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Abstract

Two players compete for a prize and their valuations are private information. Before
the contest, each player acquires a costly, noisy and private signal regarding the opponent’s
valuation. In equilibrium, each player’s effort is non-decreasing in the posterior probability
that the opponent has the same valuation. Accounting for the cost of spying, players are
better off spying when the spying technology is partially but not perfectly informative.
Suppose instead that each player can, at no cost, ex ante commit to disclose a signal about
her valuation to the opponent, but cannot observe realizations of the signal. Then every
equilibrium involves non-disclosure by at least one player, even though some disclosure by
each player would benefit both.
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1 Introduction

Winner-take-all contests, like rent-seeking contests for monopoly rights, patent races, lobbying,
political campaigns and competitions for promotion, burden participants with the prospect that
their investments may yield no reward. The efforts, time and resources invested in competing
for the prizes are unrecoverable, and typically, only the participant with the highest investment
reaps the rewards of the contest. Thus, anticipating the rivals’ intentions becomes particularly
valuable; learning that rivals will invest little can save on the investment to win the prize,
and, conversely, learning of an excessive investment outlay by rivals would lead a firm to avoid
investing in a lost cause. This paper studies players’ incentives of acquiring information about
the opponents prior to winner-take-all contests, and shows relevant welfare analysis.

In competing for a procurement contract, for example, suppliers spend enormous time,
resources and efforts to prepare proposals for a buyer to evaluate.! This process is even costlier
when it also involves bribing the procurement agent (Celentani and Ganuza, 2002; Burguet
and Che, 2004). Since each supplier may value the contract differently, their willingness to
commit resources to win the contract or to bribe the procurement agent may differ. Gathering
intelligence on the opponent’s valuation can prove particularly valuable. This also applies to
R&D contests or patent races, where intelligences regarding the rival’s new research progresses,
scientists’ backgrounds, or prototypes of new products/samples of new drugs, are beneficial to
the firms. To obtain the intelligences in the examples above, players may hire hackers to steal
information from rival’s computer, investigators to search through office trash or detectives to
steal files from office safe, etc.?

The existing literature on contests implies that players will overall not benefit from such
spying in contests. Kovenock et al. (2015) show that the payoffs to players are the same when
valuations of the prize are commonly known and when they are private information. However,
perfect information about the opponent is extremely difficult — if not impossible — to acquire
in reality. Furthermore, common knowledge assumption is not plausible in this situation as
spying activities in real life often induce uncertainty about the rival’s belief. For example,
a firm hacked by its competitor does usually not know what intelligence the competitor has

obtained and hence, remains ignorant about the competitor’s belief.

! Airbus and Boeing spent 10 years in competing for a contract to build U.S. Air Force aerial fueling tankers.
According to the chairman of European Aeronautic Defence and Space Company (now known as Airbus Group),
EADS spent over $200 million in the competition.

2Detectives hired by Larry Ellison, the head of Oracle, bribed the cleaning staff at Microsoft’s office to gather
sensitive information from the office trash. Staffs of Procter& Gamble were found searching the garbage of Unilever
— its competitor in the hair-care market — for “the Organics and Sunsilk brands of shampoo” which contains
commercially sensible information. Large companies like General Motors, Kodak, and BP even set up their own
separate competitive intelligence units to study their competitors (Billand et al., 2016).



In this paper, we present a model of contests in which players can acquire partial and private
information regarding the opponent’s valuation for the prize before they compete. We consider
a first price all-pay auction with one indivisible prize and two players who have independent
private valuations (IPV).? For tractability, each player’s valuation is assumed to be either high
or low. Before participating the contest, each player acquires a costly, noisy and private spying
signal about her opponent’s valuation. In acquiring the signal, she chooses a level of accuracy
which is a continuous decision variable whose lower and upper bound corresponds to completely
uninformative and perfectly informative signals, respectively. She then observes both her
valuation and signal realization, and exerts effort in the contest, i.e., bids in the auction.

We mainly show three results. First, in a simplified setting where the accuracy of the spying
signal is exogenously fixed and the signal costless, we show that each player’s effort in the
unique symmetric equilibrium is non-decreasing in the probability she perceives that the two
of them are evenly matched. If the signals are relatively noisy (hence the contest is opaque),
such an equilibrium is allocative efficient. In this case, when the player’s valuation is high, her
equilibrium effort is non-decreasing in the posterior likelihood that the opponent’s valuation is
also high (“motivation effect” of spying); instead, when her valuation is low then her effort is
non-increasing in such a likelihood (“demotivation effect” of spying). If, however, the signals
are sufficiently accurate (hence the contest is relatively transparent), then the unique symmetric
equilibrium is allocative inefficient. With very accurate signals, the low valuation type of the
opponent is aware that he must be exposed and thus, needs to signal-jam the player by mixing
his effort. This, in turn, induces the player with either the high or the low valuation to mix in
the same support, hence the inefficiency. We emphasize that the unique symmetric equilibrium
of the contest replicates the unique equilibrium in the all-pay auction with IPV and complete
information when the exogenous accuracy reaches its lower and upper bound, respectively.

Second, a comparative statics analysis shows that players earn higher expected payoff than
what they earn in the IPV setting when their signals are partially but not perfectly informative.
The intuition behind this result is best explained in two parts. Firstly, a player benefits from
anticipating the opponent’s move based on the intelligence that she obtains from spying. In
particular, spying is most profitable when the high and the low valuation players’ strategies are
completely different, i.e., when the contest is opaque and thus, the equilibrium is efficient. When

the contest, however, becomes sufficiently transparent (so we have the inefficient equilibrium)

3 All-pay auctions have been applied to study winner-take-all contests with sunk investments include procure-
ment contests (Kaplan, 2012), research and development (Che and Gale, 2003; Dasgupta, 1986), rent-seeking and
lobbying (Baye et al., 1993; Che and Gale, 1998, 2006; Ellingsen, 1991), and competition for promotion (Clark
and Riis, 1998).

4 Accuracy is defined by rotation order (Johnson and Myatt, 2006) for tractability.



and the two strategies are similar, spying is less profitable. In fact, the marginal return to
spying is zero when the opponent believes the contest is perfectly transparent. Secondly, the
player being spied on can also benefit from the espionage. For example, a firm is aware that
the rival may have acquired some of the commercially-sensitive information, such as classified
files, financial records, or recordings of internal meetings. Since the rival would act upon this
intelligence, the firm is able to anticipate the rival’s move (with some noise) as it has a sense of
what conclusion the opponent might reach based on the intelligence. Therefore, both spying on
and being spied on by the opponent benefit the player. We then characterize the equilibrium
choice of accuracy by imposing mild conditions on the spying cost function, and show that
players overall better off spying even accounting for the cost of spying.

The information structure in the model we present lies between incomplete information
(Lu and Parreiras, 2014; Konrad, 2004; Amann and Leininger, 1996) and complete information
setting (Baye et al., 1996; Ellingsen, 1991; Hillman and Riley, 1989). By varying the accuracy
of the spying signal from completely uninformative to perfectly informative, we characterize the
equilibrium in an arbitrarily large set of information structure in our first result. There has
been some progresses in examining behavior in the all-pay auctions with information structures
that are different from IPV and complete information, include common valuation and affiliated
signals (Rentschler and Turocy, 2016; Chi et al., 2015), and interdependent valuations (Siegel,
2013; Krishna and Morgan, 1997). In these settings players can infer information about the
opponent from their own valuations. The current paper is different from this line of research
for the independence between each player’s valuation and information about the opponent.

In the pioneer study of spying activities in contests by Baik and Shogren (1995), the au-
thors propose a model where players can acquire information regarding their relative abilities.
The model also allows partial information acquisition by restricting the distribution of signals
to mean-preserving spreads. However, the contest success function in their model is neither
as in Tullock contests nor as in all-pay auctions, but instead subjective: both players could
believe (in “equilibrium”) that they will win with, e.g., 60% probability.” In the current paper,
we instead take a standard game theoretic approach by analyzing behavior in the Bayesian
Nash Equilibrium. In addition, Zhang (2015) consider one-sided private information setting
with a perfect spying technology in both all-pay auction and Tullock contest (Tullock, 1967),
whereas the current paper focuses on the all-pay auction with two-sided private information

and imperfect spying technology.’

®See Bolle (1996) for a criticism of the approach and Baik and Shogren (1996) for the authors’ respond.

5In the IO literature, spying/espionage are also considered in entrant deterrence (Barrachina et al., 2014;
Solan and Yariv, 2004), in price and quantity competition in duopoly (Kozlovskaya, 2016; Wang, 2016; Whitney
and Gaisford, 1999), and in multi-market competitions (Billand et al., 2016).



Spying may be prohibitively costly (or illegal). The previous results imply, however, that
players would benefit if they were to disclose to each other a noisy signal of their valuation.
Would players disclose such information voluntarily? Section 4 considers a twist of the main
model in which each player commits to disclose a signal about her own valuation to the opponent
before the contest. In doing so, she chooses an accuracy for the signal which the opponent will
receive. The accuracy is observable to both players, but the signal realization is only observable
to the opponent. Neither disclosing nor receiving the signal incurs any cost to any player. In
the patent race example, this corresponds to a firm provides, for instances, a prototype of a
new product or samples of a new drug to the rival firm. With such pieces of hard evidence
(which determines accuracy), the rival can conduct experiments on the product/drug to obtain
relevant parameters (which corresponds to signal realizations) which are unavailable to the firm
who discloses the information.”

Based on the second result, we show that if players disclose partially informative signals
because they have set up an agreement or are required by the regulator to do so, then the
total expected effort/expenditure is strictly lower than that in the IPV setting. The result
implies, for example, in procurement contests money spent on bribery and efforts exerted in the
process are lower on average if suppliers disclose partial information regarding their valuation
for the contract. This implication is particularly important because public procurement is a
hotbed for bribery, e.g., among OECD countries (Ehlermann-Cache and Others, 2007), which
creates social inefficiencies. In addition, such a corrupted behavior is hard to detect. When
suppliers disclose to each other, the social costs are reduced without actually detecting the

bribing behavior.®

This result is qualitatively consistent with Kovenock et al. (2015) who
also focus on decentralized information disclosure but restrict attention to full disclosure, and
show that full disclosure lowers total expected expenditure but leads to allocative inefficiency.’
The current paper, however, implies that partial information disclosure reduces total expected
expenditure with potentially less efficiency losses.

Nevertheless, we show, as our last result, that disclosing a partially informative signal is

weakly dominated by disclosing an uninformative signal for each player. Even though partial

disclosure by both players lowers ex ante expected efforts and increases payoffs, a player can

"For another example, consider each firm “discloses” information by choosing its security level of office build-
ings and firewalls. Thus, the accuracy is the security level, and the intelligences that the rival has acquired are
not observable to the firm.

8There is a similar implication to rent-seeking and lobbying contests: bribes to politicians are social costs,
and disclosure improves welfare by reducing expenditures. In the patent race example, information disclosure
between firms reduces duplicated investments in R&D.

9Most of the studies on information disclosure in contest literature take a centralized view and analyze how a
contest organizer should disclose information to players in order to maximize total effort (Lu et al., 2016; Zhang
and Zhou, 2016; Chen, 2016; Serena, 2015; Denter et al., 2014).



do better by unilaterally adding noise to the signal disclosed to the opponent, as then the
evenly matched opponent is more likely to be demotivated. Therefore, there does not exist any
equilibrium in which both players disclose any partially informative signals.

In summary, we provide an interpretation of why we often observe spying/espionage activities
but seldom information disclosure/sharing in real life winner-take-all contests, even if the latter
results in a better outcome for players. We also show that spying activities overall benefit players
but a better social outcome can be achieved through mandatory, albeit imperfect, disclosure
between players. The findings are particularly important for wasteful contests, e.g., rent-seeking
contests (Congleton et al., 2008), where resources invested by players only serve as a means to
determine the winner but do not contribute to value creation (Tullock, 1967; Posner, 1974). For
instance, the estimated social cost of rent-seeking for the US is 22.6 percent of GNP in 1985
(Laband and Sophocleus, 1988); and it has been long argued (since (Wright, 1983)) that patent
races generate wasteful duplication of effort.

The rest of the paper proceeds as follows. Section 2 presents the main model of spying in
contests. Section 3 characterizes the equilibrium effort when the accuracy is exogenously fixed,
presents the comparative statics analysis, and characterizes the equilibrium choice of accuracy.
Section 4 presents the model of information disclosure, the analysis on disclosure agreement,

and the equilibrium choice of disclosure. Section 5 concludes.



2 The model

There are two risk neutral players, indexed by 7 € {1,2}, who compete in a contest with one
indivisible prize for which they have independent private valuations (IPV). Player i (i = 1,2)
may value the prize at 65, with probability py € (0,1) or at 6; with probability p; = 1 —py,, where
0n, > 0; > 0. Players know only their own valuations, and the distribution of the opponent’s
valuation. We refer to a representative player ¢ = 1,2 as “she” and her opponent, player
j =3—1,as “he”. We also refer to a player with 6, (6;) as a “high (low) valuation player”.

Information acquisition (spying): Player i can acquire additional information regarding
the opponent by receiving a private spying signal (hereafter “signal”) about the opponent’s
valuation. The possible signal realization 7; is drawn from a compact set [r, 7). Player i acquires

information about 6; by choosing from a family of joint distributions over [z, 7] x {0},6;}

{F(mi,05]0%) a0l

indexed by «; € [o,@]. We refer to F(m;,60;|a;) the signal, «; the accuracy (to be defined
shortly), and m; the realization of the signal. Since the conditional distribution of m; depends
only on 6; which is independent of 0;, m; is thus independent of ;.

Let F(-, a;) denote the marginal distribution of m; with corresponding density f(-, «;), given
any «;. Furthermore, denote by Fj (-, ;) (Fi(-, ;) ) the conditional cumulative distribution of
m; given 05 = 6y, (0; = 0;). Let fy(-, ;) and fi(-, ;) be the corresponding probability density
functions, and assume both are differentiable on both arguments. We assume that w.l.o.g.

10

F(-,a;) is uniform on [0, 1] for every given o; € [a, @], i.e., m = 0,7 =1 and

prFy (i, o) + piFy(m, 00) = m, (1)

pufn(mi,oq) + oo fi(mi, o) = 1 (2)

Posterior belief: Observing m; leads player ¢ to update her belief on 6; according to Bayes’
rule. Denote player i’s posterior belief that player j has valuation 6, upon receiving m; by

p(mi, o), thus
Prfu(Tmi, )
Prfn(mi, aq) + pufi(mi, o)

p(mi, ;) =

Note that, according to (2), pu(mi, ;) = ppfn(mi, ;) and 1 — p(m;, o) = pufi(mi, o).

08ince a random variable’s percentile function as another random variable is uniformly distributed, we can
always transform an alternatively distributed signal to a uniformly distributed signal which contains exactly the
same information.



Information order: To rank signals by accuracy, we adopt the “rotation order” which was first

introduced by Johnson and Myatt (2006), and was applied to auction settings by Shi (2012).!!

Definition 1 (Rotation order). A local change in « leads to a rotation of fr(m,«) if, for some

7} and each w € [0, 1],

If this holds for Va € [a, @), then {F(m,0|a)} is ordered by a sequence of rotations.

When « increases, fj(m,«) rotates counter clockwise around 7}, which implies fi(m, )

rotates clockwise according to (2). For example, when player i increases her accuracy of signal

+

o

marginally from « to «/, it must be true, by definition, that fi(7,a) = fi(7, o) for 7 S 7

and that fi(m, o) < fi(mr,d/) for 7 < 7}, See Figure 1 and 2.

fh(ﬂ-ﬂa) fl<77704)

Figure 1: Increasing o to o means counter  Figure 2: Increasing o to o means clockwise
clockwise rotation of fp(m, ar) rotation of fi(m, a)

When player i chooses a; = a, we have fp,(m;, @) = fi(m;,a) = 1 for all m; € [0, 1], see Figure
3. This is the case when any realization of the signal does not convey any information about the
opponent. When player i chooses «; = @, we have f(m;, @) =0 if m; < p; and fp,(m;, @) = i if
m; > pyi, see Figure 4. This is the case when each realization conveys perfect information about
the opponent.
Spying cost: Each player’s cost of acquiring the signal is captured by a convex increasing
function C'(a) with C(a) = 0. Denote by MC(«) = %&a) the marginal cost, let MC(a) =0
and MC(a) > 0 for Va > a.
Effort and payoff in the contest: Player i decides her effort b; after observing 0; and ;.
Thus, the contest stage of the game is a Bayesian game with two-dimensional types, and the

effort of player i is a two-to-one mapping:'? b: {0),,60,} x [0,1] — R.

1See Ganuza and Penalva (2010) for thorough discussions on signal ordering.

12The two-to-one mapping strategy in the contest creates complications in characterizing the equilibrium. In
most of the previous studies involving multi-dimensional type space in auctions, all dimensions are payoff relevant
to the player. Hence, either the equilibrium bidding strategy is monotonically increasing in both dimensions (Tan,
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Figure 3: Completely uninformative signal « Figure 4: Perfectly informative signal o

Players choose their efforts in the contest simultaneously. The player who exerts higher
effort wins the prize, whereas the losing player’s effort is unrecoverable. Ties are broken with

equal probabilities. Thus, player ¢ with valuation 6; exerting effort b; earns a payoft:

—b;, if b; < bj
u(bi, b, 0;) = 0; — by, if b; > b;
%Gi — by, if b; = by

A contest with the above payoff, u(b;, b;,0;), is also known as a first price all-pay auction.

Timing: Firstly, player 7 chooses the accuracy «; for the signal to be acquired on the opponent.
Secondly, Nature determines the valuation profile according to the prior distribution and player
i (i = 1,2) observes 6;. Thirdly, according to #; and c;, Nature determines a signal realization ;
observed by player ¢. Finally, player ¢ chooses her effort b; according to her private information

(0;, ;). The timing of the game is also shown in Figure 5.

Player i Nature determines and Nature determines and Player ¢
chooses «; player ¢ observes 6; player i observes 7; chooses b;
° ® 'Y ®

Figure 5: Timing of the game (i = 1,2)

For the rest of the paper, we make the following assumptions:

Assumption 1. Monotonic likelihood ratio property (MLRP): Given any « € [a, @], J}’l‘((;r’s)) is

non-decreasing in 7 € [0, 1].

Assumption 2. The family of signals, { F (7, 0j|0:)}a,c[aa, 15 Totation ordered for Vo, € [a, @]
Jr

around a sequence of rotation points m, , where i = 1,2, and j = 3 —i.

2016), or the two-dimensional signal can be translated into a summary statistic which is monotonically increasing
in bids (Goeree and Offerman, 2003). In general, it is difficult to characterize the equilibrium due to “monotonicity
is not naturally defined” (Tan, 2016) or to non-existence of equilibrium (Jackson, 2009).



Assumption 1 implies the posterior belief p(7;, ;) is non-decreasing in 7; fixing ;. As-
sumption 2 guarantees that players’ family of signals are rotation ordered, and the sequence of

rotation points are the same across players.
3 Analysis of spying in contests

3.1 Exogenous accuracy

In this section we study a simplified model where each player exogenously receives a free, noisy
and private spying signal about the opponent’s valuation. The accuracy of each player’s signal
is common knowledge.

To characterize the equilibrium effort in the contest, we start by showing some useful prop-
erties of the symmetric, pure strategy, and allocative efficient equilibrium. An equilibrium of
the contest is allocative efficient if type (0, s) of each player’s effort is higher than type (6;,t)’s
effort with probability one for any s,t € [0, 1].

Lemma 1. Given any a € [a,al, then in any symmetric, allocative efficient, pure strategy

equilibrium of the contest, the following must be true:

1. Monotonicity: type (0n,m) of player i’s equilibrium effort, denote by by(mw,a), is non-
decreasing in 7 and type (60;,7) of player i’s equilibrium effort, denote by by(m,«), is

non-increasing in T;
2. Continuity: both players’ strategies are continuous without any atoms;

3. Initial conditions: by(1,a) =0 and by(0, ) = by (0, ).

See all the proofs in the Appendix. Lemma 1 implies that the effort in any symmetric, pure
strategy, allocative efficient equilibrium is non-decreasing in the posterior that the opponent
has the same valuation as the player. Lemma 2 below provides the necessary condition for the

existence of such an equilibrium.

Lemma 2 (Efficiency). There exists a symmetric, pure strategy, allocative efficient equilibrium

in the contest only if % > g—i for all € [0,1].

Definition 2. Denote by a the highest possible accuracy of signals that satisfy J;c’;((:s)) > % for
all m € [0, 1].



Lemma 2 implies that in any symmetric, pure strategy, allocative efficient equilibria of the
contest, it must be true that a € [, @].'® The necessary condition given in the lemma imposes
a lower bound on the likelihood ratio which in turn, imposes an upper bound on the accuracy
of the signal.

In light of Lemma 1 and 2, we now characterize the symmetric, pure strategy, and allocative
efficient equilibrium. The expected payoffs of types (6;,7) and (0, 7) of player ¢ when choosing

b, given that player j plays the equilibrium efforts by (7, a) and by(7, «v), are given by:

1

Gitm.e) = 0L p(r] [, L eyttt 3)

. by (b,0)
Up(blr, ) = 6 [[1 — pu(m, a)] + M(W,O&)/O frn(, )dIl| — b (4)

where bl_l(b,oc) and bgl(b, «) are the inverse of effort functions by player j, and they in fact
represent the information type of the low and the high valuation player ;7 who chooses b, re-

spectively. By the first order conditions w.r.t. b from (3) and (4):

ablg;o‘) = —[1-p(m )] fi(r,a)f,
W u(m, @) fu(, )6

These can be solved based on the initial conditions in Lemma 1, and the solutions are given in
Proposition 1. Furthermore, Proposition 1 also characterizes the allocative inefficient equilib-

rium where the necessary condition given in Lemma 2 is not satisfied.

Proposition 1. Suppose Assumption 1 is satisfied.

o If a € [, al, then there exists a unique symmetric equilibrium in which type (0;,7) and

(O, ) play the following pure strategies, by(m, ) and by(w, ), respectively:

b(ma) = 91/1[1—M(H,a)]dFl(H,a),

T 1
ba(m,a) = 9h/() u(H,a)th(H,a)+91/0 [ — (1L, )] dEY(IL, o).

o Ifa € (a,al, then there exists a unique symmetric equilibrium in which type (6;,7) and

3By MLRP and rotation order, for all @ € [, @] the condition in Lemma 2 is satisfied for all = € [0, 1], and
for all @ € (@, @] the condition is not satisfied for at least = = 0.

10



(O, ) with m > © play the following pure strategies, by(w,a) and by(m, o), respectively:

1
bra) = 6 [ [1- (L a)dA(La)

bh(w,a) = Oh/ﬂu(ﬂ,a)th(H,a)

*

*.

1
01,0,
+ 6, [ [1—p(La)dR(ILa) + — 20 g
lﬂ*[ p (AL )] dF(IT, @) ot + pion

and type (0;,7) and (0, ) with 7 < 7 miz over [by(7*, &), by (7*, )] according to CDF

o1(b|m, ) and op(b|7, @), respectively:

Ul(b|7ra Oé) = O-h(blﬂ-’ Oé)

1
= DPO (h g [ - p(La)dALa)).
0h017r* T

where ™ is given by

0 /0 " A (I, a)dIT = 0, /O " (1L @)L (5)

bp(m, )

on(blm, o) = o1(blT, a

by (ﬂ—v O/>
0 17 0 T 1 7
Figure 6: Allocative efficient equilibrium Figure 7: Allocative inefficient equilibrium

See Figure 6 for the equilibrium with « € [a,a] and Figure 7 for the equilibrium with
a € (@, al. On the one hand, when the signals are not informative enough, i.e., a € [a, @], the
equilibrium allocation is efficient, because players can still hide behind their private information.
In such an equilibrium, the belief that the opponent has the high valuation — induced by higher
m — encourages the high valuation player to compete more aggressively to increase the odds
of winning (“motivation effect”), and discourages the low valuation player to compete more

conservatively to save the cost of effort (“demotivation effect”).

11



On the other hand, when players’ signals are sufficiently informative, i.e., a € (@, @], we have
inefficient allocation in equilibrium. In this case, player i is very likely to receive, for example,
relatively low signal realizations (m; < 7*) when the opponent has the low valuation. Thus, she
can deviate her efforts to the level just above the support of the low valuation opponent’s effort
to win (almost) for sure with minimum effort. The opponent is aware of this fact and thus,
mixes the effort in order to signal-jam player ¢. Hence, both the high and the low valuation

player ¢ who receives m; < 7* randomize in the interval where player j mixes.
Corollary 1. In the equilibrium as given by Proposition 1, the following must be true:
(i) Denote by M(m, ) and My (7, «) the equilibrium expected payoff for types (0;,7) and

(Op, ), respectively. Then, for all o € [a, @], M;(m, o) and Mp(m, ) are non-increasing in :

oMy(m, o) Ofy(m,a) [*
T = plelaﬂ_/ﬂ- fl(H’a)dH <0
1
OMy(m ) _ o Ofu(m ) / Fu(TL, @)dIT < 0
or on ™

where the equalities are only satisfied when w = 1.

(ii) The pure strategies are weakly convex in :

0%bi(r, o) dfi(m, @)

o2 —2p01 fi(m, Q)T >0

2

TR0 oy () T 5
on on

and the mixed strategies are independent of m:

doy(blm, ) oy (b, o)

on on =0

The proofs of all the corollaries in the paper except Corollary 2 are straightforward and
thus, are omitted. Part (i) of Corollary 1 implies that it is never a good news that the opponent
is more likely to have the high valuation. Part (ii) of the corollary suggests that the competition
becomes fiercer when player ¢ is more confident that the two players are evenly matched.

When there is a marginal increase in the accuracy, the equilibrium efforts are more sensitive

to a marginal change of 7, see Corollary 2.

Corollary 2 (Sensitivity). The slope of by(mw, o) and by(mw, a) are increasing (decreasing) in «
for m > (<)nl, ie.,
0?bp, (1, @) 9%by(, @)

Omda = Omda S0, forwsmy.

Furthermore, % > 0.

12



Figure 8: Rotation and sensitivity: rotation from «; to ao decreases the slope of efforts for
7 < w1 and increases the slope for T > 7}

See Figure 8 for this result and the Appendix for the proof of this corollary. With a

marginally more informative signal, the slopes of by, (7, «) and b;(7, ) are decreased for m < 7}

+

and are increased for m > 7_. Intuitively, when the signal becomes more informative, the
high valuation player would not increase her effort as much as before in response to a marginal
increase of 7 in the interval [0,7}), but she would increase her effort more than before if 7
is in (7}, 1]. The reason is that the former interval indicates that the opponent is likely to
have the low valuation, whereas the latter indicates that the opponent is likely to have the high
valuation. Similar intuition applies to b;(7, ).

The second half of Corollary 2 suggests that the probability that both the high and the low

valuation player randomize, i.e., 7%, increases in the accuracy.'*

3.2 Endogenous choice of accuracy

According to the timing of the spying game given in Section 2, each player chooses an accuracy
for the spying signal before they learn their valuations. Therefore, the incentive to spy depends
on the expected payoff in the contest stage.

We define the following expected payoffs, V;(«a;, ;) and U;(cy, o), for the contest stage.

Definition 3. Vj(«y, o) playeri’s ex ante equilibrium expected payoff in the contest stage when

player i (j) has acquired a signal with accuracy o; (o) and (o, o) is common knowledge.

Definition 4. U;(w, a;): player i’s mazimum expected payoff in the contest stage when player
i (j) has acquired a signal with accuracy o; (o) but player j (wrongly) believes that player i

also has «;.

1 In fact, when o = @, the inefficient equilibrium in Proposition 1 replicates the non-monotonic mixed strategy
equilibrium of all-pay auction with complete information. It is also worthwhile to point out that when o« = q,
the efficient equilibrium as given in Proposition 1 replicates the monotonic mixed strategy equilibrium of all-pay
auction with independent private value.
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The expected payoff V;(«a;, a;) is the equilibrium payoff when the profile of accuracies are
(0, a5). Therefore, when o = oj = a € [, @], Vi(a, @) represents player i’s expected payoff
in the symmetric equilibrium shown in Proposition 1. However, U; (o, ;) is not defined for
equilibrium and may only equal to the equilibrium payoff Vi(a;, ;) when o = o = ¢, i.e.,
Ui(a, a) = Vi(a, ). Denote by AMU; (o, o) = %ai’aj) the corresponding marginal expected

payoft.

Lemma 3. AMU;(a;, ) > 0 for a; < v € [, @, and AMU;(a, ) > 0 for a; < v € (@, @).

Finally, AMU;(c;,@) = 0 for any a; < @.

Lemma 3 states that player ¢ can strictly increase her payoff by increasing «; when the
opponent believes the contest is relatively opaque, i.e., both players have o € (a, @], and can
weakly increase her payoff when he believes the contest is relatively transparent, i.e., both
players have a € (@,@). In the former we have an efficient equilibrium in which the high
and the low valuation players’ efforts differ from each other completely. In this case, spying
is strictly profitable: AMU; > 0. This benefit of spying, however, is not as strong in the
latter: AMU; > 0, because the high and the low valuation players’ distributions of effort are
identical with positive probability. After all, spying is not really helpful if players with different
valuations behave similarly. Hence, the main intuition behind Lemma 3 is that the return
to spying depends crucially on how much the equilibrium effort varies with valuation, which
further depends on the level of transparency of the contest (in the opponent’s belief). In fact,
the marginal return to spying is driven down to zero when the opponent believes that the contest

is perfectly transparent, as indicated by the last part of the lemma.

Lemma 4. U;(a, @) > Vi(a,a) for a € [a,a], and U;(a, o) > Vi(a,a) for a € (a,@]. Finally,

Uila,a) = Vi(a,a).

As long as player j believes that player ¢ has the same accuracy as he does, player i is better
off being spied on even if she does not spy on player 5. When player j holds that belief, he
responds to his spying signal realization 7; according to Proposition 1, which leaves player 7 an
advantage: Player ¢ is well aware of ; and thus, is aware of the exact distribution of ;. Even
though she has no information regarding ¢; in addition to the prior, she is able to anticipate j’s
move (with some noise) based on her knowledge of 6;. As this advantage is absent when none
of the players spies on each other, Lemma 4 implies that player ¢ benefits from being spied on.

In summary, Lemma 3 implies that player ¢ benefits from spying on the opponent and

Lemma 4 implies that she also benefits from being spied on. We can then derive the ex ante

15Tn Proposition 4 in Section 4.1, we consider asymmetric accuracy, i.e., a; # a;. Thus, Vi(ou, a;) represents
player ¢’s expected payoff in the asymmetric equilibrium shown in Proposition 4.
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equilibrium expected payoff of player ¢ in the contest stage:
(0%
Vila,a) = Uj(a, o) + / AMU;(t, a)dt,
a

and show, by combining the two lemmas, that this payoff is higher when « € (a, @) than when

players do not spy at all, as is stated in Proposition 2.

Proposition 2. When a1 = ay = a € (a,al, player i’s (i = 1,2) expected payoff satisfies
Vi(a,a) > Vi(a,a). Alternatively, when a1 = ag = a € (@, @), player i’s (i = 1,2) expected
payoff satisfies Vi(a, ) > Vi(a, ). Finally, when a1 = ag = @, player i’s (i = 1,2) expected
payoff satisfies Vi(@,@) = Vi(a, ).

Note that V;(a,a) = Vi(a, @), i.e., all-pay auction is payoff equivalent across private value
and complete information, is first shown by Morath and Miinster (2008) and then confirmed by

Kovenock et al. (2015).

Corollary 3 (Expected Effort). Players exert strictly less total expected effort when o € (o, @]

than when they do not spy at all:

1 1
2 |:ph/ bh(H, a)dH + pl/ bl(H, Oé)dH:| < (1 — p%)@l —i—pi@h,
0 0

where (1 — p%)&l +p,210h is the revenue in the complete information all-pay auction.

Proposition 2 implies Corollary 3. When « € (a, @], i.e., the unique equilibrium is efficient,
the social surplus is a constant: p?¢; + (1 — p?)0,. When a € (@, @), i.e., the unique equilibrium
is inefficient, the social surplus is even less than p?@l +(1- p?)Qh. Thus, in both cases the fact
that players are better off implies the total expected effort is lower. See below for a numerical

example.

Example 1. Suppose 0, = 2,0, = 1,p, = p; = % For a € [0,400], fn(m,a) and fi(7,a) are

given by:
( 0 . L
ifm<s3—3;
fulme) = 1+alr—3) Frel—g3+3k
2 zf7r>%+é.
and
2 ifﬂ'<%—é;
filme)=q 1-a(r=3) frel-g.5+3l
ifm>5+ 5
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Thus, the signal is Totation ordered around a single point w7} = % as « changes in [0, +00], and a

simple calculation shows & = % Based on Proposition 1, when o € |0, %] the unique symmetric

equilibrium is efficient, and when o € (%, +o0] the unique symmetric equilibrium is inefficient.

Payoff Effort
0.3251 0.625%
0.61%
0.5751

A Y

0-55" \_ﬁ

0.525 1

|

t (0} t t t

0 al 2 3 4 5 0 al 2 3 4 5

Figure 9: Expected payoff (left panel) and effort (right panel) of one player
The parts with a < @ (o > @) correspond to efficient (inefficient) equilibrium.

The expected payoff of player i is plotted in the left panel of Figure 9 and the expected effort
the right panel. The payoff is equal to 0.25 in both IPV (o = 0) and complete information
setting (o = 4+00), and is strictly higher for a € (0,a] and weakly higher for o € (&, +o0]. The
expected effort in IPV setting (o = 0) is 0.625 which is always higher than when o > 0.

Now, we characterize the equilibrium choice of accuracy and show that spying improves
players’ welfare even accounting for the cost of spying. Since we assume that the spying cost
function is symmetric, we focus on symmetric equilibria. Let MU, () = AMU;(«, «r), and note

that Lemma 3 implies MU;(«) > 0, MU;(@) = 0, and MU («) > 0 for « € (o, @).

Proposition 3. There always exists a spying cost function C(«) of which the marginal cost

MC(a) crosses with MU;(«) from below only once. Given such C(a):

1. There exists a unique symmetric equilibrium of the spying game (o, o) where a* € (a, @)

satisfies MU;(a*) = MC(a*);

2. Fach player is better off than either mo spying at all or all players receive a perfectly

informative signal for free, i.e., Vi(a*,a*) — C(a*) > Vi(a, o) = Vi(a, @),
where i = 1, 2.

Proposition 3 shows that when the spying cost function satisfies some mild conditions, there
exists a symmetric equilibrium in which players acquire a partially informative signal and earn
higher expected payoff net of the spying cost. According to Corollary 3, Proposition 3 also

suggests that spying activities reduce the total expected effort in the contest.
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According to Lemma 3, any increasing M C(-) that satisfies M C(a) = 0 crosses with M U;(-)
from below for at least once. Yet, we cannot conclude that the two only cross once without
making additional assumptions on the information order to guarantee decreasing MU;(-). This
is the reason that Proposition 3 is not established for arbitrary convex spying cost functions. In
fact, the conditions on M C(-) are easily satisfied as long as the cost function is convex enough,

for example, when C'(a) = (o — «)" and 7 is large.

4 Information disclosure in contests

Given the previous results that players are better off when they both acquire a partially in-
formative signal about the opponent, a question naturally arises: Do players have incentives
to disclose their private information to each other? With information disclosure, their payoffs
should be even higher since they do not have to pay to spy.

To study information disclosure, we mildly modify the model in Section 2 by letting each
player chooses the accuracy of the opponent’s signal. In other words, contrary to the spying
situation where player i chooses «;, she now chooses «;, i.e., the accuracy of the signal about
t;, and player j chooses aj, i.e., the accuracy of the signal about ¢;. Disclosure is free and
players can observe the accuracies of both players’ signals before exerting efforts in the contest.
However, despite that she discloses the signal/chooses the accuracy, player i does not observe
any realizations of the signal she discloses — only her opponent does. Companies in a patent
race may disclose information by allowing the opponent to, e.g., run some experiments or tests
on prototypes of products or samples of drugs. Company A can decide what samples to provide
to company B, yet the results of experiments or tests is not available to company A.'°

The timing of the information disclosure game is given by Figure 10. First, player j chooses
the accuracy «; for the signal to be received by his opponent, player i. Second, Nature deter-
mines valuation profile according to the prior distribution and each player observes her own
valuation. Third, Nature determines signal realization m; according to ¢; and «; and player ¢

observes it. Finally, player i chooses effort b; based on her private information (6;, ;).

6 Lobbying firms can disclose either essential information (high accuracy), e.g., backgrounds of lobbyists,
or inessential information (low accuracy), e.g., administrative expenses, to each other. Yet, they don’t know
how the opponent will interpret these information. In particular, the information regarding the connection
between a lobbyist and a government official, disclosed by the opponent, might be perceived as either valuable
or insignificant. However, such interpretation of the information is unknown to the opponent.
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Player j Nature determines and Nature determines and Player i

chooses «; player i observes 6; player i observes ; chooses b;
° ® ® °

Figure 10: Timing of information disclosure in the contest (i = 1,2 and j = 3 — 1)

4.1 Exogenous asymmetric accuracy

Since players can observe each other’s accuracy and their choices of accuracy may differ, we
first characterize equilibrium efforts with asymmetric exogenous accuracy.

Denote by b;(m, a;, «j) and bip (7, o, i) the efforts of type (6;,7) and (0, m) of player ¢
given the profile of accuracy (o, ;). Similar to the symmetric case, player i’s equilibrium effort

is monotonic condition on her valuation, see Lemma 5.

Lemma 5. Suppose a1 # awg, then in any allocative efficient, pure strategy equilibrium of the

contest, the following must be true for player i =1,2:

1. Monotonicity: type (0n,m) of player i’s effort is non-decreasing in © and type (0;,7) of

player i’s effort is non-increasing in m;
2. Continuity: both players’ strategies are continuous without any atom;
3. Common support: by(1, a1, as) = bo (1, ag,a1) and bip(1, a1, as) = bap(1, ag, ay);

4. Initial conditions: by(1, a1, a2) = by (1, a0, 1) = 0 and by;(0, a1, a2) = b1p(0,01,a2) =

b2l(07 2, Oél) = b2h(07 a2, 041).

Part 1 of Lemma 5 implies that type (6;,1) of both players chooses the lowest effort, 0, and
type (0p,1) of both players choose the highest effort, in the allocative efficient, pure strategy
equilibrium. Part 3 indicates that the upper bound of each valuation of player’s effort must be
the same. Part 4 is useful later in solving the equilibrium effort and in proving the uniqueness
of such an equilibrium.

Lemma 6 below provides the necessary conditions for existence of any symmetric, pure

strategy and allocative efficient equilibria.

Lemma 6 (Efficiency). Suppose oy # «aa, then there exists a symmetric, pure strategy, allocative

efficient equilibrium in the contest only if w > g—}i for all m € [0,1] and i =1,2.

o) =

For simplicity, we restrict attention to such equilibria. This boils down to assuming oy, as €

[a, @, as stated in the Assumption 3.
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Assumption 3.
Ia(m, i)

0, .
> —, forallme|0,1] andi=1,2.
film, ) — O f 0,1

This contest is asymmetric in the sense that players’ accuracy of signals about the oppo-
nent are different, yet there may still exist symmetric equilibria in which players’ strategies
conditioning on their private information are the same.

We now derive the symmetric equilibrium of the contest given oy # ao and Assumption 3.
Denote by bi_ll(b, o, o) and bl._hl(b, a;, o) the inverse effort of the low and the high valuation
types of player ¢ whose equilibrium effort is b. According to Lemma 5, the expected payoff for
type (6, 7) and (6, ) of player j when choosing an effort b can be written as ﬁjl(b|7r, aj, o)

and ﬁjh(b\ﬂ, o, o), respectively:

" 1
Up(blm, o, i) = 611 — N(anj)]/ Si(IL, a;)dIl — b

byt (byvi,aj)

by (bevi,ay)
Ujn(blm, aj, i) = 0p (1M(7T7aj))+u(7r,aj)/ Jn(IL, og)dIT} — b

0
By the first order conditions and the initial conditions provided in part 4 of Lemma 5, the
equilibrium strategy in the contest is characterized in Proposition 4 below.

Proposition 4. If Assumption 3 is satisfied, then the unique symmetric equilibrium of the

contest is given by:

1
bil(ﬂ',ai,a]‘) = 01/ [1—N(H,ai)]dFl(H,aj)

™ 1
bih(ﬂ', o, Odj) = Hh/ 7! (H, Ozi) th(H, aj) + 91/ [1 — U (H, Odz)] dFl(H, Oéj)
0 0

where it = 1,2 and j =3 — 1.

Recall that 1 — (-, ;) = pifi(-,u) and pu(-, ;) = prfa(-, @), it then becomes clear that
a; and «; are interchangeable in the effort functions given in Proposition 4: b;(m, oy, o) =
bi(m, o, o) and bip (7, o, o) = bip (7, a5, ). Therefore, even if the two players have different
accuracies, their equilibrium strategies are symmetric.

Based on Proposition 4, the sensitivity of player i’s effort to m depends on both her own
and the opponent’s accuracies, see Corollary 4. Similar to the symmetric accuracy setting, both

players’ accuracies increase the sensitivity of each player’s effort.
Corollary 4 (Sensitivity). The slope of bin (7, o, ) and by (m, o, o) are increasing (decreas-
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ing) in both o; and o for m > (<)m} | i.e.,

ap?

O?bin(m, 0, ) 0%by(m, o, arj)
aﬂaak ’ 871'804k

+
ap?

<0, formrs

where k =1,7, andt1=1,2,7 =3 — 1.
We now turn to the comparative statics on accuracies correspond to Proposition 4.

Proposition 5. For any «;, o € [, al, the expected payoff of player i in the contest stage

satisfies Vi(au, o) > Vi(a, ), where i =1,2,j =3 —i.

Corollary 5 (Expected Effort). Players exert strictly less total expected effort when o; # o

and o;, a5 € (o, @ than when they do not receive any signal:
1 1
I [ph/ bih(Haaiaaj)dH+pl/ bir (I, i, cj)dIT| < (1 = p})6; + P,
0 0

where 1 = 1,2, =3 —1.

As one might have expected, even when accuracies are asymmetric each player’s ex ante
expected payoff in the contest is again higher than when players do not spy on each other. The
intuition and proof are similar to that of the symmetric accuracies case. Also similar to the
symmetric accuracy setting, the total expected effort is lower when «;, a;; € (o, @] than when
players do not spy at all. Hence, Proposition 5 and Corollary 5 partially check the robustness

of Proposition 2 and Corollary 3, when players are asymmetric in accuracies.

4.2 Disclosure agreement

The players in an information disclosure agreement commit to simultaneously disclose a signal to
the opponent with pre-specified accuracies. We refer to the disclosure agreement where players
commit to disclose signals with accuracy profile (o, a;) as the “information disclosure agreement
(a4, a5)”. The following result suggests that an agreement to disclose partially informative

signals is beneficial to both players.

Proposition 6. In any information disclosure agreement (o, o) where oy, a5 € (o, @), player

i (i=1,2) is strictly better off than no disclosure agreement or full disclosure agreement, i.e.,

W(alaa]) > m(gyg) = V;(aaa) fOT A, O € (gv a]
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In any symmetric information disclosure agreement (o, o) where a € (@, @), player i (i =1,2)

is weakly better off than no disclosure agreement or full disclosure agreement, i.e.,

Vi(a,a) > Vi(a, ) = Vi(@,@) for «c€ (a,a).

Proposition 6 follows directly from Proposition 3 and 5 and thus, the proof of which is
omitted. The results suggest that disclosure agreement strictly improves welfare when the
contest is relatively opaque. This result also suggests that there is some loss of generality to
only compare full disclosure with full concealment.

Corollary 6 below implies that an information disclosure agreement can reduce total effort/

expenditure in the contest.

Corollary 6. Players exert strictly less total expected effort in any information disclosure
agreement (o, o) with ag, 05 € (o, @l or with a; = oy = o € (@, @] than when there is no

information disclosure.

4.3 Endogenous information disclosure

Would players obey the disclosure agreement if there is no external enforcement? To solve
the equilibrium disclosure decision, note that player ¢ chooses «; to maximize her equilibrium
expected payoff in the contest, denote by V;(as, o), given «;. In other words, a; is chosen to
best response to «;. The best response function of player i is derived by the first order condition

of her equilibrium expected payoff in the contest, V;(ay, o), w.r.t. ay:

0, + o PrO

O Ofn (11, o))
2 ) P _ . > 7
- fr(IL, o) ( - H> FnL(11, o)

8aj

a‘/’L(a’ua]) _ /1
0

= dil.  (6)

It then follows that no player would obey the information disclosure agreement « € (a, @]

as it is strictly dominant to choose @ when the opponent chooses a > a. See Lemma 7 below.

Lemma 7. If player j chooses a; € (a, @, then %ﬂ:aﬂ < 0, i.e., player 1 strictly prefers to

choose aj = a.

Player 7 wants to avoid the motivation effect and take advantage of the demotivation effect
on the opponent. Specifically, type (6p,7) of player ¢ finds it profitable to lower the accuracy
of the signal she discloses, as then the high valuation opponent is relatively more likely to

receive low realizations which demotivates him. Similarly, type (6;,7) of player ¢ also finds it
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profitable to lower the accuracy of the signal she discloses, as then the low valuation opponent
is relatively more likely to receive high realizations which demotivates him as well. Therefore,
player ¢ earns higher expected payoff by decreasing the accuracy of the signal she discloses to
the opponent. Note that this intuition relies on the fact that Assumption 3 is satisfied and
hence, the equilibrium is efficient.

When the opponent discloses an uninformative signal, then player 7 is indifferent about the

accuracy of the signal she discloses. This is shown in Lemma 8 below.

Lemma 8. When player j chooses o; = a, i.e., discloses an uninformative signal, then the dis-
closure decision of player i is irrelevant to her own expected payoff, i.e., Vi(a, aj) = prpi (0n — 1)

for all aj € [a, al.

When «; = «, the distribution of m; which player ¢ receives is uniform. Suppose player ¢
has the high valuation, then in equilibrium the probability that she wins when she receives 7;
is exactly m;, condition on that the opponent has the high valuation as well. Similarly, suppose
player ¢ has the low valuation, then in equilibrium the probability that she wins is 1 — 7,
condition on that the opponent also has the low valuation. Since these probabilities of winning
are always uniformly distributed and are unaffected by «;, player i’s expected payoff is also

unaffected by it. Lemma 7 and 8 jointly imply the following result.

Proposition 7. There does not exist any equilibrium in which each player discloses an infor-

mative signal.

Proposition 7 follows directly from Lemma 7 and 8, thus, the proof is omitted. Even though
information disclosure can improve total welfare, it cannot rely on decentralized voluntary
information disclosure by players, because at least one player would prefer to disclose nothing
informative to her opponent. Nevertheless, there exists a continuum of equilibria in which one
player does not disclose, i.e., chooses «, and the other player discloses a partially informative
signal, i.e., chooses an accuracy strictly above «. The implication is that the regulator may be
able to set up a minimum information disclosure requirement which specifies the accuracy of

the signal that each player should disclose.

5 Conclusion

When players spy on each other, the additional information about the opponent allows them
to coordinate, i.e., only exert higher effort when it is more likely that the opponent is evenly

matched with the player. Such a coordination improves players’ welfare even taking the cost of
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spying into account. This, however, is only true when spying is costly so that players acquire
partially informative signals. An information disclosure agreement in which players commit
to disclose a partially informative signal to each other can achieve an even better outcome,
as the cost on spying is saved. However, players would unilaterally deviate by disclosing an
uninformative signal if there is no external power to enforce the agreement. This is due to the
incentive of players to avoid the motivation effect and to induce the demotivation effect on the
opponent.

This paper yields differential policy implications dependent on the nature of contests. For
contests with wasteful efforts, e.g., rent-seeking and lobbying, it is advisable for regulators to
impose a minimum disclosure requirement which specifies the minimum accuracy of signals
players disclose to each other. For contests with productive efforts, e.g., sports tournaments,
promotion contests and sales competitions, banning spying and disclosure maximizes total effort.

We provide a useful analytical framework of all-pay contests with endogenous information
structure. The model is applied to study endogenous information acquisition (spying) and
endogenous information disclosure (sharing), and is potentially applicable to other endogenous
information settings, including centralized information disclosure, discriminatory information

disclosure, ex post information acquisition, etc.
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6 Appendix: Proofs of lemmas and propositions

We first prove Lemma 9 which is useful in proving the main results.

Lemma 9. Suppose a differentiable function f(z), x € [a,b], satisfies f(z) < 0 for x € [a,c),
and f(xz) > 0 for x € (c,b], where ¢ € (a,b). Furthermore, suppose [ f(x)dx = —fcbf(x)d:z.
Then, for any continuous and non-decreasing function g(x), the following is true:

b
[ s@ @iz =0,

where the equality satisfies only when g(x) is a constant.

Proof of Lemma 9. Divide the integral into two sub-integrals on [a, c¢) and (¢, b], and apply the
intermediate value theorem for these sub-integrals, we have:

b c b
/ o(0)f(2)dz = / o(a)f (2)dz + / o) (z)de
c b
e / f(@)dz + g(€) / f(x)dz
a b C
= 9(6) - g)] / f(z)de

where v € [a,c) and £ € (¢, b]. If g(z) is not a constant then g(§) > g(v) and thus, f:g(x)f(x)dx
is positive. If g(z) is a constant then ffg(x)f(:v)(m =0. O

Now, we turn to the proofs of the main results.

For the allocative efficient equilibrium, we will refer to the interval [b;(1, «), b;(0, )], i.e.,
the equilibrium support of low valuation types, as the “low pure support”; and refer to the
interval [by,(0,a), by (1, )], i.e., the equilibrium support of high valuation types, as the “high
pure support”.

For the allocative inefficient equilibrium, let’s refer to the support of the high valuation
type’s pure strategy, [bn(7*, @), bp(1, )], as the “high pure support” and correspondingly, refer
to [bi(1, @), by(7*, )] as the “low pure support”. Finally, the support of the mixed strategy for
both type (6;,7) and (6p,7) with 7 < 7%, i.e., [by(7*, ), bp (7, )], is referred to as the “mixed
support”.

Denote by ﬁlk(b\ﬂ,ai, «) and ﬁ,lf(b\ﬂ, a;, ) where k € {h,m,l} the expected payoff of type
(0;,7) and (0, ) of player ¢ with m > 7*, respectively, when she chooses b in the high (k = h),
low pure support (k = [), and the mixed support (kK = m), given that player j chooses o and
believes that player ¢ has chosen the same, whereas player ¢, in fact, chooses «;. Similarly,
denote by ﬁfjﬂ(bhr,ai,a) and ﬁjﬁm(bh,ai,a) where k € {h,m,l} the expected payoff of type
(0;,7) and (0, ) of player ¢ where m < 7*, respectively, when she chooses b in the high (k = h),
low pure support (k = 1), and the mixed support (k =m).

Proof of Lemma 1

We start by proving part 1 of the lemma. Suppose in a symmetric, pure strategy equilibrium
with efficient allocation, we have by (71, ) < by(me, ) for m; > m9. Then it must be true that
type (6, 71) finds the cost of increasing her effort from by, (71, ) to by (72, o) dominates the
gain from such an increase of effort, formally:

by (w2, o) — by (1, ) > p(my, &) Pr{by (71, ) < bj < by (72, ) }6p,.
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where b; is player j’s effort. In other words, the cost must outweigh the gain to prevent type
(0, 1) from deviating to by(ma, ). However, type (6p,m2)’s gain must outweigh her cost of
such an increase of effort:

by (m, o) — by (1, @) < pu(ma, &) Pri{by (71, ) < bj < by (72, ) }6p,.

where b; is player j’s effort. Combining the two conditions, we have p(m2, &) > p(m, ) which
contradicts the fact that m > mo, due to Assumption 1. A similar argument can prove that
by(my, @) < by(me, a) for any m > mo.

To prove continuity of the strategies, i.e., part 2 of the lemma, suppose there exists a
discontinuous point on by (7, ), say 7 € (0, 1), such that by (7, &) < b (7+e€, ) for an arbitrarily
small e. Then type (05, 7 +¢) will find it profitable to deviate to some b € (by (7, @), by (7 +¢€, @)).
Similarly, suppose there exists a discontinuous point on b;(7, «), 7@ € (0, 1), such that b;(7, o) >
by (T + €, «) for arbitrarily small e. Then type (6;,7) will find it profitable to deviate to some
be (b7 +ea)b(m,a).

To prove that there is no atom on any player’s effort, suppose there exists p and g such
that 1 > ¢ > p > 0 and that by(x,) = b where = € [p,q] and b is a constant. Then type
(0n,p — €) will find it profitable to deviate to choose b + €, as the gain of such deviation will
be pu(p — €, a) qu fn(II, @)dIT and the cost is negligible when € is arbitrarily small. A similar
argument can show that there is no atom on b;(m, ).

Finally, for part 3, given part 1 is true, type (65, 0) chooses the lowest effort among all types
with valuation 0y, whereas type (6;,0) chooses the highest among all types with valuation 6;. If
br (0, ) > b;(0, ) then type (65,0) will be strictly better off by lowering her effort by a small
amount € satisfying by, (0, a) — e > b;(0, «), thus by, (0, ) = b;(0, ). Again, by part 1, the lowest
effort is made by type (0;,1) among all types, thus any positive effort is strictly dominated by
choosing zero for (0;,1). O

Proof of Lemma 2

Note that allocative efficiency implies that by (7, a) > by(m, «) for all « € [0, 1] fixing «, and
that the probability of tie between a high valuation and a low valuation player is zero. Then to
rule out the incentive for type (6, m;) to deviate to by(m;, ), the following must be true:

bp (15, ) — by (i, o)
[pa(mi, ) Pr{b; < by, (mi, )| (0n,0n)} + [1 — p(ms, )] Pr{b; > by(m;, )| (6, 01)}] On

= n(m0) [ AL+ (= ) [ 0)gyan

IN

_ /0 (I @) 0pdll (7)

In other words, the cost saved from choosing the lower effort (LHS of (7)) must be less than the
gain forgone (RHS of (7)). This ensures that type (65, m;) does not want to deviate to by(m, ).
However, type (6;, ;) should find her cost saved by choosing the lower effort outweighs her gain
forgone:

bh(m,a) —bl(m,a)
> [M(’]Ti,a)PT{bj < bh(’iTi,Oé)’(el,eh)} + (1 — u(m,a))Pr{bj Z bl(m,a)](ﬁl,el)}ﬁl

= u(mia) /0 " AL )T+ (1 — () /0 " (L @)

- /0 " (L @) gyt
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Combining the two conditions:
[ g [ o)
0 0

we then have ]}?((77:2‘)) > g—i for all m; € [0, 1]. O

Proof of Proposition 1

The proposition is proved by checking whether: (1) the equilibrium efforts given in the
proposition are indeed optimal among all efforts in their own equilibrium support, e.g., by (71, @)
instead of by (7o, ) is optimal for type (6, 71) where m # mo; and (2) type (6p,-) ((6;,-)) does
not find it profitable to deviate to any effort in each other’s support, e.g., (0, ) does not find
it profitable to deviate to the low support.

For the allocative efficient equilibrium, we start by showing (1) is true. Given that player
j chooses his strategy according to the proposition, suppose type (6, 7) of player i chooses an
alternative effort level b;(s, a), then her expected payoff is

. 1
T (bi(s, )l cn0) = 6 / (L, @) — o, )} dF(IT, )

Thus,

Ui (bi(m, o), o, @) = U} (bi(s, @), @, @) = 6, / (I, @) — (7, )] dF(IL, @) > 0
regardless of whether m# > s or m < s.
Suppose type (0, 7) of player i chooses an alternative effort level b, (¢, «), then her expected
payof is

OF (bn(t,0)m.0,0) = 6 [(1—u<m>>+u<m> / fh<n,a>dn]
t 1
0, /0 u (1L, @) dFy (1T, a) — 6, /0 11— (I, )] dF(IT, o)

Again, compare this payoff to the equilibrium payoft:
fjlizl(bh(ﬂv a)|7r, «, Oé) - ﬁf}zl(bh(ta Oé)‘ﬂ', «, a) =0, / [M(7T7 Oé) — K (Ha Oé)} th(l_L Oé) >0
t

regardless of m > t or m < t. Thus, the strategy given in the proposition is indeed optimal for
players if they choose efforts in the equilibrium support.

Now we turn to (2) by checking whether type (6, 7) of player i finds it profitable to deviate
to any effort in the low pure support. This requires a comparison of type (6, 7) of player
i’s expected payoff in the allocative efficient equilibrium, U ! (bp (7, )|, @, @), to the maximum
expected payoff from deviation. When deviating to 5 € [b(1,a),b(0,«)], i.e., the low pure
support, the expected payoff of type (6, m) of player i, given that player j plays the allocative
efficient equilibrium b;(7, a), is:

1

UL (Bm, o, ) = 0y [1 — p(rr, )] /b_l(ﬁ ) (11, @)dII — B. (8)

Among all 3 € [b(1,a),b(0,a)], player i would prefer to choose the optimal effort: g* =
argmaxg U}l(ﬂlﬂ,a,a). The optimal deviation effort, 8*, can be found by the first order
condition with respect to 3. Let type (6;,t) be the one who chooses 5* in equilibrium, i.e.,
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bi(t,a) = B*. We can find t by the FOC of ﬁé(ﬁ]w,a, a) w.r.t 5, and rearrange:

ﬁ fl(t,a)
Hh fh(tv a)

To show that b;(t,«) is indeed the optimal deviation, let’s compare the expected payoff of
(0, ) from bidding b;(t, ) to bidding b;(s, «) where s # t:

1= p(m, ) = (1 = pult, ) (9)

{ontt - ma) [ it agarn = e}~ fonfa = i) [ttt ean s}

 [[AMey A
- | [ L e o) - 20— ﬂ it

> [ uia) - it di 2o

Note that both the LHS and the RHS of (9) are decreasing functions of their arguments, 7

and t, respectively. Since 991 }vl((t O‘)) <1, thus m > ¢. Then there must exist s € [0, 1] such that

ﬁ fl(oa Oé)
eh fh(oa Oé)

For m < s, the LHS of the equation (9) is always strictly larger than the RHS, for all
t € [0,1]. This implies the first order derivative is positive and thus type (65, 7) does not
want to deviate to the low pure support, whenever # < 5. On the other hand, if 7 > &,
there is always a unique interior solution of ¢ € [0, 1] satisfying equation (9) given 7. In
this case, we need to directly compare the equilibrium payoff to with the maximum deviation
expected payoff which can be calculated by plugging 5* into (8). The first order derivative of
the difference between the equilibrium expected payoff and the maximum deviation payoff, i.e.,
U,}f(bh(w, a)|m, o, a) — U}ZL(/B*M’, a,a), w.r.t m, is, in fact, non-negative:

1—pu(s,a) = [1 = (0, )] (10)

Uh m,a)|T, o, o - U o, o w ¢
2 (Dt O ) _ bt ([ - [ g aar) =0

This suggests this difference is non-decreasing in 7. By (10) it can be proved that U 2 (On(5, )5, o, o) —
Uh(bl(O a)lm, o, ) = Opd (S, fo fn(II, @)dIl > 0. Thus, Uh (bp(m, o) |m, o, o) — Uh( Im,a, ) >

0 for all 7 € [s, 1], and type (6y, m) does not find it profitable to deviate from equilibrium strat-
egy. Using exactly the same method, we can prove that type (6;,7) does not find it profitable

to deviate to any bid in the high pure support. Thus, the proof is omitted. The uniqueness of
the equilibrium is due to the initial conditions given in the Lemma 1.

For the inefficient equilibrium, the proof involves checking whether the type who plays pure
strategy finds it profitable to deviate to the mixed strategy support and vice versa. Given
MLRP, there must exists a # € (0,1) such that f5(7,«)/fi(7,a) = 6,/0y, fixing o € [a,al.
In other words, for all 7 < 7 we have fy,(m, )/ fi(m,a) < 6;/0), and for all 7 > 7 we have
fh(7r, Ck)/fl(’ﬂ', a) 2 91/0}1.

Before going into the proof, note that by the definition of 7* given in the proposition, we
have

6 /0 " ()T - 6 /0 " AMe)dt = o (11)
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By the assumption that the marginal distribution of 7 is uniform, we also have:
™ *
ph/ (I, «)dII —|—pl/ I, a)dll = =«* (12)
0 0

Consider fgr* frn(I1, @)dIT and foﬂ* fi(T1, )dII as unknown variables, then (11) and (12) form a
linear system of equations which can be used to calculate:

T 0171'*
ILa)dll = —— 13
A Su(IL, ) R0+ POy (13)
* ahﬂ'*
ILa)dll = —— 14
/o filll, ) R0+ pin (14)

Now, to prove the allocative inefficient equilibrium, we first show that any types with = < 7*

is indifferent to any effort in the mixed support, i.e. b € [b)(7*, ), by (7*, a)]. For the type (05, )
of player ¢ with m < 7%, the expected payoff is given by:

. 1 "
0™ (bm,asa) = On(1— p(r,a)) (/ fh(H,a)dH—i—/ oy (B[TL, a)fh(n,a)dn>
T* 0
+Opp(rm, @) /TF op(b|IL, @) fr (I, )dIT — b
0
1

1
— 01— ulma) [ Sl = [ (1= p(ILa) (Tl a)d

*

p;ﬂl—i—plﬁh/ Fu(IL, a)dIl —1 | b
Qlﬂ'* 0

=0

By (13) it can be checked that ﬁﬂ}h(bh, a, «)) is invariant of the effort b.
For type (6;,7) of player i with © < 7*, the expected payoff is given by:
_ 1 1
mb|lm ) = 01— p(m, a)]/ fi(II, «)dIT — 91/ [1— (I, )] f1(I1, ) dIT

*

ot + pion
Oy,

/ f(ILa)dI—1 | b
0

=0

By (14) it can be checked that (77% (b, a, o) is invariant of b. Therefore, all the types who
play mixed strategy in equilibrium are indeed indifferent in their equilibrium support. Next,
we check whether these types find it profitable to choose an effort outside of their equilibrium
support.

If type (0p,7) with 7 < 7* deviates to choose an effort in the high pure support g €
(bp(7*, ), by (1, )], then the expected payoff from such a deviation is:

by, (B,ax)

Su(1L, a)dﬂ> -B

ﬁfflh(mw,a,a) =0 |1 — p(m o)+ p(r,a) (/7r fr(I, a)dlI +/
0 T

*
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Take the first order derivative w.r.t. 5 we have:

ehM(FaOC)fh(tﬂ) _ ,u,(ﬂ',Oé)

b, (t, ) ot a)

—-1<0

where by, (t,a) = B, and t > 7*. The above expression is strictly negative because m < 7* < t.
This suggests type (0, 7) with 7 < 7* will find it unprofitable to deviate to any effort in the
interval (by(7*, a), by (1, @)].

If type (0p,m) with 7 < 7* deviate to any effort 8 € [0,b;(s*, ), then the expected payoff
from such deviation is:

_ 1
Ufnh(ﬁh', a, ) = 0p(1 — p(m, ) /1 frn(IL, a)dIl —
b, (B,a)

The first order derivative w.r.t 8 shows

0u(1 =l 0))fa(s,0) | O [ =l @) fals, )
bi(s. ) 01 [T — (s, )] fls, )

where bj(s,«a) = 3, i.e. suppose type (0;,s) chooses 8 in equilibrium. The above is strictly

—-1>0

positive because s > 7* > 7 which implies 99%:‘((857’5)) >1and 1 — pu(m,a) > 1— p(s,a). This
suggests type (0, 7) with 7 < 7* finds it unprofitable to deviate to any effort in the interval
[0, b;(7*, @)).

Similarly, type (6;,7) of player i with 7 < 7* does not find it profitable to deviate to either
the high or the low pure support. The approach of proof is the same and thus, omitted.

Next, we need to check whether the types who play pure strategy in equilibrium, i.e. type
(On, ) and type (0;,7) with 7 > 7*, want to deviate to [by(7*, ), by (7, )], i.e. the mixed
support. It can be easily checked that if type (0, 7) with 7 > 7* deviates to choose €
(by(m*, @), by, (7%, )], then their expected payoff is invariant of 3. Specifically,

B 1 1

U (Blm, a, ) = 0p,(1 — p(m, a))/ (I, a)dIT — 01/ (1 — p(I1, @) fi(I1, )dIT
Thus, the difference between the equilibrium expected payoff V™ (0,7, ) and the maximum
expected payoff from deviating to the mixed support can be calculated:

VP bma) — O (Bl asa) = 6 [ (u(r,0) ~ p(lla)) fi(IL)art

*

> 0

Similarly, we know that if types (6;, 7) with m > 7* deviates to choose 5 € (b;(7*, ), by (7%, )],
then the expected payoff is invariant of bid 5. Specifically,

1
(1 (L, ) — (i, ) fy(T, @)dT +6, / (4 (L, ) — p(m, ) (T, @)dIl

* s

s

0m (b, a) = el/

<0

The equilibrium expected payoff is given by:
1
Vr@ma) = 6 [ (u(la) - u(r.0)) (Il )

which is larger than (7[”(6|7r, a,«). Thus, all types who play pure strategy in equilibrium do
not want to deviate to the support of mixed strategy. The fact that type (0, 7) and (6;,7) of
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player ¢ with m > 7* does not want to deviate to either the low or the high pure support follows
directly from the proof of the allocative efficient equilibrium. For uniqueness, note that 7* is
unique due to MLRP, thus the lower bound of by(m, «), i.e. by(7*, ), is unique. The lower
bound of b;(m, @) must be unique, i.e. zero. Finally, there does not exist any equilibrium in
which oy, (b|7, @) or oy(b|m, &) has jumps or atoms in efforts, due to the same argument as the
proof of the pure strategies being continuous in Lemma 1. O

Proof of Corollary 2
The proof of the first part of the corollary is obvious, thus is omitted. Here we show the
calculation of %. Rewrite equation (5) in Proposition 1 to

*

/071' [fl(H, Od)(gl — fh(H, @)Gh] dll = 0

and take first order derivative w.r.t «,, we have

7 | dfp (I, ofi (I,
or* fO [ héga )ah_ l(goz )91 dIl

da fl(ﬂ*aa)gl _fh(’fr*7a)9h

Since fgr* Wdﬂ < 0and foﬁ* Wdﬂ > 0, and since we have f;(7*, a)0;— fr(7*, )0, < 0,
it must be true that % > 0. O]

Proof of Lemma 3

First, we focus on the case when o« < @, i.e., when the unique equilibrium is allocative
efficient. If type (65, ) of player i chooses an effort in the high pure support, then her expected
payoff is:

- b, (b)
U, oy @) = 0 |1 — plm, a) + u(ﬂ,ai)/ " fn(IL, @)dII| —b. (15)
0

where b}:l(b7 «) is the inverse of the equilibrium pure strategy that player j plays. By the first
order condition w.r.t b we know that type (0p,7) of player ¢ must find it optimal to choose
bn(s, ) where s satisfies

fh(ﬂ-a ai) = fh(sva)v (16)

which also implies fij(7, ;) = fi(s, ). To show that by(s,«) is indeed the optimal effort, let’s
compare the expected payoff from bidding by (s, «) to an effort by (n, o) where n # s:

Ul (b (s, )|, o, @) — U (bp(n, @)|m, a4,0) = pp / [fn(ms ) — fa(IL, )] fi(IL, a)dIT
n
= ph/ [fn(s,a) — fr(IL, )] fr(II, )dII > 0O
n

Note that m = s if and only if a; = «, and that

Ofp(m,ci) — Ofn(s, @) Os 50
om N ds Or
which suggests % > 0. When «; < «, by definition of rotation order, there always exists an s
satisfying (16) for all = € [0, 1]. Therefore, the maximum expected payoff for type (05, 7) when
she chooses the optimal effort in the high pure support is indeed ﬁg(bh(s, a)|m, o, ).
Suppose instead that type (65, 7) of player ¢ chooses an effort in the low pure support, then

30



her expected payoff is:

1

01 (b, an, ) = O [1 — g, )] / fu(TL, @)dIT — b (17)
b, (ba)

where bfl(b, «) is the inverse of the equilibrium pure strategy that player j will play. The first
order condition w.r.t b requires:

_ 4G
fh (/S\a OL)
meaning that player ¢ would find it optimal to exert an effort b;(s,«). Note that fi(s,a) =

film, i) < fi(5, @), thus, s > 5. To show that b;(s, o) is indeed the optimal, let’s compare the
expected payoff from bidding b;(s, @) to bidding b;(n, @) where n # s:

film, ) Zﬁ@a)

U} (i(3, )|, i, @) — Up (bi(n, @) |7, az, )

_ K fl(gva) S a) — fl(Hva) o
= o [ [GE G - faame)] 2o

The maximum expected payoff for type (65, 7) when choosing an effort level in the low pure
support is thus,

~ 1 1
U (b5, )|, o, @) = 0 [1 — (7, )] /A fn(IL, a)dIT — 91[ 1 — u(IL, )] f(T1, )dIT

The difference between the two maximum expected payoffs is

fj}iL(bh(& O‘)‘Wv Qs a) - fjflz(bl(a a)|7r, Qs a)

= 0 [ |pls.0) ~ p (L) | 0T )
0 >0

s AT 1 a fl(HaOOﬁ o
st [ [11- wma) - u<n,>]ﬁxnﬁ?9h}ﬁxn,>dn

> 0 /Us [(m, i) — p (IL &)] fr(IL, )dIT + 6, /05 [0 (I, @) — pu(m, )] f (I, @) dII

> 0 /OS [(m, i) — p (T, )] fr (I, ) dI + 6, /05 (1 (IL, ) — pu(m, ;)] fa(IL @)dII
- 0

Therefore, type (65, ) of player i’s maximum expected payoff when choosing «; is U, I (b(s, Q)|m, i, @),
and thus, the marginal expected payoff from increasing «; is given by

8 i 8 ) G !
$U£(bh(s,a)|7r,o¢i,a) ——phﬁhfhé(zg)/ (I, «)dIl (18)

Now we turn to the types with the low valuation. If type (6;, 7) of player i chooses an effort
in the low pure support, then her expected payoff is:

1

ibim. o) =601 = i) [ plLa)d~ b (19)
bt (b,,a)

where bl_l(b, ,«) is the inverse of the equilibrium pure strategy that player j will play. By the
first order condition w.r.t b we know that type (6;, m) of player i should optimally choose b;(t, )
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where ¢ satisfies
fl(ﬂ-v O‘i) = fl(tv O‘)a (20)
which also implies fp(m, o) = fi, (¢, ). Note that

oflmyai)  Ofi(t, ) Ot

o = o on "

which implies % > 0. Note also that (16) and (20) suggests ¢ = s. To show that b;(t,a) is
indeed optimal, let’s compare the corresponding expected payoff to the payoff from bidding

bi(n, ) where n # t:
ﬁll(bl(t7a)|ﬂ-7 Qi a) - ﬁll(bl(nv a)|7T7 ai’a) = Ph /tn [fh<777 a) - fh(H7a)] fh(Hv a)dﬂ >0

When «; < «a, by definition of rotation order, there always exists ¢ satisfying (20) for all
€ [0, 1]. Therefore, the maximum expected payoff for type (6;,7) in the low pure support is
given by:

1
Gh bt lm,ci0) =61 [ (IL0) = plr, )] (I @)l
t
Suppose instead that type (0;, 7) of player i chooses an effort in the high pure support, then

by exactly the same approach as above, we can show that the maximum expected payoff of
doing so is:

(I, a)

rh n . _ ¢ . fh ) Hh
U, (bh(t,a)]ﬂ',a“oz) = phal/o [fh(ﬁ,az)—fh(ﬂya)fl(ﬂ’a)al fl(H,a)dH

1
nb) / £ (I, ) — fi(m, )] A(TT, a)dIl

where ¢ = 5. Again, we need to compare the two maximum expected payoffs to determine
whether type (6;, ) of player 7 should choose an effort in the low pure support or the high pure
support. It turns out that the former earns type (6;,7) a higher expected payoft:

tA a)|m, o, @)
t

~ i) [ moa) = ity TR B

- Ot 0 0,0~ ) T T+ s [ U (1) — i, ] (T, )
<o [ [ Lfl-o) fﬂ o (0,0) L)t + 1t [ 170 (1,0) = e, )] (I )
< ph91/t1 — fa(m,aq)) fi(11, «)dIT
= Ulb(t,a)|r, i, a)

Therefore, type (0;,7) of player i’s maximum expected payoff is ﬁll(bl(t, a)|m, o, ), and
thus, the marginal expected payoff from increasing «; is given by

9 ~, o 0 fu(m, ) /1
8% (bl(t,a)lw,al,a)— phel aai \ fl(H7a)dH (21)
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Now, it can be shown that the ex ante marginal expected payoff from increasing «; is positive:

0 UMby (s, 0)|m, 05,0) | dr (22)

1
0 ~
AMUZ‘(Oéi, a) = / [plUll(bl(t, Od)‘ﬂ', ay, a) +phaa'
0 7

8ai

1 1 1
0 5 QG

= Ph/ —Pzez/ fz(H,Oé)dH—Phah/ fn(IL, a)dIl wd”

0 S s 7

A

> 0

The second equality is due to (18), (21), and s = ¢. Recall that s is increasing in 7, thus, the
term A is increasing in w. Hence, according to Lemma 9, AMU;(«;, o) is positive.

We have proved that AMU;(a;,«) > 0 given that a; < a < a. Now, we prove that
AMU; (e, ) > 0 also holds when o > @ and «; < a. Note that now the opponent, player j
believes he is in a symmetric equilibrium in which both the high and the low valuation types of
player play mixed strategy when their information type is lower than 7*.

When type (6;, ) of player i chooses an effort in the low pure support, if there is an interior
solution, then the maximum expected payoff in this support is:

B 1
Ull(bl(57 O‘)’ﬂ-’ Qs a) =0 / (N(Ha a) — M (7[', al)) fl(H7 a)dH >0 (23)

where s satisfies fi(m, ;) = fi(s,a) and s € [7*,1].
When type (6, 7) of player i chooses an effort in the mixed support, the expected payoff is

_ 1
Uurlr a,a) = 91/ (p(IL, ) — p (7, o)) fi(IL, 0)dIT (24)

*

which is invariant of effort b. Note that for any s € [x*, 1], we have U™ (|, o, ) > UL (by(s, @) |7, cui, ).
If the solution of s to fi(m, ;) = fi(s, @) is less than 7*, then it also indicates that choosing an
effort in the low pure support earns less payoff than choosing in the mixed support. Therefore,
the optimal effort of type (0;, 7) of player i is never in the low pure support.
When type (6;, m) of player i chooses an effort in the high pure support, the expected payoff
is:

. by, (b,a)
Ul (b7, o, 0) = 6 (1 — p(m, aq) + p(m, ai)/ " fi(1d, oz)dH) —b
0

where b,:l(b, «) is the inverse of the pure strategy of player j in the high pure support. The
first order condition w.r.t. b gives

N fh(g, Oz) 9h
o) =) 0

where 5 = bgl(b, «). To show that b, (5, ) is indeed optimal, we again compare the correspond-
ing expected payoff to the payoff from an effort by (n, @) where n # s:

fn(s; ) (25)

O (11, 0)

0 il o) M) AT =0

U} (bn (3, @) |, i, @) = U (b (n, @) |, i @) = phez/ [fh(ﬂ,ai) —
n

Thus, when there exists § € [7*,1] satisfying the above first order condition, then there is
an optimal effort in the high pure support, bs (s, ), which player ¢ should choose. In this case,
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plug the optimal effort into the expected payoff to obtain the maximum expected payoff:

Ul (b (5, )|, i, )

1 5
= 0 /ﬂ (I, @) — p(m, i) fi(IL, @) dIl + py 6, /7r Jn(m, o) — mfh(ﬂ, a) | fi(IL, o)dII
>0

It is can be shown that ﬁlh(bh(/s\, a)|m, ag, a) > (7;"(6|7r, a;, «) as long as there exists s € [7*, 1]
satisfying (25). When the s satisfying the first order condition is not in [7*, 1], then the optimal
effort is not in the high pure support, and must be in the mixed support, which means it is
optimal to randomize in the mixed support.

In summary, since s is increasing with 7, for lower realizations of m — lower than the value
which induces § < 7* — the optimal effort is to randomize in the mixed support, whereas for
higher realizations of m — higher than the value which induces § > 7* — the optimal effort is
in the high pure support. N B

Now we take the first order derivative of U/ (b, (5, a)|r, i, &) and U™ (b|m, ci, @) wor.t ay:

For s < 7* (i.e., when the optimal effort is in the mixed support):

0
80(1'

_ 9 ) [
Ulm(b‘ﬂ-7 Qs Oé) = phel% / fl(H, Oé)dH

For § > 7* (i.e., when the optimal effort is in the high pure support):

0
80(1'

~ —~ 0 , O 1 5] , O g
Ulh(bh(s,oz)|7r,ai,a) = thth(;;)/ fl(H,a)dH+ph91%/ fi(I1, ov)dIT

Combining the two, the marginal expected payoff for type (6;, ) is given by:

0 5 Gig L 0 s (g s
ph@%/ fz(H,a)dH+max{0,ph91Jw/ fl(H,a)dH}

Next, we turn to type (0, 7) of player i’s optimal effort given she chooses a;. When she
chooses an effort in the high pure support, the maximum expected payoff of doing so is:

fjlill(bh(t? Od) |7T7 Qi Oé)

= 0 [ _futma) — p )] Fu(TL )l + ity [

* T

>0

! fl(Hva)gl

fn(IL, )6y,

(fl(ﬂaaz‘) - S, a)) Jn(IL a)dIl

where t = f; ' (fu(7, i), a). By the same method as before, it can be shown that by (t,a) is
indeed the optimal among all other efforts in the same support.

When type (05, 7) of player i chooses an effort in the low pure support, the maximum
expected payoff of doing so is:

fl(Hv O‘)el

N R 1
Un(bu(t, @), ai,0) = piby /t (fl(”’“”‘mma)&l

fl(Hv a)) fh(l_L a)dH

which is less than ﬁff(bh(t, @)|m, oy, @), as it must be true that ¢ € [7*, 1] whenever there exists
such an interior solution.
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When type (6p, ) of player ¢ chooses an effort in the mixed support, the expected payoff is:

~ 1
U(blm, i, ) = piby /* <fl(7r, ;) — Mfl(ﬂ,a)> Jr(I1, ) dIT

which is, again, invariant of b. It is easy to see that (7,’1”(17\7@ g, ) > ﬁfl(bl(a a)|m, a;, ).

In summary, given that ¢ is increasing in 7, for lower values of 7 such that t < 7* the optimal
effort lies in the mixed support, and for higher values of 7 such that ¢ > 7* the optimal effort
lies on the high pure support. N B

Now we take the first order derivative of U™ (b|m, ai;, a) and UP(bp(t, o), ci, @) wert au:

For t < 7* (i.e., when the optimal effort is in the mixed support):

O imbim. ar. o) — —py g, O (T ) /1
80&1‘ Uh (b‘ﬂ-valva) - pheh 80&1' - fh(H,a)dH

For t > 7* (i.e., when the optimal effort is in the high pure support):

0 ~ Ofn(m, i) [*
@Uﬁ(bh(t,a)’maiﬂ) = —Phé’hha(:;i)/t fr(IL a)dll

Combining the two, the marginal expected payoff for type (65, ) is given by:

N el
Oay; max{t,r*}

We are now able to calculate the ex ante marginal expected payoff of player ¢ w.r.t «;:

AMUi(CYZ’, Oé)
1 ) 5 1
= p [ Pnmed {plez max {o, | a)dﬂ} ot [, a)dﬂ} dr
0 a; Tk max{t,7*}
b3
> 0

Since both ¢ and s are increasing in 7, thus the term F' above is weakly increasing in . According
to the Lemma 9, we have AMU;(«;, ) > 0 for a > a.

We now turn to the last part of the lemma. Recall from Section 2, when the signals players
receive are perfectly informative, we have fy,(m;, @) = 0 if m; < p; and f(m;, @) = pih if m; > pp;
and correspondingly, that f;(m;, @) = 1711 if m; < p; and fi(m;, @) = 0 if m; > p;. Note that in this
case mF = plo%hmel > 7% =py.

When type (0;, 7) of player i chooses an effort in the low pure support, the expected payoff
given that player j playing the symmetric equilibrium with @ is:

_ 1
Ul (blr, i, @) = 6, [1 — p(r, ozi)]/ ) fidl,@)dll —b=0
b (ba)

In fact, the low pure support in this case is condensed to a point at zero. When type (0;, 7)
of player ¢ chooses an effort in the mixed support, the expected payoff is

*

. 1
Ui (blm, o, @) = 91/ (u(m, o) — p (I, @) fi(TL, @)dIl = O

When type (0, 7) of player i chooses an effort by (k,@) (where k > 7*) in the high pure
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support, the expected payoff is:

Gt 0l i) = 0 [1- u(mai) + i) [ Hﬁ(H,a)dn]—bh(n,a)

= gl—bh(/‘@,a)

= Py n)
on b

< 0

The second equality is due to player j’s signal realization 7; must be below p; given that player
1 has 0;, as the signal is perfectly informative. The inequality is because of k > 7©* > p;. Thus,
type (0;, ) of player i does not want to choose any effort in the high pure support. In summary,
her maximum expected payoff is zero.

Now we turn to type (6, 7) of player i. When she has «;, and suppose she chooses an effort
in the high pure support, the expected payoff is:

- by, (b)
Uy (bl ai, @) = Oy ((1 — p(m, o)) + p(, ozi)/o fh(H,a)dH> —b

and by taking the first order derivative w.r.t. b we have % — 1 < 0 where t € (7%,1).
Thus, player ¢ does not want to choose any effort in the high pure support and again, she finds
it optimal to choose an effort in the mixed support, which earns her zero expected payoff.

Since the low valuation type of player j choose zero with positive probability, type (6p,7)
of player ¢« would never choose zero with positive probability. In summary, her optimal effort
must always lie in the mixed support.

When type (6, ) of player ¢ chooses an effort in the mixed support, the expected payoff is:
_ 1
O blm.0sa) = poafms) [ (L a)an
7-l—*

The first order derivative of ﬁ}T(b‘ﬂ, Q;, @) W.r.b s

o ~ N Ofn(m, ;) /1 .
m 0 @) = —ppfy L) 1L, @)dll
o Ui (b|m, a;, @) RO D, g fn(I,@)d

We are now able to calculate the marginal expected payoff of player ¢ w.r.t a;:

_ L9
AMU;(oj, @) = ph/o Do

1 , 1
= _P%ﬂh/ afh(ﬁ’az)dﬂ/ fn(IL, @)dIl
0 aO[Z T+

=0

U™ (b, o, @) dm

O]

Proof of Lemma 4

Similar to the previous lemma, we prove this lemma in two separated cases: when o < &
and when a > a.

When o < a, let a; = a, then the maximum expected payoff of player i when she has 6y,
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and 6; are given by

~ 1
Ui (b(t,a)lm, a0) = phﬂl/t [fn(IL, &) = fu(m, @)} dFy(IT, ) > 0

Th(bn(s, 0)lma,0) = i /0 1 (L @) [fu(TL )8 — £i(IT, 0)6y] dII

>0

1
iy / 1~ A(IL, )] fi(IL, a)dI1 +p; (6, — 6))

~~

>0

where t = s is given by fi(s, @) = fr(m,a) =1 and fi(t,«) = fi(7,a) = 1. and thus
Uila, @) = puU (bn(s, @)lm, a, @) + iU (bu(t, )|, o, ) > prn(6, — 61) = Vi ).

When a > @, again let «; = o. We first show that the expected payoff of player i with 6; is
positive, and then show that the expected payoff when she has 6}, is larger than p;(0, — 6;).

Suppose, on the one hand, if § < #*, then the expected payoff of player i with 6; is
ﬁlm(bhr, a, «). In the proof of Lemma 3, we have shown that ﬁ["(b|7r, ) > ﬁll(bl(s, a)|m, o, a) >
0 for a; < «, hence ﬁlm(b\ﬂ,g, a) > 0. On the other hand, suppose s > 7%, type (6;, 7) of player
i has an expected payoff of ﬁlh(bh(@ a)|m, a,«), which has been shown to be positive in the
proof of Lemma, 3.

Let us turn to type (6, m) of player i. Recall from (5) that fgr* (frn(IL, )0, — fi(I1, )6;) dII =

0. Since we have fol (fn(I1, )0y, — fi(11, @0)6;) dII = 6, — 6;, hence
1
[l a) 91)
1= DL OUN o 4T 00, dIT = 6, — 6.
[ (1= i) ey =0, 6

When t > 7*, her expected payoff is given by
Ul (by(t, )|, a, @)

t
. / (1= fu(IL @) fa(IL @)dI1 + pi6 /

* T

1<1 fill, )6,
(I )0

t
> [ e (D0 < 1) A 0)6 + 16, 0
> pi(On—0r)

fl(Hv a)) fh(H7 a)dH

The equality satisfies when o = @.
Now, we consider the case when ¢ < 7*. Since fi(Il,a) < fi(t,a) = fi(m,@) = 1 for all
II > t, we have

~ 1 a
Up'(lm, ) = pib / (1— Mﬁ(n, a)) fn(IL, @) dIT
1
> by /* <1 — fm> fh(H,a)dH

= p(On —6).

for o < @. Therefore, we have proved the second part of the lemma.
Finally, U;(a, @) = V;(a, a) follows directly from AM Ui(aj, @) = 0 from Lemma 3, because
Vi(a, o) = Vi(@,@) = Us(a, @) + [ AMU;(t, @)dt. O
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Proof of Proposition 2
The equilibrium expected payoff of player ¢ can be written as

Vi(a,a) = Ui(a, @) +/ AMU;(t, o)dt.

According to Lemma 3 and 4, when « € (a, @], U;(a, a) > Vi(a, a) and AMU;(a;, ) > 0, thus,
Vi(o,a) > Vi(a, ). Alternatively, when a € (a, a] Uila, ) > Vi(a, ) and AMU; (o, ) >
0, thus, Vi(a,a) > Vi(a,a). Finally, Vi(a, ) = Vi(@,@) because U;(a,@) = Vi(a,«) and
AMR; (0, @) = 0. O

Proof of Proposition 3

Given Lemma 3, it must be true that MU;(a) > 0, MU;(a) > 0 for a € (a,@), and
MU;(@) = 0. Hence, any increasing convex cost functions with MC(a) = 0 crosses with
MU;(«) from below for at least once. As long as the cost function is convex enough, the two
only cross once. In that case, there must exist a o such that MU;(a*) = MC(a*).

The condition MU;(a*) = MC(a*) suggests the following:

Vi(e®, ) = C(a”) 2 Ui(a, o) = C(a) 2 V(e, o) = Vi@, @)

Therefore, player i’s expected payoff in the entire game is higher than when both players

choosing «, i.e., not spying on each other. Furthermore, by V(a,a) = V(a,@), player i’s
expected payoff in the game is also higher than when both players receive a perfect signal about
the opponent for free. O

Proof of Lemma 5

We start by proving part 1. Suppose in a pure strategy equilibrium with efficient allocation,
we have b, (71, a4, ) < bip(m2, oy, ;) for some w1 > ma. Then type (0, m1) of player ¢ must
find the cost of increasing her effort from b, (71, o, oj) to bip(m2, @i, @) dominates the gain
from such an increase, formally:

bin (12, 0, ) — bin (71, oy o) > plmy, o) Pri{bin (1, a4, o) < bjn < b (2, 0, ) 0.

where bjj, is player j’s effort. However, type (), 72) would require her gain outweighs her cost
of such increase of effort:

bin(ma, iy o) — bip (1, i, o) < (w2, o) Pribin(m1, ai, o) < bjn < bin (72, i, aj) 10

Combining the two condition, we have u(mwa, ;) > p(m1, ;) which contradicts to m; > 7o, due to
Assumption 1. Similar arguments can prove that b; (71, o, o) < by(m2, o, o) for any m > 7.

To prove continuity of the equilibrium effort in part 2, suppose there exists a discontin-
uous point on player i’s effort b;,(m, as, ), @ € (0,1), such that b (7,04, ;) < bip(T +
€, a;, a5) for an arbitrarily small e. Then type (6, b;hl(bih(fr +€, 04, 05), o, ;) of player j will
find it profitable to deviate to some b e (bin (7, iy ), bin (T + €, a4, 5)), where b;}ll(-,aj,ozi)
is the inverse of player j’s effort. Similarly, suppose there exists a discontinuous point on
bi(m, o, 5), ™ € (0,1), such that b (7, y, ) > by(7 + €, a4, ;) for arbitrarily small e.
Then type (91,bj_ll(bil(ﬁ,ai,aj),aj,ai)) of player j will find it profitable to deviate to some
be (b (T + €, v, ), b (T, o, ) ), where bﬁ1(~,aj, «;) is the inverse of player j’s effort.

To prove that there is no atom on any player’s effort, suppose there exists p and ¢ such
that 1 > ¢ > p > 0 and that b;,(x) = b where x € [p,q| and b is a constant. Then by
continuity there must be a type (Hh,bj_hl(b — €,04,0;), a5, ;) of player j who chooses b — e,
and he will find it profitable to deviate to choose b + €, as the gain of such deviation will be
u(b;hl (b—e), ) f; fn(IL, a;)dII > 0 and the cost is negligible when e is arbitrarily small. A
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similar argument can show that there is no atom on b;(m, o, ).

For part 3, given that part 1 is true, type (6, 1) of player i chooses the highest effort among
all types, whereas type (6;, 1) chooses the lowest effort among all types, in an allocative efficient
equilibrium. Thus, it must be true that b;(1, s, ;) = bji(1, j, ;) = 0 as these are the lower
bound of equilibrium support. They must be the same and cannot be positive. It must also be
true that b;n(1, oy, ) = bjn(1, o, ;) as these are the highest effort exerted by players, and in
any equilibrium the equality is satisfied.

Finally, by part 1, type (6p,0) of player i chooses the lowest effort among all types with val-
uation 6, whereas type (6;,0) chooses the highest among all types with valuation ;. Suppose
bin(0, i, 5) > bi1(0, 0y, o), then it implies that there is a gap in the equilibrium support of
player i’s effort. This cannot be part of any equilibrium as then player j would not choose any
effort in [b; (0, o, @5), bin (0, ay, aj)], which contradicts the optimality of b;;(0, o, cyj), as then
player i would want to deviate to a b € (b;y(0, as, ), bin (0, o, a5)). Suppose b (0, a4, o5) <
bi1(0, i, aj), then in any equilibrium with efficient allocation, it must be true that b;;(0, o, o) <
bin(0, o, o) < bi(0, i, ) < bjn(0, a5, ;). But then this implies there is a gap in the equi-
librium support of player j’s effort, which we have shown above to be impossible in any equi-
librium with efficient allocation. Therefore, in any equilibrium with efficient allocation, it must
be true that b;(0,a;, ;) = bin(0, a4, 5) for i = 1,2. Without loss of generality, suppose
bit (0, v, ) = bip (0, o, a5) > b1 (0, 5, ) = b (0, v, o), then this contradicts efficient al-
location as b; (0, aj, o) > bjn(0, o, ;). Thus, in any pure strategy equilibrium with efficient
allocation, it must be true that b;;(0, ay, ;) = bin(0, a4, ;) = bj(0, i, o) = bjn(0, a5, ). O

Proof of Proposition 4

There are two steps to take to prove the proposition. First, we show that the equilibrium
strategies of each valuation type given in the proposition are indeed the optimal strategy in
their equilibrium support. Second, we show that each type do not want to deviate to any effort
level outside of their equilibrium support. Note that in this proof we only have low pure support
and high pure support, since we focus on allocative efficient equilibrium.

Given that player j chooses his strategy according to the proposition, suppose type (6;,7)
of player i chooses an alternative effort level b; (¢, v, o), then her expected payoff is

~ 1
Uh(bit(C, 0y o) |7, iy cg) - = 9l/C [1(IL, o) — pu(m, o) | dFy (I, o)
Thus,

~ - ¢
UZI (bil(ﬂ-7 ai7aj)‘7rﬂai7aj) - Uq,ll(bzl(C7 aivaj)‘Tr?aiaaj) = 01/ [M(H7 Oéi) - /,L(?T,az)]dﬂ(]:[, a]) 2 0

™

regardless of whether m# > ( or m < (.
Suppose type (6p, ) of player ¢ chooses an alternative effort level b;,(§, o, o;), then her
expected payoff is

- 3
Ul (bin (&, ciy o) T, ,05) = 6y [(1—M(W,0¢i))+ﬂ(ﬂ,az‘)/0 fh(Haaj)dH]
¢ 1
—Gh/o M(H,ai)th(H,aj)—Ql/O [l—u(H,ai)]dFl(H,aj)

Again, compare this payoff to the equilibrium payoff:

ﬁﬁt(bih(ﬂ-7 Qy, aj)|7r’ Qy, a]) - UZI;L(bZh(£> Qg Oéj)‘?'ﬁ Qag, Oé])

_— /5 [l o) — p (IL, )] dFW(IL, o) > 0
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regardless of m > & or m < £. Thus, the strategy given in the proposition is indeed optimal for
players if they choose efforts in the equilibrium support.

Now we turn to the case when each valuation type deviates by choosing an effort in the
other valuation type’s support, e.g., the high valuation type chooses an effort in the support of
the low valuation type’s support. When type (65, 7) of player i deviates to an effort 8 in the
low pure support of player j, that is 8 € [0,b;(0, o, a;)], then the expected payoff given the
opponent playing equilibrium strategy bj(, o, o) is:

. 1
Ul (B, i, 007) = Op[1 — pu(m, )] / ( fn(IL, aj)dIT — B.

-1
bay (B,04,00)

Among all the possible deviating efforts player i would prefer to deviate to the effort that
maximizes the deviation expected payoff, i.e., 8* = arg maxg Uilh(ﬂ|7r, a;, ). f* can be found
by the first order condition with respect to 3:

0 fi(t,a))

fl(ﬂvai) - eh fh( )

2 fi(E o) (26)

where t is given by bjl(tA, aj, ;) = %, ie., type (6;,1) of player j bids #* in equilibrium. It
is easy to check that both sides of (26) are decreasing functions of their arguments, = and t,
respectively. Furthermore, Assumption 3 implies f;(7, ;) < fi(f, ;) and thus, 7 > t. Then,
there must exist some 7 satisfying

0 fi(0, O‘J)
9h In(0, O‘j)

If the equality in Assumption 3 is satisfied at # = 0, then 7 = 0. For 7 < 7, we always have the
LHS of the equation (26) strictly larger than the RHS, for all Z € [0,1]. This implies the first
order derivative is positive and thus type (65, 7) of player i doesn’t want to deviate.

For m > 7, there always exists a unique solution of equation (26) given m. In this case, we
need to directly compare the equilibrium payoff with the payoff of choosing 8*. The difference
between the equilibrium expected payoff and the optimal deviation payoft:

fl(%vai) = fl(o’ ai)

Ub (bin (7, 0, o) |, iy o) — Ul (b (F, e, o) |, i, ) (27)

= it [ Um0 = ] fut ottty [ (i) = SESEL A0y )

is increasing with , as its first order derivative w.r.t 7 is positive (since 7 > t):

0 [~ ~ _
g (U-h (bin (7, i, ) |7, iy o) — Ul (ba(t, azﬂj)hﬁ%ﬂj))

_ pafhgro‘l (/ Fu(IL, a)dIT — /thajdH>>O

Note that the equality is due to equation (26). Since we also know that
U (bin (7, 0, )|, i, ) = Uy (b0, i, )|, i, )
= it [ )~ L)) (T, )l > 0
0

the difference (27) is thus, positive. Therefore, type (0, 7) of player i does not find it profitable
to deviate to any effort in the low pure support.

40



When a type (6;, ) of player ¢ deviates to an effort level 5 in the high pure support, that
is B € [01(0, o, a;), bjn(1, aj, )], the expected payoff given the opponent playing equilibrium
strategy bjn (7, oy, o) is:

_ bt (Brag,00)
Ul(Blm, o, ;) = 6, [M(Waai) /0 ’ ST aj)dIT 4 (1 — p(m, 0q)) | — B

Again, we find the optimal deviation effort 8* = arg maxg ﬁi’}(ﬁ\w, aj, o) by the first order
condition with respect to S:
On fn(8.05) ,
moop) = ————= (S, o 28
fh( ’ Z) 0[ fl(S,Oé‘]) fh( Y l) ( )
Thus, £* = bjn(5, o, a;). It is easy to check that both sides of (28) are increasing functions of
their arguments, 7 and s, respectively. Furthermore, Assumption 3 implies f5(m, ;) > fr(5, ;)
and thus, # > 5. Then, there must be some 7 satisfies

2 On fn(0, ;)

(T, o) = 6, fl(ojaj)fh((),ai)

If the equality in condition (3) is satisfied at 7 = 0, then we must have 7=0. For 7 < %, we
always have the LHS of the equation (28) strictly less than the RHS, for all s € [0,1]. This
implies the first order derivative is negative and thus type (6;, ) doesn’t want to deviate.

For m > %, there always exists a unique § satisfying equation (28) given 7. In this case, we
need to compare the equilibrium payoff with the payoff of choosing 5*. The difference between
the two

U (bu(, o, 0) |, 0, ) — Ul (bin (3, v, o) 0, 0, )

= mb /07r (T, i) — film, aq)] fi(TL, aj)dlT

ST fu(I, )0,
+ ph/o [th(ﬂ,ai) _fh(ﬂ,ai):| fi(T1, ;) 6,d1T

is positive because its first order derivative w.r.t 7 is positive:

9
or

= pubifi(m, ;) (/07r fi(IL, oy )dIT — /OS fl(H,aj)dH> >0

(Ohtbur, s, )l o, 07) = Ufban(5, s, ) ., ) )

and
ﬁfl(bil(?, i, )|y iy ) — U (0in 0, s, ) [7, iy y)
- /Oﬂ [A(G.00) ~ film,0)] f(IL aj)dI1 > 0.
Thus, there is no profitable deviation for any type of player 1. O

Proof of Proposition 5
We start by a new definition in analogous to U;(a;, o) in the main text.

Definition 5. Let U;(n, s, «5) be player i’s mazimum expected payoff in the contest stage
by choosing n when player j chooses o and (wrongly) believes that player i has chosen «;.
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Furthermore, let AMU;(n, oy, o) = a1 %) pe the corresponding marginal expected payoff.

The above definition is different from Definition 4 in player j’s belief. In the current asym-
metric setting, player j believes that the profile of accuracies is (o, ;) but in fact, it is (1, o).
Thus, j plays according to the asymmetric equilibrium as given in Proposition 4.

First we show the following lemmas:

Lemma 10. AMU;(n, s, «5) > 0 for all n < o and 0, o, o5 € [, Q.
Lemma 11. Uj(a, a4, a5) > Vi(a, @) for oy, 05 € (@, .

The proofs of the above lemmas follow directly from the proofs of Lemma 3 and 4, respec-
tively and thus, are omitted. The equilibrium expected payoff of player i can thus be rewritten
to:

Vi(ai, a5) = Ui(@, i, ) +/ AMU;(t, a, oi)dt > Vi(a, @)
where o, a; € (o, a]. This completes the proof. O

Proof of Lemma 7
The terms inside the bracket of (6), L(II), is monotonically decreasing with II as

0,
OL(I)  Ofu(Iay) (On+ 57
a1l oIl ) <0

- 0, — 0,

Thus, applying Lemma 9 we can prove that %j;aﬂ < 0. O

Proof of Lemma 8
Denote by M;p(m, o, o) and My (m, o, o) player ¢’s equilibrium expected payoff when she
is type (0, ) and (6;, ), respectively.
™
M (7, iy ) = ph9h/ [fn(m, i) — fr(IL, ;)] dFR(IL, o))
0
1
—pZQZ/ (L ei)dFy (I, o) + pibn fi(me, i) (29)
0

1
Ma(m,aia;) = by / il ai) — Fi(IL )] fi(TI, a)dIT (30)

Then, the ex ante interim expected payoff for 6, and 6; can be found by integrating (29) and
(30) over m, respectively:

1 pm

Mip (i, o) = Ph9h// [fr(m, a) — fu(IL, o)) fr(IL, o) dIldm
v

+pz/0 /0 [fi(m, i)0n — fi(IL, ;)01 fi(1L, ;) dIldm

M (o, 05) = plﬂl/ol /ﬂl film, o) fi(1l, oy )dlldm — p6, /01 /: fi(IL, o) fi(I1, o ) dIldm
And thus, the ex ante expected payoff for player i can be calculated by
Vilei, ) = pnMip(ai, o) + piMi (i, o)
Let a; = q, i.e., when the opponent shares no information to player i, then player i’s ex ante

expected payoff is a constant: Vj(o, ;) = pppi (0n, — 6;). O
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