo has an
upward bias relative to Pp and hence must be adjusted downward by dividing Ppo by
(1+B). This adjustment term 1/(1+p) accounts for the effective decrease in the true index
Pp which is due to the appearance of the new products in Group 2 during period 1.

The decomposition defined by (42) is also useful in the context of defining imputed carry
backward prices for products that are available in period 1 but not period 0. Thus define
the carry backward prices for the new products as follows:*’

7 These new carry backward prices use the maximum overlap deflator Ppo instead of the maximum overlap
Jevons deflator P,o" which was used in our earlier definitions of carry backward prices, (17).
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(44) paxs’ = pak'IPro ; k=1,..K

Thus the period 1 price for new product k, pac, is adjusted for general group inflation
using the maximum overlap Paasche price index Ppo and is carried backward to period 0.

Define the following margin terms, Bk, which express how much higher each reservation
price is from its Paasche inflation adjusted carry backward price counterpart:

(45) 1 + By = pa” Tpas” ; k=1,..K.

Now substitute definitions (45) into (42) and we obtain the following exact relationship
between the true Paasche price index Pp and its maximum overlap counterpart Ppo:

SZkl[(p2k1£ Pakn’ Pro) ™t — 1]}
= (Ppo) {1+ Zk=r® sal (P2 Pro/pact) — 11}
= (Peo) {1+ Si=t” s2 [(1 + B) — 11}

= (Pro) (1 + Zk=t® o’ Pi).

(46) (Pp) ™ = (Ppo) {1+ it

<~ X X X

Thus we have the following exact formula for (Ppo/Pp) — 1:
(47) (PpolPp) — 1 = ket s2k” P

We expect the margins Bk to be positive in general. In this case, it can be seen that the
maximum overlap Paasche price index Ppo will overstate inflation as measured by the
true Paasche price index Pp, provided that there are new products in period 1.

Formula (35) gave an expression for (P./PLo). It is convenient to have a companion
formula for (Pp/Ppo) to match up with the formula for (P./P.o) given by (35).
Rearranging (46) we have the following exact formula:

(48) (Pp/Ppo) — 1= (1 + Tt s B) - 1

~ — k1" sa B
where the approximation in (48) follows by taking a first order Taylor series
approximation to the function (1 + Z=1" sz’ P) " — 1 around the point f1 = P2 = ... = Bk
=0.

The “true” implicit quantity index that matches up with the true Paasche price index is
the Laspeyres quantity index Q. defined as follows:

(49) Q. = [V*\)/Ps.

The maximum overlap Laspeyres quantity index, Qo, is the implicit quantity index that
deflates the value ratio by the maximum overlap Paasche price index:
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(50) Qo = [VIV°]/Ppo.
The bias in Qo relative to its true counterpart Q. can be measured by the ratio Q,/Q.o:

(51) (QL/QLo) — 1 = (Ppo/Pp) -1 using (49) and (50)
= it sak B using (47).

Thus the upward bias in the maximum overlap Paasche price index Ppo translates into a
downward bias in the companion maximum overlap Laspeyres quantity index, Qo.

Finally, we look at the bias in the maximum overlap Fisher indexes relative to their true
counterparts.

Define the true Fisher index, P, as the geometric mean of the true Laspeyres and Paasche
indexes and define the maximum overlap Fisher index over commaodities present in both
periods, Pro, as the geometric mean of the maximum overlap Laspeyres and Paasche
indexes, Po and Ppo:

(52) Pr = (PLPp)*?;
(53) Pro = (PLoPpo)*? .

The exact relationship between Pr and Pro can be determined by substituting the exact
decompositions for P_ and Pp given by (31) and (43) into definition (52):

(54) Pg = (PLPp)*?
= [Pro(1 + )Peo(1 + B) T+
= Pro[(1 + a)(1 + B) ]2 using definition (53)
~ Pro[(1 + a)(1 - B)]*? using the approximation (1+p) "~ 1 - B
~ Prol(1/2)(1 + @) + (1/2)(1 - B)]
approximating the geometric mean by the arithmetic mean
=Pro[l + (1/2)a — (1/2)B].

Rearranging (54) and using o = Sme1t™ Sam’ om and B = S st Br, we obtain the
following approximate relationship:

(55) (Pe/Pro) — 1 ~ (1/2) Sme1™ Sam” atm — (1/2) Zier© sait B

The two approximations used in deriving the final approximation in (55) will be quite
accurate if oo and B are close to 1. Typically, this will be the case. The Fisher index
approximate decomposition defined by (55) is a counterpart to the Torngvist approximate
decomposition defined earlier by (22). Typically, they will give much the same answer.

The “true” implicit Fisher quantity index Qe is defined as the value ratio, v*/V°, deflated
by the “true” Fisher price index Pg ; i.e., we have:
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(56) Q¢ = [V'V°]/PE.

Some statistical agencies use maximum overlap Fisher price indexes to deflate final
demand aggregates in order to construct aggregate quantity or volume indexes. Thus in
our context, the maximum overlap Fisher quantity index, Qro, is defined as follows:

(57) Qro = [V*V°]/Pro.
The bias in Qo relative to its true counterpart Qr can be measured by the ratio Qr/Qro:
(58) Qr/Qro = Prol/Pr

where we have used definitions (56) and (57) to derive (58). An exact expression for
Pro/Pk can be obtained from (54):

(59) Pro/Pe = [(1 + o) *(1 + B)]*?
= [(1 + Zm=lM S3m0 OCm)_l(l + Zk=1K SZkl Bk)]1/2.

Regard the right hand side of (59) as a function of ay,...,am and By,...,fx and form the
first order Taylor series approximation to this function around the point 0 = o = ... = o
= B1 = ... = Bk. This approximation leads to the following approximation for Qr/Qro:

(59) (Qe/Qro) — 1~ (1/2) Zier® o P — (1/2) Zin=1™ S3m ot

This approximation is very similar to our earlier approximation for (Q+/Qro) — 1; see (28)
above.

In the Appendix, we will adapt the algebra developed in this section to the problems
associated with replacing disappearing products with closely related substitute products.

5. Conclusion

Statistical agencies almost always construct estimates of real consumption by deflating
the value aggregate by using a particular index number formula. However, in the context
of new and disappearing products instead of using the “true” index number formula for
the price index, statistical agencies often use a maximum overlap index that is restricted
to the products present in both periods being compared. We evaluated the bias in the use
of maximum overlap indexes for the Térnqgvist, Laspeyres, Paasche and Fisher price and
quantity indexes in sections 3 and 4. The resulting bias formulae are very simple but
unfortunately, they require estimates of Hicksian reservation prices for the missing
products in both periods. These reservation prices are not easy to compute, and in some
cases they may be out of scope for official price indices.'®

18 See Reinsdorf and Schreyer (2017).
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Appendix: Bias Formulae for Replacement Samples

Triplett (2004; 12-40) provides an excellent discussion of existing statistical agency
practices to deal with quality change in the context of replacement sampling. In most
elementary strata, products disappear from a sample of similar products while new
products appear. It is common for statistical agencies to refresh their sample of products
by substituting replacement products for the disappearing products. However, in order to
make the replacement products comparable to the disappearing products, the statistical
agency may make some quality adjustments to the new products. Triplett systematically
describes the main methods of quality adjustment used by statistical agencies in his
Handbook. We will discuss most of methods he reviewed in this Appendix.*

We will study the possible bias in sample replacement methods in the transaction data
(e.g. scanner data) context; i.e., we will assume that price and quantity data are available
to the statistical agency for the set of products under consideration.? We will also adapt
our Hicksian reservation price methodology that was described in section 4 to the product
replacement context; i.e., we will continue to assume that M products disappear in period
1 but in this Appendix, we will assume that the K new products introduced in period 1 are
replacement products for the M disappearing products (so that now K = M). We will
adapt the algebra in section 4 first to the case where the Laspeyres index is the target
index. Subsequently, we will consider the companion case where the Paasche index is the
target index. The case of the Fisher index as the target is left to the reader.

The Laspeyres Case

We now make the assumption that the new products in Group 2 that appear in period 1
are replacement products for the M disappearing products in period 1. Thus we set K =
M and the pa’ which appear in sections 2-4 above now become the M observable
replacement prices in Group 2, which we label as pap* form =1,...,M.

However, the statistical agency may quality adjust these replacement prices to make them
more comparable to the period O product prices for Group 3, the psn’. The quality
adjustment factor for product m is A for m = 1,...,M. Thus the statistical agency quality
adjusted replacement price for disappearing product m in period 1 is psm defined as the

9 Triplett’s (2004) Handbook is mostly about the use of hedonic regression models to perform quality
adjustment on new products to make them comparable to disappearing products. However, he realized that
there was considerable opposition to the use of hedonic regression models by official statistical agencies
due to their “subjective” nature. Triplett probably wrote his Chapter Il as a response to these criticisms; i.e.,
he showed that existing statistical agency practices in dealing with disappearing products also had large
subjective aspects!

2t can be argued that with transaction level data, replacement strategies are unnecessary: “Given some
index number formula, quality adjustment is a matter of imputation or prediction of ‘missing’ prices or
price relatives. What is needed is an estimate of what the price or price relative of a disappearing (new)
item would have been, had it been sold during the current (base) period. With prediction comes statistical
modelling, which is usually hedonic modelling in this context.” Jan de Haan (2007; 1). However, many
statistical agencies still use a traditional sample replacement approach.
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period 1 observable Group 2 (replacement) product price pom®

adjustment factor An":

times the quality

(Al) p3mr1 = AmlF)Zml ; m=1,..M.

We define the replacement Laspeyres index, Pig, in the same way as we defined the true
Laspeyres index P, as in (29) except that the true reservation prices, psm' , are replaced
by the quality adjusted replacement prices psm’ defined by (Al). Thus we have the
following definition:

(A2) PLg = Znet” 510° (P1n/p1nd) + Zm=t™ Sam” (Pamr/Pam’)
= z:nle SlnO (plnllplno) + z:mle 53m0 (Am1p2m1/p3mo)-

We can form an estimate for the bias in P r by taking the difference between the true
Laspeyres index P, defined by (29) and (A2):

(A3) PL—Pwr= Z:m=1NI S3m0 (p3ml*/p3m0) _*Zm=1'vI S3m0 (p3mr1/p3m0)
= Zmle S3m0 (pSmO)_l (p3m1 - Amlp2m1)-

Thus if An' > pam® /pam’ for m = 1,..,M with at least one strict inequality (so that the
quality adjustment factors An' are too large), then P.r will be less than the true
Laspeyres index and hence will have a downward bias. If A < psm® /pam® for m=1,..,M
with at least one strict inequality (so that the quality adjustment factors A" are too small),
then P r will be greater than the true Laspeyres index and hence will have an upward
bias.

Now we can analyze some of Triplett’s (2004; 21-29) special cases.
Special Case 1: Triplett’s Direct Comparison Method

This is the special case of (A3) where the quality adjustment factors are all chosen to
equal 1; i.e., we have A" = 1 for m = 1,...,M. Thus the period 1 replacement product
prices pom’ are regarded as exact substitute prices for the corresponding disappearing
product prices psm® (which are missing). Substitute the equations A,' = 1 into (A3)
above in order to obtain the following bias formula for the replacement Laspeyres index
that uses the direct comparison method:

(A4) PL = PLg = Zmet™ sam’ (Pam’) “[Pam’ — Pam’]-

If product 2m is a perfect substitute for product 3m for m = 1,...,M, then pa," will equal
pam’ for all m and P_g will equal the true Laspeyres price index, P.. If product 2m has
approximately the same quality as product 3m for each m but the product pairs are not
perfect substitutes, then the reservation prices psm® will tend to be higher than the
corresponding prices pom® (these products are actually available in period 1 and hence
should be less than their reservation prices) and thus the right hand side of (A4) will tend
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to be posiztive. Hence P r will tend to have a downward bias relative to the true Laspeyres
index P..%

Special Case 2: Triplett’s Link to Show No Change Case (Carry Forward Method)

Perhaps a better description of this method for quality adjustment would be to call this
method the price carry forward with no inflation adjustment method; i.e., we simply
assume that the period 1 replacement price for product m is the corresponding base
period price psn’. Thus in this case, we have pam’ = pam’ = Am'Pam: for m = 1,...,M.
Hence in this case, the quality adjustment factors are An® = pam/Pam’. Using (A3), the
resulting bias formula is now the following one:

(A5) PL~PLr = Zme1 Sam” (Pam. /Pam’) = Zm=1" Sam (Pamr /Pam’)
= Zme1” Sam_ (Pam’ /Pam’) — Em=1" Sam’ (Pam /Pam’) USing Pam: = Pam’
= Zm=1M Ssm0 [(p3m1 /p3m0) -1].

If there is general inflation for the commodity group under consideration going from
period 0 to 1, then P g will tend to have a downward bias due to the fact that the period 0
prices psm’ are not adjusted upwards for inflation. There may be another dose of
downward bias in P g due to the fact that the reservation prices psm’ will tend to be
higher than the prices of substitute products that are available in period 1. If there is
general deflation for the commaodity group under consideration going from period 0 to 1,
then P_g will tend to have an upward bias due to the fact that the period 0 prices ps.’ are
not adjusted downwards for this deflation. Some of this downward bias could be offset by
the fact that the reservation prices psm" will tend to be higher than the prices of substitute
products that are available in period 1. In general, this method is not recommended.

Special Case 3: Triplett’s Deletion Method (Maximum Overlap Method)

Perhaps a better description of this method for quality adjustment would be to call this
method the price carry forward with a maximum overlap inflation adjustment method. In
this case, we assume that the period 1 replacement price for missing product m is the
corresponding base period price psy° times an index of general inflation. The index of
general inflation that we use is the maximum overlap Laspeyres price index, P o, defined
by (30) in in section 4. Thus the replacement prices for the missing M products in period
1 are defined as follows for this method:*

(A6) p3mrl = p3molp|_o ;o m=1,...M
= Pamf

where the second set of equalities in (A6) follows from definitions (32) in the main text;
i.e., the psmr are the Laspeyres maximum overlap carry forward prices for the
disappearing products that were defined in section 4.

2! Thus this downward replacement bias will tend to offset some of the upward substitution bias in the true
Laspeyres index.
22 |n this case, the Triplett quality adjustment factors are defined as An" = PLo Pam’/Pom’-
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Substitute equations (A6) into equation (A3) and we obtain the following equations:*®

(A7) PL = PLr = Zme1™ Sam’ (Pam’ /Pam’) — Zme1” Sam’ (Pamr /Pam’)

= Zme1" Sam’ (paml*/ pami) — Bt S3m° (PLo) using (A6)
=PLo Zm=1" Sam’ [(psml*/ PLopam’) — 1]
=PLo Zm=1'\/I S3m0 [(p3m1 /p3mfl) - 1] using (AG)

Thus the difference between the true Laspeyres index P, and the Laspeyres index using
inflation adjusted carry forward prices psmi as approximations to the Hicksian
reservation prices psm' hinges on the differences between these two sets of prices. In
general, we would expect the reservation prices psm’ to be greater than their inflation
adjusted carry forward price counterparts psmi'. Thus in general, we expect P g to have a
downward bias using this method.?* However, if general inflation is positive, then the
bias using this method should be considerably less than the bias using Method 2 above.

The Paasche Case

We now consider how the replacement methodology used above works in the context of
evaluating a true Paasche index and various approximations to it. The true Paasche index,
Pp, was defined by (40) in the main text. However, in the present context, there are M
new products instead of K new products. These M new products are Group 2 products
that replace the Group 3 products that disappeared in period 1. For convenience, we write
the reciprocal of the true Paasche index in the present context as follows:

(A8) (Pp) ™ = Zn=t" s10™ (P10 /P1nY) ™ + Sm=1™ Som® (Pam /Pam” ) .

The prices for the new products which have appeared in period 1 as replacement products
are now the prices pom® for m = 1,..., M and we require reservation prices for these
products in period 0 which we now denote as pam’ for m = 1,...,M. If these replacement
products were not available in period 0, then the por”~ are true Hicksian reservation prices.
However, it may be the case that products m existed in period 0 in which case, the period
0 observed price for this product, pom°, could be observed. In this case, the reservation
price should be taken to be the observed price; i.e., in this case, we have:

(A9) par’ = par if product m exists in period O.
In the general case where either the M replacement products did not exist in period 0 or

where the statistical agency is unable to collect observed period O prices for these
products, then in order to construct an approximation to the true Paasche price index, the

% In this case, P g coincides with P_o. The bias formula (A7) is a generalization of a bias formula due to
Triplett (2004; 25).

2 This general verdict on the method agrees with Triplett’s (2004; 29) general assessment of the bias in this
method. However, Triplett goes on to state that in the case of computers or other products that have rapid
downward price change, the bias may go in the other direction. Thus the direction of bias will depend on
the context.
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statistical agency may insert estimated prices or replacement prices pom° in place of the
“true” period O reservation prices pam’ for m = 1,...,M. In order to make the analysis of
the Paasche replacement index symmetric to our treatment of the Laspeyres replacement
index, we introduce a new set of product specific inflation adjustment factors, Ay’ that
convert the observed period 1 prices p.m® into their estimated counterpart prices that
approximate the period O reservation prices pam° 2>

(A10) pom’ = pom /AR ; m=1,.,M.

Now define the replacement Paasche index, Ppg, in the same way as one would define the
true Paasche index Pp as in (A8) except that the true period O reservation prices, pam’ , are
replaced by the inflation adjusted replacement prices pom’ defined by (A10). Thus we
have the following definition for the reciprocal of Ppg:

(A11) (Ppr) ™ = Znea™ sunt (P1n/p1n”) ™ + Zmet™ Som’ (Pam P2
= Snet” St (P2 /Pnd) ™t + et Som® (An) using (A10).

We can form an estimate for the bias in P_r by taking the difference between (A8) and
(A11):

(A12) (PP)_1 - (PPR)_l = zm=1'\/I 52m1 (pZml/pZmo*?:1 - Z:m=1NI SZml (Amo)_l
= Zmle S2m1 [(pZml/pZmO )_1 - (Amo)_l]-

Thus if An’ > pan™/pam’. for m = 1,..,M with at least one strict inequality (so that the
product specific inflation adjustment factors A’ are too large), then (Ppr) ™ will be less
than the reciprocal of the true Paasche index and hence will have a downward bias. Thus
Per Will be greater than the true Paasche index Pp. If Ap’ < pom™/pam’. for m = 1,..,M with
at least one strict inequality (so that the product specific inflation adjustment factors Ay’
are too small), then Ppg will be less than the true Paasche index Pp.

We will consider three special cases of the above general methodology.

Special Case 1: The Use of Inflation Adjusted Paasche Carry Backward Prices

In this case, the replacement prices for period O are set equal to the inflation adjusted
carry backward prices defined by equations (44) in the main text. Thus using our present
notation, we have the following replacement prices:

(A13) p2mr0 = p2m1/AmO = pZmb0 = p2m1/PPO ; m=1,...M

where Ppo is the Paasche Maximum Overlap price index defined by (41) in the main text,
which in this case is equal to the Paasche Replacement price index defined by (All)

#Quality adjustment is not an issue in defining the “quality” adjustment factors A’ if all of the
replacement products actually existed in period 0. Thus we will refer to the A’ as inflation adjustment
factors.
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where the replacement prices pom° are defined by equations (A13). Note that in this case,
all of the product specific inflation factors An° are equal to the maximum overlap
Paasche index, Ppo, which in turn is also equal to Ppg in this case. Thus the bias in this
case can be determined by evaluating the following version of equation (A12) where the
A’ are all equal to Ppo:

(A14) (Pp) " = (Pr) " = Zm=1"" Som" [(Pom/ PZTO*)fl —(Am) ]
= Z:m=1NI SZm1 [(pZmllpZmO )_1 - (PPO)_l]-

If the Group 2 products were missing in period 0, then the reservation prices pan° are
likely to be relatively high and the price ratios pom/pam’ are likely to be less than the
maximum overlap Paasche index Ppo, so that we are likely to have (pam'/pom’ )™+ >
(Pro) " so the right hand side of (A14) is likely to be positive. Thus (Pp)™ > (Ppr) " which
in turn implies Pp < Ppr = Ppo. Thus in this case, Per is likely to have an upward bias.

Special Case 2: The Case of Carry Backward Prices with No Inflation Adjustment

This is the Paasche counterpart to Special Case 2 for the Laspeyres index. In this case, the
replacement prices for period O are set equal to the period 1 product prices for the
replacement products. Thus we have the following replacement prices:

(A15) pZmrO = pZmllAm0 = p2ml ; m=1,..,M.

In this case, A’ = 1 for all m. The bias in this case can be determined by evaluating the
following version of equation (A12) where the A, are all equal to 1

(A16) (Pp)™ — (Ppr) " = zmzl:: SZmi [(pZmi/pme;)‘i - (Amcl’)‘ll
=Zm=1 Som” [(P2mfP2m™ ) — (1)1

It is difficult to evaluate the bias of Ppg in this case. If there is a large amount of general
inflation or deflation between periods 0 and 1 for the product category under
consideration, then we are probably safe in asserting that the bias in using this method
will be greater than the bias using the method described in the first special case (because
the present method does not account for general inflation between periods 0 and 1).

Special Case 3: Prices for the Replacement Products are Available in Period 0

In this case, we assume that the statistical agency can observe these period 0 prices, pam’
for m = 1,...,M. Thus in this case, the reservation prices pon° are equal to the observed
prices, par’, for m = 1,...,M. The product specific inflation adjustment factors A, in this
case are the observed price ratios for the products:

(AL7) A’ = Pom'/pom’” ; m=1,.,M.

In this case, the reciprocal of the replacement Paasche index, Ppg, is defined as follows:
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(A18) (Per) " = Zn=1" S1n" (P1n/P1n) " + Zm=1" Som' (Am) ™
= En=%N Slnl (plnllplno)_1 + zm=1'\/I 52m1 (pZm1/p2m0)_l
= Pp_ .

Thus under these conditions, the replacement Paasche index is equal to the true Paasche
index. Thus if possible, the statistical agency should attempt to get transactions prices in
the previous period for the replacement products it uses in its index computations for the
current period. Of course, this will usually not be possible.

It can be seen that Triplett was quite right in flagging the problem of sample attrition and
replacement methodologies as a serious problem with traditional statistical agency
procedures.
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