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Abstract

This paper develops extremum estimation and inference results for nonlinear models with
very general forms of potential identification failure when the source of this identification
failure is known. We examine models that may have a general deficient rank Jacobian in
certain parts of the parameter space, leading to an identified set that is a sub-manifold of
the parameter space. We examine standard extremum estimators and Wald statistics under
a comprehensive class of parameter sequences characterizing the strength of identification of
the model parameters, ranging from non-identification to strong identification. Allowing for
a general singular Jacobian as the limiting point of weak identification allows us to study
estimation and inference in many models to which previous results in the weak identification
literature do not apply. Using the asymptotic results, we propose two hypothesis testing
methods that make use of a standard Wald statistic and data-dependent critical values,
leading to tests with correct asymptotic size regardless of identification strength and good
power properties. Importantly, this allows one to directly conduct uniform inference on low-
dimensional functions of the model parameters, including one-dimensional subvectors. The
paper focuses on three examples of models to illustrate the results: sample selection models,

models of potential outcomes with endogenous treatment and threshold crossing models.
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1 Introduction

Many models estimated by applied economists suffer the problem that, at some points in the
parameter space, the model parameters lose point identification. It is often the case that at
these points of identification failure, the identified set for each parameter is not characterized
by the entire parameter space it lies in but rather a lower-dimensional manifold inside of this
parameter space. Such a scenario is sometimes referred to as “under-identification”, “partial
identification” or simply “non-identification”. The non-identification status of these models is
not straightforwardly characterized in the sense that one cannot say that some parameters are
“completely” unidentified while the others are identified. Instead, it can be characterized by
a non-identification curve that describes the lower-dimensional manifold defining the identified
set. Moreover, in practice the model parameters may be weakly identified in the sense that they
are near the under-identified /partially-identified region of the parameter space relative to the
number of observations and sampling variability present in the data.

This paper develops estimation and inference results for nonlinear models with very general
forms of potential identification failure when the source of this identification failure is known.
We characterize identification failure in this paper as a lack of (global) first-order identification
in that the Jacobian matrix of the model restrictions has deficient column rank at some points in
the parameter spaceE We examine models for which a vector of parameters governs the identifi-
cation status of the model. The contributions of this paper are threefold. First, we characterize
the non-identification curve for a general class of models at points of identification failure and
transform these models to have straightforward identification status. Second, we derive the
limit theory for standard extremum estimators (e.g., GMM, maximum likelihood and classical
minimum distance) and Wald statistics for these models under a comprehensive class of iden-
tification strengths including non-identification, weak identification and strong identification.
We find that the asymptotic distributions derived under certain sequences of data-generating
processes (DGPs) indexed by the sample size provide much better approximations to the finite
sample distributions of these objects than those derived under the standard limit theory that
assumes strong identification. Third, we use the limit theory derived under weak identification
DGP sequences to construct data-dependent critical values (CVs) for Wald statistics that yield
(uniformly) correct asymptotic size and good power properties. Importantly, our robust infer-
ence procedures allow one to directly conduct hypothesis tests for low-dimensional functions of
the model parameters, including one-dimesnional subvectors, that are uniformly valid regardless

of identification strength.

!See [Rothenberg (1971)) for a discussion of local vs. global identification and [Sargan| (1983) for a discussion of
first vs. higher-order (local) identification.



A substantial portion of the recent econometrics literature has been devoted to estimation
and inference that is robust to the identification strength of the parameters in an underlying
economic or statistical model. Earlier papers in this line of research focused upon the linear
instrumental variables model, the behavior of standard estimators and inference procedures un-
der weak identification of this model (e.g., [Staiger and Stockl |1997), and the development of
new inference procedures robust to the strength of identification in this model (e.g., [Kleibergen,
2002 and Moreiral, [2003)). More recently, focus has shifted to nonlinear models, such as those de-
fined through moment restrictions. In this more general setting, there have similarly been many
attempts to characterize the behavior of standard estimators and inference procedures under
weak identification (e.g., [Stock and Wright, 2000) and to develop robust inference procedures
(e.g., Kleibergen, 2005). Most papers in this literature, such as Stock and Wright| (2000) and
Kleibergen| (2005), have focused upon special cases of identification failure and weak identifi-
cation by explicitly specifying how the Jacobian matrix of the underlying model could become
(nearly) singular. For example, Kleibergen (2005) focused on a zero rank Jacobian as the point
of identification failure in moment condition models. In this case, the identified set becomes
the entire parameter space at points of identification failure. The recent works of |Andrews and
Cheng (2012a, 2013, 2014]) implicitly focus on models for which the Jacobian of the model re-
strictions has columns of zeros at points of identification failure. For these types of models, some
parameters become “completely” unidentified (those corresponding to the zero columns) while
others remain strongly identified. In this paper, we do not specify the form of singularity in the
Jacobian at the point of identification failure. This complicates the analysis but allows us to
cover many more economic models used in practice such as sample selection models, treatment
effect models with endogenous treatment, mixed proportional hazards models and higher-order
ARMA models. Indeed, this feature of a singular Jacobian without zero columns at points of
identification failure is typical of, but not limited to, many nonlinear instrumental variables
models.

Only very recently have researchers begun to develop inference procedures that are robust
to completely general forms of (near) rank-deficiency in the Jacobian matrix. See |Andrews and
Mikusheval (2013) in the context of classical minimum distance (CMD) estimation and |Andrews
and Guggenberger| (2014)) and Andrews and Mikusheva| (2014) in the context of moment con-
dition models. |Andrews and Mikusheva (2013) provide methods to directly perform uniformly
valid subvector inference while Andrews and Guggenberger| (2014) and Andrews and Mikusheva
(2014) do notE] Unlike these papers, but like |Andrews and Cheng| (2012a; 2013, |2014]), we focus

JAndrews and Mikusheval (2014)) provide a method of “concentrating out” strongly identified nuisance param-
eters for subvector inference when all potentially weakly identified parameters are included in the subvector. One
may also “indirectly” perform subvector inference using the methods of either |Andrews and Guggenberger| (2014)



explicitly on models for which the source of identification failure (a finite-dimensional parame-
ter) is known to the researcher. This enables us to directly conduct subvector inference in a large
class of models that is not nested in the setup of |Andrews and Mikusheva| (2013). Also unlike
these papers, but like |Andrews and Cheng (2012a, [2013} 2014), we derive nonstandard limit
theory for standard estimators and test statistics. This nonstandard limit theory sheds light on
how (badly) the standard Gaussian and chi-squared distributional approximations can fail in
practice. For example, one interesting feature of the models studied here is that the asymptotic
size of standard Wald tests for the full parameter vector is equal to one no matter the nominal
level of the test. This feature emerges from observing that the Wald statistic diverges to infinity
under certain DGP sequences admissible under the null hypothesis.

Aside from those already mentioned, there are many papers in the literature that have studied
various types of under-identification in various models. For example, Sargan (1983) studied re-
gression models that are nonlinear in parameters and first-order locally under-identified. |Phillips
(1989) studied under-identified simultaneous equations models and spurious time series regres-
sions. Arellano et al.| (2012)) proposed a way to test for under-identification in a GMM context.
Qu and Tkachenko (2012) study under-identification in the context of dynamic stochastic general
equilibrium models. |[Escanciano and Zhu (2013) studied under-identification in a class of semi-
parametric modelsE] Dovonon and Renault| (2013) uncovered an interesting result that, when
testing for common sources of conditional heteroskedasticity in a vector of time series, there is a
loss of first-order identification under the null hypothesis while the model remains second-order
identified. Although all of these papers study under-identification of various forms, none of them
deal with the empirically relevant potential for near or local to under-identification, one of the
main focuses of the present paper.

In order to derive our asymptotic results under a comprehensive class of identification
strengths, we begin by examining a transformed extremum estimation problem that falls under
the framework of |Andrews and Cheng] (2012a)) (AC12 hereafter). More specifically, we “profile
out” (i.e., minimize with respect to) a subvector of the parameters of interest and look at a
concentrated objective function. The profiling yields a random vector-valued function that can
be used to estimate the non-identification curve at points of identification failure. The concen-
trated objective function is a function of a subvector of the model parameters that we show
satisfies the crucial assumption of AC12: at points of identification failure, the concentrated ob-

jective function does not depend upon the unidentified parametersﬁ Hence, we use the results

or |Andrews and Mikusheva, (2014) by using a projection or Bonferroni bound-based approach but these methods
are known to often suffer from severe power loss.

3Both |Qu and Tkachenko| (2012)) and [Escanciano and Zhul (2013) use the phrase “conditional identification”
to refer to “under-identification” as we use it here.

4This corresponds to Assumption A of AC12.



of AC12 to find the limit theory for a subvector of the model parameter estimates. The pro-
filed/concentrated objective function approach we use is related to but distinct from approaches
found in Sargan (1983) and [Escanciano and Zhu| (2013), who study different forms of (local)
identification failure.

We subsequently derive the limit theory for the entire vector of model parameters by es-
tablishing convergence results for the remaining parameter estimators. These latter estimators
are equal to a random function of the subvector estimators, where the random function comes
from the profiling step. To obtain a full asymptotic characterization of the full vector parameter
estimator, we rotate the estimator in different directions of the parameter space. The estimator
converges at different rates in different directions of the parameter space when identification is
not strong, with some directions leading to a standard parametric rate of convergence and oth-
ers leading to slower rates. Under weak identification, some directions of the weakly identified
part of the parameter are not consistently estimable, leading to inconsistency in the parameter
estimator that is reflected in finite sample simulation results and our derived asymptotic approx-
imations. The rotation technique we use in our asymptotic derivations has many antecedents
in the literature. For example, |Sargan| (1983 and [Phillips| (1989) used similar rotations to de-
rive limit theory for estimators under identification failure; |[Antoine and Renault| (2009, 2012)
used similar rotations to derive limit theory for estimators under “nearly-weak” identiﬁcationﬂ
Andrews and Cheng| (2014)) used similar rotations to find the asymptotic distributions of Wald
statistics under weak and nearly-strong identification; and recently [Phillips| (2015) used similar
rotations to find limit theory for regression estimators in the presence of near-multicollinearity
in regressors.

Using the limit theory for the parameter estimators, we derive the asymptotic distributions of
standard Wald statistics for general (possibly nonlinear) hypotheses under a comprehensive class
of identification strengths. The nonstandard nature of these limit distributions implies that using
standard quantiles from chi-squared distributions as CVs leads to asymptotic size-distortions.
Finally, we provide two data-driven methods to construct CVs for standard Wald statistics that
lead to tests with correct asymptotic size, regardless of identification strength. The first is a
direct analog of the Type 1 Robust CVs of AC12. The second is a modified version of the
adjusted-Bonferroni CVs of McCloskey| (2012), where the modifications are designed to ease the
computation of the CVs in the current setting of this paper. The former CV construction method
is simpler to compute while the latter yields better finite-sample size and power properties.

The paper is organized as follows. In the next section, we introduce the general class of

models under study and provide three examples of models in this class. Section 3 considers

5In this paper, we follow AC12 and describe such parameter sequences as “nearly-strong”.



identification and the lack of identification, presenting the non-identification curve and the
associated identified set. Based on this curve, Section 4 introduces a transformation of the
parameter space and presents a result that is useful for calculating the limit distributions later
derived in Sections 8 and 9. Section 5 defines criterion functions of the extremum estimators we
examine and shows that a transformed criterion function satisfies a desirable property that is
crucial in the subsequent asymptotic theory. Section 6 discusses three examples in more detail.
The asymptotic theory for the parameter estimators under various strengths of identification
is given in Sections 7-8 and for Wald Statistics in Section 9. We describe how to perform
uniformly robust inference in Section 10. Section 11 contains further details for a threshold
crossing model of a triangular system, including Monte Carlo simulations demonstrating how
well the nonstandard limit distributions derived in Sections 7-9 approximate their finite-sample
counterparts. Proofs of the main results of the paper are provided in Appendix A, while figures
are collected at the end of the document.

Notationally, we let Apin(A) and Apqe(A) denote the smallest and largest eigenvalues of a
generic matrix A and dp denote the dimension of a generic vector B. All vectors in the paper
are column vectors. However, to simplify notation, we occasionally abuse it by writing (¢, d)
instead of (¢/,d’)" and for a function f(a) with a = (¢, d), we write f(c, d) rather than f(a).

2 Class of Models

Suppose that an economic model implies a relationship among the components of a finite-
dimensional parameter 0:
0=4g(6:7") =3'(6) € R% (2.1)
when 6 = 6*. The function describing this relationship § may depend on the true underlying
value v* = (5*, 5*) of parameter v = (5, 5), i.e., the true underlying DGP, and thus moment
conditions may be involved in defining this relationship. The parameter gg captures the part
of the distribution of the observed data that is not determined by 5, which is typically infinite
dimensional (AC12). An important special case of occurs when g relates a “structural
parameter” 0 to a reduced-form parameter 6 and depends on v* only through the true value §*
of §:
0=06"—3(h) e R% (2.2)

when 0 = 0*.
Oftentimes, econometric models imply a natural decomposition of 0: 0 = (8,¢,m), where

the parameter 8 determines the “identification status” of 7. That is, when 3 # 3 for some 3, T



is identified; when B = 3, 7 is under-identified; and when 3 is “close” to 8 relative to sampling
variability, then 7 is local-to-underidentified. The identification status of the parameter ¢ is not
affected by the value of 5. For convenience and without loss of generality, we us the normalization

f = 0. In this paper, we characterize identification via the Jacobian of the model restrictions:

() ag;ge).

(2.3)
When 8 =0, J *(g) will have deficient rank. Although our results cover cases for which J *(5)
has columns of zeros when 3 = 0, these cases are not of primary interest for this paper as they
are already covered by the analysis of AC12. Rather, we focus on models for which the column
rank of J*(6) lies strictly between dp + d¢ and dy when 8 = 0 and this rank-deficiency is not
the consequence of zero columnsﬂ

We present three examples that have a deficient rank Jacobian ([2.3) with nonzero columns

when 5 = 0. The first two examples fall into the framework of (2.1)) and the third into ([2.2)):

Example 2.1 (Sample selection models).

Yi:Xz(ﬂ'l‘F&a -D’L:]-[C—i_ZinzVZL

(€i7 Vi)l ~ FEV(€7 v 7T),
where X; = (1, X1,) is kx1 and Z; = (1, Z1,) is Ix 1. Note that Z; can include (components of)
Xim We observe (D;Y;, D;, Xi, Z;) and F.,(-,-;7) is a parametric distribution of the unobseruv-

able variables (e,v) parameterized by scalar 7. The mean and variance of each unobservable is

normalized to be zero and one, respectively. Let W; = (Y;, X, Z;). Then we have, when 0 = 5*,

0=g"(0) = Ey+o(W;,0), (2.4)
where 0 = (B,¢, 7t ) and the moment function is

z S By /A
X(Hzm;w)][y 2'm! = X+ 248 m)

¢+ 248 m)F N (—C = 248) [d— F (¢ + 48)]

(P(w75) =

with X(+; ) being a known function. When Fuy (e, v; ) is a bivariate standard normal distribution

SRecall that 3 and ¢ are always identified so that rank(J*(0)) > dg + d¢ for all 6.

"In this example and in Example we can alternatively design the linear index for the D equation to be
X{C¢+ Z1;B so that 3 is the coefficient on the excluded instruments, where dg is smaller than the current design.
To keep the analysis simple, however, we maintain the current one.



with the correlation coefficient m, we have A(-;7) = wA(-) where A(-) = ¢(-)/®(-) is the inverse
Mill’s ratio with the standard normal density and distribution functions ¢(-) and ®(-), and

Example 2.2 (Models of potential outcomes with endogenous treatment).
Yii = X! + e,

Yoi = X/7 + eoi,

Y; = D;iY1; + (1 — D;)Yoy,

(Eliv €0i5 Vi)/ ~ Fal,ao,l/(EL €0, V; 71'),

Di = 1[C + 21,8 = vil,

where Fz, o0 (-, -, 3 7) i a parametric distribution of the unobserved variables (1,¢€0,v) param-
eterized by vector w. We observe (Y;, D;, X;, Z;). The Roy model (Heckman and Honore, |1990)
is a special case of this model of regime switching. This model extends the model in Example

but is similar in the aspects that this paper focuses upon. [J

Example 2.3 (Threshold crossing models with a dummy endogenous variable).

Y, = 1[7T%—|—7T2D¢—€@' > O]

. (e v) ~ Fop(eg, v m).
D, =1[C+ pZ; —v; > 0]

where Z; € {0,1}. We observe (Y;, D;, Z;). The model can be generalized by including common
erogenous covariates X; in both equations and allowing the instrument Z; to take more than
two values. We focus on this stylized version of the model in this paper only for simplicity.
With F.,(e,v;m) = ®(e,v;7), a bivariate standard normal distribution, the model becomes the
usual bivariate probit model. A more general model with F.,(¢,v;m) = C(F:(¢), F,(v);m), for
C(-,;7) in a class of single parameter copulas, is considered in|Han and Vytlacil (2015), whose
generality we follow here. Normalize F, and F. to be uniform distributions for simplicity and
let T3 = 7{ + mo. By|Han and Vytlacil (2015), the non-redundant fitted probabilities are

p11,0 ZC(W%7C§W),

pi11 = C(my, ¢ + B;m),

P10 = — C(my, ),

piog = m — C(my, ¢ + B ),
poio = ¢ — C(my, G ),

por1 = ¢+ 8 — C(my, ¢ + B;m),



where pyq. = Pr]Y =y, D = d|Z = z]. Then we have, when 0 = 6%,

P11,0 C(m3,¢;m)
P11,1 C(r3, ¢ + B5m)
0= 5 —g@) = | Proo | _ 17T%—C'§7T%3C;7T) ’ (2.5)
D101 mp — C(my, (+ B;m)
Po1,0 C—C(W%,C;W)
| pora | | CHB=C(m,(+Bim) |

where 6* and ﬁ(g) are defined implicitly with 0= (B,¢,mhm) and © = (n},7d). O

In Example with A(-) being the inverse Mill’s ratio, the Jacobian matrix (2.3]) satisfies

—7T2D1XZ)\1,LZ,Z _Dl)\’LX’L —DlXZX,Z
J0) = Ey | DiYihiiZ! — DiX!mA\iZ) — 2maDididii Z) —DiN? —DiNX! |
Li(B,¢)Zi Z] 011 01k

where \; = A(( + Z1;8), Aii = dA\(z)/dz|p—¢1 2 g

Li(B,¢) = B /\i((bi}_u@:)fi) + Aigi(Ds — ‘I’z‘),

®; = ®(C+ Z1;8) and ¢; = ¢(¢ + Z1;8). Note that dg + d¢ < rank(J*(0)) < dy when 8 = 0,
since A; becomes a constant and X; = (1, X];)’. This rank-deficient Jacobian with non-zero
columns when = 0 poses several challenges that make the existing asymptotic theory in the
literature that considers a Jacobian with zero columns when 5 = 0 inapplicable here: (i) since
none of the columns of J *(5) are equal to zero, it is not immediately clear which components of
the 7 parameter are (un-)identified; (ii) key assumptions in the literature, such as Assumption
A in AC12, do not hold; (iii) typically, g* (5) or J* (5) is highly nonlinear in 8. In what follows,
we develop a framework to tackle these challenges and to obtain local asymptotic theory and

uniform inference procedures.

3 Identification and Lack of Identification

In this section, through the discussions of identification and the lack of identification we formalize
the class of problems we are interested in, and introduce the non-identification curve which

may be of independent interest and is useful for subsequent analysis. Recall v = (5, (E) with



0= (8,¢,m). Let I and © be the parameter spaces of vy and 0, respectively. Let vg = (50, 50)
and 670 = (Po, (o, T0). Later we define a sequence of parameters =, that converges to . Let

go(0) = 5(5, 70). We begin by assuming a mild regularity condition.
Assumption Regl. gg: O — R% s continuously differentiable in §V’yo el.

The following assumption describes the lack of identification when g = 0.

Assumption ID1. When 8 = 0, rank (850(0)/8%) =r < dx Vo = (0,¢,7) € ) Vvyg € T,
where 7 is the smallest subvector of 0 such that dx — rank(89,(0)/07) = dg — rank(0g0(0)/00).

By allowing r > 0, Assumption ID1 presents the key aspect of the problem of this paper:
a general form of deficient rank Jacobian. This condition yields the lack of identification of 7
in the sense of the lack of first-order identification detailed by Sargan| (1983]). This concept is
also used in relating the lack of identification with a criterion function in estimation; see, e.g.,
Theorem FSTrans below.

When g = 0, the identified set for 7 is not necessarily equal to its entire parameter space.
Rather, 7 is under-identified. Specifically, 7 is partially identified with an identified set that is a
lower-dimensional manifold within the parameter space for 7. This identified set is characterized
below by a non-identification curve. In the special case of zero rank 850(5) /07, this manifold
shapes a linear subspace (or location shift of it). In general, however, this is not the case. This

feature of the problem motivates us to proceed as follows.

Lemma ID1. Assumption ID1 implies that there exist r-dimensional subvectors m' € TI' of ™ =
(m,7) and g} of Go = (g, g%") such that when B = 0, rank(dg(9)/or') = r V0 = (0,(,7) € ©
Vv €T

The subvector m' of 7 in this lemma is not necessarily uniquely determined, but only its
existence is necessary for the subsequent analysis. The next two assumptions are regularity
conditions that are related to the global inversion of gy at 5 = 0.
Assumption Reg2. When 3 =0, the function go(83,¢,m,-) from II' to R% is proper ¥(0, ¢, )
V9 €T

Under Assumption Regl, a sufficient condition for Assumption Reg2 to hold is that II' is
bounded.

Assumption Reg3. When =0, go(3,¢,m,IIY) is simply connected ¥(0,(, ) Vyo € T.

For the remainder of this section, we suppose r # 0. Define O = {(O, ¢,m) 0 e (:)} The

following lemma defines the non-identification curve as a solution to a subvector of the vector

of equations (2.1)) at g = 0.



Lemma ID2. Suppose r # 0. Under Assumptions ID1 and Regl—Reg3, there erists a unique
solution ™ = h{(¢, ) = h*((, m5790) such that

90 (0,¢,m,hg(¢, 7)) =0 (3.1)

V(0,¢,m) € O Vg €T

When 8 = 0, the non-identification curve h}(¢, ) defines the identified set for ] by a curve

(i.e., a lower dimensional manifold) in O that depends on the true DGP, which can be denoted
as ©g(y) = {(O7 Co,7) €0 7t = h(l)(go,w)}.

4 Transformation

For a given 7! such that 7 = (7, 7!), define § = (3, (, ) so that 0= (B,¢, 7,7ty = (0,7!) € o.

Without loss of generality, O can be written as
O={0=(,7"):0c0,r cI(v)},
where

© = {f: there is some 7" such that (4,7") € O},
II'(0) = {r': (,7") € ©} for 4 € O.

Finally, define

IT = {m : there are some 3, ¢, 7' such that (§,¢,m, 7)€ é}

In order to transform the function go(f) to a function defined on ©, we “extend” the non-
identification curve h}(¢, ) to a function on © (which is a superset of ©°). We show that such a
function can be defined as a concentrated true parameter value that solves a profiled optimization
problem. We are ultimately interested in an estimator of 6 that minimizes a sample criterion
function Q,(6) but we first study the population criterion function Qo(6) = Q(6;70) to which
Qn(6) converges

Assumption CF1. For some nonstochastic real-valued function @0(5) on © x I', the solution

50 to @0(50) = infz 5 Qvo(g) exists and is unique Vyy € T.

The next assumption defines the class of criterion functions we consider in this paper.

8See Assumption FSCF2 for a formal expression.
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Assumption CF2. Qu(f) can be written as
Qo(6) = o (Go(#))

for some deterministic function \TJO( ) = ‘T/( 0) that is twice continuously differentiable such

that \I' 50 = % 1s positive definite Vyg € T.

Assumption CF2 is naturally satisfied when we construct GMM/CMD or maximum likeli-
hood (ML) criterion functions, given (2.1]) or (2.2). Note that models that generate likelihoods

or minimum distance structures typically involve go(é) = dp —g(0) by (2.2 . For a GMM/CMD
criterion function, \Ifo(go = HWO (go ) H where W is a Welght matrix|’| For a ML criterion
function, Wo(go(f)) = — EyIn f1 (Wi,éo - (5)) if the distribution of the data depends on

only through ¢ (Rothenberg, 1971). That is, there exists a function ff(w;d) such that

fw;0) = fi(w;5(0)) = fF(w;d). (4.1)

The positive definiteness of \Tlfﬁo can be ensured by the usual assumption that the weight matrix
Wy = \ngg’o is positive definite in the GMM/CMD case and by the fact that the information
matrix with respect to the reduced-form parameter 6, F., 86 (Slggj , is always non-singular in the
ML case.

Remark 4.1. Given the existence of f1(w;d) in the ML framework, the setting of this paper
can be characterized in terms of the information matriz. Let I(g) be the dj x dj information

matrix

7(6) = [8logf810gf} .

a0 o0
Then, the general form of singularity of the Jacobian (0 < rank(@ﬁ(go)/ﬁg) < dg) can be
characterized as the general form of singularity of the information matriz (0 < rank(Z(0y)) <
dg), since
Dlog f(w:f) _ log f'(w:3(7) 95(0)
00 ac’ o6

and I1(C) = <810g ff/ag) <810g fT/aZ') has full rank.

Assumption CF3. For any § € O, the solution w}(0) to @0(9,7%(9)) = infr1cm g Qo(0, 1)
exists and is unique and w§(0) € int(I11(0)) Vyo € T.

9Note that Assumption CF2 does not cover GMM with a continuously updating weight matrix Wo(g) =
W (#;70).

11



This assumption holds if the population criterion function is well-behaved and the optimiza-
tion parameter space is chosen to be “large enough”.
Define

90(0) = g(6:70) = G(8, 75(6); 70) (4.2)

and

Qo(9) = Qo(0, m5(0)) = o(go(9)).

Based on the analysis of the previous section, we show that the transformed model 0 = go(6)
satisfies a useful property.

When $ = 0, Lemma ID1 implies that there exists some (dg —7) x 7 matrix M, such that

9g0(0) _ - 0g5(0)
- M
o7 o7

(4.3)

VO = (0,(,7).

Assumption ID2. The matriz M in (4.3)) is only a function of (3,() and not a function of T,
which is denoted as M(5,(;vo).

This assumption holds for all the examples considered in this paper.

Our goal is now to transform the extremum estimation problem into one for which the
criterion function does not depend upon the non-identified parameter when 8 = 0. The partition
7 = (m,7m') and the function h{ enable us to do so. More specifically, the following theorem
shows “to what extent” 7 is identified when § = 0: conditional on knowing 7, the parameters

are identified. Note that (3, () are always identified by assumption.

Theorem Trans. Suppose Assumptions ID1-ID2, Regl—Reg3 and CF1-CF3 hold. When 5y =
0, 7$(0, o, ) = h{(Co, ™) and go(0, (o, ) = 0 Vrr € 1T such that (0,(y,7) € © Vyo € T

Since h} can be obtained from inverting g§ by Lemma ID2, the result of Theorem Trans can
be useful for calculating the limit distributions of the estimators, which involve 7(-), in Section
7. See Section 11.1 for an example of how this result can be used in practice.

Since go(0, (o, m) = 0 for all = € II such that (0, p,7) € ©, it is not a function of 7 over the
relevant parameter space. This result is reminiscent of Assumption GMM1(iii) (or GMM3(ii))
of Andrews and Cheng| (2014)) but for the transformed model defined by go(¢) rather than the

original go(6), although the result is not restricted to the GMM setting. Note that in terms of
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6 in the transformed model, the identified set when §y = 0 becomes a (location shifted) simple

linear subspace of ©, where 7 is entirely unidentified.

5 Criterion Functions

In this section, we define the original and transformed criterion functions and relevant estimators.
We then establish a sample counterpart to Theorem Trans of the previous section.
We define the extremum estimator 6,, as the minimizer of the criterion function Q,(6) over

the optimization parameter space o:

~

0 € 8 and Gu(B) = inf Gu(8) + o(n™Y). (5.1)
0cO

The function @n(g) depends on the observations {W; : i < n}. Consider the following profiled

extremum estimation, which defines the concentrated estimator 7 (6):

Qub.70) = inf | Qulb.7) +oln™). (5.2)

This gives us the concentrated criterion function, which naturally defines the transformed cri-

terion function analogous to the tranformation introduced in the previous section:

Qn(0) = Qn(0,71(0)). (5.3)
Now we define the estimator gn of 0 as

Qn(Bn) = inf Qn(0) +o(n™"). (5.4)

We assume that 6, = (@\n, 7l) can be written as (@\n, 7?111(5”)), where 7L (-) and 6, are defined in

n
and (1)

Define the sample counterpart of go(6) as

9(0) = 9(0,7,(0))

where g(f) is the sample counterpart of §o(6). In the case of CMD and ML, §(d) = 6, — §(6)
analogous to . For GMM, 5(5) =n"130 (W, 5) We list assumptions on the sample
objects that are analogous to the assumptions on the population objects, Assumptions Regl,
ID1, CF2 and CF3.

13



Assumption FSRegl. g : 0 - R% s continuously differentiable in 9.

Assumption FSID1. When 5 =0, rank <8§(§)/8%) =r <dsx Vo = (0,¢,7) € (:), where T is
the smallest subvector of 6 such that d= — rank(9g()/07) = dy — rank(9g(6)/08).

The proof of the following Corollary to Lemma ID1 is nearly identical to the proof for that

lemma and is therefore omitted.

Corollary FSID. Assumption FSID1 implies that there exist r-dimensional subvectors w' &
I of 7 = (m,7') and g* of § = (g",3") such that when B = 0, rank(dg'(9)/ox') = r
V0 = (0,(,7) € O.

Assumption FSCF1. Qvn(g) can be written as

for some random function W, (-) that is twice continuously differentiable such that V,, 5z = %

is positive definite.
Assumption FSReg2. For any 0 € O, 71(0) in (5.2) satisfies OQn(0,7L(0))/0x = 0.

-~ 2
For a GMM/CMD criterion function, ¥,,(g(0)) = HW,@(@)H where W), is a (possibly ran-
dom) weight matrix; for a ML criterion function, ¥, (g(0)) = —+ P fT (Wz,gn —5(5))

Defining g(0) = (0, 7L(0)), note that Q,,(0) = ¥,,(3(6,7L(0))) = ¥,.(3(6)).
When r > 0, the original criterion function depends on @ when # = 0. Only when r = 0 is
@n(O, ¢, 7) a constant function of 7. Under the new set of parameters 6 = (3, (, ), however, we

show that the transformed criterion function does not depend on 7 when g = 0.

Theorem FSTrans. Under Assumptions FSID1, FSReq1-FSReg2 and FSCF1, for all 5 =0,
Qn(0) does not depend upon .

This theorem is reminiscent of Assumption A in AC12. In sum, after transforming the
problem, among the components of § = (8,(, ), § determines the identification status of 6, ¢
is a parameter whose identification is not affected by the value of 3, and 7 is a parameter which
is not identified and does not appear in the criterion function when § = 0. This transformation
facilitates our analysis in two ways: (i) it distinguishes the parameters that are strongly identified
from the parameters that are weakly identified when f is close to zero; (ii) it yields criterion

functions that do not depend (in a generalized sense) on the unidentified parameters when g = 0.
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6 Examples

6.1 Sample selection models and models of potential outcomes

Since Examples [2.1] and [2.2] share similar features, we focus our attention on Example Let

7 = (m,7m!) in that model. Given go(f) defined by (2.4) with a bivariate standard normal

distribution, the part of the Jacobian relevant to our discussions in Sections is

5B DiNX; DiX;X!
N = —Ey| DN DinX!

a’ﬂ: Yo
Orx1 01k

When S = 0, we have rank(9go(0)/07) = dz — 1 = r = k since

AODiX; D X;X!
XD MQ)DiX] |

Orx1 01k

850(07 Cv 7?)
o = Ew

and the (k + 1)-th row is a scalar multiple of the first row since X; = (1, X},)’. Given
96(0) = By [DiXiYi — DX, X(m' — mDiNX;]
when 3 = 0, note that 0 = g3(0,¢,7) is equivalent to

Okx1 = By [DiX;Y; — DX X[m' — nA(¢)DiXi ]

= Qo,pxy — Qo,pxxm1 — A{)7Qo,px,

where Qo.pxy, Qo,pxx, and Qo px are implicitly defined. Observe that the result of Lemma
ID1 holds. Also when 8 = 0, Mg(0,¢,7) /07 = 9g3(0,(,7) /07 with M being a (I + 1) x k
zero matrix but with the (1,1) element replaced A(¢). In this example, the function h} has a

closed form solution:

ho(¢, ™) = Qy pxx (Qo.pxy — A(()TQo,px) -
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6.2 Threshold crossing models with a dummy endogenous variable

We now continue to discuss Example Let 7 = (m, 7, m3). Given go (0) = 6 — §(0) from the
expression in ([2.5)), the relevant Jacobian is

Cs (73, ¢ ) 0 Cy (73, ¢ )
Cs (73, + B ) 0 C1 (73,¢ + B;m)
o(0) __85(5) B —C5 (i, ¢;m) 1—Cy (nf, ¢m) 0
or. o —Cy (nf, ¢+ B5m) 1= Ci (nf, ¢+ Bs5) 0 |
—Cs5 (73, ¢;m) 0 —C (73,¢5m)
—Cs5 (73,¢ + B;m) 0 —-C4 (W%,C+ﬁ;7‘r)

where C(-,-;m) and C3(-,-;7) denote the derivatives of C(-,-;m) with respect to the first ar-
gument and w, respectively. When S = 0, we have rank(@ﬁo(g)/ﬁ%) =dz—1=17r = 2,
since there are only two linearly independent rows in 9g(0,¢,7)/07. When 8 = 0, note that

0 =6} — ¢'(0,¢,7) is equivalent to

P11,0 C(md, ¢;m)
0= poo | — | 7 —C(nf,¢m)
P01,0 ¢—C(md, ¢;m)

Observe that the result of Lemma ID1 holds, as rank (9g§(0, ¢, 7)/0n!) = rank (9¢*(0, ¢, 7)/0n!) =
r. Also when 8 = 0, Mg} (0,¢,7)/07 = 0¢9(0,(, 7) /07, where M = I3. In this example, the
function hé may or may not have a closed form solution, depending upon the copula used. See

Section 11.1 for an example.

7 Concentrated Estimation

~

We proceed to derive the limit theory for gn under a comprehensive class of identification
strengths in two steps: (i) using the results of Section 5, we derive the joint limit theory for §n
and 71 () and (ii) we use the results of (i) to find the limit theory for the parameter of interest.

This section is devoted to step (i).
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We formally characterize a local-to-deficient rank Jacobian by modeling the 5 parameter as
local-to-zero. This allows us to fully characterize different strengths of identification, namely,
strong, semi-strong, and weak. Ultimately, we derive asymptotic theory under parameters with
different strengths of identification in order to conduct uniformly valid inference robust to iden-
tification strength.

The parameter space I for «y is of the form
I'={y=(0,6):0€c0"¢ecd )},

where ©* is a compact subset of R% and <I>*(§) C ©* VA € O for some compact metric space ®*
with a metric that induces weak convergence of the bivariate distributions of the data (W;, Wi4,)

for all i,m > 1. Define sets of sequences of parameters {~,} as follows:

F('YO)E{{'YnEF5nZ1}:7n_>70€r},
I'(70,0,b) = {{%} €T(y0): Bo=0and n'/?B, > be Ri@},

Bn
180

T(0,00,0) = { {10} € D) 172 ] > 00 amd 5 = wo € R |
where 9 = (ﬁo,({),%@,%@) and v, = (ﬁn,Cny%n7$n>a and Ry, = RU {£o00}. When ||b]| < oo,
{7} € T'(70,0,b) are weak or non-identification sequences, otherwise, when |[|b|| = oo, they
characterize semi-strong identification. Sequences {v,} € I'(79, 00, wq) characterize semi-strong
identification when (5, — 0, otherwise, when lim, ,-, 8, # 0, they are strong identification
sequences.

We first establish the limit theory for the first step estimator 7} (6), as a function of § € ©.
The following assumption establishes the population criterion function discussed in Section 4 as

the limit (in a uniform sense) of the sample criterion function.

Assumption FSCF2. The function Qq(6) is such that

sup |Qn(6) — Qu(6)] - 0
USS)
under {v,} € T'(v) Yy € T.

Assumption ID3. For 7} : © — I11(0) C R%! and every neighborhood T15(6) of ©}(6) at any
given 6 € O,

inf ( inf Qo(0, ") — éo(e,wg(e)))> >0

66 \ rl eIl (9)\I1}(9)
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V9 €T

In conjunction with Assumption CF3, Assumption ID3 states that conditional on 6, the
population criterion function locally identifies the parameter 7l (6). For any {v,} € (7o) with
70 € I' and any 6 € ©, define 7} () implicitly as

A 1 . _ : A 1.
Q(eaﬂ_n(e)vfyn) - Wlelrl_llii(@)@<6’7r 7771)

The next assumption is a weak continuity condition on @(0, ml).
Assumption Reg4. Under any {v,} € T'(v) with vo € T, supgeg |75 (0) — 7§ (0)]] — 0.

Let X,,(6) = opp(1) mean that supgce || Xn(6)|| = 0p(1). Similarly, X, (7) = opr(1) means
that sup,cr || Xn(7)|| = 0p(1) and analogously for Opg(1) and Opr(1). The next assumptions

supposes the sample criterion function has a partial quadratic expansion in the parameter 7'.

Assumption FSReg3. Under any {v,} € I'(y0) with vo € T, the following statements hold:

1

(i) The sample criterion function Qvn(ﬁﬂrl) has a quadratic expansion in w around wl(6) for

given 0:
Qu(0.7") = Qu(0,m,(0)) + D1 Qu (0, 73,(9)) (x" — m3,(6))
1 ~
+ 5 (7! = 7 (0)) D Qn (0, 7 (0)) (7w = 7 (6)) + R (0, 7),
where Dﬂ1@n(0,ﬂ'}L(0)) € R is a first partial-derivative vector (with respect to 7', evaluated
at w1(0)) and Dy1,1Qn(0,7L(0)) € R %a1 s q second partial-derivative matriz (with respect

to T, evaluated at 7} (0)) that is symmetric and may be stochastic or nonstochastic.

(ii) The remainder term R, (0, 7') satisfies

|an(957Tl)|
Sup 1 1
AEM (9): | —rk (0) | <en (1 + [IW/R(Th — 7

anne ~ e

for all constants ¢, — 0.

It will be convenient to let ¥ = (3, () denote the subvector of well-identified parameters. Let

= lay,  Odyxdn _ ) B, if B is scalar,
mm_(O%M¢MMMW)’“m_{ﬂﬂhﬁﬁmawam

The following is a joint convergence assumption on the (partial) generalized stochastic derivatives

of the (concentrated) criterion function. Let vy, = (0, (p).
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Assumption FSReg4. (i) Under {v,} € I'(7,0,b) with ||b]| < oo,

ﬁ< Dt Qu(-mi() ) . < Go() ) |
Dy@Qn(von: ) = By DyQn(Yon, ) Go()
where DyQn(Yon,-) s defined in Assumption C1(i)-(ii) of AC12 and Go(-) = G(;7) and
Go(-) = G(:;70) are mean zero Gaussian processes indexed by 6 € © and m € II with bounded
continuous sample paths and some covariance kernels 50(91, 09) = (~2(01, 02;v0) and Qo(m1,m2) =
Q(my,m2;%0), respectively, for 01,02 € © and m,my € I1.

(i1) Under {3} € T30, 00,0),

D1 Qn (- mh()) Go()
ﬁ( B (8n) DQn(6n) ) - ( N (04, V (70)) ) ’
where DQy,(0,,) is defined in Assumption D1 of AC12 and éo(') is defined in part (i) of this

assumption.

Assumptions C2(i) and C3 of AC12 ensure the marginal convergence of the empirical process
DyQn(Yon, ) — Ey, DypQn(von, ) under {v,} € I'(70,0,b). Assumption D3(i) of AC12 ensures
the marginal convergence of the random variable D@, (6,) under {v,} € I'(79,00,wp). The
next assumption is a standard regularity condition on the second (stochastic) partial derivative

matrix of the criterion function with respect to 7'.

Assumption FSReg5. (i) Under any {vy,} € I'(70) with vo € I', supgeg || D11 Qn(0, 7L (0)) —
ﬁo,wlwl (0)|| £ 0 for some nonstochastic symmetric d1 xd1 matriz-valued function ﬁoﬂrlﬂl (0) =
H,1,1(0;70) on © x I that is continuous on © Y € I.

(i1) Amin(Ho 7171 (0)) > 0 and Amax(Ho 7171 (0)) < 00 V8 € ©, Vg € T

We are now ready to state a result that extends Theorems 3.1(a) and 3.2(a) of AC12, but

applied to the concentrated estimator 8, and the random function 7L ().

Theorem Conc. (i) Suppose Assumptions FSID1, FSRegl-FSReq3, FSReg4 (i), FSReg5, FSCF1-
FSCF2, CF3, ID3, Reg4 and Assumptions B1-B3 and C1-C6 of AC12, applied to the 6 and Q,,(0)
of this paper, hold. Under parameter sequences {yn} € I'(70,0,b) with ||b]| < oo,

~

\/5(% - wn) TO,b(WS,b)

Tn = WS b ’

V(@ () = () —Hy b 2 ()Go()
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where

7'('87{) = 1%(0,b) = arg I;IGiIIIl—%(GQ(ﬂ') + K()(?T)b)lﬂo_l(ﬂ)(Go(W) + Ko(m)b),

70.5(m) = 7(m;70,0) = —H ' (m370)(Go(w) 4+ Ko(m)b) — (b, 04,)

with (b,0q,) € Rév, Ty being a random vector and {7o(7) : m € I1} being a Gaussian process.
The underlying functions Hy(mw) = H(m;7) and Ko(m) = K(7;v) are defined in Assumptions
C4(i) and C5(ii) of AC12, respectively.

(ii) Suppose Assumptions FSID1, FSReq1-FSReg3, FSReg/(ii), FSReg5, FSCF1-FSCF2,
CF38, ID3, Req/ and Assumptions B1-B3, C1-C5, C7-C8 and D1-D3 of AC12, applied to the 0
and Qn(0) of this paper, hold. Under parameter sequences {~yn} € I'(v9, 00, wp),

B(6) (0 — 0n) ) N (N(OdmJ:l(’YO)V(ZO)J_l(%) )
. . —HO_’,lrlﬂl(‘)Go(') ’

where J(v9) and V() are defined in Assumptions D2 and D3 of AC12.

This theorem is instrumental to deriving the limit theory for the ultimate parameter esti-

mates of interest: 6,, = (én, 7l (§n)) This is the goal of the following section.

8 Limit Theory for Original Parameter Estimates

We now proceed to find the limit theory for the original parameter estimator of interest gn under
a comprehensive class of identification strengths using the results of the previous section.

Let Tr}Lﬁ(H*) = O} (60)/00'|g=g~. Partition 7r71L79(9*) conformably with 6’ = (¢, 7): 7771%9(0*) =
[Tr}mp(e*) : mh (%)), Suppose rank(w) (0)) = di, for all 6 € ©. = {0 € © : ||| < €}
For § € O, let A,(0) = [A1,(0) : Az, (0)] be an orthogonal d 1 x d, 1 matrix such that
A1n(0) is a (dg —df ) X d1 matrix whose rows span the null space of 7, (0)" and Az ,(6) is a
d . x dp1 matrix whose rows span the column space of 7}, .(f). The matrix A; () essentially
rotates m(0) “off” the direction of 7 while the matrix A, (6) rotates 7} (6) in the direction of
7. The estimate 7. = 7L (é\n) has very different limiting behavior after being rotated by either
of these two matrices, with one “direction” converging at the \/n-rate and the other being
inconsistent. Similar asymptotic behavior can be found in the related contexts of, e.g., |[Phillips
(1989) and Antoine and Renault (2009, 2012), where parameters of interest are functions of
quantities with different convergence rates. Indeed, the rotation approach used in the limit

theory here has antecedents in many distinct but related contexts including [Sargan| (1983),
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Phillips| (1989), |Antoine and Renault| (2009, 2012), |Andrews and Cheng| (2014) and |[Phillips
(2015). Let 773’9((9*) = On}(0)/06'|g=¢~ with the analogous partition 7T(1]79(9*) = [ﬂ(l)’w(e*) :
(6"

The following assumptions impose regularity conditions on the mapping 7. : © — I1}(0).

Assumption Regh. For all n > 1, the following statements hold:

(i) w1 (0) is continuously differentiable on ©.

(it) rank(m}, (0)) = di,, for some constant df. ,, < min(d1,dx) and d;‘r’n—rank(wém(ﬁ)) —0
under {vn} € I'(70,0,b) V0 € ©, for some € > 0.

Analogous assumptions can be found in, e.g., Assumptions R1 and R2 of|Andrews and Cheng
(2014). The major difference with these assumptions is the condition in Assumption Reg5(ii)

on the limit of d7 ,,

under {v,} € I'(70,0,b). This essentially restricts the class of sequences
{7} € I'(70,0,b) under study to those that yield a limit for d} ,. This assumption is not
restrictive since for any given sequence {v,} € I'(7,0,b), one could find a subsequence {~.,,, }
along which d7 , ~converges since d , is limited to a finite number of values.

Define
\/ﬁAl,n(e){Wi@ﬂm ) — 7T717,(¢TL7 Wn)}v if dy, <dn
"7”(9) = . * 7
0, if dmn =d1.

Assumption Reg6. Under {v,} € I'(70,0,0), nn(é;) 25 0.

Denote the Gaussian random vector to which \/ﬁB(ﬁn)(an —6,,) converges in Theorem Conc
(ii) as Zp = (Zy, Z7)" ~ N(0q,, J 1)V (v)J (7)), partitioned conformably with v and 7.
We are now ready to state the main result of this section. In what follows, A o(-) and Az ()

are defined analogously to A; () and Ay, (), replacing 7771%9(0) with Tréﬂ(ﬁ) in the definition.

Theorem Est. (i) Suppose Assumptions FSID1, FSRegl-FSReg3, FSReg4 (i), FSReg5, FSCF1-
FSCF2, CF3, ID3, Reg4—Reg6 and B1-B3 and C1-C6 of AC12, applied to the 6 and Q,(0) of
this paper, hold. Under parameter sequences {yn} € I'(70,0,b) with ||b|| < oo,

Vit — ) 70,6( )
Aﬁ d, To.b N
VnA;, /\(9 )#@h —73) Aq0(vo, g, Ao (W0, 6 ) T0p(7G ) — HO_TI' 1 (0,75, Go (Yo, m55) }
Ao (0) (T, — 3,) Az o(vo, 15 ) {76 (o, 75 ) — 7o (0, m0) }

(ii) Suppose Assumptions FSID1, FSReq1-FSReg3, FSReg/(ii), FSReg5, FSCF1-FSCF2,
CF38, ID3, Reg/—Regb6 and Assumptions B1-B3, C1-C5, C7-C8 and D1-D38 of AC12, applied to
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the 0 and Q,(0) of this paper, hold. Under parameter sequences {v,} € I'(9,00,wp),

B(B2) (0 — 0,) Zy
Vil A, ><% wh) | 5| Ave(00)mb ,(00)Zs — Hy ki1 (80)Go(00)] |
U(Bn) Az (Bn) (7 — k) A2,0(00)7 - (00) Zr
if Bo =0 and
= s B~Y(B0)Zs
V(s =) = ( 78 o(00) B (80) Z0 — Hy Ly (0)Gio(60) )
if Bo # 0.

Due to the rotation by Al,n(é\n) and Azyn(é\n), Theorem Est does not directly express the
limiting distribution of 7.. However this is can be obtained as a corollary.

Let A,(0) = [AL(6) : A2(6)], which forms a conformable partition so that AL(6) is a d1 x
(dg1 —dz ,,) matrix and A2(0) is a d1 x di , matrix. Define Ag(0) = [Ag(0) : AF(0)] analogously.
Let

~ Iy Oy xdx
B = v v oo

) ( Od%dew L(/B)Id% ) 7
B ( U(B)a, Odyxd,

Odpxdy, — ld,

> = «(B)B71(B),

and HO 1 1(90)fb(50) 0 17r1(90)

Corollary Est. (i) Under the assumptions of Theorem Est(i) and {v,} € I'(70,0,b) with ||b|| <

oo,

\/ﬁ(@Zn — tn) 4 TO,b(WS,b)

Tn — 7r§ b ,
~1 1x
Tn 7T0 b

where

o = 70 + Af (o, 75 ) Az,0 (Yo, 7 ) (76 (Yo, 6 ) — 76 (1o, o))

(ii) Under the assumptions of Theorem Est(ii) and {vn} € I'(y0,00,wp),

Zg _

_ =~ o~y
VnB(Ba)(On = 0n) — ( 73.9(00) B(B0) Zg — Hy 1.1 (60)Go(fo) ) "
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Remark 8.1. Though ﬂ'é*b is the limiting random vector for - in Corollary Est, including
the asymptotic counterpart to the Op(n=/?) term Al (9 )Aln(en)(%l — k) provides a better
approximation to the finite sample distribution of ©.. That is, the distributional approzimation

for 7L by
moh = mhptn 2 Ag (Yo, 75 ) A1,0 (o, ) {76y (o, 7 ) 70,6 (5 ) — HO} 1,1 (%0, 70 ) Go (Yo, 7o) }

serves better in finite samples than that by 71'0 b €ven though they are asymptotically equivalent.

See the Monte Carlo results for the threshold-crossing model example in Section 11.1.

9 Wald Statistics
We are interested in testing general nonlinear hypotheses of the form
Hy: 7(0) = v e R%

using the standard Wald statistic. The usual Wald statistic for Hy based upon gn can be written

as

Wo(v) = n(F(8n) —v) (756, B~ (Bu) 0B~ (B) (8,))(r(B) — ),

where 775 (9) o7 (0)/060 = [Fw(g) : 72(0)] € R%*% and the covariance matrix estimator of Gn is

specified as
. (5, s2
X = ( A17;/ Agz >
ETZ En

with &, = fgl‘/}nj;jl being as defined in AC12 to be an estimator of X(vy) = E,,[ZpZy), ﬁ}f

being an estimator of

S12(0) = %(70) B(Bo) 5 (60) — Ero[Z6G(60)'1H o ' 1 (60)

and i%z being an estimator of

222 (70) = 5,4(60) B(B0)Z(70) B(50)75,9(0) — 7,(60) B(B0) By [Z0Gio(60)' 1y 11,11 (o)
— Hy L1 1 (60) By [Go(00) Zg) B(Bo) 7,6 (60) + Hy 111 (60)Q0(6o, 60) Hy 11 11 (60)

under {v,} € I'(y0,00,wp). The following assumptions are similar to R1 and R2 of AC14,
applied to 7(6).
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Assumption Resl. (i) 7(6) is continuously differentiable on ©.
(ii) rank(F=(0)) = d% for some constant di < min{dy,dz} for all fcO = {5 €O B <€}
for some € > 0.

~

In a similar spirit to the rotations used to charactemze the limit theory for 7} = 71 (6,,), we
rotate the restrictions being tested when evaluated at Qn, (0 ). Let A(F) = [A1(9) : Ay(6))
be an orthogonal di x d7 matrix such that A1(0) is a (dy — d%) X di matrix whose rows span the

null space of 7(8) and Ay(6) is a d% x di matrix whose rows span the column space of 7=(0)
with ?5(9) [7y(0) : 7(0)]. Let

T (0) = { nt/2A1(6) (P, 7) = P, )}, i i < ds
0, if d% = d?‘

~

Assumption Res2. Under {7,} € T'(70,0,b), i (6,) - 0.

When f is scalar, let 2(1)2(5) = »12(g; 7o) and 232(5) = 222(5; ~0) be some nonstochastic
dg X d1 and dp1 X d1 matrix-valued functions for 6 € ©. Let

o(6) 0 (0) ( Oy )

.7 (0)
Odw Xdﬂl

(04 1 xdy : 157(0))%0(0)  (0a_yxa, iﬂé,w(e)’)20(9)< )

7T0,7r(0)
_ [ Zo(® =59
S\ 220 =B0) )

So(m) = 2(m;70) = (0, o, 75 70)s

So(6) = E(0;70) =

where Xg(6) = X(0;70) is defined in (4.4) of AC12. In addition to Assumption V1 of AC12, the
following assumption describes the limiting behavior of 3, under weak identification sequences.
For this assumption, ¥o(7) = X(m;70) is defined in (4.4) of AC12.

Assumption Varl. (Scalar 8) (i) 212 212(§n) and 5122 222( ) for some (stochastic) dg X
dy1 and dy1 x d matriz-valued functions $12(-) and iiz() on © that satisfy SUPgeo 15126
S12(0)]] 25 0 and supgeg ||S22(0) — $22(0)|| - 0 under {yn} € T(70,0,b) with [b| < co.

(ii) X§2(0) and $3%(0) are continuous on 0 € © Vo € T with By = 0.

(i#i) Amin(S0(7)) > 0 and Amax(Zo(7)) < 0o ¥V € IT Vg € T with By = 0.

We deal with the scalar 8 case here in the main text. See Appendix B for details on the

vector 3 case.
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When estimating $'2(vyp) and $22(qp) by f],lf and i%ﬁ in practice, the By’s appearing in
B(B) and H()_71r17r1 (69) would be replaced by the estimator 3,. Under {1} € I'(70,0,b) with
|b| < oo, along with Assumption Varl and the results of Corollary Conc(i), this implies

Q d * >, * * *
27112(971) — 20(90,17)3(0)”(1),0(90,17)/ = Eo(eo,b)[Odwl Xdy, - Wcl),w(eo,b)]/

S22, d * 0 * > *
S22(0n) — w679(907b)B(0)20(0071,)3(0)7%79(0071,)’

= [0a, xdy, = 10.7(05.)150(05 ) [0a 1 = m0.(05)]"

since ﬁ&;lﬂl(Ho) = L(O)H&;lﬂl(%) = 0. This implies the limiting matrix (65 ,) has reduced
rank equal to the rank of 20(93717), which is equal to dy by Assumption Varl(iii). This problem
also arises under semi-strong identification sequences. Indeed, note that by Corollary Est(ii),

under {v,} € T'(v0, 00, wp) with By = 0,

~ = ~ d 14,
VnB(By) (0 — bn) —— < L O B(0) ) Zy (9.1)

~

Standard variance matrix estimators in are consistent for the variance matrix of this Gaussian
limiting random vector under semi-strong identification sequences. Hence, in is singular in the
limit under these sequences as well. R
Depending upon the restrictions being tested, these singularities in the limit of in under
weak and semi-strong identification sequences can cause the standard Wald statistic to diverge.

This can perhaps be most easily seen for the standard full vector test restriction F(a) — 6§ under

~

~ o~ = ~ o~ =2l 2 ~
semi-strong identification sequences: Wy, (0,) = n(0,, — 6,,) B(8,)%,, B(5n)(0n — 6,). Under
semi-strong identification and Hy, \/ﬁé(@)(gn — 6,) weakly converges to the right hand side
of (9.1)) and with X(vo) = E4,[ZoZ),

= =-1
Consider inverting ¥,,. The lower right hand block of ¥,, is

~ ~ ~—1 ~

(Bn22 — Zn,lZEn,llsz?)_l
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but under semi-strong identification,

~ -~/ ~—1 ~

Sn22 — 125115012 — 70,9(00) B(0)S(70) B(0)7g 4 (o)’
— m0,0(00) B(0)S(70) S~ (70) 2 (70) B(0) 7 4(60) = 0.

Therefore, the Wald statistic diverges under the null.

Because the Wald statistic diverges under the null and weak or semi-strong identification for
some null hypotheses, standard Wald tests that make use of Xi CVs exhibit size distortion of the
most extreme kind: their asymptotic size is equal to one. In order to construct Wald tests with
uniform asymptotic size control, we limit our attention to null hypotheses that do no cause Wald
statistic divergence under the null. Standard Wald tests still exhibit size distortions in these
cases since the Wald statistics are not asymptotically Xfl;—distributed under weak identification
sequences (see Theorem Wald(i) below). We know the form of singularity in the asymptotic
variance matrix under {v,} € I'(7,0,b) that causes the Wald statistic to diverge for certain
restrictions, e.g., rank(X(y)) = rank(X(vo)) = dg. This enables us to write down verifiable

sufficient rank conditions on the restrictions that ensure the Wald statistic does not diverge.

Assumption Res3. (i) dr < dj
(ii) rank(Ay (0)7y(0)) = de—d% and rank(As(0)(Fx(0)+7p (0)dmy(0) /7)) = di V8 = (0,(,7) €
0, Vo € T with By = 0.

One-dimensional restrictions trivially satisfy this assumption. Subvector restrictions satisfy
this assumption so long as the subvector is not too large (it must have dimension smaller than
dp) and does not contain more than d, entries of 7. It is interesting to note that while |Andrews
and Guggenberger| (2014) and |Andrews and Mikusheva (2014) cannot generally directly conduct
one-dimensional inference that is uniformly valid, we can by properly constructing CVs (see the
following section). Conversely, we cannot directly conduct full vector inference that is uniformly
valid while this is precisely what the methods |Andrews and Guggenberger| (2014) and |Andrews
and Mikusheva/ (2014) are for (in moment condition models)m

Along with Assumption V2 of AC12 applied to f]n, the following assumption presumes that

Y, is consistent under (semi-)strong identification.
Assumption Var2. Under {y,} € T'(70,00,wp), S22 25 $12(0) and £22 L5 $22(,).

Before stating the main result of this section, we must introduce some notation. First, let

19Andrews and Mikusheval (2014) cannot handle moment conditions for which the asymptotic variance matrix
of the moments is singular. This occurs for the ML estimators of this paper.
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93 b = (Yo, 4, Mo b) Second, let

o A1 (0)7(0)70,5()
AQEAQ; 7b: ! ¥ ~ )
%(0) = 4" (%70, 0) ( w+%bM)(®H®—ﬂ%»>

where 7'68 »(m) denotes the subvector of the first dg elements of 7q (7). Third, let

i [ A0)F(0) 0
%@‘< 0 %@ﬁ@>'

Finally, let

= = _ ) ), if 3 is scalar
Eop(T) = B(7370,b) = ~O(~) . e e o
Xo(, wp (7)), if B is a vector

where for 7 € 1II,
T()B,b(ﬂ)

wab(%’) = w*(m;70,b) = m
0,b

Under a sequence {v,}, we consider the sequence of null hypotheses Hj : ?(5) = v,, where

Un = 7(6n).

Theorem Wald. (i) Suppose Assumptions FSID1, FSReq1-FSReg3, FSReg/ (i), FSReg5, FSCF1-
FSCF2, CF3, ID3, Reg4—Reg6, Res1—Res3, Varl and Assumptions B1-B3, C1-C6 and V1 of
AC12, applied to the 0 and Qn(0) of this paper, hold. Under {~v,} € I'(70,0,b) with ||b|| < oo,

T e ~A % v ~% \~A (D%
W (v) — W(b,70) = qg‘,b(@o,b),(réq(90,1;)EO,b(Wo,b)Tgl(@o,b)/) 40 b(‘90 b)-

(i) Suppose Assumptions FSID1, FSRegl-FSReg3, FSReg/(ii), FSReg5, FSCF1-FSCF2,
CF3, ID3, Req/—Regb, Res1—-Res3, Var2 and Assumptions B1-B3, C1-C5, C7-C8, D1-D3 and
V2 of AC12, applied to the 6 and Q,(0) of this paper, hold. Under {v,} € T'(v0,00,wo),

d
Wy (vg) — X?l;-

10 Robust Wald Inference

As can be seen, e.g., in Figures 5-8, for some b € Ri@, the limit distribution of W(b, o) given in
Theorem Wald(i) provides a good approximation to the finite-sample distribution of Wn(v) This
limit distribution depends upon the unknown nuisance parameters b and vy. Letting ¢1_4/(b, Y0)

denote the 1 — «a quantile of this distribution, a standard approach to CV construction for a test
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of size o would be to evaluate ¢1_,(+) at a consistent estimate of (b,~y). However, the nuisance
parameter b and some elements in 7y are not consistently estimable under {v,} € I'(v0,0,b)
with [|b]| < oo, lending such an approach to size distortions. This feature of the problem leads
us to consider more sophisticated CV construction methods that lead to correct asymptotic size
for the test. We will restrict our focus to testing problems for which the distribution function of
W(b, 7o) in Theorem Wald(i) only depends upon 7y through the parameters (4 and mp and an
additional consistently-estimable finite-dimensional parameter §y. This is the case in all of the

examples we have encountered. Without loss of generality, we will assume § is a component of
¢ so we can write ¢ = (o, ¢)

Assumption FD. The distribution function of W(b,’yo) depends upon o only through (o, mo,
and some &g € R% such that under {v,} € T'(70,0,b) or {7} € T'(y0,00,wo) there is an
estimator gn with gn BN do-

We will “plug-in” consistent estimators for (3 and dy, Zn and Sn, when constructing the CVs.
The first construction is more computationally straightforward while the second leads to tests

with better finite-sample properties.

10.1 Identification Category Selection CVs

The first type of CV we consider is the direct analog of AC12’s (plug-in and null-imposed) Type

I Robust CV. Define t, = (nli@é an/dg)1/2, where igg,n is equal to the upper left dg x dg

block of f)n and suppose {r,} is a sequence of constants such that k, — oo and &, /nl/ 2,50
(Assumption K of AC12). Then the ICS CV for a test of size a is defined as follows:
X2(1—a)t ift, >k
cs dy n 7
Cl—an = LF .
CIamn if t, < kp
where Xi:(l —a)7!is the (1 — a) quantile of a Xi—distributed random variable and c&* an =

SUD, (& (o) C1—a(X) With Ay = {A = (b,7) € Aty = (8,0, 7,00, 8)}, A(v) = {A = (b,%) € A:
7(fo) = v}, and A = {\ = (b,y) € R% x T': for some {vn} € T(70),n'/?B, — b}. That is, we
both impose Hy and “plug-in” consistent estimators En and gn of (y and &g in the construction
of the CV. This leads to tests with smaller CVs and hence better power (see, e.g., AC12 for
a discussion)H Under the assumptions of Theorem Wald, Assumption FD and the following

"1t is possible to relax this restriction and modify the CVs accordingly. However, we have not found an example
where this is necessary.

12As in AC12, one may also choose not to impose Hy in the C'V construction since it is misspecified under the
alternative. Then, simply replace A A(v) with A, in the expression for ¢If,. Also, any consistent estimators
of the components of 79 may be analogously “plugged-in”.
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assumption, we can establish the correct asymptotic size of tests using the Wald statistic and
ICS CVs.

1

Assumption DF1. The distribution function of W(b,yo) is continuous at Xi(l —a)”" and

SUPAcAA(v) Cl1—a(A), where Ag = {A = (b,7) € A1y = (8,C0, 7,00, 9)}

Proposition ICS. Under the assumptions of Theorem Wald, Assumption K of AC12 and

Assumptions FD and DF1, limsup,,_, . SUD_ 1 7(3) =0 PV(/W/n(v) > c{ggm) = a.

10.2 Adjusted-Bonferroni CVs

The second type of CV we consider is a modification of the adjusted-Bonferroni CV of McCloskey
(2012). The basic idea here is to use the data to narrow down the set of localization param-
eters b and parameters 7 from the entire space P(Cp, ) = {(b,7) € RZ* . for some Y €
I’ with {y = Zn and 8y = 0n, ™ = my and for some {vn} € I'(70),n'/?B, — b}, as in the con-
struction of least-favorable CVs, to a data-dependent set and subsequently maximize c;_q (b, )
over b and 7 in this restricted set. Roughly speaking, this allows the CV to randomly adapt
to the data to determine how “guarded” we should be against potential weak identification and
which part of the parameter space Il is relevant to the finite-sample testing problem.

Let Zn =nlt/ 2371' Using the results of Theorem Est, we can determine the joint asymptotic
distribution of (/b\n,%n) under sequences {y,} € I'(70,0,b) with ||b]| < oo, and consequently
construct an asymptotically valid confidence set for (b, 7). In the context of this paper, the
adjusted-Bonferroni CV of McCloskey| (2012)) uses such a confidence set for (b, ) as the data-
dependent set from which to form the data-adaptive CV. Though this may be feasible in prin-
ciple, the formation of such a confidence set would be quite computationally burdensome in our
context since the quantiles of the limit random vector (Tg »(70.5): 0 ) depend upon the underly-

ing parameters (b, 7p) themselvesm As a modification, we instead here propose the use of the set

T2 (b0, ) = {(0,7) € PG5 [(Bou ) (R = 7)1 1B =) = 1)) < 4, (1 - )71,

where N N N
S < S5 W”W@M*Ewm>

N 1Y [ S/ S U 1M e SRS

with ﬁgmn denoting the upper right dg x dr block of En and im’n denoting the lower right
dr X d block of in This is set is akin to an a-level Wald confidence set for (b, 7). Though
this confidence set does not have asymptotically correct coverage under {~,} € I'(7,0,b) with

||b]] < oo sequences, it attains nearly correct coverage as ||b|| — oco. Similarly to the ICS CV in

13 A similar complication arises in e.g., the formation of an asymptotically valid confidence set for the localization
parameter in a local-to-unit root autoregressive model.
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the previous subsection, one may both impose Hy and “plug-in” the values of En and gn since
they are consistent estimators.
Let A%(5,70) = {4 = (5,7) € Rt (B,7) € T2(b + 78,(w5,), m5,)} and A2 = {X = (b,7) €

Ay : (b,w) € I8 (b, Tn)}. For a size-a test, the construction of the CV proceeds in two steps:

~

1. Compute the smallest value 1 = 1(Cn, 0n, S () such that

P(Woom = s a+n)<a
AEAZ (byy0)NA(v)

for all (b,v0) € AN A(v).

2. Construct the quantity ¢B = = SUD) ¢ Re A (1) c1—a(A) + n(@,&,in()) This is the

l1—amn
adjusted-Bonferroni CV.

The computations in Step 1 can be achieved by simulating from the joint distribution of W(b, %),
Toﬁ’b<7T6k7b) and 7, over a grid of (b, o) values in KnﬂA(v). See Algorithm Bonf-Adj in [McCloskey
(2012)) for additional details on the computation of this CV. Under the assumptions of Theorem
Wald, Assumption FD and the following assumption, we can establish the correct asymptotic
size of tests using the Wald statistic and adjusted-Bonferroni CVs.

Let A2 (b,%0) = {A = (5,7) € Ay = (b,7) € I§(b+ 70, (w5 ), 75 )}, where Ay = {A =
(b;7) € Ay = (8,0, 7,00, 0)} and

I§(b+ 7,(m5 1), m5) = {(b, ™) € P(Co,0) :
KTOB,b(WS,b)/v (70,6 — )15 (b + Tgb(ﬁ,b)? WS,b)[(Tgb(Wé,b),a (mop — )] < X3B+d7,(1 —a)~'}
with

Sp5,0(05) b+ 74, (.
b+ 70, (g I~ B0 (85) b+ 70y (

)

\ * * )H_lzﬁﬂ':o(e )
Eo(b+705,b(7fo,b)77fo,b) = ( b)H_QZ o(0 b
,b T,

*
07
0.5)

Ox O%

and 25570(031)) denoting the upper left dg x dg block of 20(9’6,1)), zﬁmo(eg,b) denoting the upper
right dg X dr block of ¥o(05 ), and Xrr0(6 ;) denoting the lower right dr x dr block of Zo(6j ;).

Assumption DF2. There exists some (b*,~;) € A such that
(i) POV(E,75) Z suPrene, b rpnace) c1-a(A) + (G505, 5(595)) = o
(ii) P(W(b*,5) = SUPAEA. (b 2)NA() c1-a(A) +1(¢5, 05, 2(575))) = 0.
Proposition AB. Under the assumptions of Theorem Wald and Assumptions FD and DF2,

Hm sup,, ;o SUP_ 15—, Py(Wn(v) > cff ) = .
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11 Threshold-Crossing Model Example

To illustrate our approach in this section, we examine a particular version of the threshold-
crossing model (Example 2.3) that uses the Ali-Makhail-Haq copula, defined for 7 € (—1,1)
by

Upuz

Clur, ug; m) = L—m(l—u)(1—wug)

The data is given by the vector W; = (Y;, D;, Z;) fori = 1,...,n. We also suppose the instrument
Z; € {0,1} is independent of (g;,v;) with Pyo( =z)= @0

The maximum likelihood estimator Qn minimizes the following criterion function in ]
(B,¢,m,m}, md) over the parameter space 0= {5 € [—0.98,0.98] x [0.01,0.99] x [—0.99,0.99] x
[0.01,0.99] x [0.01,0.99] : 0.01 < B8+ ¢ < 0.99}:

:_fz D> 10 (W) log pya.-(6),

i=1y,d,z=0,1

where 1,4, (W;) = 1{W; = (y,d, 2)} and

p11 0(9) = C(Wz,c, ),

p1,1(8) = C(my, ¢ + B ),

proo(8) = i = C(xi, 5m),

pr0,1(0) = i = C(x1, ¢ + B;m), (11.1)
por0(0) = ¢ — C(r3, G ),

po1,1(0) = ( + 8 — C(m3,¢ + B m),

00,0(8) =1 = p11,0(6) — p10,0(6) — poro (),

P00,1(0) =1 — p11,1(0) — p10.1(6) — por.1(0).

After concentrating out 7! = (W{, 7r2) the concentrated objective function is
Qu(0) = Qu(0,71(0)) = —fz S Lyas(Wi)log pya.. (6, 75(8)),
i=1y,d,z=0,1

where 0 = (3,(,n) and 7. (6) solves

Qn(0,72(0)) = _ inf 0, (0).

1€[0.01,0.99] x[0.01,0.99]
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The population objective function evaluated at g is

@0(5) = - Z pyd,Z(go)@,O Ingyd,Z(g)'

y,d,z=0,1

The concentrated population objective function evaluated at g is

Qo(0) = Qo(0,75(0) = — > pya:(00)$=010g pya.: (0, 75 (0)),

y,d,2=0,1

where 7} (6) solves

Qo(0,m5(0)) = Qo(0).

inf
71€[0.01,0.99] x[0.01,0.99]

11.1 Asymptotic Distributional Approximations for the Estimators

In this subsection, we describe the quantities composing the asymptotic distributions of the
estimators in the Threshold Crossing example under {v,} € I'(70,0,b) with ||| < co found in
Theorems Conc and Est and Remark [8:I] The derivations used to obtain these quantities are
given in Appendix C.

The first deterministic function is

ﬁO,ﬂlwl (0) = D7r171'1 @0(6, 7T(1) (9)) = Z pyd7z(g0)¢270D7r17r1 logpyd,2(97 7'('6 (0))
y,d,z=0,1

We define the Gaussian processes jointly as follows. In what follows, we use the notation
D, f(z,y,2) = 0f(x,y,2)/0x and Dy, f(x,y, 2) = 0f(z,y, z)/0xdy for a generic function f(x,y, 2)
of (x,y,z). Let Z be an eight-dimensional random vector with entries indexed by y,d, z € {0,1}
such that _

Zooo
Z=| + | <N0W)

Zin

with 170 defined such that

Varsy(Zya:) = pyaz(00)9:0(1 = pyaz(00)9:0)
COUWO (Eydm Ey’d’z’) = _pyd,z(go)py’d’,z’ (50)¢z,0¢z’,0-
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for (y,d,z) # (v,d’,2"). The first Gaussian process is defined as

Z Zydz 1logpyd,z(9,7r(l)(9)).
y,d,2=0,1

Letting

Go(0) = G(6:%0) = D Pya-(00)620D g log pya(0,75(0)) Hy L1 1 (6)Go(6)
y,d,z=0,1

Z ZydzD¢ logpyd,z(evﬂ-é (9))7
y,d,z=0,1

the second Gaussian process is defined by Go(7) = G(0, (o, 7;70). For the other two deterministic

functions, let

Ho(0) = H(0:70) = — Y _ pya,=(00)d=.0Dyy 10g pya,= (0, 75(9))
y,d,z
Ro(0) = K(6:70) = 226@E0) _ N~ b o (6, 78(0)) D popya - (B) 60

o ydmo1
The functions are then defined as Ho(m) = Hy(0, (o, 7) and Ko(m) = Ko(0, o, 7).

Finally, noting that 7}(6) is always evaluated at § = (0,(p, ) in the construction of the
above quantities, we use the result that 7 (0, (o, 7) = h{(Co, 7) from Theorem Trans so that we
can solve explicitly for (0, (o, ) in this model using . This is useful for simulating from
the distributions of Corollary Est, Remark and Theorem Wald(i). More specifically, upon
setting 8 = 0, we invert the fitted probabilities in to find

70, Co, ) = ( —bo(Co, ) + /bo(Co, m)% — 4a(o, 7)o (Co, ) /2a(Co, ) )
e d10[1 — (1 — )]/[Co — S10m(1 — Go)] ’

where a(Go,m) = (1 = Go), bo(Cos) = (1 = Co)lm(1 + da0) — 1], co(Gosm) = daolm(1 — o) — 1],
010 = Py (Y; = 1,D; = 1|Z; = 0) and d39 = Py, (Y; = 1,D; = 0/Z; = 0)[1]

We conclude this subsection with a brief simulation study illustrating how well the weak
identification asymptotic distributions for the parameter estimators approximate their finite
sample counterparts. Figures 1-4 provide the simulated finite-sample density functions of the

estimators of the threshold-crossing model parameters in red and their approximations that

14 As may be gleaned from the formula, the expression for 7r%70 (0, Co, ) comes from solving a quadratic equation.
This equation has two solutions, one of which is always negative and one of which is always positive. Given that
71 must be strictly positive, TF%VO(O, o, ) is equal to the positive solution.
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arise from simulating the distributions in Theorem Conc/Est (to approximate the distributions
of B, Z and 7) and Remark (to approximate the distributions of 7} and 73) in blue. For
the finite-sample distributions, we examine the parameter values g € 0,0.1,0.2,0.4, ¢ = 0.2,
7 = 04, 7t = 0.6 and 713 = 0.4. Under {v,} € I'(70,0,b) the asymptotic distributional
approximations use the corresponding parameter values with b = \/nf3, (o = ¢, mp = 7 and
np = wl. Figures 1-4 show that (i) the distributions of the parameter estimators can be highly
non-Gaussian under weak/non-identification; (ii) as 8 grows larger, the distributions become
approximately Gaussian; and (iii) the new asymptotic distributional approximations perform

well overall, especially in contrast with usual Gaussian approximations.

11.2 Asymptotic Distributional Approximations for Wald Statistics

In this subsection, we describe how to approximate the asymptotic distributions of Wald statis-
tics in the threshold-crossing model. For the threshold-crossing model estimated by maximum
likelihood, the estimator of the asymptotic covariance matrix of the parameter estimators is
equal to an estimator of the inverse information matrix so that for a generic null hypothesis the
Wald statistic takes the form

o~

Wa(®) = n(7(Bn) — 0)(75(0n)T " O, B1.0)750n) ) (7(B0) — v),

~

where

~

5 2 Eb\z,n =
I(0n7 Cbl,n) = Z — = épyd 2(9 ) @pyd,z(an)/
y,d,z=0,1 pyd7z(9n)

with $m =n! o, Ziand QASUJL = 1—(51,”. In the notation of Section 9, Y, = E(En)z—l(@“ éﬁ\lm)g(gn)
Under {7,} € T'(70,0,b) with [b| < oo, using the CMT and Corollary Est, Z(y, b1.n) —
I(gé,b7¢1,0) and I(gab,dh,o) is a singular matrix and is therefore not invertible in the limit.

However, we may use an asymptotically equivalent approximation to I(gg p» @1,0) when con-

structing an approximation to WN/(b 0) in Theorem Wald that is easy to implement. Let

N‘Olb = (g b 70,60 M0 b) where 9§, = o + 79 b(wo p)/v/n and mle is given by the display in
Remark 8.1, We use 62 0, to construct the asymptotically equlvalent approximation to W(b 0):

W (b,70) = n(F(0,) — v)' (75(06,5)T (851, 61,0)75(06,)) " (7(05,) — v)-

The random vector 58 » is asymptotically equivalent to 56 » SO that we (b,70) is asymptotically
equivalent to W (b, o). Analogous to the case in Remark this W“(b, 7o) serves as a better

approximation in finite samples than W(b, 70). Moreover, since for any finite n, P(y§, = 1) =
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0, Z(03 5, ¢1.0) is invertible with probability 1

Similarly to the previous subsection, we provide a brief simulation study to illustrate how
well the random variables W“(b, ~0) approximate their finite-sample counterparts. Figures 5-8
provide the simulated finite sample density functions of Wn(v) for one-dimensional null hy-
potheses on the separate elements of the parameter vector 0. This type of null hypothesis is
a special case of those satisfying Assumptions Resl-Res2 in Section 9 and we therefore de-
scribe the limiting Wald statistic under weak identification in Theorem Wald(i). We emphasize
the one-dimensional subvector testing case here, since it is often of primary interest in applied
work and, to the best of our knowledge, no other studies in the literature have developed weak
identification asymptotic results for test statistics of this form. As in the previous subsection,
the finite-sample density functions for the Wald statistics are given in red and the densities of
W“(b,’yo) are given in blue. In addition, the solid black line graphs the density function of a
X% distribution for comparison. We look at identical true parameter values as in the previous
subsection. Figures 5-8 show similar features to the corresponding figures for the estimators
(Figures 1-4): (i) the distributions of the Wald statistics can depart significantly from the usual
asymptotic x? approximations in the presence of weak/non-identification; (ii) as 3 grows larger,
the distributions become approximately x3; and (iii) the new asymptotic distributional approx-
imation perform very well, especially compared to the usual x? approximation when 3 is small.
One interesting additional feature to note is that, although the distributions of the parameter
estimates when 3 = 0.2 in Figure 3 appear highly non-Gaussian (especially for 7 and 73), the
corresponding distributions in Figure 7 look well-approximated by the x7 distribution. This is

perhaps due to the self-normalizing nature of Wald statistics.

12 Appendix A: Proofs of Main Results

Proof of Lemma ID1: By Assumption ID1, the following arguments hold for all § = (0, ¢, 7) €
© and yo € T. Since rank(dgo(0)/0%) = r, there are r lincarly independent columns in

990(0)/07. These columns form the matrix dgo(#)/On! and the rank of this matrix is 7. Thus,
9G0(0) /07! has r linearly independent rows. These rows form the matrix 89(1)(5) /0! which has
rank equal to r. W

Proof of Lemma ID2: Under the imposed assumptions, by Hadamard’s global inverse

function theorem, g§(0, ¢, m,7!) as a function of 7!, is a homeomorphism at a given (0, ¢, ).

5 The invertibility issue for I(gn, qgl,n) arises when Bn is exactly equal to zero, as is the limiting case under
weak and semi-strong identification. However, the probability that 8, = 0 is equal to zero in finite samples, which
is reflected in the refined asymptotic approximation.
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Therefore,
-1
! = (99)" (0,¢,m,0) = ho(¢,m) (12.1)

v(0,¢,7) €0 A
Proof of Theorem Trans: When 5 = 0, (4.3) and Assumption ID2 imply that

90(8) = M(B,¢;7%)90(0) + C(B, ¢:%0)

Vo = (0,¢,7), where C(B,(;70) is (dg — r)-vector, which also does not depend on 7. When
0 =0, = (8o, Co, m0) = (0, o, 7o), both 98(5) and gé(g) are zero vectors by (2.1)), and hence
C(0, Co;v0) = 0. Therefore

300, Gos 7, h(0, Cou [ﬁo%w%wm)q

96(0, ¢, 7, h5(0, Go, 7))

1

[M0] 0. Go. 7,130, o, )

=0 (12.2)

where My = M (0, (o;70) and the last equality holds by Lemma ID2.
Now, by Assumption CF2, Qo(0, o, 7, hi(Co, ™)) = o(0) = Qo(fp). Since Qo(fo) is the

smallest value that can be achieved by Assumption CF1, Assumption CF3a implies

71—(%(07 CO)W) = h[l)(<077r)' (123)

This establishes the theorem’s first claim. Combining this result with (12.2]) establishes the
theorem’s second claim. Wl
Proof of Theorem FSTrans: Note that

dQn(0) _ <d§(9))' d¥,(9(9))

dr dr dG (12.4)

We want to show that, for all § = (0,({,7) € ©,

By Assumptions FSCF1 and FSReg2, for a given § = (0,¢,7), T.(0) satisfies the first order
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condition:

0%y (9(0,74(6))) 99(0, 74 (6))

0= 95 ol
_0W, (9(0,mh(0))) | I | 9346, 7L(0))
_ - [ " ] I, (12.5)

where the second equality follows from Assumption FSID1 so that

0g°((0, 7,(0))

95" ((6,7(6))
ol '

= M onl

Since 0g'/0n! is invertible, post-multiplying by its inverse on both sides of (12.5)) yields

0=

OV, (9(0,7(0))) [ Iy ] (12.6)

dg M,

which, by differentiating with respect to m then yields (suppressing the argument (6,7} ()) in

I,
M,

(ot gt omo) [ ]y, [
lom  ont om M, 99 M,

09" | 99" aﬁk(@)}’@

all relevant parts)

(05 07 0L(0)] 9,
or ' oxl or | 9g0¢

O | Onl On .99’ (127)

where the second equality holds by Assumption FSID1 and ‘I/L 5 is implicitly defined. Since

W, 54 is positive definite by Assumption FSCF1, it can be decomposed as V¥, 55 = R;, R,, where

I,
M,

] has rank of r and hence full column rank, which implies that \I/L T is positive

R, is a matrix of full column rank. Therefore,

/
I
T r /

T

and R,

n
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definite and thus invertible. Then (12.7)) gives the first desired result:

o[98t 0 0RL0)] _ dg'(0.74(0)
|l or  onxl or dm '

We also have

aP0.R0) (07, 07 070
dm or  orl Orm

- [9g" | g 97L(0)
= Mn [aﬁw o

=0. N

Lemma Concl. Suppose Assumptions CF3, FSCF2, ID4 and Regj hold. Then, supgce |75 (6)—
720)| 2 0 under {v,} € T(y0) for any o €T.

Proof: Begin by noting the following:
0 < juf [Qo(0, 75(6)) — Qol0, 7b(0))]

< sup[Qo(0, 75, (8)) — Qo(0, 75 (0))]

0O
< 3gg[éo<e, Fn(0)) — Qn(0,71(0)] + ggg[@nw, Fn(0)) — Qo(0, 75(0))]
< ggg@ow, 7L(0)) — Qn(0,7L(0))] + ggg@nw, 75(0)) — Qo(0, 7(0))] + o(n ™)

<2  sup  |Qn(0,7") — Qo(0, )|+ o(n"1) = 0,(1),
wlelll(6),0€0

where the first inequality holds by Assumption CF3, the fourth inequality holds by and the
equality holds by Assumption FSCF2. Now, Assumption ID3 implies that for any given 0 € ©
and any neighborhood IT}(8) of 7§ (6), there is some € > 0 such that B N ) Qo(0,71) —
Qo(0,7§(0)) > e. Thus,

P(zL(9) € IY(H) \ 11} () for some 0 € O)
< P(Qo(8,7L(8)) — Qo(8,73(8)) > ¢ for some 6 € ©) — 0

since supgeg[éo(ﬁ, 71(0)) — Qo(0, 73(6))] == 0. The statement of the lemma then follows from
Assumption Regd.

Lemma Conc2. Suppose Assumptions CF3, FSCF2, ID3, Reg and FSReg3-FSReg5 hold.
Then, /a(®L() = k() = —H L, ()Go(-) under {y,} € T(x0) for any ~o € T.

n 0,7l
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Proof: Let x,(0) = [DW1W1C~2n(9, Wi(&))]”%/ﬁ(%ﬁ(@) —7L(6)). Since 7} (0) € II' (), we have
op0(1) > n(@n(6,7L(8)) — (0, 71(0)))

= VD1 Qn (0, 75(0)) [D 11 Qu (0, 71 (0))] ki (0) + %ll'ﬂn(G)H2 +nRy(0,7,(0))

= Opo(||sn(0)]]) + %llﬁn(9)H2 + (14 [[Drp1 Qn (0, 7,(0))] 2k (0)]]) 20p (1)

= Ops([[rn(0)]]) + %H%(@Hz + 0pp ([l (O) 1) + 0pa ([l (O)1I) + 0po(1),

where the first equality follows from Assumption FSReg3(i), the second equality follows from
Assumptions FSReg3(ii), FSReg4 and FSRegh and Lemma Concl and the third equality follows
from Assumption FSRegb. Rearranging the previous display provides

2/[5n (0)10pp (1) + ll#6n ()17 + [l (0) |l 0ps (1) + |5 (8)1P0pp (1) + 0pa (1) < 0pp(1)
2|40 (0)110po (1) + [|5n (0)]1* < 0pa(1),
which in turn implies
Ik (O)II7 < 210 ()| Opo (1) + 0pa(1).

Let Opp(1) = &, 9. Then

En o+ Kn(O)]I* — 2150 (8)l|€np < € 5+ 0po(1),

so that ||k, (0)]| = Opg(1) by taking square roots. Then /n(7(0) — w}(6)) = Opp(1) under any
{7n} € T'(70) by Assumption FSReg5.
Applying the quadratic approximation of Assumption FSReg3(i) with 7! = 7} (9),

n(Qu(6.71(6)) — Qu(6.71(6)))
= D1 06, 72 (0)) (D11 O, 72 (0] Dyis 0 (6,5 () (7L(6) — m(6))
+ L0E0) — 7L (0)) D1 (6, 71 (6)) R(6) — 7 (8)) + 0pa(1)

2
= 2 (VAELE) ~ m(0) + (D1 G 0, mAO) ™ VAD 11 G0, 7(6))) Dt G (6,4 6)
x (VR(FL(0) = 74(0)) + [Drr o Qa0 h(0)] ™ VD Q6,73 (0)) ) (12.8)
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— 5D Q6,4 (6)) D151 G0, TN Do Qa6 7 (0)) + o3(1)

where the op9(1) term follows from Assumption FSReg3(ii) and the fact that \/n(7.(0)—7L(0)) =

Opy(1). Similarly applying the quadratic approximation of Assumption FSReg3(i) with 7! =
T (0) = 13,(0) — [Dirs Qu(0, 71,(60))] ™' Ds Qu (6, 73,(6)),

n(én(97 W}LT(Q)) - én(97 W}L(g))) = _%nDTrlén(97 W’}L(g))/[Dﬂlﬂ’l@n(07 F}L(Q))]leﬂ1©n(9, 71'%(0)) + Op9(1)7
(12.9)

where the opp(1) term follows from Assumption FSReg3(ii) and the facts that mih(6) — 7l (0) =
ope(1) and ol (6) € TIY(#) with probability approaching 1. The first of these facts follows from
Assumptions FSReg4 and FSRegb. The second follows from the first and Assumption CF3.

Since 7y (6) € II'(#) with probability approaching 1, @, (6,71 (6)) < Qn (6, F}LT(Q))—I—OPQ (n1h).
Along with and , this implies

5 (VAELE) — 7h(60)) + Dy Gu 0, 7O VD1 G0, 7(6))) Dyt G0, ) (0))
< (VAEAO) = A (0)) + [Dais Qu(0, 7 ()] VD (6, 71(60))) < 0p0(1).

Finally, Assumption FSRegh then implies

VA(EL(0) = 74(6)) = ~[Dis @6, 7L(6))]V/RID 1 (6, 72(6)) +0pa(1) = —Hy Ly (6)Go(6),

where the weak convergence is a direct result of Assumptions FSReg4 and FSRegh. B

Proof of Theorem Conc: First note that Theorem FSTrans implies that Assumption A
of AC12 holds for the concentrated criterion function @, (6).

(i) Theorem 3.1(a) of AC12 implies the marginal convergence of (\/ﬁ(vzn — ), ). Lemma
Conc?2 provides the marginal convergence of /n(7.(-) — 7L(+)). Hence, it suffices to show that
these quantities converge jointly. The proof of Theorem 3.1 of AC12 shows that \/ﬁ(vzn() —n)
and 7, are continuous functions of \/nDyQy (Yo, -) +0px (1) and Dy Qn(ton, -) +0pr (1), where
Uy = @Zn(%n) Similarly, the proof of Lemma Conc2 shows that v/n(7L(-) —7L(+)) is a continuous
function of \/nD1Qu (-, 7L (-)) +0pe(1) and Dy, Qn (- wh () +0pe(1). Since Dy Qr (0,0, -) and
D1;1Qu(-, L () converge to nonrandom limits Ho(-) and ﬁo,nlnl(') by Assumptions C4(i) of
AC12 and FSRegb(i) of this paper, it suffices that /nDyQy(¢0n, ) and VD Qu (-, (1)
converge jointly. This is given by Assumption FSReg4(i).

(ii) Similarly to the proof of part (i), it suffices to show that \/nB (8 ) (0 —0y) and /1 (Fn(-)—
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mn(+)) converge jointly since their marginal convergence has been shown in Theorem 3.2(a) of
AC12 and Lemma Conc2. The proof of Theorem 3.2 of AC12 shows that \/HB(BH)@” —0n)
is a continuous function of \/nB~1(8,)DQn(0) + 0,(1) and B~(8,)D?*Qn(60,) B~ (Bn) + 0p(1),
the latter of which converges to the nonrandom limit J(79) by Assumption D2 of AC12. Thus,
in analogy with the proof of part (i), it suffices that \/nB~2DQn(6,) and /nD1Qn(-, wL())
converge jointly. This is given by Assumption FSReg4(ii). B

Proof of Theorem Est: (i) Begin by decomposing 7. (5 ) —7l(0,) =7L — 7l as follows:

Fn(0n) — 7 (0n }+{7r< > o (6n)}
T (On) — 8 (On)} + {7 (s Tn) — T (W, Ton)] + [T (W o) — 708 (0, 7))}
7L (0n) — 7L (0,)} + {7 ( n><1 — ) + [1h (b, Ton) — T (Vs )]} + 0p(n71/2),

Zn(0n) — 74 (00) =

where the final equality uses a mean value expansion (with respect to ¢) that holds by Theorem

Conc(i) and Assumption Regb(i). Using this decomposition, we have

( VAL (00) L (6) — 7 (6) )
n)

Az (0n) (7L (0,) — ) (00))
_ < VA (6, >[W;A,¢<5n>< ) + (7E(0n) — 7(0))] >
2 (071)( (wnvﬂ'n) —Wl(%,ﬂn))

+< VAL (On) (,
A2n(0n)[ 1¢(‘9n)

( VAL (On) [,
)

b= ) + (R 00) =}

1

( (TZJn, 7rn) - (1/}717 7['71)) o

( G >>1>+ /0
)(&n = ) + (73 (6n) — i (B >>]>+0(1)
( p

wnvﬁn) - Wn(wnvﬂ'n))
@0, )0 ) — Hy o (0, 75 ,)Go(tho, 5 4,) ) )
o(¥ ) {76 (o, 15 ) — 76 (%0, m0) }

ox O%

0,7
AQ 0,7

)

d, ( Aq0(vo, mg ) {7 b

b
under {v,} € I'(79, 0,b), where the second equality follows from Assumptions Reg5(i) and Reg6,
Theorem Conc(i) and the uniform CMT and the weak convergence follows from Assumption
Regh, Theorem Conc(i) and the uniform CMT. Assumption Reg5(ii) is used to ensure A, (6) —
Ap(0) for all 0 € O, (see e.g.,|Andrews, 1987). The marginal convergence (\/H(Jn — ), Tn) 4,
(10, b(7r0 s b) immediately follows from Theorem Conc(i) and, noting that ¢y, 7n, Aljn(é\n),
Ay n(G ) and 7} are all continuous functions of U, T and 7 1(.), the uniform CMT and Theorem

Conc(i) yield the joint convergence stated in the theorem.
(ii) For the By = 0 case, the same decomposition of 7 (5 ) — L (6,) as that used in the proof
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of part (i) and similar reasoning imply

( VnAy n( )/gﬁ ( )—71'711(9”)) ) _ ( \/ﬁAl,n(é\n)[ﬂi, (ﬁ)@; — ) + (T (6 n) _W}L(é\n))] ) +0p(1).
V() A2 (0n) (7 ( n) — }z(en)) V1L(Bn) Az (0n)( n(wTHTrn)_ n(wTHTrn)) .

A mean-value expansion, Assumption Reg5(i) and the consistency of 8,, under {1} € I'(10, 00, wp)

given by Theorem Conc(ii) provide that

\/ﬁL(Bn)AZn(é\ )( (¢n77rn) - (¢n77rn)) = \/ﬁ"(ﬁ )A (
= Vnu(Bn) Azn(

I( nw(wmﬁn) + 0p(1)) (T — 0]

0,
0)7 (Y, Ton) (T — ) + 0y (1),

where the second equality follows from Assumption Reg5(i) and Theorem Conc(ii). Putting

these results together, we have

( VAL (00) (73 (0n) = 73(60)) ) $<A1,o<eo>[w5,¢<eo> Ollwo)Go(eo)])
Vu(Bn) Az (0,) (7L (6n) — Ag 0(00)m - (00)Z

by Assumption Regh, Theorem Conc(ii) and the uniform CMT. Analogous reasoning to that
used in the proof of part (i) then yields the stated result for 5y = 0. Finally, for the 8y # 0 case,
note that

where the third equality follows from a mean value expansion which holds by Assumption Reg5(i)
and Theorem Conc(ii). By Theorem Conc(ii), Assumption Reg5(i) and the CMT, this implies

V(@ = mh) 5 i 5(00) B (Bo) Zs — Hy ko (60)Go(6)

jointly with /7 (6, — 6,,) N B71(By)Zy. M
Proof of Corollary Est: (i) By Theorem Est(i),

~

711(‘9 )Al n(
AG (Yo, 75 ) A2,0(tho, 76 ) (g (0, 75 ) — 70 (Yo, o)),

(7T1 -7 ) A (5 )An(gn)(%i - 7‘-7:5,)
A 0n) (7 — mh) + A2(0n) Az (0) (7 — 7))

n

i&
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since Alm(@n)(ﬂl —7}) = 0,(n~1/?) and A}L(é\n) = Op(1). The joint convergence follows imme-
diately from Theorem Est(i).
(ii) When Sy # 0, the stated result follows directly from Theorem Est(ii). For the Sy = 0

case, note that

0n)[0n — 0] + 0p(1(B) " 1/2)
Bn) ln—1/2)

where the second equality follows from a mean value expansion which holds by Assumption
Regh(ii) and Theorem Conc(ii) and the third equality follows from Theorem 1(ii). Again apply-
ing Theorem Conc(ii), with Assumption Reg5(ii) and the CMT, this implies

n2(Ba)[7L — ] L w1 (80) Zn

jointly with \/ﬁB(Bn)(@L —6) a4, Zy. To obtain the stated result, then note that when 5y = 0,
Hg z171(69) = 0 and

70,0(00) B(80) Zo — Hy 11,11 (80)Go(Bo) = 5 (6o) ( e ) (

1
=7y (00)Z,. A
Odoxd,  Ldn > "

Zn

Proof of Theorem Wald: Under Hy we can express the Wald statistic as

AQ(en)Eb (Gn) AQ(en)?%(gn)
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A1 (0)7 (B 0
_ | A )Afwi A ~ o LG, (12.10)
L(ﬁn)AQ(en)mﬂ(an) AQ(G ) (gn)
where the convergence follows from Corollary Est(i), Assumption Resl(i) and the CMT since
1(Bn) = 0p(1) and Ay(0,)7y(60,) = Op(1). Turning to the g2 (6,,) term, note that

7(0n) — 7(6n) = {F(tbns Tn) — F( Wy Tn)} + {F(Wn, Tn) — 74, T}

~

= FoOu) (B = )+ (T, Fo) = T, T} + 0007112,

where the second equality follows from a mean-value expansion, the fact that @n — Y, =
O,(n~'/2) by Corollary Est(i) and Assumption Res1(i). Hence,

N nl/2 A 0 JPN _
qé‘(ﬂn)( As(02)G G )5 7(6n)) )qf‘,n(9n)+q§fn(

>0

1/2 = n)+0p(1)a
1(Bn) A2 (6,) (7(6,) — 7(0,))

where

e ( nlﬂﬁl@m@m@n—wn) )

Note that Assumption Res2, the fact that 1, — ¢, = O,(n~%/2) and W(Bn) = op(1) by Corollary
Est(i) and Assumption Resl(i) imply that qgn(gn) = 0p(1). Hence,

= ~ = d i
G () = a1 (0n) + 0p(1) = a5 (6,5) (12.11)

by Corollary Est(i), Assumption Resl(i) and the CMT. Now, for the case of scalar S,

$12(8,) £22(6,,)

—

2 ( T )V (00)T 7 (8n) E32(00) ) Ay So(mty) (12.12)

by Assumption V1 of AC12, Assumption Varl, Corollary Est(i) and the CMT. The analogous
argument holds for the vector 8 case. Finally, the convergence of ((12.10) and (12.12)) occurs
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jointly by Corollary Est(i) and the CMT so that

~

9~n(§) ”T: (5 ) _””~ (90 b Zo(mg b5 (90 b) (12.13)

= [7 Ggy) T (0 ) S0 (w5 ) 75 (05 ) = T4 (G

where

=
Ak
—
=
Il
N
)
[\
—~
>
SN— O
—~
[
N—
~_—

By Assumption Varl(i), this in turn equals
(75 (06.6) = T (06,0)] %
Ody xd
Yo(m5) Eo(m5,) ( v :1 )
7 7 7r(1),7r(00,b)

. . Od,,xd
(0g 1 Xdy - 7T(1)7r(90 b) )EO(WO b) (Odﬂ.l Xdy - 77(1),7:(90,1))/)20(”0,1;) 1¢X fl )
7To,yr(go,b)

« (7o) 12.14
(m) 121

~ o~ ~ o~ ~ o~ /
= (7' @) + T2 5.) O, 00, = 78 2(054))) o) (7 T ) + 725 F5.) Oa s xa, + 2(0)))

Now note that

A1(05,)75 (05 ) 0
(90 b)‘H" (90 5)(0d_y xay * 7o 7r(90 b)) = ( ~ ~ : .

Y 0 A2(90 b)[rﬂ(eo p) T (‘90 b) (90 p)]
so that by Assumption Varl(iii), (12.14]) has full rank when Assumption Res3 holds. Finally,
the convergence of (12.11)) and (12.13)) is joint by Corollary Est(i) and the CMT, yielding the
statement of the theorem.

(ii) In the case that Sy = 0, very similar arguments to those providing the convergence in

(12.10]) but instead using Corollary Est(ii) provide that réiz (9 ) 2 7“~ (60) In addition, very
similar arguments to those leading up to (12.11)), but instead using Corollary Est(ii), provide
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~/\

that ¢ (0 ) = (~n) + 0p(1). In this case,

1203, A 0) (b, Fn) — 7, 7)) = 1/20(Br) A2(0) (P (Br) + 0p(1)) (For — 7o)
n'2U(Ba) A (075 (0n) (T — 7o) + 0p(1)

where the first equality follows from a mean value expansion, Assumption Resl(i) and Corollary

Est(ii) and the second equality follows from Corollary Est(ii). Hence,
4 (0n) = T2 O 2B (5 (B — )~ 72(00) 2

by Corollary Est(ii) and Assumption Resl(i). By Assumption Var2 and Assumption V2 of
AC12, %, 25 E, [Z~Z’ ] = S(v). Very similar arguments to those used in part (i) imply that
s (90) (70)7"5 (6p)’ is invertible. Putting the parts together, we have

Wa(a) % 257 (00) (FAO0)E(0)7200) ) 720025 ~ 3,

by the CMT. Finally, for the 5y # 0 case, note that

~

Vi(F(On) = 7(0n)) = (;g@) + 0p(1)v/n(ln — ) = 75(00) B~ (P0) Z5

by a mean-value expansion, Theorem Est(ii) and Assumption Resl(i) and

75(0,) B~ (Bn) S0 B~ (Bn)75(0n) 2 75(00) B~ (o) E(70) B~ (Bo)75(60),

by the CMT, Theorem Est(ii), Assumption Resl(i), Assumption Var2 and Assumption V2 of
AC12. The stated result then follows. B

Proof of Proposition ICS: The proof is nearly identical to the proof of Theorem 5.1(b)(iv)
of AC12, using Theorem Wald in the place of Theorems 4.2 and 4.3 of AC12. B

Proof of Proposition AB: The proof of this proposition verifies that the assumptions of
Theorem Bonf-Adj of McCloskey| (2012) hold, with some modifications. First, Assumption PS
of McCloskey| (2012)) holds with v; = (8,7), 72 = (¢, ), no v3 and 74 = ¢. For the definition
of {Yun}, Yant = Ban,n V?m0n) and Yupn2 = (GunsOnp). Note that hig = b, where hy
denotes the first dg elements of hi. In the notation of McCloskey| (2012), sequences {7, 5} with
Il < o (
{7} € T'(0,0,b) with ||b]] < co ({Vn} € T'(70,00,wp)) in the notation of this paper.

Second, for Assumption DS of McCloskey| (2012), T,,(6,) = Wn(vn) /ﬁml = (/l;n,%n) and

) correspond to weak (semi-strong or strong) identification sequences
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ng = (Cn, n) Theorem Wald provides the marginal weak convergence of T, (6,,,) for all
sequences {., »}, where in the notation of McCloskey| (2012)), W}, = W (b, ~o) when |hi1] < oo
and W), is distributed de when ||hq, 1H = o00. Corollary Est and Assumption FD provide the
marginal weak convergence of h,,, = (hwn,l, T .,2) for all sequences {~,,, »}, where in the notation
of McCloskey| (2012), hy = (b + Tgb(ﬁab),ﬂab) when ||hi1]| < oo, h1 = (b+ Zg,my) when
|h1,1]] = oo and he = ({o, dp). Joint convergence of (T, (9%),3%) follows from Corollary Est
similarly to the joint convergence statements made in Theorem Wald.

Third, for Assumption MLLD of |McCloskey| (2012), we are in what [McCloskey| (2012) refers
to as “the usual case” for which u = 1, W}El) = W(b,v0) and HMD< = § since P(|W (b,70)| <
o0) = 1 under the assumptions of Theorem Wald. Since we are in the usual case, there is no
need to define the auxiliary sequence of parameters {(,} (it can be any arbitrary sequence in R"
for arbitrary r > 0) and P = R/ for any r > 0. Since W}, = W (b, o) = W}El) when ||hy 1] < 0o
and W), = W}(Ll) is distributed Xle when ||k 1] = oo, the only item left to verify is that W (b, 70)
is completely characterized by h() = h = (b, o, o, ). This holds by Assumption FD.

Fourth, for Assumption Cont-Adj of McCloskey| (2012), H)) = H. This assumption holds
for any 6 > 0 and 6 < « since W(b,yo) is an absolutely continuous random variable with
quantiles that are continuous in b and W (b,~o) i X?z; for any b such that ||b]] = oo. Fifth,
Assumption Sel holds trivially since we are in the “usual case”.

Sixth, Assumption CS of McCloskey| (2012) can be modified and applied to ff{() and its
limit counterpart I§(-) so that: (i)

sup Ay (I8(b, 7o), I (b, o)) -2 0
(b,m0)e{BF)ERL ™. B 7)en)

under any {v,} € I'(7), where di (A, B) denotes the Hausdorff distance between the two sets
A and Bj; (ii) I§(-) is a continuous and compact-valued correspondence; (iii) P%(A I%(by, 7,) C
H§1>(ﬁn,2)) =1 forall n > 1 and {y,} € I(y0) and P(I§(b+ 75, (m5,). m5,) © H{ (ha)) = 1;
and (iv) I§(b + Tgb(ﬂo’b),ﬂmb) need not satisfy a coverage requirement (i.e., P(hy € I§(b+
Tgb(ﬁé‘ »): Mo ) = 1 —a). The proof of Theorem Bonf-Adj in McCloskey] (2012) still goes through
with this modification of Assumption CS. Condition (i) is satisfied by the consistency of ((, n)
and the uniform consistency of En() under any {v,} € I'(7). The former holds by Corollary Est
and Assumption FD while the latter holds by Assumptions V1 and V2 of AC12. For condition
(ii), I2(-) is clearly continuous and compact-valued. Note that P((,,d,) and P((y, dy) are equal
to H( )(hmg) and HM (hy) in the notation of [McCloskey| (2012) so that condition (iii) holds by
construction.

Seventh, note that rather than using a quantile adjustment function (a/)(-) in the notation
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of McCloskey, 2012]), we are fixing the quantile at level 1 — « and adding a size-correction func-
tion 7n(-) to it. The proof of Theorem Bonf-Adj of McCloskey| (2012) can be easily adjusted
to this modification. Rather than requiring the quantile adjustment function to be continuous,
the proof requires 7(-) to be continuous. That is, Assumption a(i) of McCloskey (2012) may
be replaced by the analogous assumption: 7(-) is continuous. In practice, n(-) is only evalu-
ated at the point (En, gn, in()), which is consistent with this assumption. Due to the replace-
ment of quantile adjustment by additive size-correction, Assumption a(ii) of McCloskey| (2012])
should also be replaced by the analogous assumption: P(W(b, ) > SUPXeA2 (b,70)NA(v) c1—a(N)+
1(o,00,20(+))) < a for all (b,70) € Ao N A(v). This assumption holds by the construction of
n(Zn,gn, S.(+)) and the (uniform) consistency of (En,gn, Sn().

Finally, Assumption Inf-Adj of McCloskey (2012) holds vacuously since H1):¢ = @ and
Assumption LB-Adj of that paper is imposed by Assumption DF2. B

13 Appendix B: Assumptions and Notation for Vector § Case

For the vector § case, reparameterize 8 as (||3|,w), where w = B/||f|| if B # 0 and deﬁne
w = 14, /|14, if B = 0. Correspondingly, reparameterlze 0 as 0 = (||B||,w, ¢, 7). Let 9 and

93’ be the correspondingly reparameterized versions of Hn and 90. Let 20(9+) = E(@*; vo) for
6t € ©F = {0 : 0 € ©} be a nonstochastic dy x dy matrix-valued function. Let

E0(0—~_) 20(9+) ( aﬂé(f?;f;r/l/aﬂ )

So(0F) = 0
(0d_ xd, : 075" (07)/07)S0(6F) (04, xa, : O (67)/07")So(67) ( aﬂéfgf;;/aw )
So(607)  Xg*(67)
5P (07 BE(6),

io(%’w) = i(%7w770) = E(H,BOH,W,CO,TF;’YO),

where 73T (0%) = wb(0) and Zo(0F) = X(0F;70) is defined in (8.1) of [Andrews and Cheng
(20125).

Assumption Varl. (Vector 8) (i) S12 = S12(61) and 522 = S22(67) for some (stochastic) dgx

d1 and d1 xd1 matriz-valued functions $12(-) and £22(-) on ©F that satisfy SUPg+co+ 1S22(6+)—

S201)) 25 0 and supgscor |S2(07)—S2(07)|| -2 0 under {yn} € T'(v0,0,b) with ||b]| < .
(ii) X52(0F) and $3%(0T) are continuous on 0T € ©F for all vo € T with By = 0.
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(iii) Amin(S0(F,w)) > 0 and Amax(So(F,w)) < oo for all T such that there is some 0 =
(1, 7) € O, w e R with ||lw|| =1 and v € T with By = 0.
(iv) (TOb( ™ (Y0,0)) = 0) =0 for all yvo € I with Bo =0 and b with ||b]| < co.

14 Appendix C: Derivations for Threshold-Crossing Example

Beginning with the Gaussian processes, note that

Dan - Z Z ]—ydz Dd) logpyd z(ea %}L(e))
y,d,z=0, 1 i=1
. — 0 1
DyQO;vn) == > pyaz(0n)d:zn Dy log pya,: (0,4 (6))
y,d,z=0,1

so that

\/H(Dd}Qn(e) - DwQ(Q, 'YH))

= - Z n_l/QZ ydz pydz( n)¢z,n) DQZJ logpyd,z(ea%i(e)) (14'1)
y,d,z=0,1 =1
+ Z pydz 911 ¢z n\/> [Dw 10gpyd 2(9777711(9)) - le logpyd,z(ea%}z(e))] : (14'2)
y,d,z=0,1

Note that a CLT for triangular arrays provides that under {v,} € I'(yo),

Looo(W:) — pO0,0(§H)¢O,n Zooo
o172 Z : BN : L N(0, V) (14.3)
} 1111 (W;) — p11,1(§n)¢1,n Zin

with 170 defined such that

Var(Zyaz) = pyd.-(00)2,0(1 — pya.=(00)b20)
COU( ydz»y Zy’d’z’) = _pyd,z(g(])py’d/,z/(90)¢z,0¢z/,0-

On the other hand, a (uniform in #) mean value expansion, along with the results of Lemma

Concl (see Appendix A) provides that

Dy log pya - (0, 75(6)) = Dy log pya,- (0,71 (0)) + Dyi log pya - (8, mhl (0)) (71 (0) — mh (6)),

49



where supycgq |7al(6) — w1 (6)]| -2 0. Hence, is equal to

- Z pyd,z(gn)qsz,anﬂ-l logpyd,z(e’ 71'71;[(9))\/’5(%711(0) - 77711(0))

y7d7Z:0,1

= Z pyd,z(an)qbz,anwl 10g pyd,z(0> 7T711T (0)) [lewlén (97 W%(Q))]_l\/ﬁle @n(ea 7T711(9)) + 0p9(1)

y,d,z=0,1
(14.4)

since

V(@R (0) = 3(0)) = ~[Dram Qu(0, 7,(0))] V1D Qu(0,7,(0)) + 0pa (1)

by taking the first order condition with respect to 7! in the quadratic expansion in Assumption
FSReg3. Now, note that

fDﬂl Qn< Z 77171/2 Z 1ydz z 7r1 logpyd z(97 7['711(0))
y,d,z=0,1
Z n_1/2 Z [ ydz z pyd z( n>¢z,n D7r1 logpyd,z(evﬁvlz(e))ﬂ
y,d,z=0,1

where the second equality follows from the first order condition with respect to 7! of @(67, Yn):

D Qv(ga 'YTL) = - Z pyd,z(gn)d)z,anl 10gpyd,z(0777711(9)) =0.

y,d,2=0,1

Invoking ([14.3)), the results of Lemma Concl the and the uniform CLT, we have the following
joint weak convergence result for (T14.1) and \/nD1Q, (6, 7 (0)):

( - zy,d,z:O,l [nil/z > i1 (Lya=(Wi) = pya, 2(5 )Cbz,n)] Dy, 1ngyd7z(07%rlz(9)) >
VD Qn(0, 7 (0))

- Zy,d,z:O,l ZdeDﬂ'l logpydyz(9> 71—(% (9))

By (14.1)), (14.2), (14.4)), the results of Lemma Concl and the uniform CLT), this result implies

i Dm@elm() Gol-)
f( DyQun(-) — DypQ(;vn) ) = ( () ) , (14.5)
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where

G0<0) - - Z ZdeDﬂ'l logpyd,z(eaﬂ'(l) (6))
y,d,z=0,1
GO<9) = Z pyd,z(go)qbz,ODwﬂl 10gpyd,2(97 ﬂ-é(a))[ﬁo,ﬂ'lﬂ'l (9)]7160(9)
y,d,z=0,1
- Z Zvydsz 10gpyd,z(07 77(% (9)>
y,d,z=0,1
with
ﬁOJrlwl (0) = D71'17r1 @0(67 7T(1) (9)) - = Z pyd7z(50)¢Z,OD7rl7r1 1ngyd’2(9? 7T(1) (0))
y,d,z=0,1

Fina'HY7 by ‘) GO(ﬂ-) = GO(Ov CO) ﬂ-)'
For the other two deterministic functions of interest, note that by Lemma Concl and the
uniform CLT, supgeg | Dyy@n(0) — Ho(0)] 250 for

HO(H) == Z pyd,z(§0)¢z,0D¢w logpyd,z(e’ 71'(1) (9))
y,d,z

Hence, Ho(m) = Hy(0, (o, ). Finally, let K, (0;7*) = 0E,«DyQ,(0)/08* and note that for non
stochastic sequences {¢,} and {7,} such that v, € T, 7, — 70 = (0,40,7r0,7r5,50) for some
Yo € Fa (77/_}’”771—) € O and 77/_}?1 — ¢0 - (07 CO)a

- ) 1< L
Kn(wnvﬂ';’Yn) = %E'ynﬁ Z{_ Z 1ydz(Wi)D1j) 10gpyd,z(¢n,ﬂ,ﬂi(¢n,7r))}

=1 y,d,z=0,1

0 " - -
= 55 Py 2= X V(WD 108 pys (. ()} (14.6)

=1 y,d,z=0,1

a ]' . a]‘ z _n7 Y 7’1[* _TL7 ~ T i
bl B LS S 1wy PR T g ) — )

=1 y,d,z=0,1

(14.7)

by the mean value theorem, where each element of 7.* (¢, 7) lies in between the corresponding
elements of 7. (¢, ) and 7} (¢, 7). The quantity (14.6) is equal to
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—r — Z D?/) 1Og Pyd,= (¢07 , 7'[‘(1) (¢07 77)) [Dﬁopyd,z(§0)],¢z,0 = KO (@Z}Oa ﬂ-)-
y,d,z=0,1

For the term (14.7)), note that for all n > 1,

01 z 7n7 ) rlL* 7n7 ~1/ 7 -
sup |13 (- Y (PR R E TN G ) - )| (148)
™ i=1 y,d,z=0,1

0log pya - (0)

<2 Z sup 9l

sup sup 7l < o0
y,d,Z:DJ. 06@

0€0 mlelll (h)

almost surely under P, due to the continuity of dlog pydyz(g) /Ont in 6 and the compactness of

the parameter spaces (:), © and II'(6) so that (14.8)) is uniformly integrable under P, for all
7w € II. In conjunction with the fact that

- 01 z _na 5 711* _na

' o (7, ) = T, )
i=1 y,d,z=0,1

= Ry 1) = Ty m)] S 0108 Py, (Yn, 7, 73" (Yn, 7

orl
y7d72:071

))iznjlydz(wi) 50
i=1

uniformly over m € II by Theorem Conc, this implies that K, (¢, 7;v,) — Ko(bo, 7) = Ko(7)
uniformly over 7 € II.
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Figure 1: Threshold Crossing Model Parameter Estimator Densities when b = 0
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Asymptotic and finite-sample (n = 1000) densities of the estimators of 3, ¢, m, 7} and 73 in the
Threshold-Crossing model when (y = 0.2, 79 = 0.4, ﬂ'io = 0.6 and 71'%’0 =0.4.

Figure 2: Threshold Crossing Model Parameter Estimator Densities when b = y/n0.1
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Asymptotic and finite-sample (n = 1000) densities of the estimators of 3, ¢, 7, i and 73 in the
Threshold-Crossing model when (y = 0.2, mgp = 0.4, 77%,0 = 0.6 and W%ﬂ =0.4.



Figure 3: Threshold Crossing Model Parameter Estimator Densities when b = /n0.2
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Asymptotic and finite-sample (n = 1000) densities of the estimators of 3, ¢, m, 7} and 73 in the

Threshold-Crossing model when (y = 0.2, 79 = 0.4, ﬂ'io = 0.6 and 71'%’0 =0.4.

Figure 4: Threshold Crossing Model Parameter Estimator Densities when b = /n0.4
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Asymptotic and finite-sample (n = 1000) densities of the estimators of 3, ¢, 7, i and 73 in the

Threshold-Crossing model when (y = 0.2, mg = 0.4, 77%,0 = 0.6 and W%ﬂ = 0.4.



Figure 5: Wald Statistic Densities for the Threshold Crossing Model when b = 0
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Asymptotic and finite-sample (n = 1000) densities of the Wald statistic for the parameters 3, ,
7, 1 and 73 in the Threshold-Crossing model when (o = 0.2, mp = 0.4, 71%70 = 0.6 and W%ﬁ =04,
with a x? density overlay (black line).

Figure 6: Wald Statistic Densities for the Threshold Crossing Model when b = 1/n0.1
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Asymptotic and finite-sample (n = 1000) densities of the Wald statistic for the parameters 3, ¢,
7, 71 and 74 in the Threshold-Crossing model when ¢y = 0.2, mp = 0.4, 7Tio = 0.6 and 77%’0 =04,
with a x? density overlay (black line).
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Figure 7: Wald Statistic Densities for the Threshold Crossing Model when b = /n0.2
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Asymptotic and finite-sample (n = 1000) densities of the Wald statistic for the parameters 3, ,
7, 1 and 73 in the Threshold-Crossing model when (o = 0.2, mp = 0.4, 71%70 = 0.6 and W%ﬁ =04,
with a x? density overlay (black line).

Figure 8: Wald Statistic Densities for the Threshold Crossing Model when b = 1/n0.4
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Asymptotic and finite-sample (n = 1000) densities of the Wald statistic for the parameters 3, ¢,
7, 71 and 74 in the Threshold-Crossing model when ¢y = 0.2, mp = 0.4, 7Tio = 0.6 and 77%’0 =04,
with a x? density overlay (black line).



