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Abstract

Unlike Mandler’s (1999; Theorem 6) impossibility result about the
Sraffian indeterminacy of the steady-state equilibrium, we show that any
stationary growth equilibrium with an endogenous growth rate is indeter-
minate in terms of Sraffa (1960) under the simple overlapping generation
economy. Moreover, we also check that this indeterminacy is generic.

1 Introduction

It is well-known that Sraffa’s (1960) system of equilibrium price equations con-
tains one more unknown than equation, which leads to the indeterminacy of
the steady-state equilibrium. This Sraffian indeterminacy has been regarded
as a basis to argue that some non-market-competitive force is indispensable to
determine the factor income distribution between capital and labor, which also
set equilibrium prices of commodities. Mandler (1999) critically examined Sraf-
fian indeterminacy by embedding the Sraffian system of price equations in a
general equilibrium framework. In particular, unlike the claim of Sraffa (1960),
Mandler (1999; section 6) argued that the steady-state equilibria are generically
determinate.

The steady-state model in section 6 of Mandler (1999) presumes a structure
of overlapping generations of agents with 2-periods lives. In this paper we repro-
duce the underlying narrative of the overlapping economic structure that was
defined in section 6 of Mandler (1999), where a simple overlapping generation
model is constructed, in which each generation is a single individual and lives
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in two periods, and works only at his young age and is retired and so purchases
consumption goods from the wealth due to his past saving at his old age. Then,
in such a model, we respectively define the steady state equilibrium and a sta-
tionary growth equilibrium. The difference between these two notions is that,
while the equilibrium investment activity consists solely of the replacements in
the former notion, a positive net investment is available and its ratio to the
gross investment is endogenously determined in the latter.

An interesting finding in this paper is that, even in this overlapping gen-
eration framework, the Sraffian indeterminacy is still observed: the stationary
growth equilibrium is generically indeterminate though the steady state equi-
librium is shown to be generically determinate. Precisely speaking, we provide
a proper proof for the determinacy of the steady state equilibrium, as Man-
dler’s (1999; section 6) own proof remains inaccurate. In contrast, we show that
the stationary growth equilibrium is indeterminate in the sense of Mandler’s
(1999, p.699) own definition. Finally, we show that such indeterminacy occurs
at almost all simple Leontief production economies.

In the rest of this paper, section 2 introduces a simple model of overlapping
generation economies and defines the steady state equilibrium and a station-
ary growth equilibrium. Section 3 shows the indeterminate characteristic of
stationary growth equilibria, and section 4 shows the genericity of the indeter-
minate stationary growth equilibria. As corollaries of these, the determinacy of
steady-state equilibrium and its genericity are also verified in sections 3 and 4.
Finally, section 5 argues the distinctive feature of the Sraffian indeterminacy in
comparison with some of the neoclassical indeterminacy.

2 An overlapping generation economy at section
6 of Mandler (1999)

A simple overlapping generation model is constructed, in which each generation
t = 1,2,..., is a single individual and lives in two periods, and works only
at his young age and is retired and so purchases consumption goods from the
wealth due to his past saving at his old age. Let w; be the labor endowment of
one generation. There are n commodities which are produced in this economy
and respectively used as consumption goods or capital goods. Let (4, L) be a
Leontief production technique prevailed in this economy, where A is a n X n non-
negative square, productive and indecomposable matrix of reproducible input
coefficients and L is a 1 X n positive row vector of direct labor coefficients.
Finally, let u : R} x R} — R be a welfare function of lifetime consumption
activities, which is common to all generations. As usual, u is assumed to be
continuous and strongly monotonic. Thus, an overlapping generation economy
is given by a profile ((A, L) ;w;;u).

For each period t, let p; € R} represent a vector of prices of n commodities
prevailed at the end of this period; w; € R, represent a wage rate prevailed at
the end of this period; and r; € R, represent an interest rate prevailed at the



end of this period.
FEach generation ¢ at the young age is faced with the following optimization

program M P*: for a given sequence of price vectors {(p¢, we, 7t) , (Pe41, Wet1,Te41) }s
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where 2} is the consumption bundle of the generation ¢ at the younger age; and

2! is the consumption bundle of this generation at the older age. Note that the
t
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is saved. In each period ¢, the aggregate consumption
demands are

2t = z£+zf;1 .

Therefore, the gross output in equilibrium is
gt > ottt

where w!t! is invested by the generation t for the production activity at period
t + 1. Note that the aggregate consumption demand vector z' may contain
some zero components. For such a commodity i as z! = 0, it follows that in
equilibrium, y! = w§+1.

Given a pair of sequence of price vectors (p, w,r) = {(ps, ws,7¢)},50, let
(2} (p,w,7), 2L (p,w,r)) be a solution of the generation ¢t = 1,2,..., to the
above mentioned problem M P! of the utility maximization under the budget
constraint.

Definition 1: A competitive equilibrium under the overlapping generation econ-
omy ((A, L) ;wy; u) is a pair of sequence of price vectors (p, w, 7) = {(ps, we, 7¢) 15
and sequence of gross outputs {y'},. satisfying the following conditions:

pe = (L+r)p1A+wl (Vi);
y' > 2(p,w,r) +w (VE) where
2H(p,w,r) = 2z (p,w,r)+2z"" (p,w,r) is the aggregate consumption demands at each ;
Ayt < Wt (W)
t
Pt+124 t+1
—_— = w and
14+ 7 bt
Lyt < w (V).
Note that the equation ﬁ%ﬁ = puw!t! represents the equilibrium condition

for a gross saving and a gross investment.

t
In the standard static framework, the equation % = pw!t! is not re-

quested for the definition of competitive equilibria. However, this additional



condition is necessary for the definition of competitive equilibria in the over-
lapping generation economy. To see it, note that Ly' = w; (the excess demand
condition for labor) and Ay’ = w' (the excess demand condition for capital
goods) hold in equality for every ¢ under an equilibrium, because of the strong
monotonic property of w. Then, it follows that

p2 '™ = pyt =1+ ) p—1 Ay’ + w Lyt
s p(+ 2N '™ = (14 1) po1 Ay 4w

Moreover, from Ay' = w', (1 +7r¢)pi_1A4y* = (1 + 1) p_1wt. By the budget
constraint of each generatlon, it follows that

t
- Pt+1%
pezy At = (1) progw’ + /%
1471
t—1 t
Therefore, 2 {iﬂm = pi_1w® holds if and only if fréial = pwtt!. Likewise,
t—1

p{%_? 2 pi_qw' if and only if f;%k = ptt However the latter equivalence
condition is not feasible. For instance, let %2 > p, !+, This implies that the

147y
generation t’s gross interest revenue (1 + 7441) ptwt“‘1 at his old age is insufficient
to meet his old-age-demand for consumption z.. Therefore, the insufficient
fund for purchasing this consumption bundle, p;12% — (1 + 7441) prw'™t, must
be financed by the generation t + 1 at the young age. However, given the
strong monotonic property of u, the generation ¢+ 1 at the young age does not

take such a behavior as his optimal choice, which is a contradiction. Likewise,

t
% < pw!Tt implies that the insufficient fund for the investment demands,

t
pwttt — %, must be financed at the young age period of generation t by
the generation t — 1 who is at the old age. But, again given the assumption
of u, the generation ¢ — 1 at the old age does not take such a behavior as

his optimal choice, which is again a contradiction. Therefore, in equilibrium,

% = pyw'™ must hold for every generation t.

Now, consider a specific case of equilibrium where all of the investment activ-
ities are simply of the replacements. In this case, an interesting long run feature
of competitive equilibrium is given as a steady-state equilibrium introduced as

follows.

Definition 2 [Mandler (1999, section 6)]: A steady-state equilibrium under
the overlapping economy ((A, L);w;;u) is a pair of a stationary price vector
(p,w,r) and a gross output vector y > 0 such that the following conditions



hold:

p = (14+r)pA+wL;
y 2 z(pw,r)+ Ay,
where z (p,w,r) = 2z (p,w,r)+ 2, (p,w,7);
Pzq (p,w, T
——— 172 = pAy; and
1+ pAy; an
Ly < w.

Finally, consider a case of equilibrium in which the positive net investment is
observed and its ratio to the gross investment is invariant throughout the whole
periods. Then, the corresponding long run feature of competitive equilibrium is
given as follows.

Definition 3: A stationary growth equilibrium under the overlapping economy
((A, L) ;wy;u) is a profile of a stationary price vector (p,w,r), a gross output
vector y > 0, and a common ratio of new investments to the replacements
g > —1, such that the following conditions are satisfied:

p = (1+7r)pA+wl;
y = z(pw,r;g)+ (1+g) Ay,
Z, (p,w,r)
h . a .
where z (p,w,7;g) 2 (p,w,r) + 1+g
Pza (Pawﬂ“)
FLa\Lb™ ) — (1 Ay; and
- (14 g)pAy; an
<

Ly wy.

3 Indeterminacy of the stationary growth equi-
librium

Given the Leontief production technique (A, L), let y* > 0 be the Frobenius
eigenvector associated with the Frobenius eigenvalue (1 4+ R)_1 such that it is
normalized to satisfy Ly* = 1. This commodity bundle is called the standard
commodity by Sraffa (1960). In this section, the standard commodity is assumed
to be adopted as the numeraire of the price system: assume that, for any market
price vector p; € R}, pyy* = 1 is satisfied.

Definition 4 (Mandler (1999)): Let ((A,L);w;;u) be an overlapping gen-
eration economy as specified above. Then, a stationary growth equilibrium
((p,w,r),y,g) under this economy is indeterminate if for any € > 0, there is a
stationary growth equilibrium ((p/,w’,7’),y’,¢’) under this economy such that

@' w',r") # (p,w,r) and [|(p/, w', '), (p,w, r)|| <e.



Let the profile ((p, w, r) ,y, g) be a stationary growth equilibrium. Let us take
any € > 0. Take r' (# r), which is sufficiently close to r such that ||(p’, w’, r") , (p, w,7)|| <
¢ holds, where w’' =1 — T—P: and p’ = w'L (I —(1+1')A)"". Then, it can be
shown that there exists a steady-state equilibrium ((p’,w’,r"),y’), as in Theo-
rem Al of Appendix. This implies that ((p,w,r),y, g) is indeterminate. Thus,
we can summarize:

Theorem 1: Let ((A, L) ;w;; u) be an overlapping generation economy as speci-
fied above. Then, the corresponding stationary growth equilibrium ((p, w, ) ,y, g)
under this economy is indeterminate.

Theorem 1 can also be convinced by the standard proof. To see this point, let
us reconsider the system of equations that characterizes the stationary growth
equilibrium, which is given as follows:

= (1+7r)pA+wL; (1)

y = z(p,w,mg)+(1+g)Ay; (2) and
Ly = w;;(3) and
PZa (P, w,T)
1 Ay = ————"~> (4
(1+g)pAy T (4)

Note that (1) has n equations, (2) has n equations, and each of (3) and (4)
has one equation. In contrast, there are m unknown variables regarding the
vector y; there is one unknown variable g; and there are (n — 1) + 2 unknown
variables regarding (p, w, ), assuming hereafter that commodity n is selected as
the numeraire, instead of the standard commodity. Therefore, there are 2n + 2
unknown variables in the system of 2n + 2 equations. However, we can decrease
the number of the equations based on a kind of the Walras law.

In the overlapping generation economy, the Walras law is generally given by
the following equation:

[pt (zl’; + 2t ) + peAyri1 — wtwﬂ + (1 +m) [pt,lzltfl — wt,lwf’l] =0, (5)
which is simply derived from the value of the aggregate excess demands:
(e (26 + 257" ) + peAyea] — [(L+7re) pr1 Ay + wi Ly, ) = 0, (5a)

since wy Ly = wtwf and [pt,lzifl — wt,lwffl] = —py_1Ay; hold by the optimal
behavior of each generation in this overlapping economy. At the steady-state
price system, this equation (5) is reduced to the following form:

[p (2 + 25" ) + pAyrr —wwi] + (1+7) [p2p ™" —ww}™'] = 0. (5b)

Moreover, since pAy:+1 = (1 + g) pAy: holds under the stationary growth equi-
librium, the above (5b) can be reduced to the following form:

p(z+27") = ((r — g) pAye + wwi) =0,



which is equivalent to the following equation:
p(z+2") = (r = g) pAys + wwij. (5¢)

Then, noting that in the stationary growth equilibrium, y = [I — (1 + g) A]fl z (p,w,m;9)

should hold where z (p,w,7;9) = 2 (p,w,r) + = (f_i:;’r), we can rewrite (5c) as

follows:

pz(pw,rig) = (r—g)pAI —(1+9)A) " 2 (pw,r59) + ww
& plI-(-9AU-1+9A) | zpwrig) = v (50)

By the way, let ¢ =p [I —(r—gA(I->1Q+g) A)_l}. Then,

¢ = p[I-(r-9AU-(1+g)a)"
= p—(r—g)pAI—(1+g)A4)~"

Thus, we have
g=wL(I—(1+g)A)~". (6)

Note that, if g = 0, then (6) is reduced to
q = wv
where v is the row vector of labor values:
v=L(I—-A)"".

By (6), the reduced form of the Walras law (5d) under the stationary growth is
now reduced to

L(I-(149)A)" 2(p,w,r;9) =wi. (7)
In particular, if g = 0, we have:
vz (p,w,r;0) =w. (7a)

Thus, if we have n— 1 components of z (p, w, r; g) is determined, the remain-
ing one component of z (p, w, r; g) is automatically determined by (7). Moreover,
once the vector z (p,w,r;g) is fixed, the unknown variables y is automatically
specified by:

y=[-(1+9 A4 " z(pwrg).



In summary, the system of equations (2) can be reduced to the following
n — 1 equations:

(I-(1+9)A)_, - y=2zn(pwr;g), (2a)

where (I — (1 +g)A)_,, is the (n — 1) xn sub-matrix of [I — (1 + g) A] obtained
by removing the n-th row vector of [I — (1 + g) 4] and z_, (p,w,r;g) is the
(n — 1) x 1 sub-vector of z (p, w, r; g) obtained by removing the n-th component
of z (p,w,r; g). In other words, if the aggregate demand functions (z;),_; , _;
of n — 1 commodities are given in the system of equations, then the agg}egate
demand of the remaining commodity is fixed by the demand functions of the
n — 1 commodities and the reduced form of the Walras law (7).! Thus, the
system of 2n+ 1 equations (1), (2), (3), and (4) can be reduced to the system of
2n+1 equations (1), (2a), (3), and (4) given the reduced form of the Walras law
(7). Then, since the system of 2n + 1 equations has 2n + 2 unknown variables,
it has freedom of degree one. It is not difficult to see that the Jacobian matrix
of the system of equations (1), (2a), (3), and (4) has rank 2n+ 1. Therefore, we
can show the indeterminacy of the stationary growth equilibrium by applying
the implicit function theorem.

In contrast, we can see the determinacy of the steady-state equilibrium. In
this case, we have the system of 2n + 1 equations (1), (2a) with g =0, (3), and
(4) given the reduced form of the Walras law (7a). In contrast, here the system
of equations has only 2n + 1 unknown variables. Again, it is not difficult to see
that the Jacobian matrix of the system of equations (1), (2a) with g = 0, (3), and
(4) has rank 2n+ 1. Therefore, we can show the determinacy of the steady-state
equilibrium with a fixed population by applying the implicit function theorem:

Corollary 1: Let ((A, L) ; w;; u) be an overlapping generation economy as spec-
ified above. Then, the corresponding steady-state equilibrium with a fixed pop-
ulation ((p,w,r),y) under this economy is determinate.

4 Openness and genericity

In this section, we examine the openness and genericity of parameter set of
economies in which every stationary growth equilibrium is regular. The openness
and genericity is related to the stability and coverage of indeterminacy in the
perturbation of parameters to characterize the set of economies.

For the demand function of two generations 2%, 2°, labor endowment w(,? and
for h = (hi1, ha, ..., hn) € R}, define a perturbed demand function with similar
form in Mandler (1999) as

zf(h) = zf(p, w,r) + Ehi
Di

1 As a result, the Walras law equation at the last line of p. 704 in Mandler (1999) should
be slightly revised, as it does not reflect the condition that the investment of Ay is involved.




22(h) = 20(p,w,r) + —hyy

Di

for each i = 1,2,...,n — 1, and w;(h) =uw) + Z?:_ll h; + %hn. Then,

22(h) + 2 (h)

zi(h) 149

for each i = 1,2,...,n — 1. This perturbed functions satisfies Walras’ law and
homogeneity.

Now define a function F' on the space of n+ 1 price variables (p, w,r) where
P = (p1,...-pn—1) is normalized price, n quantity variables (y1,ya2,...yn), the
growth rate of investments g and adding the parameter set (A4, L, h) to R?" 1
i.e.

F:RVU xRy xRy xR?, xRy xR xR?, x R?, — R¥!
such that

zen(h) = [I = (14 g)Al-ny
Ly — we(h)
p—(1+7r)pA—wL

z%(h
(1+ g)pAy — 221

F(ﬁ,w,l—i—r,y,g,A,L,h) =

where p and L are row vectors, ¥ is column vector, and the subscript —n means
the n-th row of the matrix is omitted.

Definition 5: An economy is a profile of (A, L, h) where (A, L) is a Leontief
production technique, in which A is n X n non-negative square, productive and
indecomposable matrix of reproducible input coefficients, L is 1 X n positive row
vector of direct labor coefficients, and h = (hy, ha, ..., hy) € R% .

A regular stationary growth equilibrium is a normalized stationary growth
equilibrium vector (p,w,r,y,g) such that it satisfies ' = 0 and the Jaco-
bian matrix DF' with respect to p1,...pn—1,w, 7,91, .-, Yn, g is nonsingular at
(p,w,r,y,9).2 An economy (A, L, h) is regular if every normalized stationary

2 The system of equation (1), (2a) (3) and (4) has 2n + 1 equations and n + 1 price
variables (p1,...,Pn—1,w, 7). Hence growth rate g and quantity variables (y1, ..., yn) are to be
determined simultaneously in the Jacobian. Including perturbed parameters, for any (A, L, h),
D(;E,y,w,r,g) (FA,L,h(ﬁv w, Y, g)) is given by:

Dgzn(h)+A-ny [1+9)A—1I]-n Dpzn(h) Dyz-n(h) Drz—n(p,w,r,y)
0 L 0 0 =l p.
(+7)
0 0 I, —(1+nrAT, —LT —pA
pAy (1+g)pA (i) (i) (iif)



growth equilibrium vector (p,w,,vy, g) is regular.® Denote the set of economies
with P and the set of regular economies with Pg.

Theorem 2: Pg is open and has full measure in P.

Proof. The full measure claim of Pg is proven by the transversality theorem.
Trivially, the function F' defined above is smooth on the domain including all
(p,w,7,y,g) and parameter (A,L,h) in R?" x Ryy x Ryy x R?, x Ry x
Rf xR}, xRy, . If F2: 0 implies D 4 1 5 F has full rank 2n + 1, then except
a set of (A,L,h) € R} xR}, xR}, of measure zero, Fa,r n(p,w,r,y,9) :
R’}rjrl XRyp xRy xR, xRy— Ri’fl has 0 as a regular value. We have
D, p 1 F as below:

where
I = [In(;l}

and

n

[Z%(pa w, T, y)+ZPz
i=1

n

9z (p,w, m,y) >
. ,-u,thl(?aw"f’y)*‘ pi
i=1

(i) = [(1+9)A—ny) T~ %1

1+r

(ZZ) _ _Z[ Di azg(Paw’T» y)] n

n-.

1+ ow T 14w
= DPi zq(p,w,'r‘, y) 83{1(}),10,7“7 y) nw
= L — L hn.
(i2) Zl—l—r[ 147 or ]+(1+r)2

1
In addition, Dgz_n(h), Dpz—n(h) and Dy,z_p(h) are calculated as:

—whn [ 4

Dgyz_n(h) = W[Pl N
0 2 (hy+hn) O .. 0
p3
Dﬁzfn(h) = Dﬁzfn(ﬁ,w,r, y)_
0 0 > . (hnfl + hn)
_ w w T
Dwz*'ﬂ(h) = Dwz,n(p,w,fr, y) + [p_(hl + hn)» p_(h2 + hn)a (LX) (hn,1 + hn)} .
1 2 n—1

3Likewise, we can define that an economy (A, L,h) is regular if every normalized steady-
state equilibrium vector (p,w,r,y) is regular. Then, as in the same way as the proof of
Theorem 3 discussed below, it can be shown that such a regular economy is open and has full
measure.

10

928 (p, w, r,y)
8pn71
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w w T
b1 o L+ 9y
0 o0
w w T
Pn—1 (1+!])17n71 (1 +g)y
DyppF=| -1 .. -1 —ad 0 yT
0 —14r (v) 0

where the row vector y” is the transpose of y, I,, is the n x n identity matrix,
(iv)= —(1 + 7)[p11 ... pp 1] is nxn? and (v)= (1 + g)[pry? ... pnyT] is 1xn?
matrix.? The first n columns are for (hy, ..., h,), next n? columns are for the
components of A and the last n columns are for the components of L.

To see that D 4 1 5 F has full rank, observe that the first (n — 1) x (n — 1)
submatrix of upper-left is nonsingular. Next, in n th row, it is observable that
at least one component can remain in elementary row operations. The shape of
(iv) and —wI,, guarantees n nonzero rows which are linearly independent. The
bottom row is also to be nonzero in elementary column operation. Therefore,
D 4.1 F has full rank. Since we have shown that D 4 r ,F" has full row rank
at all (p,w,1+7r,9y,9,A, L, h) with F = 0, then by the transversality theorem,
Farpn(@,w,ry,g) has 0 as regular value almost everywhere in P. In other
words, Pgr has full measure.

For the openness, to the contrary, suppose Pg is not open. Then there would
be a sequence (A, L, h); of non-regular economies converging to a regular econ-
omy (A,L,h), € Pr. Correspondingly, there exists a sequence of non-regular
equilibria (p,r, w,y, g): which converges to a regular equilibrium (p,r, w,y,9)o
at (A,L,h),. Then the corresponding Jacobian matrices DF(p, w,r,y,g): of
2n + 1 rows and 2n + 2 columns exist as seen in footnote 1, which have less
than full rank. For a Jacobian matrix, we can pick 2n + 2 separate square
submatrices of order 2n + 1. Then determinants of square submatrices of or-
der 2n + 1 are all zero. Now we can define a continuous function, say ¢ from
the set of Jacobian matrices to the set of 2n + 2-dimensional vectors whose
components are determinants of square submatrices derived from the Jacobian
DF. Since ¢(DF) = (0,...,0) € R**2 for any DF of less than full rank,
c¢(DF(p,w,7,y,9):) = (0,...,0); — (0, ...,0) € R?"*2 as t — oo.

4 Here, each p;I, is n X n matrix:

Di 0 0
piIn - 0 0
0 0 p

11



Since {(0, ...,0);} converging to (0, ...,0) is closed in R?"*2 and c is contin-
uous, the inverse image ¢! ({(0,...,0);}) = {DF(p,w,r,y,9):} whose elements
are Jacobian matrices with less than full rank is closed. Hence DF(p, w, 7,9, 9)o €
{DF(p,w,r,y,g):} by the closedness of the set {DF(p,w,r,y,9):}. Note that
c(DF(p,w,7,9,9)0) = (0,...,0) € R?"*2 This implies that the converging
point of the sequence {DF(p,w,r,y,9)t}, each of which is correspondingly de-
fined from (A4, L,h); € P\Pgr, must also have less than full rank. In other
words, the convergent point of the sequence of non-regular economies must be
also non-regular. This contradicts to our initial assumption. Therefore the set
of regular economies Pg is open. M

5 Concluding Remarks

In the above argument, we have shown that under the same setting of the
overlapping generation economy as Mandler (1999; section 6), the Sraffian inde-
terminacy generically occurs in the stationary growth equilibrium. This result is
a sharp contrast with the consistent claim of Mandler (1999, 2002, 2008) about
the impossibility of the Sraffian indeterminacy in the steady-state equilibrium.
Moreover, while indeterminacy arises in many places in neoclassical economics,
such as overlapping-generations indeterminacy and factor-price indeterminacy
summarized by Mandler (2002), the Sraffian indeterminacy observed in this
paper has a distinctive feature in comparison with such neoclassical types.

Firstly, the overlapping-generations indeterminacy summarized by Mandler
(2002) is characterized as the continuum set of equilibrium price sequences due
to the arbitrariness of initial prices of commodities, but all of the equilibrium
price sequences converge uniquely to the common steady-state price. In con-
trast, here we have focussed on the case that an equilibrium price sequence
constantly consists of a steady-state equilibrium price vector from the infinite
past until the infinite future, but there is a continuum set of steady-state equi-
librium prices due to the continuum of factor income distribution. This suggests
that the Sraffian indeterminacy and the overlapping-generations indeterminacy
are quite different.

Secondly, regarding the factor-price indeterminacy, the mechanism to derive
one dimension of indeterminacy in the model of three factors and two outputs
discussed by Mandler (2002) is essentially the same as that discussed by Mandler
(1999, section 3). That is, all of the three factors can be interpreted as that
two of them are reproducible commodities, which are the same types as the
output commodities, and the other is labor, but the equilibrium prices are not
the steady-state ones; otherwise, another typical interpretation would be that
all of the factors are primary ones. In contrast, here we have focussed on the
stationary growth equilibrium of the economy where labor is the unique primary
factor and capital is a bundle of multiple reproducible commodities. Moreover,
Mandler’s (2002) model of factor-price indeterminacy is essentially static while
the stationary growth equilibrium discussed here is given in an intertemporal
context. Again, the Sraffian indeterminacy and the factor-price indeterminacy
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are also quite different.

Finally, as Mandler’s (2002) reference to Morishima (1961) indicates, it is
an interesting open agenda to investigate economic implications of the Sraffian
indeterminacy within the context of Turnpike theorem, which has not yet well-
cultivated in modern general equilibrium theory.
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7 Appendix: On the existence of stationary growth
equilibrium

With Definition 3, we can obtain the following existence theorem of the station-
ary growth equilibrium in the overlapping economy.

Theorem A1l: Let ((A,L);w;;u) be an overlapping generation economy as
specified above. Then, for each profit rate r € [0, R), there exists a stationary
growth equilibrium ((p,w,r),y, g) under this economy.

Proof. Let R > 0 be the maximal profit rate under the technique (A, L). As
well-known, ﬁ is the Frobenius eigen value of the productive and indecom-
posable matrix A such that there exists a unique Frobenius eigen vector p* > 0
satisfying p* = (1 + R) p* A.

Take any r € [0, R). Then, due to the Sraffian linear distribution function,
we can specify w > 0 as satisfying

r=R(l—w).

Given (w,r), let
p=wL(l—(1+7r)A)"".
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Then, it is well-known that in this case, p > 0 and p = (1 + ) pA + wL hold.
That is, we obtain a stationary price vector (p,w,r), which is prevailed at each
and every period.

Given this price information (p,w, ), consider the program M P? of genera-
tion ¢. As a result, let (2} (p,w,7), 2% (p,w,r)) be a solution of generation ¢ to
the program M P under the stationary prices (p,w,r). But, the same solution
is also optimal for generation ¢ — 1 as all generations have the same utility func-
tion. Therefore, without loss of generality, we get rid of the superscript “t” in
the solution to each M Pt.

Thus, now, without loss of generality, let z (p, w,7; g) = 2 (p, w, r)—i—%ﬁ;’ﬂ,
where g > —1 denotes a common growth rate of outputs, be the aggregate
consumption demand vector. In addition, let

y(p,w,r9) =1 —(1+9) A" 2 (p,w,r3g) .

Note that since A is productive and indecomposable, we have [I — (1 + g) A] " >
0 for any g € (—1, R), and so y > 0 holds. Moreover, it follows that

py(p,w,m59) = (147)pAy(p,w,r;9) +wly (p,w,r;g)
& pz(p,w,r)+ (1+g)pAy (p,w,r;9) = (1 +7)pAy (p,w,r;9) +wly (p,w,7;9) .

Since the budget constraint of the program M P? implies that

pZa (p,w,T)

pz (p,w,r) + T+

= wwy,

we can establish Ly (p,w, r; g) = w; whenever

PZa (p,w,T)

- (1 A ~
T+ (1+9)pAy (p,w,r;9)

is satisfied. Therefore, let us show that for any r € [0, R), there exists a unique
g (r) such that

pza (p,w,T)

T+ - (1+g(r) pAy (p,w,r;9 (1))

holds.
Let ¥ (r,g9) = (1 + g) pAy (p, w,7;9) — %. Note that if g is sufficiently
close to —1, then ¥ (r,g) =~ ¥ (r, —1) < 0. In contrast,

lim ¥ (r,g) = +0

g—R
holds, as the matrix [ — (14 g) A]"" approaches the singular matrix. Since
U (r, g) is continuous at every g, there exists g (r) such that

pZq (p,w,T)

T = (g (n) pAy (p,w, 5 (r))
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holds. Moreover, as

Ol = (1+9) A" 2 (p,w,r)
dg

oV (r,9)
dg

= pAy(p,w,r;g(r)) +(1+g)pA

a[I — (1 +g) A]il Za (pvwa’r)

A
+p 39

> 0,

it follows that g (r) is unique. Thus, for each r € [0, R), we obtain a stationary
price vector (p(r),w (r),r) such that

pO) = (L4np() A+ L
V()0 = w0) )+ 2B g 0) Ay ) ) ),
2z L0 ULD) (14 ) p(r) Ay (p () w(r) ) and
Ly, wir).r) =

In summary, the above-specified profile ((p (r) ,w (r),7),y (p (1) ,w (r),r),g (1))
satisfies all of the conditions for a stationary growth equilibrium. m
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