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Abstract

We consider the problem of constructing confidence intervals (Cls) for a linear func-
tional of a regression function, such as its value at a point, the regression discontinuity
parameter, or a regression coefficient in a linear or partly linear regression. Our main
assumption is that the regression function is known to lie in a convex function class,
which covers most smoothness and/or shape assumptions used in econometrics. We
derive finite-sample optimal Cls and sharp efficiency bounds under normal errors with
known variance. We show that these results translate to uniform (over the function
class) asymptotic results when the error distribution is not known. When the function
class is centrosymmetric, these efficiency bounds imply that minimax Cls are close to
efficient at smooth regression functions. This implies, in particular, that it is impossi-
ble to form CIs that are tighter using data-dependent tuning parameters, and maintain
coverage over the whole function class. We specialize our results to inference in a linear
regression, and inference on the regression discontinuity parameter, and illustrate them

in an empirical application.
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1 Introduction

In this paper, we study the problem of constructing one- and two-sided confidence intervals
(ClIs) for a linear functional Lf of an unknown regression function f in a broad class of
regression models with fixed regressors, in which f is known to belong to some convex
function class F. The linear functional may correspond to the value of f at a point, the
regression discontinuity parameter, an average treatment effect under unconfoundedness, or
a regression coefficient in a linear or partly linear regression. The class F may contain
smoothness restrictions (e.g. a bound on the second derivative, or assuming f is linear as in
a linear regression), and/or shape restrictions (such as monotonicity, or sign restrictions on
regression coefficients in a linear regression). Often in applications, the function class will
be indexed by a smoothness parameter C'. This is the case, for instance, when F = F;,(C),
the class of Lipschitz continuous functions with Lipschitz constant C'.

We further assume that the regression errors are normal, with known variance, which
allows us to derive finite-sample optimal CIs and sharp finite-sample efficiency bounds. We
show that these finite-sample results translate to uniform asymptotic results when the error
distribution is unknown under high-level regularity conditions, and derive sufficient low-
level conditions in an application to regression discontinuity. Furthermore, this finite-sample
approach has the advantage of being fully design adaptive, including boundary points and
discrete regressors.

When the goal is to construct an optimal estimator of Lf, this setup has been studied
extensively in the statistics literature (see, e.g., Stone (1980), Ibragimov and Khas'minskii
(1985), Fan (1993), Donoho (1994), Cheng, Fan, and Marron (1997) and references therein).
This literature is often cited in econometrics to formalize claims about optimal kernels and
rates of convergence.! Our results build on a closely related literature that uses this setup
to construct Cls, as we describe further below.

To evaluate confidence sets for Lf, we use their expected length, or, if their shape is
restricted to take the form of a one-sided CI, a given quantile [ of their excess length. We
give two main results. First, we characterize the one-sided CI that minimizes the maximum
[ quantile of excess length over a convex class G. The optimal CI [¢, 00) takes a simple form.
The lower limit ¢ is obtained by taking an optimal estimator L that is linear in the outcome
vector and subtracting (1) the standard deviation of L times the usual critical value based

on a normal distribution and (2) a bias correction to guarantee proper coverage. This bias

IFor example, in their survey of nonparametric methods in econometrics, Ichimura and Todd (2007) cite
optimal rates of convergence for nonparametric estimation given in Stone (1980).



correction, in contrast to bias corrections often used in practice, is based on the maximum
bias of L over F, and is therefore non-random.

When G = F, this procedure yields minimax one-sided Cls, and the optimal estimator
L has the same form as the minimax mean-squared error optimal estimator of Donoho
(1994). Setting G C F to a class of smoother functions is equivalent to “directing power” or
attempting to “adapt” to these smoother functions while maintaining coverage over F. The
procedure gives a sharp bound on the scope for adaptation for one-sided CIs. We show that
when the class F is centrosymmetric (i.e. f € F implies —f € F), the scope for directing
power is severely limited: Cls that are minimax for 8 quantile of excess length also optimize
excess length over a class G of functions that are sufficiently smooth (such as the singleton
class comprising just the zero function, or the class of constant functions if F places bounds
on derivatives) but at a different quantile. Furthermore, a CI that is minimax for a given
quantile is also highly efficient at smooth functions for the same quantile. For instance, a
CI for the conditional mean at a point that is minimax over the Lipschitz class Fi;,(C) is
asymptotically 95.2% efficient at a constant function relative to a CI that directs all power
at this function. For function classes smoother than Fi;,(C), the efficiency is even higher.

Our second main result is to derive a confidence set that minimizes its expected length at
a single function g. We compare the performance of this confidence set to the optimal fixed-
length CI derived in Donoho (1994) (i.e. confidence intervals of the form L 4 x, where L is
an affine estimator and the non-random half-length y, which depends only on the regressors,
is chosen to satisfy the coverage requirement). We find that, similarly to minimax one-
sided Cls, when F is centrosymmetric, confidence sets that optimize expected length at a
function g that is sufficiently smooth are not shorter than fixed-length CI by more than a few
percentage points. For instance, the fixed-length CI for a conditional mean at a point when
f is constrained to be in Fi;,(C) is asymptotically 95.6% efficient at any constant function
relative to a confidence set that optimizes its excess length at this function.

These results extend and sharpen findings in Low (1997) and Cai and Low (2004a), who
consider confidence sets that take the form of a two-sided CI, and, subject to coverage over
F, derive bounds on the maximum expected length over G, and the results in Cai, Low, and
Xia (2013), who obtain bounds on the expected length of two-sided Cls at a single function
g. The bounds of Low (1997) and Cai and Low (2004a) imply that when F is constrained
only by bounds on a derivative, the expected length of any CI that maintains coverage must
shrink at the minimax rate for any any f in the interior of F. Our results show that, for

smooth f, this remains true whenever F is centrosymmetric, even if we don’t require the



confidence set to take the form of an interval, and, moreover, not only is the rate the same
as the minimax rate, the constant must be close to that for fixed-length ClIs.

An important practical implication of these results is that it is not possible to avoid
having to explicitly specify the smoothness constant C: procedures that use data-driven
rules to determine the smoothness of f must either fail to improve upon the minimax ClIs or
fixed-length CIs (that effectively assume the worst case smoothness), or else fail to maintain
coverage over the whole parameter space. In order to avoid having to specify the smoothness
constant, one has to strengthen the assumptions on f. For instance, one can impose shape
restrictions that break the centrosymmetry, as in Cai, Low, and Xia (2013) or Armstrong
(2015), or self-similarity assumptions that break the convexity, as in Giné and Nickl (2010)
or Chernozhukov, Chetverikov, and Kato (2014).

We apply these results to two popular models. First, we consider the problem of inference
in linear regression with restricted parameter space. The results give bounds for the scope
for directing power while maintaining coverage over a convex parameter space. When the
parameter space is also centrosymmetric, the results show that the scope for directing power
at alternatives where certain parameters are zero is extremely limited. Since directing power
at such alternatives is often the goal of model or variable selection, our results imply that,
unless one imposes non-convex or asymmetric restrictions on the parameter space, the scope
for variable selection is severely limited. We discuss sparsity as a non-convex constraint and
point out that, while it is possible to adapt to the indices of non-zero coefficients, our results
bound the scope for adapting to the number of non-zero coefficients.

Second, we consider inference about the regression discontinuity parameter. We illustrate
our results using an empirical application from Lee (2008), and show that the resulting Cls
are informative and simple to construct. We also consider one-sided Cls and two-sided
fixed-length CIs based on local linear estimators, with bandwidths chosen to optimize their
maximum excess length and half-length, respectively. Local linear estimators have been
popular in empirical practice for regression discontinuity due to asymptotic relative efficiency
results of Cheng, Fan, and Marron (1997) for minimax estimation with squared error loss.
Using the same function classes as Cheng, Fan, and Marron (1997), we consider finite-
sample efficiency for Cls, and we compute efficiency at smooth functions as well as minimax
efficiency. We show that in the Lee (2008) application, CIs based on local linear estimators
with triangular kernel are highly efficient relative to the optimal Cls discussed above.

Many procedures popular in practice avoid having to specify C' by dropping the require-

ment that the CI be valid uniformly over F, and only require it to be valid pointwise for each



f € F. For example, under the assumption that f has at least one derivative, one can con-
struct a 95% CI for a conditional mean at a boundary point x = 0 by using a kernel estimator
with bandwidth that shrinks at a rate slightly faster than n='/3 (i.e. undersmooth relative
to the mean-square error optimal bandwidth), and adding and subtracting 1.96 times the
standard deviation of this estimator. Even though the estimator is biased in finite samples,
so that the CI will undercover in finite samples, for any given f with at least one derivative,
the bias is of lower order than the variance, so that asymptotically, it will be negligible and
the CI will have pointwise asymptotic coverage equal to 95% under regularity conditions.
However, it is clear that, in any given sample, one can make the bias arbitrarily large, and
hence the finite-sample coverage arbitrarily close to zero, by setting f(z) = Cx with C
sufficiently large. Indeed, any bandwidth choice—including one that makes an “asymptotic
promise” to undersmooth—implies a maximum value of C' beyond which the coverage of a
nominal 95% CI in any given sample will fail to be close (say within 5%) to the nominal
coverage. Thus, even if one is willing to accept a given amount of undercoverage, a CI based
on undersmoothing involves an implicit choice of C.

One way to try to address this problem is to allow for more flexible bandwidth sequences
as in Calonico, Cattaneo, and Titiunik (2014) and Calonico, Cattaneo, and Farrell (2015).
However, our results imply that, in order to achieve good coverage over a range of functions
f in a given sample, one cannot avoid having to specify an explicit bound on the smoothness
of f, and, once this is done, there is very little scope for improvement beyond a CI that
simply uses the optimal bandwidth implied by the researcher’s a priori bound.

Similar problems with Cls that are valid pointwise, but not uniformly, have been pointed
out in several parametric and semiparametric models popular in econometrics, including
instrumental variables models (Bound, Jaeger, and Baker, 1995; Staiger and Stock, 1997) and
moment inequalities (Andrews and Guggenberger, 2009b). They are also central to inference
after model selection (Leeb and Potscher, 2005), as we discuss in detail in the application to
linear regression in Section 4. As this literature points out, in any given sample, there will be
part of the parameter space where pointwise Cls will severely undercover. In nonparametric
settings, however, the problem can be much worse in the sense that the problematic part
of the parameter space may be much larger. Brown, Low, and Zhao (1997) give examples
of nonparametric estimation problems where every point of the parameter space can be a
point of superefficiency, in contrast to parametric estimation problems, where the set of
superefficiency has Lebesgue measure zero (see also Chapter 1.2.4 in Tsybakov, 2009). As
Robins and van der Vaart (2006) point out, dropping uniformity “appears to contradict



the very definition of a confidence set”—to construct a CI for Lf, one must specify some
parameter space F such that the CI covers Lf with the prespecified probability for all f in
the parameter space.

Pointwise-in- f asymptotics may lead to other inconsistencies, such as assuming that the
covariates are continuous even if they are clearly discrete in the given sample. An effort
to avoid this problem has lead to considerable confusion in the regression discontinuity
literature, where very different modeling approaches have been proposed when covariates
are discrete instead of continuous (see Lee and Card, 2008). In this paper, we take the
approach of first deriving finite sample results in a model with normal errors, and then using
asymptotics to relax the normality assumption. When covariates are continuous, additional
simplifications obtain: certain sums are approximated by integrals that do not depend on the
design points, and the optimal procedures correspond asymptotically to kernel estimators
with different bandwidths. However, one need not use these simplifications in forming finite
sample estimates and Cls: the finite sample approach still leads to Cls that are easily
computable and relatively simple, as we illustrate in our regression discontinuity application
in Section 5. Thus, one can take the same approach whether the covariates are discrete or
continuous and not worry about how to best model them.

The remainder of this paper is organized as follows. In Section 2, we illustrate our results
in a simple example. Section 3 introduces the general setup and states the main results.
Section 4 applies these results to linear regression. Section 5 considers an application to
regression discontinuity. Section 6 concludes. Proofs and long derivations are collected in
appendices. Appendix A contains proofs for the main results in Section 3, and Appendix B
additional details for constructing two-sided Cls studied in that section. The Supplemen-
tal Materials contain further appendices. Supplemental Appendix C contains derivations
for Sections 4 and 5. Supplemental Appendices D, E, and F contain asymptotic results.

Supplemental Appendix G contains additional figures for the application in Section 5.

2 Simple example

To illustrate the main theoretical results, consider the nonparametric regression y; = f(z;)+
u;, where ¢ = 1,...,n, the regressors x; € R are treated as fixed and the errors u; are i.i.d.
standard normal. We assume that f lies in a class of Lipschitz continuous functions with

constant C,

FLip(C) = {f: [f(21) = f(2)| < Clay — wal} - (1)



We are interested constructing an optimal or near-optimal one-sided confidence interval (CI)
for the value of the regression function f at a point, which we can normalize to zero (see
Section 3.4 for general treatment of two-sided Cls).

There are several notions optimality for one-sided ClIs. First, we focus on constructing
CIs [¢, 00) that minimize the maximum Sth quantile of excess length, sup . q55(f(0) — ¢),
where g7 3 denotes the Sth quantile of the excess length f(0) — ¢. Such Cls can be obtained
by inverting tests of the null hypothesis Hy: f(0) < Ly that maximize their minimum power
under the alternative Hy: f(0) > Lo + 2b, where the half-distance b to the alternative is
calibrated so that the minimum power of the minimax test is given by /3 (see Section 3.3 for
derivation).

To construct the minimax test, note that if we set p = (f(x1),..., f(x,)), and Y =
(y1,--.,Yn), We can view the testing problem as an n-variate normal mean problem Y ~
N(u, I,). The vector of means p is constrained take values in the convex sets My =
{(f(x1), ..., f(xn): f€F, f(0) < Lo} under the null, and My = {(f(x1),..., f(x,)): f €
F, f(0) > Ly + 2b} under the alternative. To solve this problem, let’s first consider a two-
point testing problem with the null and alternative given by some py € My and puy € M.
By the Neyman-Pearson lemma, the optimal test of py vs py is the likelihood ratio test,
which rejects for large values of (3 — p)'Y, and has power @ (||p; — pol| — z1-a) at p.
Since this testing problem is easier than testing M, against M;, minimizing this power over
o € My and py € My must give an upper bound for the minimum power of the minimax
test. Let us conjecture that the solution to the minimax testing problem is given by the
solution to the two point testing problem with jp and gy given by the minimizers p and p]
of @ (||u1 — poll — z1-a). To verify this conjecture, we need to show that the power of the
resulting test is minimized over M; at uj, and it controls size over M, (see Theorem 8.1.1
in Lehmann and Romano 2005), in which case pj and pi are called “least favorable.” In
Lemma A.2; which follows directly from Section 2.4.3 in Ingster and Suslina (2003), we show
that for convex M, and M, this is indeed the case.

Since the power @ (||p1 — po|| — z1-a) is increasing in the distance between gy and py,
the least favorable functions correspond to the points uf = (f*(z1),..., f*(x,)) and pj =

(9*(z1),...,9"(x,)) that minimize the Euclidean distance between the sets My and M,

(f*.47) = argmin D (fw:) —g(w:)*  subject to f(0) < Lo, g(0) > Ly +2b.  (2)
95—

To satisfy the constraints, the solution must satisfy g*(x) > Lo + 2b — C|z| and f*(x) <



Ly + C|z| for all . Therefore, the difference between the two functions is bounded by
lg*(z) — f*(z)| > 2max {b — Clz|,0}. Since we can make the bound sharp by setting

g"(z) = Lo+ b+ max{b — C|z|, 0}, f*(x) = Ly + b — max{b — C|z|, 0},

these functions must solve (2). The first panel of Figure 1 shows the least favorable functions.
Intuitively, to make Hy and H; hardest to distinguish, the null and alternative functions f*
and g* converge to each other as fast as possible under the Lipschitz constraint and the null
and alternative constraints f*(0) < Lo and ¢*(0) > Ly + 2b.

The likelihood ratio test that corresponds to the two-point test based on the least favor-
able means rejects for large values of Y’ (uj — ufy), with critical value given by the distribution
of Y under pf. By working out this critical value and rearranging the resulting expression,

we obtain the minimax test that rejects whenever
[A/h — L() — bian* ([A/h) Z var(f/h)l/2z1_a. (3)

Here L, is a Nadaraya-Watson kernel estimator based on the triangular kernel k(u) =
max {0, 1 — |z|} and bandwidth h =b/C,

I, = Z?:l(g*(ifi) — [ (%)) Z?:l k(z;/h)y;

Dima(g (@) = fr(x) iy Kk(wi/h)

Var(f;h) = gjﬁ% is the variance of f)h, 21—q s the 1 — a quantile of a standard normal

distribution, and biasg-(Ly) = b (1 - %) is the bias of the estimator L, under f*.
The estimator Ly, is normally distributed with variance that does not depend on the true
function f. Its bias, however, does depend on f. To control size under Hj in finite samples,
it is necessary to subtract the largest possible bias of L, under the null, which obtains at f*
(we show in the next section that this is in fact the largest bias over all of Fp;,(C')). Since
the rejection probability of the test is decreasing in the bias, its minimum power occurs when

the bias is minimal under H;, which occurs at g*, and is given by

8= @(zb\/z;?zl B /h)? = 210 ). (4)

Since the estimator, its variance, and the non-random bias correction are all independent of



the particular null Ly, the CI based on inverting these tests as Hy varies over R is given by

~ ~

[Cap,00), where ¢éu4 = Ly, — biass(Ly) — var(Ly)z_q. (5)

This CI minimizes the fth quantile maximum excess length with 3 given by the minimax
power of the tests (4). Equivalently, given a quantile 5 that we wish to optimize, set the
half-distance to the alternative bg as the solution to bg = (z5+21-0)//4 Y e, k(x:/(C/bs))2.

This solution has four important features. First, it is simple to construct. Second,
different choices of the constants C' and b (or /) affect the optimal bandwidth, but not

the kernel—the triangular kernel is therefore minimax optimal for the Lipschitz class (see

Armstrong and Kolesar (2015) and references therein for general results on optimal kernels
in these settings). Third, the least favorable functions, ¢* and f*, correspond to scaled
versions of this optimal kernel-—the least favorable functions and the kernel have the same
shape. Fourth, the bias correction is non-random, depends on the worst-case bias of Ly,
(rather than an estimate of its bias), and doesn’t disappear asymptotically. In particular,
suppose that for some d, = S™"  k(z;/h)? — d [ k(u)?du = 2d and = S°" k(x;/h) — d as
n — 0, nh — oo and h — 0 (under random sampling of the regressors z;, this holds with d
corresponding to the density of z; at 0). Let hg denote the bandwidth that is optimal for
the 5 quantile. Then the worst case bias of f)hﬁ equals Chg/3(1 + o(1)), while its variance
equals m(l + 0(1)), with the optimal bandwidth given by

o1 3\ 23
i3 (gmpy) (o040, )
so that the squared bias and variance are of the same order, O(n=?/3). Consequently, no
CI that “undersmooths” in the sense that it is based on an estimator whose bias is of lower
order than its variance can be minimax optimal asymptotically or in finite samples.

An apparent disadvantage of this CI is that it requires the researcher to choose a smooth-
ing constant C'. Addressing this issue leads to “adaptive” Cls. Adaptive Cls achieve good
excess length properties for a range of parameter spaces Fpp(Cj), C1 < --- < Cj, while
maintaining coverage over their union, which is given by Fi;,(C;), where C is a conserva-
tive upper bound on the possible smoothness of f. In contrast, a minimax CI only considers
worst-case excess length over F;,(C). To derive an upper bound on the scope for adaptiv-
ity, consider the problem of finding a CI that optimizes excess length over F;,(0) (the space

of constant functions), while maintaining coverage over Fi;,(C) for some C' > 0.



To derive the form of such CI, consider the one-sided testing problem Hy: f(0) < Ly and
[ € FLip(C) against the one-sided alternative Hy: f(0) > Lo+ b and f € Fr;p(0) (so that
now the half-distance to the alternative is given by b/2 rather than b). This is equivalent to
a multivariate normal mean problem Y ~ N(u, I,,), with p € My under the null as before,
and € My = {(L,...,L): L > Ly +b}. Since the null and alternative are convex, by the
same arguments as before, the least favorable functions minimize the Euclidean distance
between the two sets. The minimizing functions are given by §*(z) = Lo + b, and fr=f*
(same function as before). The second panel of Figure 1 plots this solution. Since §* — fr=
(9" — f*)/2, the resulting test is again given by (3), and the CI is also the same as before—
the only difference is that we moved the half-distance to the alternative from b to b/2.
Hence, the minimax CI that optimizes a given quantile of excess length over F;,(C) also
optimizes its excess length over the space of constant functions, but at a different quantile.
By calculating the power of the minimax test at constant alternatives, it can be seen that
the scope for improvement is still small if one compares excess length at the same quantile:
in Section 3.3, we show that, for this smoothness class, the CI that minimaxes excess length
at a given quantile is at least 95.2% optimal asymptotically for constant functions at the
same quantile. For function classes smoother than F;,(C), the efficiency is even higher.

Therefore, it is not possible to “adapt” to cases in which the regression function is
smoother than the least favorable function. The key to this non-adaptivity result is that the
class F is centrosymmetric (i.e. f € F implies —f € F) and convex. The centrosymmetry
implies that the least favorable functions in the minimax problem (2) are, up to constants,
negatives of one another, and the convexity is necessary for Lemma A.2 to apply. For
adaptivity to be possible, we need shape restrictions like monotonicity, or non-convexity of
F. In the next section, we give a general statement of this result, and also a similar result
for two-sided Cls.

3 General characterization of optimal procedures

We consider the following setup and notation, much of which follows Donoho (1994). We
observe data Y of the form
Y =Kf+o¢ (7)

where f is known to lie in a convex subset F of a vector space, and K : F — ) is a linear
operator between F and a Hilbert space ). We use (-, -) to denote the inner product on )

and || - || to denote the norm. The error term ¢ is standard Gaussian with respect to this

10



inner product: for any g € Y, (g, g) is normal with E(e,g) = 0 and var ((g, g)) = ||g||*>. We

are interested in constructing a confidence set for a linear functional Lf.

3.1 Special cases

The general setup (7) covers a number of important models as special cases. First, it can
be used to study Gaussian nonparametric regression with fixed design, in which we observe

{;,y;}1~, with z; a deterministic vector, and
yi = f(x;) +ui, u; ~ N(0,0%(z;)) independent across 1, (8)

where o%(z) is known. This fits into the framework above with Y = (y1 /o (1), ..., yn/0(2,)),
Y=R" Kf=(f(x1)/0(x1),..., f(x,)/o(x,)) and with (z,y) given by the Euclidean inner
product z'y. Depending on the definition of the linear functional L, this model covers several
important situations encountered in applied econometrics, including: inference at a point,
regression discontinuity (see Section 5), and average treatment effects under unconfounded-
ness (with Lf =L 5" (f(w;, 1) — f(w;,0)) where x; = (w;, d})’, d; is a treatment indicator
and w; are controls). The finite sample results in this model will often lead to analogous
uniform (over F) asymptotic results in the more realistic setting in which the distribution
of u; is not known (see Section 3.6).

Second, the setup (7) can be used to study the linear regression model with restricted

parameter space. For simplicity, we consider the case with homoskedastic errors
Y =X0+0e, &~ N(0,1I,), 9)

where X is a fixed n x k design matrix and ¢ is known. This fits into our framework with
f =0, X playing the role of K, taking § € R* to X0 € R", and Y = R" with the Euclidean
inner product (z,y) = 2'y. We are interested in a linear functional L# = ¢’ where ¢ € RF.
We consider this model in Section 4. While we focus on homoskedastic linear regression
for exposition, the results extend to the multivariate normal location model 6 ~ N (0,%9),
which obtains as a limiting experiment of regular parametric models. Thus, the finite sample
results for OLS could be extended to local asymptotic results for other regular parametric
models, with the constraint sets F and G (defined below) shrinking at a \/n rate.

In addition to the regression models (8) and (9), the setup (7) includes other nonpara-

metric and semiparametric regression models such as the partly linear model (where f takes

11



the form g(w;) +~'wq, and we are interested in a linear functional of g or 7). It also includes
the Gaussian white noise model, which can be obtained as a limiting model for nonparamet-
ric density estimation (see Nussbaum, 1996) as well as nonparametric regression (see Brown
and Low, 1996). We refer the reader to Donoho (1994, Section 9) for details of these and
other models that fit into the general setup (7).

3.2 Performance criteria and a class of estimators

Let us now define the performance criteria that we use to evaluate confidence sets for Lf.
Following the usual definition, a set C = C(Y") is a 100 - (1 — )% confidence set for Lf if

: S 1—a
}gjfrPf(LfGC)_l a (10)

We denote the collection of all confidence sets C that satisfy (10) by Z,. Among confidence
sets in this collection, we can compare their performance at a particular f € F using expected
length,

A(0) = EpMC(Y)),

where ) is Lebesgue measure.

Allowing confidence sets to have arbitrary form can lead to sets C that are complicated
and difficult to interpret or even compute. One way of avoiding this is to restrict attention
to sets in Z,, that take the form of a fixed-length confidence interval (CI). A fixed-length CI
takes the form [f) —x, L+ x| for some estimate L and some nonrandom (for instance, in
the regression model (8), xy may depend on the regressors z; and o2(x;), but not on ;). For

an eStiInat()l" LA, let

denote the half-length of the shortest fixed-length 100 - (1 — )% CI centered at L.

The restriction to fixed-length Cls simplifies their comparison: for any f € F, the ex-
pected length equals 2Xa(f}), so among fixed-length CIs, one simply prefers those with smaller
half-length. On the other hand, one may worry that fixed-length CIs may be costly since the
length cannot “adapt” to reflect greater precision for different functions f € F. To address
this concern, in Section 3.4, we compare the length of fixed-length CIs to sharp bounds on
the optimal expected length infeez, Af(C).

If C is restricted to take the form of a one-sided confidence interval (CI) [¢, 00), we cannot

12



use expected length as a criterion. We can, however, compare performance at a particular

parameter f using the Sth quantile of excess length,

qrs(Lf =),

where g7 (L f—¢) denotes the fth quantile of L f —¢, the excess length, under f. To measure

performance globally over some set G, we use the maximum Sth quantile of the excess length,
q5(¢,G) = supqy5(Lg — ¢). (11)
9€g

If G = F, minimizing gg(¢, F) over one-sided Cls that satisfy (10) gives minimax excess
length. If G C F is a class of smoother functions, minimizing ¢s(¢, G) yields Cls that direct
power: they achieve good performance when f is smooth, while maintaining coverage over all
of F. A CI that achieves good performance over multiple classes G is said to be “adaptive”
over these classes. In Section 3.3, we give sharp bounds on (11) for a single class G, which
gives a benchmark for adapting over multiple classes (cf. Cai and Low, 2004a).

We will also relate the optimal decision rules for constructing Cls to the rules for con-
structing estimators that minimize the maximum mean squared error (MSE) over F. For

an estimator L, the maximum mean squared error over F is defined as

R(L) = sup Ef(L — Lf)*.
feF
The main tool in deriving decision rules that are optimal or close to optimal for these

performance criteria will be the ordered modulus of continuity between F and G, defined by
Cai and Low (2004a)

for any sets F and G with a non-empty intersection (so that the set over which the supremum
is taken is non-empty). When G = F, w(d; F, F) is the (single-class) modulus of continuity
over F (Donoho and Liu, 1991), and we will denote it by w(d; F). The ordered modulus
w(+; F,G) is concave, which implies that the superdifferential at 0 (the set of slopes of tangent
lines at (0, w(d; F,G)) is nonempty for any 6 > 0. Throughout the paper, we let w'(d; F,G)
denote an (arbitrary unless otherwise stated) element in this set. Typically, w(-; F,G) is

differentiable, in which case w/(J; F,G) is defined uniquely as the derivative at 6. We use
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95 7 and f5 z 5 to denote a solution to the ordered modulus problem (assuming it exists),
and fy; 576 = (firg + 957¢)/2 to denote the midpoint.

We will show that optimal decision rules will in general depend on the data Y through
an estimator of the form

T * w,(57 ‘F7 g) * * *
Lsrg=Lfysrg+ — 5 <K(95,f,g — firghY — KfM,(S,]-',g> ; (12)

with 0 and G depending on the optimality criterion. When F = G, we denote the estimator
Lsrr by Lsr. When the sets F and G are clear from the context, we use w(d), Ls, f£, gz
and f}, 5 in place of w(d; F,G), Lsrg, firg: 957¢ and firs 7 g to avoid notational clutter.

Let biasg(L) = SUD g Ef(f/—Lf) and %g(ﬁ) = inf;eg Ef([A/—Lf) denote the maximum
and minimum bias of an estimator L over the set G. As we show in Lemma A.1 in the
Appendix, a useful property of lA}& F,¢ is that its maximum bias over F and minimum bias

over G are attained at f§ and gj, respectively, and are given by

(w(0; F,G) — o' (0; F,Q)) . (13)

N —

%}-([A@}jg) = —Mg(zé,}ﬂg) =

As remarked by Cai and Low (2004b), no estimator can simultaneously achieve lower maxi-
mum bias over F, higher minimum bias over G, and lower variance (which for [A/(;, F,¢ doesn’t
depend on f) than the estimators in the class {Ls g }s=o. Estimators (12) can thus be used
to optimally trade off various levels of bias and variance.

Let us briefly discuss two symmetry properties that lead to simplifications when satisfied

by F. The first we call translation invariance.

Definition 1 (Translation Invariance). The function class F is translation invariant if there
exists a function v € F such that Lt =1 and ct € F for all c € R.

Translation invariance will hold in most cases where the parameter of interest Lf is
unrestricted. For example, if Lf = f(0), it will hold with «(z) = 1 if F places monotonicity
restrictions and/or restrictions on the derivatives of f, but not if F places a bound on the
function itself. Under translation invariance, by Lemma A.3 in the Appendix, the modulus
is differentiable and w'(6; F,G) = 0 /(Kt, K(g§ — f¥)), which gives

(K(g5 = f5),Y — K[irs)
(K(g5 — f3), K1)

Lsrg=Lfys+
The second property we consider is centrosymmetry.
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Definition 2 (Centrosymmetry). The function class F is centrosymmetric if f € F =
—ferF.

Under centrosymmetry, the functions that solve the single-class modulus problem can be

seen to satisfy ¢g; = —f;, and the modulus is given by
w(0; F)=sup{2Lf: |[Kf|| <d6/2,f € F}. (14)
Since f§ = —gj, fi; s 1s the zero function and Ls 7 is linear:
; 2w'(0; F) (Kg;,Y)

where the last equality holds when F is translation invariant as well as centrosymmetric.

Centrosymmetry and translation invariance are not needed for most of the results in this
paper. However, centrosymmetry will play central role in bounding the gains from directing
power at smooth functions, as we show in Section 3.3 for one-sided Cls and in Section 3.4
for two-sided Cls.

3.3 Optimal one-sided ClIs

Given f3, a one-sided CI that minimizes (11) among all one-sided CIs with level 1 —« is based
on f/gﬁ; g Where g = 0(z3 + 21_o) and z, denotes the gth quantile of a standard normal
distribution. The CI takes a simple form, which is given in the following theorem. Proofs of

the results in this section are given in Appendix A.

Theorem 3.1. Let F and G be conver with G C F, and suppose that f; and g; achieve the
ordered modulus at § with ||K(fs —g5)|| = 0. Let

éa,(g,}-g = fz&]:g — bian(E57]:,g) — zl_aaw’(é; .F, Q)

Then, for f = ®(6/0 — z1—a), Casrg minimizes qg(¢,G) among all one-sided 1 — o Cls,
where ® denotes the standard normal cdf. The minimum coverage is taken at fi and equals
1 — a. All quantiles of excess length are maximized at g5. The worst case Bth quantile of

excess length is q(Casrg,9) = w(d; F,G).

The assumption that the modulus is achieved with || K (f; —g5)|| = 0 rules out degenerate
cases: if ||K(f5—g5)|l < d, then relaxing this constraint does not increase the modulus, which
means that w'(§; F,G) = 0 and the optimal CI does not depend on the data.
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The estimator ﬁ& F,¢ is normally distributed with bias that depends on f, and variance
0w (8; F,G)?, which is independent of f. The CI in Theorem 3.1 uses the fact that the
maximum bias over F and minimum bias over G are taken at f; and g;. Since the coverage
of a one-sided CI decreases with the bias of the estimator that it is based on, to ensure
proper coverage, we need to subtract %;(f/& F.g), the maximum bias under F, from ZAL(;, F.G
and then subtract the 1 — « quantile of the of a standard normal variable with the same
variance as [A/(;, 7,¢- On the other hand, all quantiles of excess length decrease with the bias:
they are greatest when the bias is minimal, which gives the second part of the theorem.

One can’t do better than using ¢, s5r¢g because the test that rejects Ly when Ly ¢
[Ca.6.7.g,00) is minimax for Hy: Lf < Lo and f € F against Hy : Lf > Lo+ w(d; F,G) and
f € G, where Ly = Lf;. If both 7 and G are translation invariant, f;+ct and gj+ ce achieve
the ordered modulus for any ¢ € R, so that, varying ¢, this test can be seen to be minimax
for any Ly. Thus, under translation invariance, the CI in Theorem 3.1 inverts minimax one
sided tests with distance to the null given by w(d). These results for minimax tests can
be derived from an application of a result characterizing minimax tests as Neyman-Pearson
tests for mixtures over least favorable distributions over the null and alternative (Theorem
8.1.1 in Lehmann and Romano, 2005), where the least favorable null and alternative are
given by point masses at fr and gf (see Lemma A.2 in the Appendix and Section 2.4.3 in
Ingster and Suslina, 2003).

Given the model (7), implementing the CI from Theorem 3.1 requires the researcher to
choose a quantile [ to optimize, and to choose the set G. There are two natural choices for /3.
If the objective is to optimize the performance of the CI “on average,” then optimizing the
median excess length (8 = 0.5) is a natural choice. Since for any CI [¢, 00) that is an affine
function of the data Y, the median and expected excess lengths coincide, and since ¢, 5,7 g is
affine in the data, setting 5 = 0 also has the advantage that it minimizes the expected excess
length among Cls that are affine. Alternatively, if the CI is being computed as part of a
power analysis, then setting 8 = 0.8 is natural, as under translation invariance, it translates
directly to statements about 80% power, a standard benchmark in such analyses (Cohen,
1988).

For the set G, there are two leading choices. First, setting G = F yields minimax Cls:

Corollary 3.1 (One-sided minimax CIs). Let F be convex, and suppose that fi and g}
achieve the single-class modulus at § with || K (fy — g3)|| = 0. Let

A 1
Casr = Lsr— 3 (W(0; F) — 0w (8; F)) — z21_qow'(6; F).
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Then, for B = ®(0/0 — 21—q), Casr minimizes the maximum Bth quantile of excess length

among all 1 — « Cls for Lf. The minimaz excess length is given by w(d; F).

The minimax criterion may be considered overly pessimistic: it focuses on controlling the
excess length under the least favorable function. This leads to the second possible choice for
G: set it to a smaller convex class of smoother functions G C F. The resulting Cls will then
achieve the best possible performance when f is smooth, while maintaining coverage over all
of F.

It is instructive to consider the case in which F is centrosymmetric, and the solution to

the ordered modulus problem satisfies
f—g5srg€F forall feF. (16)

This will be satisfied if g; » 5 is “smooth” enough. If F is translation invariant, then (16)
holds for G = span(:). If F places a bound on the pth derivative of f (e.g. F is a Holder
class) it holds if all g € G are polynomials of order p — 1 or lower: the pth derivative of any
g € G is always zero, so that if f satisfies the particular bound, so does f — g.

Under condition (16), if f5r; and gj g solve the modulus problem w(d, F,G), then
firg — 957¢ and 0 (the zero function) solve w(d; F,{0}) and vice versa (note that, under

centrosymmetry, (16) holds for g; » ; iff. it holds for —g; » 5), so that

w(0; F,G) = w(0; F,{0}) = sup{—Lf: |[Kf| <0, f e F}= %W(%; F); (17)

where the last equality obtains because under centrosymmetry, maximizing —Lf = L(—f)

and maximizing Lf are equivalent, so that the maximization problem is equivalent to (14).

Furthermore, g; » ¢ — fir.g = 5(93s5.7 — f35.7), so that

7 7 * w/(257 ‘F) * * *
Lsrg=Lasr+ Lfysrg— o5 (K (9355 — f35.0), K fars.7.6)

= Los.r — biasz(Las.7)/2,

(18)

where the second line follows since biasz(Lsrg) = biasz(Lasr)/2 by (17). Since Lsrg
and fzg&}‘ are equal up to a constant, ¢, 57,6 = Ca,s,7{0} = Caz2s7- Thus, when (16) holds,
optimizing excess length over G is equivalent to optimizing excess length at {0}, and it leads
to the same class of Cls as the minimax criterion—the only difference is that the excess

length is calibrated differently:
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Corollary 3.2. Let d3 = 0(2p + z1-a). Let F be centrosymmetric, and let G C F be any
convex set such that the solution to the ordered modulus problem exists and satisfies (16) with
IK(f5, = 95,)|l = 05. Then the one-sided CI o5, 7 that is minimaz for the Bth quantile also
optimizes q5(¢;G), where B = ®((25 — 21-a)/2). In particular, Co s, 7 optimizes qz(¢;{0}).
Moreover, the efficiency of Ca s, 7 for the Bth quantile of mazimum excess length over G
15 given by
infe: eoo)er, 45(¢,G) _ w(dp; F,G) w(20; F)

— = - = . 19
45(Cas5,7,9) 4(Cas5,7,G)  w(dp; F) + dpw'(dp; F) (19)

The second part of the Corollary follows since by (18), mg(f;& 7) = 0, which implies
q5(Cars5,75 G) = (w(0p; F) + dpw' (95 F)) /2

The first part of Corollary 3.2 states that minimax Cls that optimize a particular quantile
£ will also minimize the maximum excess length over G at a different quantile B. For
instance, a CI that is minimax for median excess length among 95% CIs also optimizes
®(—2z005/2) =~ 0.205 quantile under the zero function. Vice versa, the CI that optimizes
median excess length under the zero function is minimax for the ®(2z95 + 20.95) = 0.95
quantile.

The second part of Corollary 3.2 gives the exact cost of optimizing the “wrong” quantile §.
Since the one-class modulus is concave, 0w'(d) < w(d), and we can lower bound the efficiency
of Ca,s5,7 given in (19) by w(20s)/(2w(ds)) > 1/2. Typically, however, the efficiency is much

higher. In particular, in the regression model (8), the one-class modulus often satisfies
w(8; F) =n""2A6"(1 + o(1)) (20)

as n — oo for some constant A, where /2 is the rate of convergence of the minimax root
MSE. We show that this is the case under regularity conditions in the regression discontinuity
application in Lemma F.6 (see Donoho and Low, 1992, for other cases where (20) holds). In
this case, (19) evaluates to %(1 + 0(1)), so that the asymptotic efficiency depends depends
only on r. Figure 2 plots the asymptotic efficiency as a function of r.

Suppose F is smooth enough so that the rate of convergence satisfies > 1/2 (as is the
case for inference at a point when functions in F have at least one directional derivative).
Then the asymptotic efficiency of minimax Cls relative to ClIs that optimize their excess
length for the zero function is at least 21/2/(1 + 1/2) = 94.3% when indeed f = 0. Since

adapting to the zero function is at least as hard as adapting to any set G that includes it,

18



this implies that if F is convex and centrosymmetric, “directing power” yields very little
gain in excess length no matter how optimistic one is about where to direct it.

This result places a severe bound on the scope for adaptivity in settings in which F
convex and centrosymmetric: any CI that performs better than the minimax CI by more
than the ratio in (19) must fail to control coverage at some f € F. Adaptation is only
possible when centrosymmetry fails (typically by placing shape restrictions on f, such as
monotonicity), or convexity fails (by say placing sparsity assumptions on the coefficients in

a series expansion of f).

3.4 Two-sided ClIs and minimax MSE estimators

Finding optimal rules for two-sided confidence intervals, or for estimation criteria such as
mean squared error, is more complicated. However, it is known that estimators in the class
Ls 7 and the associated fixed-length CIs are minimax optimal when one restricts attention
to affine estimators (i.e. estimators of the form L = a + (b,Y) for constants a € R and
b € )) if 9 is chosen optimally. These results are due to Donoho (1994), and we state them
below for convenience. We then give a solution to the problem of constructing confidence
sets that optimize expected length A;(C) at a single function f, and use this result to bound
the efficiency of fixed-length affine CIs among all confidence sets.

To describe the Donoho (1994) results, first consider the normal model Z ~ N(u,1)

where p € [—7,7]. The minimax affine mean squared error for this problem is
= mi E,(0(Y) — p)*.
pa(7) solin | max W (0(Y) — )
The solution is achieved by shrinking Y toward 0, namely 6(Y) = ¢,(7)Y, with ¢,(7) =
72/(1 + 72%), which gives pa(7) = 72/(1 + 72). The length of the smallest fixed-length affine

100 - (1 — )% confidence interval is

XA.a(T) = min {X: there exists §(Y) affine s.t. i[nf }PH(M(Y) —pl<x)>1-— oz} .
ne|l—7,7
The solution is achieved at some §(Y) = ¢, (7)Y, and it is characterized in Drees (1999). We
give the details in Appendix B for convenience.
By a sufficiency argument, the minimax MSE affine estimator in the one-dimensional
submodel {gA+ f(1—=X): A € [0, 1]} is characterized by a scaling of p4(7) for an appropriate

choice of 7, and similarly for x4 ,. Donoho (1994) then uses the modulus of continuity to
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find the least favorable submodel such that minimax affine estimators and fixed-length Cls

in the submodel are also minimax in the full model. This leads to the following result:

Theorem 3.2 (Donoho 1994). Suppose that 9, is a solution to

¢p(0/(20)) = 6w'(6) /w(6),

and that fgp,gj;p achieve the one-class modulus w(-; F) at 6,. Then the MSE minimaz affine

estimator is of Lf is lAL(;p’;, and its maximum root MSE is given by

7 1/2 _ w(d,) &
R(L5p7]:) 5p PA 2% g.

Similarly, suppose that 0, is a solution to
ex(0/(20)) = 6w'(6) /w(9),
and that f5 . g5 achieve the one-class modulus w(-; F) at 0. Then the shortest fized-length

affine CI is given by
A w(0y) 4]
Ls. 7+ —% o ==
6y, F 5x XA, <20) o

Theorem 3.2 gives the optimal ¢ for a particular performance criterion in terms of the
shrinkage coefficent in the one dimensional bounded normal means problem (c,(:) or ¢,(-)).
Often (at least asymptotically), [A/(;, 7 takes the form of a kernel estimator with bandwidth
determined by d; this allows for comparisons of optimal bandwidths for different performance
criteria. We perform such comparisons in a companion paper (Armstrong and Kolesér, 2015).

Donoho (1994) also bounds the penalty for restricting attention to affine procedures,
using a formula based on the modulus of continuity. Since the bounds turn out to be very
tight in many situations, the cost of restricting attention to affine procedures is typically not
too large. We refer the reader to Donoho (1994), Drees (1999) and references therein for
details.

On the other hand, just as with minimax one-sided Cls, one may worry that since the
length of fixed-length ClIs is driven by the least favorable functions, restricting attention to
fixed-length CIs may be very costly when the true f is smoother. The next result character-
izes the confidence sets that optimizes expected length at a single function g, and thus gives

bounds for the possible performance gains.
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Theorem 3.3. Let g € F, and assume that a minimizer fr, of ||[K(g — f)|| subject to
Lf =Ly and f € F exists for all Ly € R, and let 61, = || K (g — fr,)||. Then the confidence
set Cy(Y') that minimizes E,A\(C) subject to 1 —a coverage on F inverts the family of tests ¢r,
that reject for large values of (K (g — fr,),Y) with critical value given by the 1 — a quantile
under fr,. The expected length of this confidence set is given by

EfAC (V)] = (1 —a)Ef(w(o(z1-a — 2); F, {g}) + w(o(z1-a — Z2); {9}, F)) | Z < 21a],

where Z 1s a standard normal random variable.

This result gives the exact solution to the problem of “adaptation to a function” posed
by Cai, Low, and Xia (2013), who obtain bounds for this problem in the case where C is
required to be an interval. It follows from the observation in Pratt (1961) that minimum
expected length Cls are obtained by inverting a family of uniformly most powerful tests of
Hy: f = Lo and f € F against Hy: f = g. The least favorable null f;, for such a test is
given by a minimizing |K (g — f)|| subject to Lf = Ly. Equivalently, we can obtain it as a
solution to the ordered modulus problem w(ér,; F,{g}) (if Lo < Lg), or w(dr,;{g},F) (if
Ly > Lg). The expression for the expected length of C,(Y") follows by computing the power
of these tests. The assumption that a minimizer of ||K(g — f)|| subject to Lf = Ly and
f € F exists for all Ly € R means that Lf is unbounded over F. This assumption is made
to simplify the statement; a truncated version of the same formula holds when F places a
bound on Lf.

Directing power at a single function is seldom desirable in practice. Theorem 3.3 is very
useful, however, in bounding the efficiency of other procedures, such as fixed-length Cls
from Theorem 3.2. In particular, suppose f — g € F for all f (so that (16) holds with
G = {g}) and that F is centrosymmetric. Then, by arguments in Section 3.3, w(0; F, {g}) =
w(d;{g},F) = 2w(26; F), which yields:

Corollary 3.3. Consider the setup in Theorem 3.3 with the additional assumption that F
1s centrosymmetric and g satisfies f —qg € F for all f. Then the efficiency of the fized-length
CI around _Z;5X7_F at g relative to all confidence sets is

infeer, AC(YV). () _ (L= )Ew@o(ee = ZiF) [ ZS 0]y,

w(dy )20 [ w(dy )20 §
(5);) XA, (ﬁ) (5);) XA, (ﬁ)

The assumption of Corollary 3.3 will be satisfied for smooth functions g, including the

zero function. This efficiency ratio can easily be computed in particular applications, and
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we do in Section 5.2 in an application to regression discontinuity. However, it is insightful
to consider the asymptotic efficiency implied by (21) when the one-class modulus satisfies
(20). In this case Theorem 3.2 implies that &, = 20¢;'(r) + o(1), so that the length of the
fixed-length CI around ﬁgx is given by

Xaa(cy'(r))

—7”/2A2T r
n
(et (r)t=

(1 +0(1)),

and we get

infecr, AC(Y), () _ (L= )B[(s10 = 2 | 25 2]
N 3 B = () LU elro) B

(here, we use properties of the modulus and x4, to obtain the above display from the
pointwise-in-¢ convergence in (20); see Lemma E.2 in the Supplemental Materials). This
asymptotic efficiency is plotted in Figure 2 as a function of r for « = 0.05. When r = 4/5
(as in the regression discontinuity application in Section 5), for instance, the asymptotic
efficiency is 95.7%. When r = 1 (parametric rate of convergence), the asymptotic efficiency
equals ((1—a)z1—a+¢(21-a))/%1-a/2, as in the normal mean example in Pratt (1961, Section
5), where ¢ is standard normal density. For a = 0.05, this yields 84.99%.

Just like with minimax one-sided CIs, this result places a severe bound on the scope for
improvement over fixed-length CIs when F is centrosymmetric. It strengthens the finding in
Low (1997) and Cai and Low (2004a), who derive bounds on the expected length of random
length 1 —a Cls (i.e. Cls in the set Z,). Their bounds imply that when F is constrained only
by bounds on a derivative, the expected length of any CI in Z, must shrink at the minimax
rate n~"/2 for any any f in the interior of F. Equation (22) shows that for smooth functions
f, this remains true whenever F is centrosymmetric, even if we don’t require C to take the
form of an interval, and, moreover, not only is the rate the same as the minimax rate, the
constant must be close to that for fixed-length Cls.

On the other hand, when F is not centrosymmetric, it is possible to improve upon the

fixed-length CIs, and Cai and Low (2004a) give a general procedure that is rate-adaptive.

3.5 Confidence Intervals Based on Suboptimal Estimators

The confidence intervals discussed in Sections 3.3 and 3.4 are based on the worst case bias

of [A/(;, F for 6 chosen optimally. More generally, for any affine estimator L, the set of possible
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distributions of L — L f as f ranges over F is characterized by the set of possible biases of
f), and a CI can be constructed based on the maximum and minimum bias. For ZAL(;; 7, the
maximum and minimum bias are attained g§ and f; no matter how ¢ is chosen (see Lemma
4 in Donoho, 1994, and Lemma A.1 in the Appendix); this allows a further simplification.
To describe the results, let cv,(b) be the shortest half-length of a 1 — a CI for some
parameter that is centered around a normally distributed estimator with variance one and
maximum absolute bias equal to b. In other words, cv, () solves P(|Z+b| < c¢v) = ®(cv —b)—
O(—cv—b) =1— «, where Z ~ N(0,1). We tabulate these critical values in Table 1.

Theorem 3.4. Let L = a+ (w,Y) be an affine estimator such that biasr(L) and bias (L)
are finite. Let b= max{|biasy(L)|, |biasy(L)|}. Then: (i) [L — biasr(L) — |jw]|z1_a0, 00) is

a valid CI, and it has mazimum excess length

~

q3(L; F) = ol|w||(z + 21—a) + biasz(L) — bias(L).

(ii) L & cvo (D)o ||lw|| is the shortest fired-length 1 — a CI centered at L.
For Ls r, this holds with

~

Diasr(Ls.r) = — bias (L5 r) = 5 (w(6) — 60/(8)) and [lwl| = /(). (23)

N —

Theorem 3.4 can be used along with Theorem 3.2 to bound the efficiency loss from basing
a confidence interval on a suboptimal estimator, or from basing a confidence interval on an
estimator that is optimal for mean squared error, rather than CI length. We do this in
Section 5 for a regression discontinuity application. In Armstrong and Kolesar (2015), we

consider asymptotic implications of this result.

3.6 Unknown Error Distribution

Throughout this section, we have assumed that the error term e is normal with known
variance. When the error distribution is unknown, one can form estimates and ClIs based
on an estimate or guess for the variance function. If the variance function used in forming
the estimate is misspecified, one can use a robust estimate of the variance of the estimate
along with the approach in Section 3.5 in forming the CI. In Supplemental Appendix D we
consider a version of the nonparametric fixed-design regression model with nonnormal errors
and show that, under regularity conditions, this leads to Cls that are valid in a uniform

asymptotic sense, with the efficiency bounds carrying over to this setup in an asymptotic
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sense as well. These results show that optimal Cls are based on asymptotically normal

estimates in a broad class of settings with nonnormal errors.

4 Linear regression

This section considers the linear regression model (9). The results in Section 3 apply to the
problem of optimizing performance over # € G subject to a coverage requirement over 6 € F,
where F and G are convex sets. Many constraints used in parametric models in econometrics
lead to convex parameter sets, including restrictions on the sign and magnitude of particular
coefficients (see Andrews, 2001, and references therein).

Consider a linear functional LS = ¢'[3, where ¢ is a k x 1 column vector. The ordered

modulus problem for w(d; F,G) is

supl'(y—0) st. [|[X(v—0)]|<dye€G,0eF, (24)
B

which is a finite dimensional convex optimization problem. For translation invariance, we
can take ¢ = 1, = £/||¢]|*. In the remainder of this section, we discuss the form of optimal
procedures in some special cases (in Section 4.1), as well as implications of the results in

Section 3 for variable selection (in Section 4.2).

4.1 Examples

We solve (24) in some examples. First, we show that the problem reduces to inference based
on the ordinary least squares (OLS) estimate when the parameter space is unconstrained.
Next, we note that elliptical constraints lead to inference based on ridge regression estimates.
Finally, we consider the bivariate case and analyze how restrictions on the coefficient of one

variable affect inference on the other variable.

4.1.1 Unconstrained Parameter Space

In the unconstrained case F = G = R* the modulus problem (24) reduces to 2max, ('0
s.t. || X6| < §/2. Simple calculations involving the Lagrangian leads to the solution Ls =
(X' X)7LX'Y, (see Supplemental Appendix C.1 for details). Thus, Ly is given by applying
the linear transformation L to the OLS estimator (X’X)™'X'Y, regardless of §. The worst-

case bias is zero, and the fact that the estimator minimizes variance subject to this bound on
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the bias reduces to the Gauss-Markov theorem. Since the parameter space is unconstrained,
we can take ¢ to be any element with ¢+ = 1. By centrosymmetry, the one-sided confidence
set that minimizes any quantile of excess length uniformly over the span of ¢ is based on Ls
for & chosen appropriately. Since Ls does not depend on ¢ and the span of ¢ gives the entire
parameter space by varying the definition of ¢, we obtain the classic result that the uniformly
most powerful test of Hy : ¢'0 < Lg is the one-sided z-test based on the OLS estimate.

4.1.2 Elliptical Constraints

Suppose that F =G = {0: || M0| < C} for some k x k matrix M. The form of the class of

optimal estimators can again be derived by solving the Lagrangian; it is given by
Ls = U'(X'X + A\sM' M) X'Y

where s is given by the ratio of Lagrange multipliers (see Supplemental Appendix C.2 for
details). Note that L is obtained by applying the transformation L to the ridge regression
estimator (X’X+5\5M’M)_1X’Y, with the regularization parameter A\s depending on §. The
minimaxity of this class of estimators for mean squared error has been noted by Li (1982).
The results in Section 3 show that minimax one-sided ClIs take this form as well. In addition,
since the class F is centrosymmetric, one-sided Cls that optimize performance at 6§ = 0 also
take this form, and Corollaries 3.2 and 3.3 give bounds on the scope for “adapting” to § =0

while maintaining correct coverage over the elliptical class.

4.1.3 Sign Restrictions in the Two Parameter Case

Consider the case where k = 2, and we are interested in inference on L# = 6; with 6;
unconstrained and 6, restricted to be positive: F = R x [0, 00). For the minimax criterion
(G = F), the modulus problem is

supyr — 01 st (v —0)X'X(y—0) < 6% 7 >0, 0, > 0.
0,y
For any 0 and v that solve this problem without the second constraint, we can add (¢, c¢)’ to
both 6 and v for a large constant ¢ and obtain the same value without the second constraint
binding. Thus, for G = F, the constraint on 6, does not affect the optimal procedure.
Suppose that we wish to optimize performance over the set R x {42} for some fixed

9 > 0. Let us normalize the parameter € so that the diagonal elements of X’'X are 1,
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and let p be the off-diagonal element of X’X (this reparameterizes 6 as diag(X'X)6). The

modulus problem is

3P — 01 st (71— 601)* +2p(n — 61)(F2 — b2) + (52 — 62)” < 6%, 6, > 0.
The constraint 6, > 0 will bind iff. dropping the constraint leads to a negative value of 6.
Dropping this constraint, the first order conditions for 65 give —2A(p(y1 —01)+ (32 —602)) =0
so that 49 — 03 = —p(y1 — #1). Thus, the unconstrained 65 is given by 6y = 5 + pw(4). If
p > 0, the constraint will never bind, and the test will be the same as in the unconstrained
problem. If p < 0, the constraint will always bind when 7, = 0, and the range of 45 on which
the constraint binds is given by [0, |p|w(0)).

To get some intuition for this, note that, for éo Ls, the covariance between the estimates
of the two parameters is positive iff. p is negative. Thus, if p < 0, one can decrease the
variance of the OLS estimate éOLS,l by subtracting some fraction of 90 Ls2. If we maintain
the restriction 6, > 0 under the null, then this can only introduce downward bias, so we do
not need to adjust the critical value when constructing a lower CI. This strategy works for
“directing power” against 5 so long as 75 is not too large, so that the negative bias does not
decrease power too much under the alternative. Another source of intuition is the formula
for omitted variables bias. If p < 0 (the regressors are negatively correlated), then, under
the maintained hypothesis 65 > 0, ignoring the second regressor leads to downward bias,
so it is possible to form a lower CI based on the OLS estimate in the regression with the
second regressor omitted, or by using some combination of the OLS estimates of #; with and

without the second regressor.

4.2 Implications for Variable Selection

The results of Section 3 can be used to address the question: under what conditions does
variable selection or shrinkage make sense for confidence interval construction? Inference
after model selection has been a topic of interest in the recent econometrics and statistics
literature (see, among others, Andrews and Guggenberger, 2009a; Belloni, Chernozhukov,
and Hansen, 2014; Leeb and Potscher, 2005; McCloskey, 2012; van de Geer, Biithlmann,
Ritov, and Dezeure, 2014; Zhang and Zhang, 2014).

If the parameter space is completely unrestricted under the null (F = RF), then, as
discussed in Section 4.1.1, the one-sided test based on the unrestricted OLS estimator is

uniformly most powerful. This is an extremely powerful result regarding the use of anything
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other than the one-sided z-test based on the unrestricted OLS estimator: even if one only
cares about power in the case where all parameters are zero except for the parameter of
interest, the optimal test still uses the unrestricted OLS estimator.

To get around this negative result, one must restrict the parameter space under the null.
Consider the case where L is a single element of the parameter vector: Lf = ;. Consider
inference on #; with the remaining parameters 0_; = (6,,...,0;)" € R*~1 constrained to
some set F_; C RF"!. This fits into our framework with 7 = R x F_;. If F_; places
nontrivial restrictions on the remaining parameters, optimal one-sided tests will, in general,
not be based on the unrestricted OLS estimator.

Suppose that we suspect that the remaining coefficients 6_; are zero, and want to optimize
the performance of a confidence interval for this parameter value while maintaining size
control over F_;. If F_; is centrosymmetric, then it follows from Corollary 3.2 that the
minimax one-sided CI for 8 quantile excess length also optimizes 3 quantile excess length
at 0_, = 0, where 5 = ®((23 — 21_4)/2). Furthermore, Corollary 3.2 gives the relative
efficiency for the minimax one-sided CI for optimizing excess length at #_; = 0. For two-
sided Cls, Corollary 3.3 gives the potential improvement from optimizing expected length
at a value of (01,60 ;)" with 6_; = 0 relative to fixed-length affine CIs. Note that the same
argument holds for optimizing performance at some parameter value 0 if the parameter space
is centrosymmetric about 6. For example, if one defines the parameter space by choosing a
plausible parameter value and placing symmetric bounds around it, Corollaries 3.2 and 3.3
give bounds on the scope for directing power at this parameter.

These results severely limit the scope for variable selection or other procedures that
attempt to “adapt” to particular parameter values when F_; is convex and centrosymmet-
ric. To get around this, one must consider situations where parameters are restricted to a
non-convex or asymmetric parameter space under the null. Sparsity is one example of a
non-convex restriction under which variable selection has been used fruitfully (see Belloni,
Chernozhukov, and Hansen, 2014, for an example). If F_; is the set of s-sparse vectors
{0_1 : #{j : 6_1; # 0} < s} one can use pre-testing to find the indices of the non-zero
coefficients while controlling size. However, Corollaries 3.2 and 3.3 are relevant here as well.
While we do not need to know the location of the non-zero coefficients, we must impose
sparsity when defining size. Furthermore, Corollaries 3.2 and 3.3 can be used to bound the
scope for adapting to the level of sparsity.

Suppose that we wish to impose only s-sparsity under the null, while optimizing per-

formance when the parameter vector is p-sparse, where p < s < k. Using fth quan-

27



tile excess length of one-sided CIs as the performance criterion, this amounts to opti-
mizing qg(¢;{0-1 @ #{j : 0_1; # 0} < p}) subject to 1 — o coverage of [¢,00) over
{01 : #{j : 6_1; # 0} < s}. Since the sets involved in this problem are non-convex, the
results in this paper do not apply immediately. However, relaxing the problem by assuming
that we know the indices of the nonzero components under the null and alternative can only
make the problem easier: the convex problem of optimizing gs(¢; {6—_; : 6_1; = 0 for j > p})
subject to coverage over {#_; : 6_;; = 0 for j > s} provides a lower bound. By Corol-
laries 3.2 and 3.3, one cannot do much better at p-sparse parameters subject to coverage
over s-sparse parameters than than the minimax CI over s-sparse parameters with the non-
zero components known. Thus, for confidence interval construction, the scope for adapting
between different levels of sparsity is severely limited. The same arguments go through if
one considers approximately sparse sets of the form {6_; : #{j : [0_1;| > ¢} < s}, or if
one considers the set of regression functions with a bound on the approximation error of
sparse linear functions. See Cai and Guo (2015) for recent work on adaptation to sparsity

in high-dimensional regression.

5 Regression discontinuity

In a (sharp) regression discontinuity (RD) design, we are interested in estimating a jump in
the regression function in the model (8) at a known threshold, which we normalize to 0, so
that throughout this section, we set
Lf = li () ~lim £ (z).

The threshold determines participation in a binary treatment: units with x; > 0 are treated;
units with z; < 0 are controls (we assume that z; # 0 for all ¢). If the regression functions
of potential outcomes are continuous at zero, then Lf measures the average effect of the
treatment for units with covariate values equal to the threshold.

Let fi(x) = f(x)I(x > 0) and f_(z) = —f(z)I(x < 0) so that we can write f = f, — f_.
Also let f1(0) = lim, o f+(z) and f_(0) = lim,4 f—(x), so that Lf = f1(0)+ f-(0). We will

assume that f lies in the class of functions

FRDT,p(C) = {f—i— - f—: .f-i- € fT,p(C;R-‘r)a f— € fT,p(C;R—)}>

where Fr,(C; X) consists of functions f such that the approximation error from pth order
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Taylor expansion of f(z) about 0 is bounded by C|z|P, uniformly over X

Fro(C: ) = {f: | (@) = S0 fO(0)a| < Claf? all v € X}
The class Fr,(C; X) formalizes the idea that the pth derivative of f at zero should be
bounded by p!C. Minimax estimation using this class of functions goes back at least to
Legostaeva and Shiryaev (1971). Sacks and Ylvisaker (1978) and Cheng, Fan, and Marron
(1997) considered minimax MSE estimation of f(0) in this class of functions when 0 is a
boundary point. Their results formally justify using local polynomial regression to estimate
the RD parameter. When the degree of smoothness p is not known, Sun (2005) proposes
an adaptive version of the local polynomial estimator that achieves the optimal rate of
convergence up to a logarithm factor. In contrast, since the class Frpr,(C) is symmetric,
Corollaries 3.2 and 3.3 imply that it is not possible to construct confidence intervals that
shrink at the optimal rate without knowing p. The researcher will therefore need to specify
both p and C to construct confidence intervals.

To illustrate the theoretical results in this section, we use the dataset from Lee (2008).
The dataset consists of 6,558 observations that correspond to elections to the US House
of Representatives between 1946 and 1998. The running variable z; € [—100,100] is the
Democratic margin of victory (in percentages) in a given election i. The outcome variable
y; € [0,100] is the Democratic vote share (in percentages) in the next election. Given
the inherent uncertainty in final vote counts, the party that wins is essentially randomized
in elections that are decided by a narrow margin, so that Lf measures the incumbency
advantage for Democrats for elections decided by a narrow margin—the impact of being the
current incumbent party in a congressional district on the probability of winning the next
election.

To implement the optimal procedures in the Lee application, we will need to use an
estimated version of o(z)?, as the true variance function is unknown. We assume that the
variance is homoscedastic on either side of the cutoff and use the estimates 6% (z) = 14.5? and
62 (z) = 12.5, which are based on residuals form a local linear regression with bandwidth
selected using the Imbens and Kalyanaraman (2012, IK hereafter) selector. In Section 5.5,
we show that the resulting confidence intervals will be asymptotically valid and optimal so
long as ¢4 (0) and 6_(0) converge to o4 (0) and o_(0) uniformly over F, even if the true
variance function is not constant.

We use variance estimates based on the IK bandwidth for comparison with the previous

literature. While the optimality-within-a-class results of IK for estimating the regression
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discontinuity parameter do not apply in the uniform sense considered in this paper, the
tuning parameters they use guarantee uniform convergence of the variance estimate based
on this bandwidth when the regression and variance functions are restricted to an appropriate
class. While in Section 5.5, we show that the particulars of the variance estimate do not
matter for first order asymptotics (so long as it is uniformly consistent), investigation of the
choice of the variance estimator through higher order asymptotics or Monte Carlo analysis

is an interesting question for future research.

5.1 Least favorable functions

To construct optimal estimators and confidence sets, we first need to find functions g; and
f5 that solve the modulus problem. Since the class Frpr,(C) is symmetric, ff = —gj, and

the (single-class) modulus of continuity w(d; Frpr,(C)) is given by the value of the problem

f_($z')2 - f+($z‘)2 2
20 +; Sy <O /4. (25)

g

sup 2f4(0)+ f-(0) st B

f+—f-€FrpTp(C)

Let g; o denote the (unique up to the values at the x;s) solution to this problem. The solution
g5c can be obtained using a simple generalization of Theorem 1 of Sacks and Ylvisaker
(1978); it is characterized by a system of 2p equations in 2p unknowns. We provide details
in Supplemental Appendix C.3.

Using the fact that the class Frpr,(C) is translation invariant (we can take «(x) =
co+1(z > 0) for any ¢o) and > ., gﬁg»gfi‘;i) =>", *‘7;3(73(;“) (this can be seen by noting that

the bias at any constant function must be zero—otherwise the bias could be made arbitrarily

large by increasing the constant; see Supplemental Appendix C.3 for details), the class of

estimators Ls can be written as

. Y Gse@)yi/ ot (@) ST gt s o(@)yi/o? (a)
Ls = Ls rrpr p(C) — n 2 - n 2 . (26)
' D ie1 9+,5,C(Ii)/0' (i) >ic1 9_,5,0(351')/0' (z:)

To illustrate these results using the Lee data, we fix p = 2. Figure 3 plots the least

favorable function gj - for this data, with ¢ calibrated to be optimal for one-sided Cls that
minimax the excess length at the 8 = 0.8 quantile (so that § = zp.95+ 205 = 2.49), and several
choices of C. It is clear from the figure that the smoothness parameter C' effectively rescales
the least favorable function while preserving its shape. Indeed, we show in Armstrong and

Kolesér (2015) that Ly is asymptotically equivalent to a local linear estimator with bandwidth
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that depends on C' and §, and kernel for which the equivalent kernel (as defined in Fan and
Gijbels, 1996, p. 72) is given by k(u) = (3.95 — 9.11u + 4.88u?); — (3.95 — 9.11u — 4.88u?)_
where (t), = max{¢,0} and (¢t)_ = —min{¢,0}.

Let us briefly discuss the interpretation of the smoothness constant C' in this application.
By definition of the class Frpr2(C), C' determines how large the approximation error can
be if we approximate the regression functions f, and f_ on either side of the cutoff by a
linear Taylor approximation at the cutoff: the approximation error is no greater than Cx?.
Thus, if C' = 0.05, and we are predicting the vote share in the next election when the margin
of victory is, say, x = 10%, the linear approximation and the true conditional expectation
differ by at most 5%, and they differ by no more than 20% when x = 20%. Suppose that the
conditional variance is homoscedastic and equal to the IK estimate of 14.5%. Then C' = 0.05
implies that the prediction MSE at can be reduced by at most 5%/(14.5% + 5?) = 10.6% at
r = 10%, and at most by 20?/(14.5% + 20?) = 65.5% at x = 20% when we use the true
regression function rather than the linear approximation. To the extent that researchers
agree that the vote share in the next election varies smoothly enough with the margin of
victory in the current election to make such large reductions in MSE unlikely, C' = 0.05 is

quite a conservative choice.

5.2 Bounds on adaptation

Since the class Frpr,p(C) is centrosymmetric, Corollaries 3.2 and 3.3 apply to bound the
scope for adaptation to C. To the extent that the bounds are tight (which, as we will see
below, is indeed the case), the a priori choice of C for confidence interval construction cannot
be avoided if one is only willing to place f in the smoothness class Frpr,(C) for some C.

Let G, = {( ?;3 a;x?)1(x < 0) + ( ?;é bjz?)1(x > 0): ay,as,a3,a4 € R} denote the
class of piecewise polynomial functions. Since for any f € Frpr,(C).g € G,, f —g €
Frprp(C), it follows from Corollary 3.2 that the efficiency of minimax Cls relative to Cls
that direct power at any subset of Gy C G, is given by

infe. (¢00)ez. 48(C Go) w(28; Frprp(C))

05(Cass Fror,(©): Go) 02/ (22011 0% 5.0(2i) /0 (1)) + w(8; Frorp(C))’

with 0 = 214 + 2z3. In the Lee dataset with p = 2, the relative efficiency of CIs that
minimax the 0.8 quantile is between 96% and 99.6% in for C' € [0.00002, 0.1]. The relative
efficiency of Cls that minimax the median is between 96% and 99.4%. Since the optimal rate

of convergence is r = 4/5, this is very close to the asymptotic prediction 2" /(1+r) = 96.7%.
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For the fixed-length Cls, the efficiency at any g € G, is given by Corollary 3.3. In the
Lee example with p = 2 and C' € [0.0001, 0.1], which corresponds to a very wide range of
smoothness classes, the efficiency varies between 95.4% and 95.9%. For very small C, it
drops down to 91.3%. Unless C' is extremely small, this matches the asymptotic efficiency

of 95.7% implied by Equation (22) almost exactly.

5.3 Optimal inference procedures

To construct procedures that are optimal for a given performance criterion, we need to
calibrate 0 optimally. For one-sided CIs that minimax the excess length at the 8 quantile,
the optimal ¢ is given by 0 = 21, + z3. The one-sided CI is then given by Corollary 3.1.
The optimal ¢ for constructing fixed-length CIs and minimax MSE estimators is given in
Theorem 3.2. We give implementation details in Supplemental Appendix C.3.

To illustrate the sensitivity of the results to the choice of C', Figure 4 plots these estimators
and confidence intervals for the Lee data for C' € [0.00002,0.1]. To understand the effect of
C on the optimal amount of smoothing, we use the following definition of effective sample
size. Let L = 320" w,y (z;)y; — Sor, w_(x;)y: be a linear estimator, where the weights w.
and w_ satisfy wy(x) =0if x <0 and w_(z) = 0 if x > 0. Then define the effective sample

size by the variance measure of L (Klemeld, 2014)

1 1
n _I_ n N
Zi:l wi(ml) Zi:l w? (3)

The logic behind this definition is that under homoscedasticity, the variance is given by

(27)

Ne =

var(d i wy(x;)y;) = 02> w3 (x;), and similarly for the negative observations, so that
n. measures how much the variance shrinks. The results in Armstrong and Kolesar (2015)
imply that in large samples, n, = O(C~%/%) for any performance criterion (so that doubling
C' reduces the effective sample size by about 25%), which predicts n. in the Lee data almost
exactly. The x-axis in Figure 4 reports n. for the minimax MSE estimator.

The range of minimax MSE estimates varies between 5.8% and 7.3% for C' € [0.005, 0.1],
which is close to the original Lee estimate of 7.7% that was based on a global fourth degree
polynomial. Interestingly, the lower and upper limits ¢, and ¢ of the one-sided Cls [¢;, 00)
and (—oo, ¢,| are not always within the corresponding limits for the two-sided Cls. The
reason for this is that for any given C, the optimal § is lower for one-sided Cls than for
two-sided fixed-length Cls—it equals 2.49 for one-sided ClIs independently of the value of C,

but for two-sided Cls, it varies between 4.1 and 11.7, depending on the exact value of C.

32



Consequently, the effective number of observations for one-sided Cls is between 3% and 22%
lower than for fixed-lenght ClIs. Thus, when the point estimate decreases with the amount
of smoothing as is the case for low values of C, then one-sided Cls are effectively centered
around a lower estimate, which explains why at first the one-sided CI limits are both below
the two-sided limits. This reverses once the point estimate starts increasing with the amount
of smoothing.

On the other hand, the effective number of observations for the minimax MSE estimator
is very close to that for fixed-length Cls throughout the entire range of C's, never differing by
more than 3%. This matches the asymptotic predictions in Armstrong and Kolesér (2015).

5.4 Confidence intervals based on suboptimal estimators

The minimax optimal procedures in Section 5.3 require that  be chosen optimal for each
performance criterion. In practice, a researcher may have multiple criteria in mind for a single
estimate (e.g. one may want to report an estimator with good MSE, while also reporting a CI
centered at this estimator). How much worse is the performance of confidence intervals when
0 is not optimally chosen? Such confidence intervals can be constructed using Theorem 3.4.
Figure 5 gives the resulting confidence intervals for the Lee data, with ¢ chosen so that the
Ly is the minimax MSE estimator. In contrast with F igure 4, the limits of the one-sided Cls
are now contained within the two-sided Cls, as they are both based on the same estimator,
although they are less than (21_q/2 — 21-a) sd(f«;) apart as would be the case if Ls were
unbiased.

The half-length of the two-sided fixed-length CI is at least 99.92% efficient relative to
choosing ¢ optimally for fixed-length confidence intervals over the range of C's reported in
the graph. Similarly, the maximum excess length at the 0.8 quantile of the one-sided Cls
is at least 97.3% efficient relative to minimax optimal CI. These results are in line with the
asymptotic efficiency of confidence intervals based on the minimax MSE estimator that we
compute in Armstrong and Kolesar (2015), which imply that the asymptotic efficiency of
two-sided fixed-length Cls is 99.9%, and it is 98.0% for one-sided Cls.

Another natural question is: how much worse do Cls based on a different class of es-
timators perform? Cheng, Fan, and Marron (1997) show that local polynomial estimators
achieve high asymptotic efficiency for the minimax MSE criterion R(f/) Consequently, these
estimators have been recommended as an attractive choice in practice (see, e.g. Imbens and
Lemieux, 2008), and they have been very popular in recent applied work. Below, we use

the results in Section 3 to derive relative efficiency of these estimators in the finite-sample
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normal model for the confidence interval criteria introduced in that section.

Consider a linear estimator

il - Z?:l wy (7)Y Z?:l w_(;)y;

e Yhwe(w) i w-(x)
where the weights w, and w_ satisfy wi(—z) = w_(z) = 0 for z > 0, and ), wy(z;)z; =
Y. w_(z;)z; = 0, so that the estimator is unbiased for piecewise linear functions. This
covers, in particular, local polynomial estimators of at least linear order. For instance, local

linear estimators with kernel k£ and bandwidths h, and h_, use the weights

w(x) = kp(w/he) Y ki(wi/hy) (@ —a-z),  ke(u) = k(w)L(u > 0),

i=1
and similarly for w_.

The maximum bias of f)m,wf is attained at gi, , () = sign(wy(z))Cz*1(z > 0) —
sign(w_(z))Cz*1(z < 0). This follows since any f € Frpr2(C) can be written as (a; +
asr + 7y (x))1(x > 0)+ (as + agz +r_(x))1(x < 0), for some r,,r_ such that |ri(z)| < Cz?,
so that the bias of the estimator under f can be upper-bounded by the bias at gy, ,, . The

minimum bias attains at — . Hence,

*
Gwy w_

%FRDTQ(C)([A/ler,wf) = _MIRDTQ(C)([:IU)JWW*)
doilwe(@o)le? 30w ()|}
_ ok i i i 2
¢ > wi () e > w-(z;) >

The variance of the estimator doesn’t depend on f and it is given by

var(L! _ Sowi (i )?o?(x) > wo(x)?0(x)
(Lw+,w7) (Zz w+(a:i))2 (ZZ 'lU_(ZL','))2 .

Therefore, given the weights w, and w_, we can again use Theorem 3.4 to construct one

and two-sided CIs around [A/ﬁvh%hf.

For local linear estimators, optimal bandwidths h, and h_ can be computed by mini-
mizing the maximum excess length (for one-sided Cls) and half-length (for fixed-length CIs)
over the bandwidths. We compute these in the Lee application using the triangular kernel.
The resulting Cls are very close to the optimal ClIs in Figure 4 (see Figure S1 in Supple-
mental Appendix G). Comparing half-length and excess length of the ClIs based on local

linear estimates to the optimal CIs over the range of C reported in the graph, we find that
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the two-sided Cls are at least 96.9% efficient, and one-sided Cls (based on optimizing the
0.8 quantile of excess length) are at least 96.9% efficient. This is very close to the asymp-
totic efficiency result in Armstrong and Kolesar (2015) that the local linear estimator with

a triangular kernel is 97.2% efficient, independently of the performance criterion.

5.5 Asymptotic validity

We now give a theorem showing asymptotic validity of the Cls constructed in this section
under an unknown error distribution. We consider uniform validity over regression functions
in F and error distributions in a sequence of sets Q,,, and we index probability statements
with f € F and () € Q,. We make the following assumptions on the z;s and the class of

error distributions Q,,.

Assumption 5.1. For some px +(0) > 0 and px _(0) > 0, the sequence {z;}?_, satisfies
ﬁzlﬁ:l m(z;/ha)1(z; > 0) = px(0) [;7m(u)du and n—,llnzzl:l m(z;/hn)(z; < 0) —
px,—(0) ffoo m(u)du for any bounded function m with bounded support and any h, with

0 < liminf, h,n @D < limsup,, h,n/@) < co.
Assumption 5.2. For some o(x) withlim, o o(z) = 04(0) > 0 and lim,y o(z) = 0_(0) > 0,

(i) the u;s are independent under any Q € Q,, with Equ; = 0, varg(u;) = o*(z;)

(ii) for somen >0, Eglu;|*™ is bounded uniformly over n and Q € Q,,.

While the variance function o?(z) is unknown, the definition of Q, is such that the
variance function is the same for all () € Q,,. This is done for simplicity. One could consider
uniformity over classes Q,, that place only smoothness conditions on o?(x) at the cost of
introducing additional notation and making the optimality statements more cumbersome.

The estimators and Cls in this section are plug-in versions of procedures in Section 3,
where an estimate ¢(x) is used in place of the unknown true variance function. We make
the following assumption on this estimate. As discussed above, this assumption holds for

the variance estimate used here, as well as allowing for other consistent variance estimates.

Assumption 5.3. The estimate 6(x) is given by o(z) = 6. (0)I(x > 0) +6_(0)I(x < 0)
where 6,.(0) and 6_(0) are consistent for o (0) and o_(0) uniformly over f € F and Q € Q,.

For asymptotic coverage, we consider uniformity over both F and Q,,. Thus, a confidence

set C is said to have asymptotic coverage at least 1 — « if

L : > 1—a
hyzgrl)g.}f fefl,%fegn Piog(LfeC)>1—-a
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Theorem 5.1. Under Assumptions 5.1, 5.2 and 5.3, the confidence intervals given in Sec-
tions 5.3 and 5.4 based on Ls have asymptotic coverage at least 1 — «. The confidence
intervals given in Section 5.4 based on local polynomial estimators have asymptotic coverage
at least 1 —a so long as the kernel is bounded and uniformly continuous with bounded support
and the bandwidths hy and h_ satisfy hyn*®+Y — h,  and h_n*/®+Y — h_  for some
hioo >0 and h_ o > 0.

Let x denote the half-length of the optimal fized-length CI based on 6(x). For xs given
in Supplemental Appendiz F, the scaled half-length n?/ P+Vx converges in probability to Yoo
uniformly over F and Q,,. If, in addition, each Q,, contains a distribution where the u;s are
normal, then for any sequence of confidence sets C with asymptotic coverage at least 1 — a,

we have the following bound on the asymptotic efficiency improvement at any f € Frpr(0):

p/Cr+Y) B N\ (C 1= Q)E[(21_g — Z)2P/@+D) | 7 < 2
fminf sup " 10O (= o)E(ain — 2P| 2 < 5]
n=% Qe, Xoo (cx'(2p/(2p + 1))/ e =1y g o (e 1 (2p/ (2p + 1))

where Z ~ N(0,1).

Letting o5 denote the lower endpoint of the one-sided CI corresponding to ﬁg, the CI
[Ca.5,00) has asymptotic coverage at least 1 — . If § is chosen to minimax the 5 quantile
excess length, (i.e. 6 = zz3+ 21_4), then, if each Q,, contains a distribution where the u;s are
normal, any other one-sided CI [¢,00) with asymptotic coverage at least 1 — a must satisfy

the efficiency bound

Su Lf—¢
hm lIlf pr]:vQEQn quQyﬁ ( f )

_ >1
n—=oo SUPrer Qeo, 491.Q.8 (Lf - Ca,é)

In addition, we have the following bound on the asymptotic efficiency improvement at any
f - ]:RDT(O)-'

su Lf—¢ 22p/(2p+1)
lminf S Pee0, 4108 (Lf A ) >
n—co SUPgeo, 45,0, (Lf —Cas) — 1+2p/(2p+1)

The proof of Theorem 5.1 is given in Supplemental Appendix F. Theorem 5.1 gives
asymptotic validity of the plug-in optimal procedures in this section, and shows that they
are efficient when the class of possible distributions Q,, contains a normal law. The latter
assumption is standard in the literature on efficiency bounds in nonparametric models (see,
e.g., Fan, 1993, pp. 205-206), and we leave the question of relaxing it for future research. The
asymptotic efficiency bounds correspond to those in Section 3 under (20) with r = 2p/(2p+1).
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5.6 Comparison with other methods

An apparent disadvantage of the Cls considered above is that their construction requires
an explicit choice of the smoothness constant C. Here we briefly consider two alternative
methods based on local polynomial estimators that do not require require C' to be chosen
explicitly. As we argued in the introduction, any such method implies a maximum value of
C beyond which it cannot guarantee good finite-sample coverage. We compute this value in
the Lee application.

A naive, but popular approach to inference in RD is to form a nominal 100 (1 — «)% CI
around a local polynomial estimator by adding and subtracting the 1 — a/2 quantile of the
N(0,1) distribution times the standard error, thereby ignoring bias. Typically, local linear
estimators are used, and the justification is based on the accuracy of a linear approximation,
often with a citation to Cheng, Fan, and Marron (1997) or other papers that consider mini-
max MSE in the class Fr2(C;R) for estimation of f(0). Thus, it is natural to consider the
parameter space Frpr2(C) and to ask: “what is the largest value of C' for which this CI has
good coverage?” Since this method ignores bias, there will always be some undercoverage,
so we formalize this by finding the largest value of C' such that a nominal 95% CI has true
coverage 90%. This calculation is easily done using the results in Section 3.5: the naive
approach uses the critical value z;_ 5,2 = cv5(0) to construct a nominal 95% CI, while
a valid 90% CI uses cv,l(%fmm(c)(f))/se(f/)) (where L denotes the estimator and se(L)
denotes its standard error), so we equate these two critical values and solve for C'.

The resulting value of C' for which undercoverage is controlled will depend on the band-
width. If a sequence of bandwidths h,, is chosen so that h,n'/®> — 0 (the researcher makes
an “asymptotic promise” to undersmooth), this will lead to a sequence C,, that increases
with the sample size. Alternatively, if one chooses a sequence where h,n'/® converges to a
constant (e.g. the researcher forms a CI around the estimate that is MSE optimal for a fixed
value of ('), C,, will converge to a constant as well. If the bandwidth choice is data depen-
dent, it follows from Corollaries 3.2 and 3.3 that the largest value of C' for which coverage
is controlled will essentially be determined by the largest bandwidth choice allowed by the
tuning parameters used in the procedure. To provide a simple comparison to commonly used
procedures while avoiding such extremely negative results, we consider the (data dependent)
Imbens and Kalyanaraman (2012) bandwidth hix, but treat it as if it were fixed a priori.
We consider Cls based on the local linear estimator with the triangular kernel and this
bandwidth, as well as particular strategies for “undersmoothing” relative to this bandwidth.

For the Lee application, the IK bandwidth selector leads to hre = 29.4. The naive
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two-sided CI based on this bandwidth is given by 7.99 + 1.97. Treating the bandwidth as
nonrandom, it achieves coverage of at least 90% over Frpro(C) as long as C' < Chaive =
0.0022. This is a rather low value, implying that even when = = 20%, the prediction error
based on a linear Taylor approximation to f differs at most by 0.9% from the true conditional
expectation.

To deal with the coverage problem of the naive CI (or, equivalently, to relax the high
level of smoothness it requires), a popular approach is to undersmooth. As discussed above,
this leads to a sequence C,, — oo under which size distortion is controlled by a given amount,
and our methods can be used to compute this sequence. Another popular approach is to
subtract an estimate of the bias. In an important paper, Calonico, Cattaneo, and Titiunik
(2014) link these two approaches in the context of RD. They derive a novel standard error
formula that accounts for the additional variability introduced by the estimated bias, and
show that if the pilot bandwidth and the kernel used by the bias estimator equal those used
by the local linear estimator of Lf, their procedure amounts to running a quadratic instead
of a linear local regression, and then using the usual CI. In the Lee application, this method
delivers the CI 6.68 & 2.91, increasing the half-length substantially relative to the naive CI.
This increase is due to the fact that a local quadratic estimator uses a much smaller effective
sample size than a local linear estimator at the same bandwidth resulting in 330 and 718
effective observations, respectively. The maximum smoothness parameter under which these
Cls have coverage at least 90% is given by Ccor = 0.0027, which is slightly larger than
Chaive, although not by very much, in spite of the large increase in the CI width. By way of
comparison, the optimal 95% fixed-length Cls at Coeor leads to a much narrower CI given
by 7.59 + 2.36.

6 Conclusion

This paper considered the problem of constructing one- and two-sided confidences intervals
for a linear functional of an unknown regression function f in a broad class of regression
models under the assumption that f lies in a convex function class F. We showed that,
when F is centrosymmetric, one-sided Cls that minimax a given quantile of excess length
that we derive here are also highly efficient at smooth functions relative to Cls that optimize
excess length at these smooth functions. Likewise, the fixed-length two-sided ClIs of Donoho
(1994) are shown to be highly efficient relative to confidence sets that optimize expected

length at smooth functions. Both types of Cls are simple to construct. They require an
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explicit choice of the function class F, which sometimes involves placing an explicit bound
the smoothness of f. The above efficiency results imply, however, that specifying this bound

can only be avoided at the expense of sacrificing coverage.
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Appendix A Proofs for Main Results

This section contains proofs of the results in Section 3. Section A.1 contains auxiliary lemmas
used in the proofs. The proofs of the results in Section 3 are given in the remainder of the
section. Section A.2 contains the proof of Theorem 3.1. Section A.3 contains the proof of
Theorem 3.3. The corollaries to these theorems follow immediately from the theorems and
arguments in the main text, and their proofs are omitted from this section. Theorem 3.4
is immediate from Lemma A.1 below (which, as discussed below, reduces to Lemma 4 in
Donoho (1994) in this case, since G = F).

Before proceeding, we recall that w'(9; F,G) was defined in Section 3 to be an arbi-
trary element of the superdifferential. Here, we introduce notation to denote this set. The

superdifferential is defined as
Ow(0; F,G) = {d: for all n > 0,w(n; F,G) <w(6;F,G) +d(n—19)}.

It is nonempty since w(-; F, G) is concave (if f¥, gf attain the modulus at § and similarly for
0, then, for A € [0,1], fa = Aff +(1— A fi and gy = Ags + (1 — A)g; satisty [[K(gx — )] <
A0+ (1 — A)d so that w(Ad + (1 — A)d) > Lgx — Lfy = dw(8) + (1 — Nw(d)).

A.1 Auxiliary Lemmas

The following lemma extends Lemma 4 in Donoho (1994) to the two class modulus (see also
Theorem 2 in Cai and Low, 2004b, for a similar result in the Gaussian white noise model).

The proof is essentially the same as for the single class case.

Lemma A.1l. Let f* and g* solve the optimization problem for w(do; F,G) with | K(f* —
g")|| = do, and let d € Ow(do; F,G). Then, for all f € F and g € G,

(K(g" = ), K(f = f*))
1K (g = f)I '

(K(g*—f*),K(9—g"))

Lg—Lg* <d
1K (g = f)I

and Lf — Lf* > d

(29)

In particular, the test statistic Lsrg achieves mazimum bias over F at f* and minimum

bias over G at g*.

Proof. In this proof, we use w(d) to denote the ordered modulus w(d; F,G). Suppose that
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the first inequality does not hold for some g. Then, for some € > 0,

(K(g*— f*), K(g — g*))_

Ly =La" > 0+ =151 — ]

Let g = (1 — A)g* + Ag. Since g\ — ¢* = A(g — ¢*), multiplying by X gives

(K(g" = ), K(9—g%)
| K (g* — f*)]]

The left hand side is equal to Lgy — Lf* — L(g* — f*) = Lgx — Lf* — w(dy). Since g\ € G by
convexity, Lgx — Lf* < w(||K(gx — f*)||). Note that

Lgy — Lg* > )\(d + E)

2K (o~ )P
d _ _1# o (E(g" = 1), K(g—¢))
o= M= G i Kg = 7] o

so that | K (g — f)| = do + )\<K(9|TI;{;)’_I;£9)E9*)> + o()). Putting this all together, we have

(K(g*—f),K(g—9"))
K (g* = )|l

which is a contradiction unless (K (¢g* — f*), K(g — g*)) = 0.
If (K(g*— f*),K(g—g*)) =0, then (30) gives Lg — Lg* > 0, which implies

(K(g"— ["),K(g—9g"))
1K (g* — )l ’

W (50 + A + 0()\)> > w(do) + A(d + ¢)

WK (gx = f)I) = Lgx = Lf* = Ac + w(do)

where ¢ = Lg — Lg* > 0. But in this case (31) implies [|[K(gx — f*)|| = do + o(}), again
giving a contradiction. This proves the first inequality, and a symmetric argument applies
to the inequality involving Lf — Lf*, thereby giving the first result.

Now consider the test statistic ZAL(;, 7¢- Under g € G, the bias of this statistic is equal to

a constant that does not depend on g plus

(K(g" = f),K(g—9"))
1K (g% — )l

d — (Lg — Lg*).

It follows from (29) that this is minimized over g € G by taking g = ¢*. Similarly, the

maximum bias over F is taken at f*. U

The next lemma is a result from the literature on nonparametric testing. It is used in

41



the proof of Theorem 3.3.

Lemma A.2. Let F and G be convez sets, and suppose that f* and g* minimize | K (f —g)||
over f € F and g € G. Then, for any level o, the minimaz test of Hy : F vs Hy : G is given
by the Neyman-Pearson test of f* vs g*. It rejects when (K(f* — g*),Y) is greater than its

1 — a quantile under f*. The minimum power of this test over G is taken at g*.

Proof. The result is immediate from results stated in Section 2.4.3 in Ingster and Suslina
(2003), since the sets {K f: f € F} and {Kg: g € G} are convex. O

The following lemma derives the form of the derivative of w under translation invariance,

and is used in deriving the form of L given in the main text.

Lemma A.3. Let f* and g* solve the modulus problem with &g = ||K(g* — f*)|| > 0,
and suppose that f* 4+ c. € F for all ¢ in a neighborhood of zero, where Lt = 1. Then
0(80; F,9) = { e |

(g*_f*)vKL>

Proof. Let d € Ow(dg; F,G) and let f. = f* — ct. Let n be small enough so that f, € F for
le| < n. Then, for |¢| <,

Lig" = 7)) + d|K(g" = foll = do] = w(l[K (g™ = f)l; F,G) = L(g" — fo) = L(g" — [") + ¢

where the first inequality follows from the definition of the superdifferential and the second
inequality follows from the definition of the modulus. Since the left hand side of the above
display is greater than or equal to the right hand side of the display for ¢ in a neighborhood
of zero, and the two sides are equal at ¢ = 0, the derivatives of both sides with respect to ¢

must be equal. The result follows since

d . 2
dCHK(g fc)” (K(g* . f*),KL)

d
—|IK * _ c=0 __ )
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A.2 Proof of Theorem 3.1

For ease of notation in this proof, let f* = f; and ¢* = gj denote the functions that solve
the modulus problem with ||K(f* — ¢*)|| =, and let d = w'(5; F,G) € 0w(d; F,G) so that

(K(g" = 1), KY) _ (K(g" = ), Kf)
Kl — ] 1K = I

Co = éa,g,]:g =Lf"+d — z1_q0d.

Note that ¢, = IAL(;,f,g + a for a chosen so that the 1 — o quantile of ¢, — Lf* under f*
is zero. Thus, it follows from Lemma A.1 that [¢,,00) is a valid 1 — « CI for Lf over F,
and that all quantiles of excess coverage Lg — ¢, are maximized over G at g*. In particular,
93(¢a; G) = g4+ p(Lg* — o). To calculate this, note that, under g*, Lg* — ¢, is normal with

variance d?c? and mean

(K(g"— ), K(g" = ["))
K (g* = )l

Lg*—Lf*—d + 21_q0d = w(6; F,G) + d(z1-40 — 9).
The probability that this normal variable is less than or equal to w(d; F, G) is given by the
probability that a normal variable with mean d(z;_,0 — §) and variance d*c? is less than or
equal to zero, which is ®(6/0 — z1_,) = . Thus g5(¢.; G) = w(0; F,G) as claimed.

It remains to show that no other 1 — a CI can strictly improve on this. Suppose that
some other 1 — v CI [¢, 00) obtained a strictly shorter Sth quantile of excess length for all

g € G. Applying this with g = g*, we would have, for some n > 0,
Py (Lg" = ¢ < w(6;F,G) —n) = .

Let f be given by a convex combination between g* and f* such that Lg*—Lf = w(9; F;G)—
n/2. Then the above display gives

Py(¢ > Lf)> Pp(é> Lf +1/2) = Py (Lg* — < Lg* — Lf —n/2) > 3.

But this would imply that the test that rejects when ¢ > Lf is level a for Hy : f and has
power 3 at ¢g*. This can be seen to be impossible by calculating the power of the Neyman-
Pearson test of f vs ¢*, since 3 is the power of the Neyman-Pearson test of f* vs ¢*, and f

is a strict convex combination of these functions.
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A.3 Proof of Theorem 3.3

Following Pratt (1961), note that, for any confidence set C for J = Lf, we have

ENC) = B, [(1= o) d = [ 5,01~ oe(0) a0

by Fubini’s theorem, where ¢¢(9) = I(9 ¢ C). Thus, the CI that minimizes this inverts the
family of most powerful tests of Hy: Lf =1, f € F against H;: f = ¢g. By Lemma A.2 since
the sets {f: Lf = 0, f € F} and {g} are convex, the least favorable function fy minimize
|K (g — f)|| subject to Lf = 4, which gives the first part of the theorem.

To derive the expression for expected length, note that if Lg < 1, then the minimization
problem is equivalent to solving the inverse ordered modulus problem w='(9 — Lg;{g},F),
and if Lg > 9, it is equivalent to solving w™'(Lg — v; F,{g}). This follows because if the
ordered modulus w(d; F, {g}) attained at some f; and g, then the inequality ||K(f —g)| <
§ must be binding: otherwise a convex combination of f and f5, where f is such that
L(g — f) < L(g — f) would achieve a strictly larger value, and similarly for w(d; {g},F).
Such f always exists since by the assumption that fy exists for all 9. Consequently, it also
follows that that the modulus and inverse modulus are strictly increasing.

Next, it follows from the proof of Theorem 3.1 that the power of the test ¢y at g is given
by ®(dy/0 — z1_4). Therefore,

ENC )] = [ o ( - %) 00

// (0s < 0(21_0 — 2)) A0 dD(2),

where the second line swaps the order of integration. Splitting the inner integral, using fact
that §y = w™'(Lg — 9; F,{g}) for ¥ < Lg and 6y = w™'(J — Lg;{g},F) for 9 > Lg, and
taking a modulus on both sides of the inequality of the integrand then yields

//19<L (Lg— 0 <w(0(z1-a — 2); F,{9})) 1(z < 21_4) A dP(2)
//19>L (0= Lg <wl(o(z1-a —2);{9},F)) 1(z < 21_o) dI dP(z2)

=1 -a)E{(w(o(21-a = 2); F, {g}) + w(0(21-a = 2); {9}, F)) | Z < 21-a]

where Z is standard normal, which yields the result.
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Appendix B Fixed-length CIs in the bounded normal

mean model

Let Z ~ N(u,1), with u € [—7,7]. Consider first the problem of finding an affine estimator
i = b+ cY that maximizes the coverage of the confidence intervals ji & y, with y given.
This problem is equivalent to minimizing the maximum risk under the 0-1 loss {1, (£, pt) =
(|t — p| > x)). By symmetry, it is clear that b = 0 is optimal. The coverage of a linear

estimator ¢Z if ¢ # 0 is

1~ sup Eyflor(cZ, )] = (T t X _ T) Iy (T —X_ 7) . (32)

lul<r ¢

Drees (1999) shows that the affine estimator that is minimax for the 0-1 loss is given by

-1
1/2—|—\/1+L10g<7f—x>> if v <7,
CO—l,x(T) — ( 4 27X T—X

0 otherwise.

so that the coverage is 1 if x > 7 and it is given by (32) otherwise. Hence, the shortest
fixed-length 1 — « affine confidence interval is given by ¢, (7)Z £ xa.4(7), where ¢, (1) =
Co-1,x4.a(r)(T); and X44(7) solves E[lg1,(co1x(7))] = aif 7> @711 —a), and xa4(7) =7

otherwise.
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o)
b 0.01 005 0.1

0.0 2.576 1.960 1.645
0.1 2.589 1970 1.653
0.2 2626 1999 1.677
0.3 2.683 2045 1.717
0.4 2.757 2107 1.772
0.5 2.842 2181 1.839
0.6 2934 2265 1.916
0.7 3.030 2.356 2.001
0.8 3.128 2450 2.093
0.9 3.227 2548 2.187
1.0 3.327 2.646 2.284
1.5 3.826 3.145 2.782
2.0 4.326 3.645 3.282

Table 1: Critical values cv,(b) for selected confidence levels and values of maximum absolute
bias b. For b > 2, cv,(b) = b+ z1_, up to 3 decimal places for these values of a.

Lo+ 2b- g, Lo+ 2b-
Lo+ b —— — Lo+ b ——y A —
LO n f* LO n f*
—b/C 0 b/C —b/C 0 b/C
X X

Figure 1: Least favorable null and alternative functions in the simple example for the mini-
max test (left), and test that directs power at constant alternatives (right).
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Figure 2: Asymptotic efficiency bounds for one-sided and fixed-length confidence intervals
as function of the optimal rate of convergence r under centrosymmetry. Minimax one-sided
refers to ratio of S-quantile of excess length of Cls that direct power at smooth functions
relative to minimax one-sided Cls given in (19). Shortest fixed-length refers the ratio of
expected length of Cls that direct power at a given smooth function relative to shortest
fixed-length affine Cls given in (22).
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Figure 3: Least favorable function gj. that solves the modulus problem for in the class
Frpr2(C) in the Lee (2008) RD example for different values of the smoothness parameter
C. § = 2.49, which is optimal for constructing minimax one-sided 95% ClIs at 0.8 quantile.
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Figure 4: Lee (2008) RD example: minimax MSE estimator (estimator), lower and upper
limits of minimax one-sided confidence intervals for 0.8 quantile (one-sided), and fixed-length
CIs (two-sided) as function of smoothness C'. Effective number of observations corresponds
to n. for the minimax MSE estimator as defined in Equation (27) in the text.
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Figure 5: Lee (2008) RD example: minimax MSE estimator (estimator) with two-sided
CI (two-sided) as well as lower and upper limits of one-sided Cls around it as function of
smoothness C'. Effective number of observations corresponds to n. for the minimax MSE
estimator as defined in Equation (27) in the text.
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These supplemental materials provide appendices not included in the main text. Sup-
plemental Appendix C gives derivations for the examples given in Sections 4 and 5. Sup-
plemental Appendix D considers feasible versions of the procedures in Section 3 in the
case with unknown error distribution and derives their asymptotic efficiency. Supplemental
Appendix E gives some auxiliary results used for relative asymptotic asymptotic efficiency
comparisons. Supplemental Appendix F gives the proof of Theorem 5.1. Supplemental
Appendix G contains additional figures for the Lee (2008) empirical example in Section 5.

Appendix C Details for calculations in Sections 4 and
5

This section gives details for the solutions to the modulus problem described in the examples

in the main text.

C.1 Unconstrained Linear Regression

For the unconstrained linear regression model of Section 4.1.1, the modulus problem (24)
reduces to 2maxy 0 s.t || X0|| < /2. This leads to the Lagrangian

200+ X (6%/4 — 6'X'X0),

*email: timothy.armstrong@yale.edu
femail: mkolesar@princeton.edu
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which gives the first order condition
20 —2)X'X0; =0 = X'X0; =/) = 0; = (X'X)" /)

where the last implication holds assuming X’X is invertible. Using the formula for Ls under

translation invariance and centrosymmetry, we obtain

. XY U(X'X)TXY
T OX'Xy,  U(X'X)X'Xuy

=/ (X'X)'XY.

C.2 Linear Regression with Elliptical Constraints

For the linear regression model with elliptical constraints considered in Section 4.1.2, the

Lagrangian becomes
200 + Ay (0%/4 — 0 X'X0) + Ay (C* — 6'M'MO)
and the first order conditions give

0= MX'XO — AMMO; =0 = 0 = (MX'X + MM M)~

assuming (A X'X + A M'M) is invertible. By the envelope theorem, we have % =

L w(y/5)|s=s2 = A1/4. Using the formula for Ls under centrosymmetry, this gives

~ 20
Ly==" 5(5) G7X'Y = MOX'Y = C(X'X + (Ag/A\)M' M) XY

where A\; and Ay depend on § and are given by the solution to the equations

CMX'X + XM M) M MOMNX'X 4+ oM M) =07 M M; = C?
X' X + XM M) X' X(NMX'X + MM M) =0'X'X0; = 6%/4.

C.3 Regression Discontinuity

This section gives the details for the solution to the modulus problem w(d; Frpr,) for the
regression discontinuity parameter given in Section 5.1, which is a simple generalization of
the results of Sacks and Ylvisaker (1978). It also gives details for implementing the optimal

inference procedures in Section 5.3.
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To describe the solution to the modulus problem, define

gb,c(x) = 9+,b,c(36’) - g—,b,c(x),

where

g+pc(@) = <(b — b+ Z?j dy 27 — ClafP)y — (0 +b- + Z?; dyja? + C|$‘p)—> 1(z > 0),

g-ne(@) = ((b-+ izl da? = Clalp)s — (b + Y02 d ol + Cla) ) 1w < 0),

and we use the notation (¢); = max{¢,0} and (¢)_ = —min{¢,0}. The solution is given by
95.c = 9u(s),c Where the coefficients dy = (dy 1,...,d_p 1), d-=(d_1,...,d_p, 1), and b(5)
and b_ solve a system of equations given below. To see that the solution must take the form

gv.c(z) for some b,b_,d,d_, note that any function f, in the class Fr, can be written as

p—1

fi(@) = by + Z dy ja! + 1y (x)

i=1

where |r(z)|] < Clz[P. Given by,d,, the function r,(z) given by —C|z|? when by +
SN, > Clale, — <b+ +3 d+7jxa‘) when ‘b+ 3 d+ﬂj) < OlzlP and Clzf?
when b, + f:i dy j27 < —C|z|P minimizes |f1(z;)| simultaneously for all 4. If r, (z) did
not take this form, one could strictly decrease > i, [f-(z;)?/0?(xi)+ f+(x;)?/0?(x;)], thereby
making this quantity strictly less than §2/4. But this would allow for a strictly larger value
off 2(f1(0)+ f_(0)) by increasing b, and leaving d, and r, the same. Thus, r, (z) takes the
form given above, and plugging this in to the above display shows that fi(x) = g4 ¢(x) for
some b, d,. Similar arguments apply for f_.

Setting up the Lagrangian for the problem with f constrained to the class of functions
that take the form g, ¢ for some b,b_,dy,d_, and taking first order conditions with respect

to b_, dy and d_ gives

g-po(w;) —1y/
0= T2 (2,20 7)), (S1)
i=1 Uz(xi)
- g+bc(93z') p—1\/
= 0 (xi, ..., T 2
0 0_2(1'2) (x’H ?xz ) Y (S )

53



and
9+bc ;) . . g—,b,c(l"z')
Z Ty ;702(%) - (S3)

The constraint in (25) must be binding at the optimum, which gives the additional equation

n

gb,C(xi)z g bC IL"z |gbc ZEZ ||!L"z
Y oD SN
i=1 v i=1

where the equality follows from (S1)—(S2).
To get some intuition for these conditions, note that Conditions (S1) and (S2) ensure
that Ls is unbiased for piecewise polynomial functions of the form (by + Z?;i dyr?)1(z >
0) = (b— + 3202, td_27)1(z < 0)—otherwise the bias of Ls would be unbounded. Condition
(S3) ensures that the weight given to observations on either side of the cutoff is the same,
so that L is unbiased for constant functions. Note also that, since 95c = gus),c solves the
modulus problem and gives the modulus as 2b(¢), it also gives the solution to the inverse

modulus problem

w_1(2b; fRDT,p) = mf

f+—f-€FrpT,p(C)

f—g((il)) + Zn: % s.t. 2(f+(0) + f_(O)) > 2 (85)

for b = b(0). Since the objective for the inverse modulus is strictly convex, this also shows
that the solution is unique up to the values at the z;s. Using the fact that Frpr,(C) is
translation invariant and symmetric then yields the expression (26).

The worst-case bias and standard deviation of Ly, Fror,p(C) 18 given by

> e 95(5),0(%)/0'2(%)
> im1 9 by, (w) /o2 (w)

%(i’&fRDT,p(C)) = _M(EJ&FRDT,ZJ(C)) = b((S) -

@ L Gy @) /0 ()

, 1g+ b(s )c(l"z')/az(ifi) ‘

To construct two-sided fixed-length CIs, we need to find 4, given in Theorem 3.2. It follows
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from Equation (S4) that finding ¢, is equivalent to finding a solution b, to

n n

b, c g+, b C ZEZ Gv.o(7;)?
brex |\ 2o “eaa Z =2
i=1 i1 7 (2:)

with the least favorable function given by g, . By similar arguments, the least favorable
function for MSE estimators is given by g3, ¢, where b, solves

| p

1 — CZ |gbC ZEZ |£Bz

Appendix D Unknown Error Distribution

The Gaussian regression model (8) makes the assumption of normal iid errors with a known
variance conditional on the x;’s, which is often unrealistic. This section considers a model

that relaxes these assumptions on the error distribution:

Yi = f(wi) +ug, {uidio, ~Q, f€F, Q€ Q, (S6)

where Q,, denotes the set of possible joint distributions of {u;}? ; and, as before, {z;}; is
deterministic and F is a convex set. Since the distribution of the data {y;}?_, now depends
on both f and ), we now index probability statements by both of these quantities: Py g
denotes the distribution under (f, )) and similarly for E; . The coverage requirements and
definitions of minimax performance criteria in Section 3 are the same, but with infima and
suprema over functions f now taken over both functions f and error distributions Q) € Q,,.

We will also consider asymptotic results. We use the notation 7, 4 [ to mean that Ln

y=n

converges in distribution to £ uniformly over f € F and Q € Q,,, and similarly for % .

Qn

If the variance function is unknown, the estimator Ls is infeasible. However, we can
form an estimate based on an estimate of the variance function, or based on some candidate
variance function. For a (possibly data dependent) candidate variance function &2%(-), let
Ksoynf = (f(@1)/d(21), ..., f(2zn)/F(xn))’, and let ws(),, () denote the modulus of continu-
ity defined with this choice of K. Let IAL(;,&(.) = lA}& 7.6,5() denote the estimator defined in (12)
with this choice of K and Y = (y1/6(21),...,ys/5(xn))’, and let f7 ) s and g3, ; denote the
least favorable functions used in forming this estimate. We allow ¢ to be data dependent as

well unless stated otherwise, but leave this implicit in the notation. We assume throughout
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this section that G C F. More generally, we will consider estimators of the form
L=a,+ Y wi.y (S7)
i=1

where a,, and w;,, are a (potentially data dependent) sequence and triangular array respec-

tively. For a class G, define

%Q(A)—sup [an+2w,nf (x;) — Lf], mg(ﬁ):}gg [an+;wi,nf(x,~)—Lf].

feg

In the case where a, and w;,, are deterministic, biasg(L) and biasg(L) give the worst-case
bias on each side over the class G, which matches the definition in Section 3. However, with
random a,, and w; ,, %g(ﬁ) and @g(ﬁ) are random and no longer give the worst-case
bias. The arguments used to derive the formula (13) extend to this definition of biasg, so
that biasz(Ls,zg,5()) = —biasg(Ls.z6.5() = 3(Wne()(8; F, G) = 6, 5,(6; F. G)).

Suppose that an estimate Se,, of the standard deviation of L is available such that the

uniform central limit theorem

Lz Winls 4 g ) (S8)

Sen, F.Qn
holds. Using these quantities, one can form analogues of the Cls treated in Theorem 3.4,
where the worst-case bias and standard deviation are replaced by biasz(L) and §¢,. The

following theorem shows that this gives asymptotically valid CIs.

Theorem D.1. Let L be an estimator of the form (S7), and suppose that (S8) holds. Let
¢ = L — biasp(L) — §e,21_a, and let b = max{|biasr(L)|, |biasz(L)|}. Then

liminf inf P;o (L G > 1 — S9
R g, o HT € l6oo) 2 1 ma o

and

lim inf 'fP(L {i abn}>>1—.
minf nf, Pre(Lf € Sen Vo (bfSen) ) 21—«

If, in addition,

bi L) —bi bias — bias S
lasr(L) — biasng 5, biasglL ()~ bins,q s, 0, P (S10)
SH,Q -7:7Qn SH,Q -F,Qn SH,Q -7:7Qn
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for some nonrandom sequences bias, q, bias, o and s, q, then the same statements hold with
bias,q, bias, o and s,q replacing biasr(L), biasg(L) and &e,. In addition, the worst-case

Bth quantile excess length of the one-sided CI over G will satisfy

r SUD,eg 4g.0.8(¢ — Lg)
imsup sup — ,
n—co QeQn bias, g — bias, o+ sp(21-a + 25)

<1 (S11)

and the length of the two-sided CI will satisfy

cvg (b/se,) se, E
CVgy (me/SmQ) Sn,Q F.9n

where by, = max{|bias, q|, [bias, o|}. If (510) holds with

— : 1
bias, g = —bias, o = 3 (wUQ(.),n(zl_a + 25) = (21— + 25)W5o () (210 + Zﬁ)) :

SnQ = ng(.),n(h_a + z5) (S12)
where o4 (x;) = varg(u;) and, for each n, there exists a Q, € Qn such that {u;}}, are

independent and normal under Q,, then no one-sided CI satisfying (S9) can satisfy (S11)

with the constant 1 replaced by a strictly smaller constant on the right hand side.

Proof. Let Z, = > | w; ,u;/$¢,, and let Z denote a standard normal random variable. To

show asymptotic coverage of the one-sided CI, note that
Pf@ (Lf € [6, OO)) = Pf@ (s%nzl_a Z [A/ — Lf — %]:(i)) 2 Pf@ (Zl—a 2 Zn)

using the fact that biasg(L) + S0, wiau; > L — Lf for all f € F by the definition of
biasz. The right hand side converges to 1 — a uniformly over f € F and Q € Q, by
(S8). For coverage of the two-sided CI, note that (L — Lf)/$, = Z, + s where s =
(an + >0 winf(x;) — Lf) /Se,, and |s| < b/se,, by definition. Hence,

Pro (Lf € {i + cvy (b/820) sAen}> . (‘L - Lf’ /880 < cVa (b/sAen)>
> inf Prg (|2, + s| < cva(t)) .

T st
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By definition of cv,, the difference between the last probability and 1 — « is bounded by

inf Pro (|Z,+ s| < cvy(t)) — inf P(|Z + s| < cva(t))

|s|<t [s|<t
Ssuy\Pf,Q(chn <d)—P(c<Z<d),
which converges to zero uniformly over f € F and @ € Q,, (using the fact that convergence in
distribution to a continuous distribution implies uniform convergence of the cdfs; see Lemma
2.11 in van der Vaart 1998). Similar arguments apply under (S10) with bias,, ¢, bias, , and
$n. replacing biasz(L), mg(f/) and Se,,.
To show (S11), note that,

Lg—¢=Lg—a,— Z w;ng(x;) — 56,2, + %;(ZA}) +S€,21—a
i=1
< Biasr(L) — biasg(£) + %21 — Z)
for any g € G. Thus,

Lg—¢

bias, o — bias, o + sn,q(21-a + 23)

bias;:(ﬁ)—biasn@ . MQ(L)_@%Q + Sen (
< Sn,Q 5n,Q 5n,Q

(bias,,q — bias, o) /snq + (21-a + 23)

- — Zn) — (Zl—a + Zﬁ)

The (8 quantile of the above display converges to 0 uniformly over f € F and ) € Q,,, which

gives the result. For convergence of the relative length of the two-sided Cls, note that

Vo (b/5¢n) — cva (bng/$nq) + Va (bn/5nq) (1 — Snq/5¢n)
WVa (bn,/$n.Q) (Sn,o/5€n)

CVa (b/S/én) S/én _ ' —
CVq (bn,Q/SmQ) Sn,Q

which converges to zero uniformly over f € F,Q € Q, since cv,(t) is bounded from below
and uniformly continuous with respect to t.
For the last statement, let [¢, 00) be a sequence of Cls with asymptotic coverage 1 —a. Let

()., be the distribution from the conditions in the theorem, in which the u;’s are independent
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and normal. Then, by Theorem 3.1,
SUP 41,0,.,5(¢ = Lg) 2 Wag, (1.1(0n);
geF

where 6, = Z1—ay, + 2 and 1 — ay, is the coverage of [¢,00) over F, Q,. Under (S12), the

denominator in (S11) for @ = @, is equal to Wy, ()n(21-a + 25), Which gives

SUPgeg 49,Qn,8(¢ — Lg) > wUQn(')vn(Zl_an + 2g)
bias,,q, — bias, o + $n.0,(21-a +28)  Woq, ()n(21-a + 23)

If i, < @, then 21_,, + 25 > 21_4 — 23 so that the above display is greater than one by mono-
tonicity of the modulus. If not, then by concavity, wo, ()n(21-a, + 28) 2> [Woo, () (21— +
28)/(z1—a + 23)] - (#1—a, + 23), so the above display is bounded from below by (21_q, +

28)/(z1-a + 25), and the liminf of this is at least one by the coverage requirement. O

The efficiency bounds in Theorem D.1 use the assumption that the class of possible
distributions contains a normal law, as is often done in the literature on efficiency in non-
parametric settings (see, e.g., Fan, 1993, pp. 205-206). We leave the topic of relaxing this
assumption for future research.

Theorem D.1 gives a high level result that allows for different estimators or guesses of the
variance function &(-) used when forming [A/5,5(.)7n, as well as different choices for the estimate
s¢2 of the variance of the estimator. The best choices will depend on the particulars of the
situation. If the variance function is difficult to estimate, one can compromise by choosing
() to be a constant function such as an estimate of the average of the variance function
or an estimate of the variance function at a particular point. In forming the standard error
Sen, one can use the formula w} (d) from Theorem 3.1 if 5(-) is a good enough estimate of
the variance function. If not, one can use a heteroskedasticity consistent variance estimator.
This mirrors the situation in the special case where F imposes a (otherwise unconstrained)
linear model: one can use OLS or feasible weighted least squares. In the former case, one
must use a sandwich variance estimator if there is heteroskedasticity. In the latter case, one
need not use the sandwich variance estimator if the conditional variance can be estimated
well enough, although one may want to use it anyway to guard against misspecification
in the conditional variance estimator. This approach has been proposed, for instance, in
Wooldridge (2010).*

1See also Romano and Wolf (2015) for a recent discussion of these issues in the context of the unconstrained
linear model.
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With this in mind, we now introduce an estimator and standard error formula that give
asymptotic coverage for essentially arbitrary statistics L under generic conditions on F and
the z;’s. The estimator is based on a nonrandom guess for the variance function and, if
this guess is correct up to scale (e.g. if the researcher correctly guesses that the errors are
homoskedastic), the one-sided CI based on this estimator will be asymptotically optimal for
some quantile of excess length.

Let &(-) be some nonrandom guess for the variance function bounded away from 0 and oo,
and let 9 > 0 be a deterministic constant specified by the researcher. Let f be an estimator

of f. The variance of f)57&(.) under some () € Q,, is equal to

varg(Lss()m) = o(z;)

- (Wé(-),n(5)>2 Zn: (gg(-),(s(xi) - f;(_)’(;(xi))zaé(:ci)‘

We consider the estimate

2 (Wf}(.),n((s)) ’ i (920y.5(@i) = Fre 5 (@) (Wi — f(:))?

Saata = i=1 54(%‘)

Suppose that f : X — R where X is a metric space with metric dx such that the functions
f;(_) s and gz s satisfy the uniform continuity condition

sup sup max { }f;;(.),a(x) - fék(-),a(x/)} ) }92(-),5(@ - gg(_),(;(:c’)\} <3(n), (S13)

n zx': dx(z2)<n

where lim,_,o g(n) = 0 and, for all > 0,

n

min » I (dx(z;,2;) <) = oo. (S514)
<isn

We also assume that the estimator f used to form the variance estimate satisfies the uniform

convergence condition

sup max |f(z;) — f(z;)] 2 0. (S15)

feF 1<i<n F.Qn

Finally, we impose conditions on the moments of the error distribution. Suppose that there

exist K and n > 0 such that, for all n, Q € Q,, the errors {u;}?_, are independent with, for
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each 17,
1/K < 0p(2;) < K and Eqlu,|*"" < K. (S16)

In cases where function class F imposes smoothness on f, (S13) will often follow directly
from the definition of F. For example, it holds for the Lipschitz class {f: |f(z) — f(2')] <
Cdx(z,2')}. The condition (S14) will hold with probability one if the x;’s are sampled
from a distribution with density bounded away from zero on a sufficiently regular bounded
support. The condition (S15) will hold under regularity conditions for a variety of choices
of f . It is worth noting that smoothness assumptions F needed for this assumption are
typically weaker than those needed for asymptotic equivalence with Gaussian white noise.
For example, if X = R* with the Euclidean norm, (S13) will hold automatically for Holder
classes with exponent less than or equal to 1, while equivalence with Gaussian white noise
requires that the exponent be greater than k/2 (see Brown and Zhang, 1998).

The condition (S16) is used to verify a Lindeberg condition for the central limit theorem

used to obtain (S8), which we do in the next Lemma.

Lemma D.1. Let Z,; be a triangular array of independent random variables and let a,, j,
1 < j < n be atriangular array of constants. Suppose that there exist constants K andn > 0
such that, for all 7,

1/K <ol, < K and E|Z,;**" < K

where o). ; = EZ?. ;, and that

n,i’

2
. Maxi<i<n An,
n—00 Zj:l an,j

Then

n
Zizl a'n,iZn,i

no 92 9
Zi:l A iOni

4 N(0,1).

Proof. We verify the conditions of the Lindeberg-Feller theorem as stated on p. 116 in

Durrett (1996), with X,,; = a,:Zn.i/ Z;;l afl’jajz». To verify the Lindeberg condition, note
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that

3 2 B [|an7iZn,i‘2[ (‘aniZni| > e/ laf”ajzﬂ
N E (XTI Xo] > €)) =
=1 Zz 1 a’n zgn J

Ez y E(|ani Zn ) K22 570 an >t K202 <maxlSiSn ai}')um
517 (Z 0,2 0.2 )1+77/2 - en (Zn a2 ')1+?7/2 — en Z?Zl a%’i .

i=1""n,2" n, =1 "n,z

This converges to zero under the conditions of the lemma. O

Theorem D.2. Let [A/(;,o( and Se 5650 » be defined above. Suppose that, for each n, f: (.87
930y achieve the modulus under O’() with ||Kz()n(950)6 — f3006)l = 6, and that (515)
and (S14) hold. Suppose the errors satisfy (S16) and are independent over i for all n and
Q € Q,. Then (S8) holds with Se, given by UO/I"Q(E&&(.)). If, in addition, the estimator f
satisfies (S15), then Sé 5650( /U(ITQ(L(;J()) ]—‘,%n 1 and (S88) holds with se, given by ?ei(}(,)W.

Proof. The first part of the theorem will follow by applying Lemma D.1 to show convergence

under arbitrary sequences @Q,, € Q,, so long as

maxi<i<n (95 5(i) = fi0)5(@:)? /5 (2:)*

2 i1 (F30).8(@0) = g5 6(2:)) /0 (2:)* e

Since the denominator is bounded from below by 62/ max;<;<, 62(z;) and 6%(z;) is bounded
away from 0 and oo over 4, it suffices to show that maxlgign(g(’;(_m(:ci) — f;(,)’(;(xi))z — 0. To
this end, suppose, to the contrary, that there exists some ¢ > 0 such that maxlgign(gg(_m(xi)—
f;(.)’é(xi))Q > ¢? infinitely often. Let n be small enough so that g(n) < ¢/4. Then, for n such

that this holds and k,, achieving this maximum,

Y (Gaea(@) = froya(@))® = Z(C —¢/2)*I(dx (s, 1) < n) = 0.

1=1

But this is a contradiction since > 77", (g5 5(z:) — f3( s(x:))? is bounded by a constant times

> e 1(G5006(@) — f30)5(x ))2/52(%) = 2.

To show convergence of ¢ ()l varg(Ls &(-), note that

SA@?,&(-),n 1= Z?:l Qn,i [(yz — f(x:))? — U%(x,)]

varg(Lss() Doy Gniog (i)
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where a,,; = (g5(')'6(m24(x”)( 1) . Since the denominator is bounded from below by a constant

times Y "' | an;6%(x;) = 62, it suffices to show that the numerator, which can be written as

Zam u —O'Q I’Z ‘I’Zafnz - +2Zanzuz f( ))

converges in probability to zero uniformly over f and (). The second term is bounded by a
constant times max; <<, (f () = f(2:))2 S0y @362 (2;) = maxy << (f(2:) — £ (2;))262, which
converges in probability to zero uniformly over f and () by assumption. Similarly, the last
term is bounded by max;<i<, | f(x;) — f(z;)| times 2 37| a,;|us], and the expectation of the
latter term is bounded uniformly over F and Q. Thus, the last term converges in probability
to zero uniformly over f and @) as well. For the first term in this display, an inequality of
von Bahr and Esseen (1965) shows that the expectation of the absolute 1 + 7/2 moment of

this term is bounded by a constant times
1+n/2 2 2114n/2 n/2 1+n/2
Zam Eq ‘u, —og(;) ‘ < (112%); am-) max Eg ‘5 — O'Q(SL’Z)‘ Zam,

<i<n
i=1 i=1

which converges to zero since maxij<j<y @,; — 0 as shown earlier in the proof and Z?Zl p i

is bounded by a constant times > | a,;0%(x;) = 6% O

If the variance function used by the researcher is correct up to scale (for example, if the
variance function is known to be constant), the one-sided confidence intervals in (D.2) will
be asymptotically optimal for some level 3, which depends on ¢ and the magnitude of the

true error variance relative to the one used by the researcher. We record this as a corollary.

Corollary D.1. If, in addition to the conditions in Theorem D.2, 03 (x) = o*-G*(x) for all
n and Q € Q,, then (S10) and (S12) hold with 5 = ®(d/0 — 21-4).

Appendix E Asymptotics for the Modulus and Effi-

ciency Bounds

As discussed in Section 3, asymptotic relative efficiency comparisons can often be performed
by calculating the limit of the scaled modulus. Here, we state some lemmas that can be

used to obtain asymptotic efficiency bounds and limiting behavior of the value of § that
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optimizes a particular performance criterion. We use these results in the proof of Theorem
5.1 in Supplemental Appendix F.
Before stating these results, we recall the characterization of minimax affine performance

given in Donoho (1994), which we restated in Theorem 3.2: the optimal affine minimax root
MSE is given by
w(dp) dp

and is achieved by ﬁgp, where §, solves ¢,(6/(20)) = 0w'(§)/w(0), assuming a solution exists.
Donoho (1994) shows that, when this holds, J, maximizes the above display over all values

of 6 > 0, so that the minimax root MSE is given by

5>%) 0 P4 20 )

Similarly, the optimal fixed-length affine CI has half length

w(9) < ) )
SUp ——XA4,.a |\ 5210,

5>0 O 20

and is centered at ﬁgx where 0, maximizes the above display. The results below give the
limiting behavior of these quantities as well as the bound on expected length in Corollary
3.3 under pointwise convergence of a sequence of functions wy,(d) that satisfy the conditions

of a modulus scaled by a sequence of constants.

Lemma E.1. Let w,(d) be a sequence of concave nondecreasing nonnegative functions on
[0,00) and let woo(9) be a concave nondecreasing function on [0,00) with range [0, 00). Then

the following are equivalent.
(i) For all 6 > 0, lim,, o w,(0) = woo(0).

(11) For all b € (0,00), b is in the range of w, for large enough n, and lim,_,., w,(b) =
w2 (D).

(i4i) For any § > 0, lim,, o, SUPsc(0.3) [wn(0) — wae(d)] = 0.

Proof. Clearly (#ii) = (7). To show (i) == (i4i), givene > 0,1et 0 < §; < Jy < ... < 6 =06

be such that w(d;) —w(d;—1) < € for each j. Then, using monotonicity of w, and ws, we
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have supse(o 5, [wn () = woo(9)] < max {[wn (01)], |wn(0) = woo(01)[} = Weo(d1) and

sup |wn(9) = weo(9)] < max {[wn (9;) = weo(dj-1)]; |wn(d-1) — woo(95)[}

6€[0;-1,05]

= |woo(dj-1) — weo(05)] < €.

The result follows since € can be chosen arbitrarily small. To show (i) = (i7), let §; and &,
be such that we(dy) < b < wee(0,). For large enough n, we will have w, () < b < w,(d,) so
that b will be in the range of w,, and §, < w; 1(b) < d,. Since wy is strictly increasing, d, and
4, can be chosen arbitrarily close to w_!(b), which gives the result. To show (i) = (i), let by
and b, be such that w}!(by) < 6 < w (b,). Then, for large enough n, w,*(by) < § < w,, *(by),
so that by, < w,(0) < b, and the result follows since b, and b, can be chosen arbitrarily close
t0 weo(8) since wZ! is strictly increasing.

U

Lemma E.2. Suppose that the conditions of Lemma E.1 hold with lims_,ows(5) = 0 and
lims 00 Weo(0)/d = 0. Let v be a nonnegative function with 0 < r(§/2) < 7min{d, 1} for

someT < 0o. Then
) wn(0) (6 Woo(d) [0
i s <50 () = <52 ().

If, in addition v is continuous, w"‘(’s( Ly (g) has a unique mazimizer 6*, and, for each n, 6,

maximizes w”(g(é)r (2). then 6, = 6" and w,(8,) = wao(6*). In addition, for any o > 0 and

0<a<1and Z a standard normal variable,

lim (1 — a)Elwn(20(21-0 — 2))|Z < 21-0) = (1 — @) Flwe(20(21-0 — Z2))|Z < 21-4)-
n—oo
Proof. We will show that the objective can be made arbitrarily small for § outside of [4, d]
for § small enough and § large enough, and then use uniform convergence over [, 0]. First,
note that, if we choose d < 1, then, for § <9,

Wn§5>r (g) < wa(8)T < wa(O)F = woo (9),

which can be made arbitrarily small by making § small. Since w,(d) is concave and nonneg-
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ative, w,(d)/§ is nonincreasing, so, for § > 6,

o0, (1) < 0 0@, 0o,

J 0 J

which can be made arbitrarily small by making & large. Applying Lemma E.1 to show

convergence over [J, 8] gives the first claim. The second claim follows since § and & can be

woo (6)
4

maximizer means that it is not identically zero), and uniform convergence to a continuous

chosen so that d,, € [d,6] for large enough n (the assumption that r (g) has a unique

function with a unique maximizer on a compact set implies convergence of the sequence of
maximizers to the maximizer of the limiting function.

For the last statement, note that, by positivity and concavity of w,,, we have, for large
enough n, 0 < w,(9) < w,(1)max{d, 1} < (w,(1) + 1)max{d, 1} for all § > 0. The result

then follows from the dominated convergence theorem. O

Lemma E.3. Let w,(0) be a sequence of nonnegative concave functions on [0,00) and let
Woo(0) be a nonnegative concave differentiable function on [0,00). Let §o > 0 and suppose
that w,(0) — weo(d) for all § in a neighborhood of &g. Then, for any sequence d,, € Ow,(dy),

we have d,, = w._(do). In particular, if w,(0) — weo(d) in a neighborhood of dy and 20y, then

wn (200) woo (260)
©0n(B0)+00w},(30) " woe(00)+d0wis (30)

Proof. By concavity, for n > 0 we have [w,,(09) —wn(do—n)]/n > dy > [wn(do+1) —wn(do)] /7.
For small enough 7, the left and right hand sides converge, so that [wee(do) —weo (60 —1)] /1 >
limsup,, d,, > liminf, d,, > [wao(do + 1) — wee(do)]/n. Taking the limit as n — 0 gives the
result. O

Appendix F Asymptotics for Regression Discontinuity

This section proves Theorem 5.1. We first give a general result for linear estimators under
high-level conditions in Section F.1. We then consider local polynomial estimators in Sec-
tion F.2 and optimal estimators with a plug-in variance estimate in Section F.3. Theorem
5.1 follows immediately from the results in these sections.

Throughout this section, we consider the RD setup where the error distribution may be
non-normal as in Section 5.5, using the conditions in that section. We repeat these conditions

here for convenience.
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Assumption F.1. For some px+(0) > 0 and px_(0) > 0, the sequence {z;}]_, satisfies
ﬁZL m(x;/ha)I(z; > 0) = px(0) [ m(u)du and mlln Yo im(xi/h)(x; < 0) —
px,—(0) f?oo m(u) du for any bounded function m with bounded support and any h, with

0 < liminf, h,n @) < lim sup,, h,n/@) < co.

Assumption F.2. For some o(x) with lim,o(x) = 04+(0) > 0 and lim4go(x) = 0_(0) >

0, we have
(i) the u;s are independent under any Q € Q,, with Equ; = 0, varg(u;) = o*(z;)
(ii) for somen >0, Eglu;|*™ is bounded uniformly over n and Q € Q,,.

Theorem 5.1 considers affine estimators that are optimal under the assumption that the
variance function is given by 6,I(x > 0) + 6_I(x < 0), which covers the plug-in optimal
affine estimators used in our application. Here, it will be convenient to generalize this slightly
by considering the class of affine estimators that are optimal under a variance function &(x),
which may be misspecified or data-dependent, but which may take some other form. We

consider two possibilities for how &(-) is calibrated.

Assumption F.3. 6(x) =6, I(x > 0)+6_1(x < 0) where ]}) 54(0)>0ando_ 5

,9n F,Qn
5_(0) > 0.

Assumption F.4. 6(x) is a deterministic function with lim,oo(x) = 6-(0) > 0 and

hszQ 5’(1’) = 5’+(O) > 0.

Assumption F.3 corresponds to the estimate of the variance function used in the applica-
tion. It generalizes Assumption 5.3 slightly by allowing 6, and 6_ to converge to something
other than the left- and right-hand limits of the true variance function. Assumption F.4 is
used in deriving bounds based on infeasible estimates that use the true variance function.

Note that, under Assumption F.3, 6,(0) is defined as the probability limit of &, as
n — oo, and does not give the limit of &(z) as « | 0 (and similarly for 6_(0)). We use this
notation so that certain limiting quantities can be defined in the same way under each of
the Assumptions F.4 and F.3.
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F.1 General Results for Kernel Estimators

We first state results for affine estimators where the weights asymptotically take a kernel

form. We consider a sequence of estimators of the form

= izt R (@i/ha) (i > 0)ys 30y Ky (wi/h) (i < O)y;

Dima ki (i ha) (i > 0) 3o kg (il I (2 < 0)

where k" and &, are sequences of kernels. The assumption that the same bandwidth is used

on each side of the discontinuity is a normalization: it can always be satisfied by redefining

one of the kernels &kt or k. We make the following assumption on the sequence of kernels.
Assumption F.5. The sequences of kernels and bandwidths k7 and h,, satisfy

(i) k} has support bounded uniformly over n and, for some kernel k™ with [ k*(u)du > 0,
we have sup,, |k (x) — kT (x)| — 0

(i1) ﬁ S k(i ha) (2 > 0) (24, .., 2?71 =0 for each n
(ii3) hon'/ P — b for some constant 0 < heo < 00,
and similarly for k; for some k™.

Under Assumption F.5, the sequences of kernels k' and k, are nonrandom: they can
depend on the z;’s but not on the y;’s. We will also consider estimators where k' and k;
depend on the Y;’s, usually through a preliminary estimate of the variance (as with the
optimal affine estimator computed with an estimated variance function). For these, we use

the following assumption as an alternative to Assumption F.5(i).

Assumption F.6. For some constant B, k™ has support contained in [0, B] with probability

approaching one uniformly over F,Q,. In addition, for some k™ with [kT(u)du > 0,
() — kTt P 1 + (. — kt(x; R

sup, |kt (z) — kT (x)] f,_Q>n 0, and mzizl[k‘n (xi/hn) — kT (x;/hn) ] f,_Q)n 0. The same

holds for k. for some k™.

Let

bias,, =

2i [k (@i /ho) | L(zi > 0)Clail? 3o |ky (@i /o) [L(xi < 0)Claif”
2ima kit (i hn) I (i > 0) iy oy (i b)) I (i < 0)

o ((2oim K @i/ ) (i > O) i /B[P 305 (K (/) L (i < O) i/ |
_Ch"( S k@A) I > 0) S k@R (< 0) )
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and

n:ZZ R (@i )T (@i > 0)0®(21) | 35, by (@i/ha)* 1 (@i < 0)0” (2:)

S0ty i @i/ ha) (> O)) S0y e @i/ ha) I (2 < O))
1 n—;lln Doy ki (@i /)2 (i > 0)o®(x;) n ﬁ > i Koy (@i By )? Iy < 0)0 ()
M\ L S Rt /) 1> 0)] [k S b (i) (s < 0)

Note that, when k" and k; are nonrandom, v, is the (constant over @ € Q,,) variance of
L, and that bias, = supfef(Evaﬁ —Lf) = —inffe;(Ef,QlA/ — Lf) for any @ € Q, under

Assumption F.5(ii), since, for any f € F, we can write fi (z) = f4(0)+3_7_; | f*j 2 +ry ()
and f_(z) = f-(0) + Y02, 1“ @i +7_(z) with |r4(2)] < C|z]? and |r_(z)| < C|z|?, which

gives

EroL — Lf =
Y iy k(@i /b)) I (2 > 0)(fy (25) — f1(0)) N > iy b (@i /b)) I (2 < 0)(f—(2;) — f-(0))
> i Kt (i /b ) I (2

i >0) Z?:l Ky (zi/hn)I(2; < 0)
_ Yo k(xi/ha)I(z; > 0)Cry(x) n Yok (xi/h)I(z; < 0)Cr_(z)
> izt ki (zi/hy) I (2; > 0) > izt by (@i/ho) (2 < 0) 7

which is maximized over f € F by taking any function with r (x) = Clz|PI(x > 0)
sign(k;f (z/hy)) and r_(z) = Clz|PI(x < 0)sign(k, (z/h,)) and minimized by taking the

negative of these functions. In the case where k" and &, are random, we keep the defini-

tions of v,, and bias,, given above, but we note that, in this case, v, and bias,, are random
variables and do not give the actual variance and maximum bias of L.

To form a feasible CI, we need an estimate of v,,. For a possibly data dependent guess
7 (+) of the variance function, let v, denote v, with o(-) replaced by &(-). We record the

limiting behavior of bias,, v, and 7,, in the following lemma. Let

0 —
P o (fo ol du 7 <u>||u|pdu>

Ikt () du fi)oo k= (u) du
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and

1 62(0) ;7 k() du . a2 (0) [°_k(u)?du
o\ pe O U (0) [k ()]

Voo =

Lemma F.1. Suppose that Assumption F.1 holds. If Assumption F.5 also holds, then
limy, 00 n?/ PP Vbias, = biass and lim,_ o, n??/ Py, = v, If, in addition, &(-) satis-
fies Assumption F.4 with ,(0) = 0.(0) and 6_(0) = 0_(0), then lim,_., n?/PT5, = v_.
If Assumption F.5 holds with part (i) replaced with Assumption F.6, then n?/?**Dbias, f&
biass. If. in addition, &(-) satisfies Assumption F.3 or F.j with 6.(0) = 0,(0) c;nd
d_(0) = 0_(0), then v, f,%n Voo -

Proof. The results are immediate from the calculations preceding the lemma. O

Theorem F.1. Suppose that Assumptions F.1 and F.2 hold, Assumption F.3 or F.j holds
with 64(0) = 04.(0) and 6_(0) = 0_(0), and that Assumption F.5 holds, with part (i) possibly
replaced by Assumption F.6. Then

lim inf  Pro (Lf € {LEova (Bias /i) Vin}) =1-a

n—0o0 fefRDT,p(C)vQGQn
and, letting ¢ = L— bias, — z1_a\/Un,

lim inf Pro(Lf €elt,0)) =1—a.
n—00 fEFrpT,p(C),QEQn f’Q( / [ )

In addition, n?/P+Y cv, (bias,/v,) Uy ]:% Vo (biSoo/ Voo ) Voo under Assumption F.3 and

nP/ @+ oy (bias,/Tn) U — Vo (bi0Sso/Vs0) Voo under Assumption F.4. The minimaz f3

quantile of the one-sided CI is given asymptotically by

lim n?/ 2+ sup 4r.0.8(Lf — &) = 2biass + (25 + 21-a)\/VUso-
n—00 FEFRDT,p(C),QECQN

The worst-case 8 quantile over Frprp(0) is

lim nP/ (@) sup 47,0.8(Lf — ¢) = bitss + (25 + 21-a)/Vse-
n—00 f€FRDT $(0),Q€Qn

Proof. For the first three displays, we verify the conditions of Theorem D.1 with bias, o =
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n~P/PtDhias . bias, 5 = —n7P/@rthias, and s,, = n P/ /0. This gives the first
three displays with = replaced by > in the first two displays and < in the third display.
We then give sequences f,, under which each of the statements hold with equality with the

supremum or infimum over F replaced by {f,}.
Let

bias, (f) =

2oicy bn (@if M) (i > 0)(f(0) = £+(0) | 3oy b (@i/ B I(s < O)(f- (i) = f-(0))

iy ki (/)1 (2 > 0) i1 K (i )1 (; < 0)

Then bias,, = sup .z bias,(f) = — inf ez bias,(f) (note that, as with bias,, bias,(f) is a

random quantity in the case where k" and &, are random). Note that

f/ — Lf — blaSn(f) . Z?:l Wi nU;
Vo Vw0 ()

where w;,, is given by w;, = Kk (zi/hn)/ Y k(x5 /hn)I(z; > 0) for x; > 0 and w;, =
ko (i /) [ 35—y Ky (/i) I (25 < 0) for z; < 0. Under Assumption .4, this converges in
distribution to a N(0, 1) law uniformly over F, Q,, by Lemma D.1. Under Assumption F.3,

the same convergence can be seen to hold by noting that the sequence is asymptotically
equivalent to the same sequence with k" replaced by k™ and k;, replaced by k. The same
central limit theorem holds with v, replaced by v, by Lemma F.1. This verifies condition
(S8). Condition (S10) holds with bias, o = n~?/**Ybias., bias, , = —n*/*Ubias,, and
Sng = n P/ /7 by Lemma F.1.

To show that these statements hold with equality, we consider the sequences f, and
—fn with f,,(x) = C|x|PI(x > 0)sign(k*(x/h,)) — Clz|PI(x < 0)sign(k~(x/h,)). Note that

n?/(P+1) (bias, — bias,(f,)) is equal to the sum of

/o) pp g Sict i (@i ) (21 > 0)Clas/hal? [sign (ki (i/ 1n)) — sign(k (@i/hn))]
' n_flznzzl n(xl/h)(xz>0)

and the corresponding term for the negative observations. For any i such that sign (k" (x;/h,))—
sign(k™(x;/hy)) # 0, we must have |k} (z;/h,)| < sup, |k} (z) — kT (2)|. It follows from this
and the bound on the support of kI that the above display converges in probability to zero

uniformly over F, Q,,. From this and a similar argument for the negative observations, it fol-
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lows that nr/(2p+1) (%n — biasn(fn)) ]:% 0. Similarly, n?/r+1) (—%n — biasn(—fn)) N

f7Qn
0. From this and Lemma F.1, it follows that (L — Lf,)/\/Tn {f%g (biase /\/Vss, 1) and
(L — L(—fn))/\/a{ fi}>Q N(=biass/\/ Vs, 1). Replacing the infimum in the first two dis-

plays with f,,Q, for any ), € Q, and replacing the supremum in the third display with
— fn, Qn, it follows that these limits hold with equality.
For the last display, note that bias(f) = 0 for any f € Frprp(0), s0 (L—Lf)//tn LN

FrpT,p(0),2n
N(0,1). Thus, letting Z,, = —(L — Lf)/\/0n, we have
nP/(2p+1) sup qr.q@p(Lf —¢)
fEFRDT,p(O)7QEQ7L
— pp/(2p+1) sup q£.0.,8 (x/ﬁnZn + bias,, + zl_a\/@n) — biass + (25 + 21—a) Vs
fEFRrRDT,p(0),QECR
]

F.2 Local Polynomial Estimators

The (p — 1)th order local polynomial estimator of f(0) based on kernel k% and bandwidth
hs , is given by

A~

f+(0) =€) (Z P/ by 0 )D(i/ i) K (i g ) L (7> 0))

Z Ko (/T ) I(zi > 0)p(@i/ hy n)yi

i=1
where e; = (1,0,...,0) and p(z) = (1,z,2%, ..., 2P71). Letting the local polynomial es-
timator of f_(0) be defined analogously for some kernel k£* and bandwidth h_,,, the local
polynomial estimator of Lf = f,(0) 4+ f_(0) is given by

A~ ~

L= f4(0)+ f-(0).
This takes the form given in Section F.1, with h,, = h,, 4,

k:[(u) = 6,1 <n2n Zp(xi/h+,n)p(9:,-/h+7n)'ki(xi/h+,n)l(9§,~ > 0)) ki(u)p(u)](u > 0)
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and

ey (u < Zp i /h_)p(xi/h_ ) K (v h_ o)1 (2 <0)>
k3 (ulhn 1/ o, =) )b 4/ on, ) 1 (w0 < 0).

Let M be the (p—1) X (p— 1) matrix with [~ «/**~2k% (u) as the 7, jth entry, and let M~
be the (p—1)x (p—1) matrix with [°_ w/t+2k* ( ) as the 4, jth entry. Under Assumption F.1,
for k% and k* bounded Wlth bounded support, nh Yory p(@ifhyn)p(@if hy n) K (i b ) I (2 >
0) = M*¥px;(0) and = > p(xi/hn)p(wi/h_p) ki (zi/hn)I(z; < 0) = M px,(0).
Furthermore, Assumption F.5(ii) follows immediately from the normal equations for the

local polynomial estimator. This gives the following result.

Theorem F.2. Let k% and k* be bounded and uniformly continuous with bounded support.
Let hy,  n'/@) — h o >0 and suppose h,, _/h,. converges to a strictly positive constant.

Then Assumptwn F.5 holds for the local polynomial estimator so long as Assumption F.1
holds.

F.3 Optimal Affine Estimators

We now consider the class of affine estimators that are optimal under the assumption that
the variance function is given by &(+), which satisfies either Assumption F.3 or Assumption
F.4. We use the same notation as in Section 5, except that n and/or &(-) are added as
subscripts for many of the objects under consideration to make the dependence on {z;}!,
and (+) explicit.

The modulus problem is given by (25) in Section 5.1 with &(-) in place of o(-). We use
Ws(yn(0) to denote the modulus, or w,(d) when the context is clear. The corresponding
estimator L(;C, is then given by (26) in Section 5.1 with &(-) in place of o(+).

We will deal with the inverse modulus, and use Lemma E.1 to obtain results for the
modulus itself. The inverse modulus w&_(%)’n(%) is given by (S5) in Section C.3, with &2(z;)
in place of 0%(x;), and the solution takes the form given in that section. Let h,, = n~1/@+1),
We will consider a sequence b = b,, and will define b, = n?/@+bp, = h,?b,. Under
Assumption F.4, we will assume that b, — b for some b > 0. Under Assumption F.3, we
will assume that I;n F% I;w for some l;oo > 0. We will then show that this indeed holds for

20, = Ws()n(0n) With75n chosen as in Theorem F.3 below.
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Let Z)n = P/} = h?b,,, b L= nP/Crlp hoPb_ d~+jn — n(p—j)/(2p+1)d+jn —
hi=Pd, ;, and d_;, = n®P=D/CDq_ . = pi=pd_ ;. for j = 1,. — 1, where by, b_,,
d4,, and d_, correspond to the functlon gv,c that solves the inverse modulus problem, given

in Section C.3. These values of b+ s b s d+ ., and d_ » minimize G, (b4, b_, d+,d_) subject
to by + b_ = b, where, letting A(x;,b,d) = hib+ >0} ho=id;a!,

Gn(b+, b_,d+,d ) -

Z 2:) ((A(zi, by, dy) = Clab )4 + (Alwi, by, de) + Clal?) ) I(w; > 0)

+ Z 52 () (Al b, d_) — Clail?) + (A(zi,b_,d_) + o|g:i|p)_)2 I(z; < 0)

Z k;_() (xz/hfu b+7 d+)20' 2 U( xl/h”’ _) ( )
i=1

- nh,,

with

p—1 p—1
k;(.)(u; b,d) = 5 *(uhy,) (b + Z dju! — C’|u|p> - <b + Zdjuj + C’|u|p> I(u>0),
+ —

J=1 J=1

p—1 p—1
ks (wib,d) = &2 (uhy,) (b + Z dju! — C’|u|p> - (b + Zdjuj + C’|u|p> I(u <0).
+ —

J=1 J=1

We use the notation &} for a scalar ¢ to denote k;r(.) where &(-) is given by the constant
function 6(z) = c. The estimator Lss(.) with ws(.),(d) = 2b, takes the general kernel form in
Section F.1 with & (u) = k;(_)(u; by, d,,) and similarly for k7. In the notation of Section F.1,
bias,, (which is a random quantity under Assumption F.3) is given by 1 (ws(n(6)— — 0wy ,(9))
and 0, is given by Wé(~)7n(5)2 (see Theorem 3.4). If ¢ is chosen to minimize the length of the
fixed-length CI, the half-length will be given by

_ sy (0
cva(biasn/\/a)\/@: = sup u)%()XA,OC (é) )

5>0 2

and § will achieve the maximum (see Theorem 3.2 and the discussion at the beginning of

Supplemental Appendix E).
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Let
Goo(bs,b-,dy,d-) = px +(0) /0°° 51(0)1{:;(0) (u; by, dy)? du
+ px,-(0) /O N G2 (0)kE_ o) (u; by, dy)* du.
Consider the limiting inverse modulus problem

- 7 . 4 x.—(0)
W(}:(O)’(L (0).00 (zbOO) - f+,f7€n]}112rg:r,p(c \/ ; + / f+ 2 du + ~2 (O) /—oo J- (U)2 du
St £o(0)+ £(0) 2 b

We use woo(0) = W, (0),5_(0),00(0) to denote the limiting modulus corresponding to this inverse
modulus. The limiting inverse modulus problem is solved by fy (u) = 63 (0)k7 ) (u; by, dy) =
ki (u;by,dy) and f-(u) = 62(0)k] o (usb,d-) = ki (u;by,dy) for some (b, b, d,d-)
with by + b_ = by (this holds by the same arguments as for the modulus problem in Sec-
tion C.3). Thus, for any minimizer of G, the functions k{ (+;b,,d,) and ki (+; b, d;) must
solve the above inverse modulus problem. The solution to this problem is unique by strict
convexity, which implies that G, has a unique minimizer. Similarly, the minimizer of GG,, is
unique for each n. Let (by o0, b— 00, A 00, d— o) denote the minimizer of Go.

To derive the form of the limiting modulus of continuity, we argue as in Donoho and Low
(1992). Let ki (5301 001, At oo1) and ki (504 o1, dy oo.1) solve the inverse modulus problem
w! (2bsg) for b = 1. The feasible set for a given by, consists of all b, b_,d,,d_ such that

by +b_ > b, and a given by, b_,d,,d_ in this set achieves the value

px+(0) [ T 2 du px._(0) [ y 2 g
\/5._21_(0) /0 kl( 7b+>d+) du + 5_%(0) [wkl( 7b_,d_) d

_ px+(0) [ . 2 1/p pX,—(O) o 1/p. 2 J(pbL/P
_\/01(0) /0 ki (0bosl”; by, dy)? d(vbosl’) + = 7 0) / ki (vbss; b, d_)? d(vbss")
x,— (0

0
O [t s DO [ ko i

oy 0 —() b

where d, = (dy /B8P .. d,,_1/bXP) and similarly for d_. This uses the fact that, for
any h > 0, APk (u/h; by, dy) = ki (u; 0. 0P, dy (hP~Y dy ohP™2 ... dy , 1h) and similarly for
ki . This can be seen to be b2 /P times the objective evaluated at (by /oo, b_ [bso, do, d_),
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which is feasible under b, = 1. Similarly, for any feasible function under b, = 1, there is a
feasible function under a given b, that achieves b2/ (%)
follows that w!(2b) = bP+1/P)yy_(2). Thus, w! is invertible and the inverse we, satisfies
Woo () = W, 0).5- (0),00(0) = 6/ s (0) 5 (0),00(1).

We are now ready to state the main result concerning the asymptotic validity and ef-

times the value of under l~)oo =11t

ficiency of feasible Cls based on the estimator given in this section. We recall that, by

results in Donoho (1994), choosing § to optimize the fixed-length CI criterion leads to max-

imizing "() © )X Aa (5), and the half-length of the resulting CI is given by the maximized

value of thls formula. Similarly, choosing  to optimize minimax MSE leads to maximizing
w&(-),n(5) )
5 pa(3)

5)-
Appendix E.)

(See Theorem 3.2 and the discussion at the beginning of Supplemental

Theorem F.3. Suppose Assumptions F.1 and F.2 hold. Let k*(x) = k(;(o)(x; 6+7m,d+7m)
and k~(x) = l{:&_i(o)(:c; b ooy d—o0), Where (by ooy di ooy - 0oy d— o) minimize Geoo (b ooy o oo,
b_ so, d_ o) subject t0 by oo + b_ oo = weo(0*)/2 for some 6* > 0. Then, under Assumption
F.J, Assumption F.5 holds for Ls 5() with this definition of k™ and k= so long as 6,, — &*.
Under Assumption F.3, Assumption F.6 holds for L(;U with this definition of k™ and k™

so long as 6, F% 0*. If 6, is chosen to maximize "“f”()\/pf; (5), then this holds with

Ws & oo (6 . .
w A (g), and similarly for the case where \/pa is replaced by

0" maximizing
XAa-

If these assumptions hold with 5, (0) = 0.(0) and 6_(0) = 0_(0), then, letting X be the
half-length of the fized-length CI based on Ls and the modulus Ws()m (using the formula (23)

from Theorem 8.4), we have nP/P+1y F% cva(bzasoo/vl/z)vééz, where biass, and Vs, are

» =n

given in Theorem F.1 for k% and k= given above. If, in addition, for each n, there exists
a QQ € O, such that the errors are normally distributed, then we have the following. If 9,

o'()n

1s chosen to maximize XA,a (5) and either Assumption F.4 or Assumption F.3 holds,

then no other sequence of linear estimators L can satisfy

liminf inf P <L e{ii— ~p/(2p+1) })>1—
iminf _inf o Pre (LS " Xp)=+7¢

with x a constant with x < cv(bzasoo/vl/z) /2

(where biass, and v are given in Theorem
F.1 for k* and k= given above). In addition, for any sequence of confidence sets C with

liminf, o infrer geo, Pro (Lf € C) > 1—a, we have the following bound on the asymptotic
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efficiency improvement at any f € Frprp(0):

o n?/ @D B, 0(C) (1—Q)E[(z1-0 — Z)®/T0 | Z < 2]
lim inf sup 72 — 2 > 3/ (2p 1)1 1
n=00 e, val” ev(biase /vet?) (e (2p/(2p + 1))/ PNy o (e (2p/ (20 + 1))

where Z ~ N(0,1). If 6, = 25 + 21_q, then, letting [Cns,00) be the CI formed with Ls based
on the modulus ws(.yn (using the formula (23) from Theorem 3.4), any one-sided CI [¢,o0)
with

liminf inf  Ppo (L § >1-—
LT e tike, e T €t o) = 1 —a

must satisfy

liminf " PreF.QeQ, 410, (Lf—¢)
n=o0 SUPjer geo, 4£.0.8 (Lf — Cas)

and, for any f € Frprp(0),

liminf o WPQeQ, 9,08 (Lf—¢) - 2%/ (2p+1)
n—oo SUPgeq, 410,58 (Lf —éas) — 1+2p/(2p+1)

To prove this theorem, we first prove a series of lemmas.

Lemma F.2. For any constant B, the following holds. Under Assumption F./,

lim sup |Gn(b+7b—ad+>d—) _Goo(b+ab—7d+’d_)| =0.
=0 ||(by b_,dy,d_)||<B

Under Assumption F.3,

P

sup |Gn(b+>b—>d+ad—) - Goo(b+ab—ad+>d—)| ]___Q) 0.

”(bJrvb*vd‘Hd*)”SB =

Proof. Define G (by,d,) = n—,lln Sk (2i/ha; by, dy)?, and define G analogously. Also,
G4 (b, dy) = px+(0) ;7 ki (u; by, dy)? du, with G5, defined analogously. For each (b, d.),

Gn(by,dy) = Guo(by,dy) by Assumption F.1. To show uniform convergence, first note
that, for some constant K, the support of ki (-;by,d,) is bounded by K; uniformly over
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|(by,d.)|| < B and similarly for ky (+;by,d, ). Thus, for any (b,,d,) and (by,d,),

|Gy (bsydy) =Gl by, dy )| < ZI i/ ho| < K1) | sup [k (w5 by, dy) =k (ws by, dy).

[ul<K1
Since the term in brackets converges to a finite constant by Assumption F.1 and ki is
Lipschitz continuous on any bounded set, it follows that there exists a constant K, such
that |GH(by,dy) — GF(by,dy)| < Ksl|(by,dy) — (by,dy)| for all n. Using this and applying
pointwise convergence of G (by,d;) on a small enough grid along with uniform continuity

of Goo(by,d,y) on compact sets, it follows that

lim sup |én(b+> dy) — Gm(b+a dy)| =0,

"\ (bs b yddo)[|<B

and similar arguments give the same statement for G and G2. Under Assumption F.4,

)Gn(b+, b,dy,d ) — [én(b+,d+)5i(0) n én(b_,d_)&%(())] ) <

_ 1 <
L -
[nhn -

ZI(|9§,/hn| SKl)] [ sup  |57(0) — &% (x)|+ sup  [6%(0) — & (z))

0<z<Kihn —K1h,<z<0

where k is an upper bound for |k} (z)| and |k} (z)|. This converges to zero by left- and right-
continuity of & at 0. The result then follows since G (by,b_,dy,d_) = 52 (0)GE (by,dy) +

52 (0)G2(b_,d_). Under Assumption F.3, G,,(by,b_,d,,d_) = G*(b+,d+)a++G+( ,d_)o?,
and the result follows from uniform convergence in probability of 63 and 62 to & +( ) and

52 (0). 0

Lemma F.3. Under Assumption F.4, ||(bsn,b—n,dsn,d_,)|| < B for some constant B and
n large enough. Under Assumption F.3, the same statement holds with probability approach-

ing one uniformly over F, Q,,.

Proof. Let A(x,b,d) = b+ 32" d(z/h,)?, where d = (dy, ..., d,_1). Note Gp(by,b_,d,d_)

is bounded from below by 1/ sup, <y, %(x) times

1 1
e 3 (MA@t d ) = O S (Al b, d ) - )}
" 0<z;<hn " i hp<z;<0
1 2 2 1 2 2
> o [A(zs, by, dy) —40]+4nhn' > [Alwi, by do)? = 4C7]
:0<x;<hn i:—hnp<x;<0
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(the inequality follows since, for any s > 2C, (s — C)* > s*/4 > s?/4 — C? and, for
20 >5s>0C, (s—(C)?>0>s*/4— C?). Note that, for any B > 0

1
: 2
inf Az, by, dy)
max{|bi||ds 1],lds p-1[}>B 4nh,
:0<x;<hn

= B’ inf Z A xz>b+>d+)

max{|bi|,|ds 1],..., d >14nh
s ol 11} i

Dx (O) 0 p—1 2

- 2 : j
———'B inf / by + g dy s’ | du
4 max{lbyldyaleldiepi}21 )y <+ i )

and similarly for the term involving A(x;,b_,d_) (the convergence follows since the infi-

mum is taken on the compact set where max{|b;|,|d1l,...,|dsp-1]} = 1). Combining
this with the previous display and the fact that ﬁ Zi;\m <h, C? converges to a finite con-
..... (i p1y>B Gnlby, by dy d_) > (B*n—
1)/ supjy <p, %(x) for large enough n. Let K be such that G, (b s0s D00y Ao 0, d— og) <
K/2 and max{52(0),52(0)} < K/2. Under Assumption F.4, Gp,(b1 a0, b o0, ds oo, d—o0) <

K and supy,|<;, 6°(z) < K for large enough n. Under Assumption F.3, G, (b 00y D— 00, A o0,

stant, it follows that, for some 1 > 0, infyaxqjp, |,)d; 1|

d_ ) < K and SUD| <y, 0°(2) < K with probability approaching one uniformly over F, Q,,.
Let B be large enough so that (B2n—n~")/K > K. Then, when Gy, (b4 0, b_ so, dg 00, d— s0) <
K and supy, <, 0%(z) < K, (b 00y D0, Ao o0y d— o0) Will give a lower value of G,, than any
(by,b_,dy,d_) with max{|by|, |ds1|, ..., |dsp1|s|b=|,|d=1],. .. |d=p_1]} > B. The result
follows from the fact that the max norm on R? is bounded from below by a constant times
the Euclidean norm.

]

Lemma F.4. If Assumption F.4 holds and b, — beo, then (b+n,5_ n,d+n,d n) — (l~)+7oo,
b_oo,d+ Oo,al_ ). If Assumption F.3 holds and b, —> boo > 0, (bJr n,b_n,d+ e d_ n) N

F,Qn F.,Q9n
(b+,007 b—,007 d—l—,oo; d—,oo) .

Proof. By Lemma F.3, B can be chosen so that ||(by pn,b_ n,dy n, d_)|| < B for large enough
n under Assumption F.4 and ||(byp, b, dyp, d_,) < B| with probablhty one uniformly
over F,Q, under Assumption F.3. The result follows from Lemma F.2, continuity of G

and the fact that G has a unique minimizer. O

Lemma F.5. If Assumption F.4 holds and b, — by > 0, then w; ' (n?/ b)) — w7 (bso).
If Assumption F.3 holds and b, f% boo > 0, then w;(n?/rDp, ) ]:% W (bso).

o0
y=Zn
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Proof. The result is immediate from Lemmas F.2 and F.4. O

Lemma F.6. Under Assumption F.4, we have, for any § > 0,

sup [n?/ @, (6) — weo(8)] — 0.
0<6<8

Under Assumption F.3, we have, for any 6 > 0,

sup |[n?/ PP, (8) — we(8)] 2 0.
0<6<3 F.Qn

Proof. The first statement is immediate from Lemma F.5 and Lemma E.1 (with n?/Zr+1,,
playing the role of w, in that lemma). For the second claim, note that, if |6, — 0 (0)] <n
and |6_ — 0_(0)] <1, Wno()(0) < wsyn(0) < Wiz (0), where a(x) = (04(0) —n)I(z >
0) 4+ (6-(0) —n)I(z < 0) and 7(x) is defined similarly. Applying the first statement in the
lemma and the fact that |64 —0,(0)] < nand |6- —0_(0)| < n with probability approaching

one uniformly over F, Q,, it follows that, for any € > 0, we will have
Wo, (0).g_(0)00(0) — & < 0P/, (6) <wz, (0)7 (0)00(0) + &

for all 0 < § < § with probability approaching one uniformly over F, Q,. By making 1 and

¢ small, both sides can be made arbitrarily close t0 wWe(0) = Woo o, (0),0_(0)(9)- O

Lemma F.7. Let r denote \/pa or Xa,. Under Assumption F.4,

sup n?/ @ (8)r(8/2) /8 — sup wee(8)r(5/2) /6.

6>0 >0

Let 9, minimize the left hand side of the above display, and let 6* minimize the right hand
side. Then 6, — 6* under Assumption F.} and 6, ]:% 0" under Assumption F.3. In

addition, for any 0 < a <1 and Z a standard normal variable,

lim (1 — a)E[n? @0, (20210 — Z2)|Z < 21-a] = (1 — a) Elwse(2(21—a — Z))|Z < 21_].

n—oo

Proof. All of the statements are immediate from Lemmas F.6 and E.2 except for the state-

ment that 9, f% 0* under Assumption F.3. The statement that 6, ]:% 0* under Assump-

y=n

tion F.3 follows by using Lemma F.6 and analogous arguments to those in Lemma E.2 to
show that that there exist 0 < § < & such that d,, € [J,d] with probability approaching on

S30



uniformly in F, Q. and that supse(sz) |27/, (9)r(6/2)/0 —w(0)r(6/2)/8] 2 0. T

Y

Lemma F.8. Under Assumptions F.1 and F.2, the following hold. If Assumption F.4 holds

and Bn s a deterministic sequence with Bn — Z)Oo > 0, then

Slip |]{Z;—()(SL’, b+,n7 d—l—,n) - k;_+(0) (SL’; b+,oou d—l—,oo)‘ — 07

sup |k (@; bopyd_ ) — ks (o (@; b sord_o0)| = 0.

If Assumption F.3 holds and Bn 1s a random sequence with Z)n ]})Q l;oo > 0, then

n

SUD [k (5 sy o n) = K, o) (3401 dooo) | 2310,

y=n

SUP [k (30—, d—n) = K5 ) (73 b0, d o)) F% 0,

1

nh,

S [k @/ B by i) = K 0) @3/ i By s )| 0 5 0
i=1

y=n

and

I 7, - _ -
nhn 2_; [k(}()(xz/hm b—,na d—,n) - k57(0) (xz/hm b—,ocn d—,oo)} U; ]__%n O

T

Proof. For the first four statements, note that

|]<3;_(.)(:L'; B-I-,na CZ—%—,n) - k;—+(o) (ZE; B-i—,om d~+,©<>)| S |k;—(.)($; B-i—,na d~+,n) - k;—+(0) (ZE; B-i—,na d~+,n)|

+ |k;—+(o)(1’5 64‘,”’ Cz—l-,n) - k;_+(0)(:13; Z)-i-,om CZ+,OO)|'

Under Assumption F.4, the first term is, for large enough n, bounded by a constant times
SUPg<pen. i |0 2(x) —532(0)], where K is bound on the support of & (+; b4, d.) over by, d in
a neighborhood of I~9+7oo, cLﬁoo. This converges to zero by Assumption F.4. The second term
converges to zero by Lipschitz continuity of k;’+(0). Under Assumption F.3, the first term is
bounded by a constant times |6 — &, (0)|, which converges in probability to zero uniformly
over F, Q, by assumption. The second term converges in probability to zero uniformly over

F, 9, by Lipschitz continuity of k;’+(0). Similar arguments apply to k;(,) in both cases.
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For the last two statements, note that, under Assumption F.3,

1 - ~ ~ ~ ~
o Z [k;_(_)(xi/hm b—l—,m d+,n) - k;_+(0) (xz/hm b—l—,oo; d—l—,oo)] U;
noi=1
1 - ~ ~ ~ ~
= =2 K0 @i/ o By ) = K 00/ P By )|
noi=1

a2 ~—9 n
K P bg o dyn)ug. (S17
T v 2 o @/ i b dinde (S17)

Under Assumptions F.1, F.2 and F.3, \/%L Yoy k;;(o) (i /hn; BJF,OO, CZJF,OO)ui converges in dis-
tribution to a normal law uniformly over F, Q,,. Thus, assuming that the first term converges
in probability to zero uniformly over F, Q,,, the same convergence to a normal law will hold
for ﬁ Yoy k;r+(0) (25 /hn; by s dy )u; and, from this and the fact that 672 —672(0) f%n 0,
it will follow that the second term in the display converges in probability to zero in prob-
ability uniformly over F, Q,,. It therefore suffices to show that the first term converges in
probability to zero in probability uniformly over F, Q,,.
To this end, note that,

nh" = j=1

1 n ~ p—1 ~ - ~ p—1 ~ '
> <b+,n +Y " dy (i) = Clay /hn|p> — (bm + ) dy ol /B ) = Clai/hy|?
i=1 j=1 i 4
1 n p—1
- h _ i g . . J . 7 7 .
= o ; <b+,n Do + ; (dsin = s so) (wi/h0) ) 1 (1) b € Abs s s o))
1 n _ p—1 ~
+\/m;<+7 +]2:; +,7, (l’/ ) |Zl§'/ |>
- [[(xi/hn € Albs,dsn)) — I(xi/hy € Alby o, dm))} " (S18)
where A(by,dy) = {u: by + Z;’;% dyjul — Clulp > O}. The first term can be written as
- - 1 n - -
<b+,n - bﬂx,) o ; I (:z: Jh € A(bs oo, dﬂx,)) "

p—1 1

#3 (Frin = egoc) e S B (2 € A esoc)
» noi=1

J=1
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which converges in probability to zero uniformly over F, Q,, since b, ,, — b, f% 0,dy jn—

dy oo F,%n 0 and ﬁ S (xi/h ) T (SL’Z/hn € A(by oo, anoo)) u; converges in distribution
to a normal law uniformly over F, 9, for j =0,1,...,p— 1.
For the second term in (S18), it suffices to show that

1 " . - - - -
. J . _ . . P
mn;m/hn) @i/l € Albin, i) = 12/ hn € Albre, diee) | i B 0

since the second term in (S18) can be written as a sum of terms of this form times terms
that converge in probability to finite constants uniformly over F, Q,,. To this end, note that,
letting uj, ..., u; be the positive zeros of the polynomial BJF,OO + Z;’;i CZJF,jmuj + CuP, the
following statement will hold with probability approaching one uniformly over F, Q,, for any
n > 0: for all u with I(u € A(byp,dsn))—I(u € A(by oo, ds o)) # 0, there exists ¢ such that
|u—wuj| < n. It follows that the above display is, with probability approaching one uniformly

over F, Q,, bounded by a constant times the sum over j =0,...,pand { =1,... k of

1
max

“1<t<t | \/nh,, .

i ug—n<wxi/hn<ugt+tn

By Kolmogorov’s inequality (see pp. 62-63 in Durrett, 1996), the probability of this quantity
being greater than a given ¢ > 0 under a given f, @ is bounded by

11 | - |
o, 2 verellm/mPul =g 3L /)Mot
" i wenSei/hn Suetn ™ i wg—n<mi [ he <ugtn
~9 u*+
_ Pxx(05:0) / g
5 .

which can be made arbitrarily small by making 1 small.
This shows that (S18) converges in probability to zero uniformly over F, Q,,. A similar
argument applies to the rest of the terms that make up the first term in (S17), which, along

with similar arguments for k:g(,), gives the result. O

We are now ready to prove Theorem F.3. If §, — &*, then n?/CPtDw, (§) — weo(6*)
by Lemma F.6, so, applying Lemma F.8 with 2b, = n?/ @r+De),(0), it follows that As-
sumption F.5 holds with the given choices of k™ and k= as required. Similarly, if 4, is
random and 4, ]})Q §*, we have n?/Crtly, (§) f% Weo(0*) by Lemma F.6, so the ver-

y=n y=n
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sion of Lemma F.8 with random b, applies to verify Assumption F.6. The statement that

0, — 0" under Assumption F.4 and 6, £> 0* under Assumption F.3 when J,, maximizes

n

(Wa(yn(0)/0)\/pa(0/2) or (ws()n(d )/5))@,1(5/2) and 0* maximizes (weo(d)/0)v/pa(d/2) or
(woo(0)/0)Xn.0(6/2) follows from Lemma F.7. Next, the statement that n?/Grtby 5

F,Qn
Y 2) /% Where X is the half- length of the two-sided CI formed using ws(.),, fol-

cv(biass /v
lows from Theorem F.1, since ¥ = cv(bias, /o» )vrlL where bias, and @,/> are deﬁned as in
Section F.1 for &} (u) = & (u; by, dy) and k; (u) = Fyy (s b, dy,) With 2b, = wWs()n(9).

We now prove the optimality statements (under which the assumption was made that
4(0) = 0,(0) and 6_(0) = 0_(0) and, for each n, there exists a ) € Q,, such that the errors
are normally distributed). In this case, for any n > 0, if a linear estimator L and constant

X satisfy

inf P(L {Ei ~p/(2p+1) })>1— _n,
rertbo, T\ES € " Xp)=-—a71

np/(2p+1)w0(_)’n(5)
5
zation of optimal half-length at the beginning of Supplemental Appendix E). This converges

to supss MXA,QM((S/% by Lemma F.7. If liminf, inf ;er geco, P(Lf € {L +

n~P/@P+N1) > 1 —q, then, for any 1 > 0, the above display must hold for large enough 7, so

woo [e8 (e} 6 woo [e8 (e} 6 . .
that x > lim,, o sup;- M){Aﬂﬂ(éﬂ) = SUPgs-q MXA,Q((S/% (the limit

with respect to 1 follows since there exist 0 < § < § < oo such that the supremum over ¢ is

we must have x > sup;. XA,a47(0/2) by Theorem 3.2 (using the characteri-

taken [d, 8] for 7 in a neighborhood of zero, and since y 4.,(8/2) is continuous with respect to
| N NG
Jinl? = supy g Ty 0 (0)

under Assumption F.4 with § optimizing the fixed-length CI, it follows from Lemma F.7 and

uniformly over ¢ in compact sets). Since cv,(bias,,/ 2
the first part of the theorem shown above that

nP/ @D (8
cva(blasoo/vl/2) 1/2 hm cva(blasn/vlﬁ) 71/2 — lim sup ; ()n(9)
n—oo 6>0

X4.a(0/2)

= ?;glg w0070+(0)570(0)(5) Xaa(0/2)
where the first two equalities use the definition of ©,, under Assumption F.4. This is the lower
bound for x given above, which proves the asymptotic efficiency bound for fixed-length affine
confidence intervals.

For the asymptotic efficiency bound regarding expected length among all confidence

intervals, note that, for any n > 0, any CI satisfying the asymptotic coverage requirement
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must be a 1 —a —n CI for large enough n, which means that, since the CI is valid under the
@, € Q, where the errors are normal, the expected length of the CI at f = 0 and this @,

scaled by n?/Cr+1) is at least
(1 —a=n)E [0/ V) n(2(21-a-n = 2)|Z < 21-a-)
by Corollary 3.3. This converges to

(I-a-nk [woo,a+(0),a, 0 (2(21—a—y — 2))|Z < Zl—a—n]

by Lemma F.7. The result follows from taking n — 0 and using the dominated convergence
theorem, and using the fact that wWao s, ()0 (0)(0) = Weow, (00 (0)(1)d%/ 1) along with
calculations similar to those given after Corollary 3.3. The asymptotic efficiency bounds for
the feasible one-sided CI follow from similar arguments, using Theorem 3.1 and Corollary
3.2 along with Theorem F.1 and Lemma E.3.

Appendix G Supplemental Figures

Figure S1 plots a point estimator and one- and two-sided Cls based on a local linear esti-
mator and triangular kernel and bandwidths chosen to be minimax optimal for the given
performance criterion. Figure S2 plots plots one- and two-sided CIs based on a local linear

estimator with bandwidths that minimize the maximum MSE.
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Figure S1: Lee (2008) RD example: local linear regression with triangular kernel. Estima-
tor based on minimax MSE bandwidths (estimator), lower and upper limits of one-sided
confidence intervals with bandwidths that are minimax for 0.8 quantile of excess length
(one-sided), and shortest fixed-length Cls (two-sided) as function of smoothness C. Effec-
tive number of observations corresponds to n. for the minimax MSE estimator as defined in
Equation (27) in the text.
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Figure S2: Lee (2008) RD example: local linear regression with triangular kernel and mini-
max MSE bandwidths (estimator) with two-sided CI (two-sided) as well as lower and upper
limits of one-sided ClIs around it as function of smoothness C. Effective number of observa-
tions corresponds to n. for the minimax MSE estimator as defined in Equation (27) in the
text.

37



References

BrowN, L. D., anp C.-H. ZHANG (1998): “Asymptotic Nonequivalence of Nonparametric
Experiments When the Smoothness Index is 1/2,” The Annals of Statistics, 26(1), 279
287.

DoNoHO, D. L. (1994): “Statistical Estimation and Optimal Recovery,” The Annals of
Statistics, 22(1), 238-270.

DoNoHO, D. L., ano M. G. Low (1992): “Renormalization Exponents and Optimal
Pointwise Rates of Convergence,” The Annals of Statistics, 20(2), 944-970.

DURRETT, R. (1996): Probability: Theory and Examples. Duxbury Press, Belmont, Califor-

nia, 2nd edn.

FAN, J. (1993): “Local Linear Regression Smoothers and Their Minimax Efficiencies,” The
Annals of Statistics, 21(1), 196-216.

LEE, D. S. (2008): “Randomized experiments from non-random selection in U.S. House
elections,” Journal of Econometrics, 142(2), 675-697.

RomaNo, J. P., anpD M. WoOLF (2015): “Resurrecting Weighted Least Squares,” SSRN
Scholarly Paper ID 2491081, Social Science Research Network, Rochester, NY.

SACKS, J., AND D. YLVISAKER (1978): “Linear Estimation for Approximately Linear Mod-
els,” The Annals of Statistics, 6(5), 1122-1137.

VAN DER VAART, A. W. (1998): Asymptotic Statistics. Cambridge University Press, Cam-
bridge, UK ; New York, NY, USA.

VON BAHR, B., anp C.-G. ESSEEN (1965): “Inequalities for the rth Absolute Moment of
a Sum of Random Variables, 1 < r < 2" The Annals of Mathematical Statistics, 36(1),
299-303.

WOOLDRIDGE, J. M. (2010): Econometric Analysis of Cross Section and Panel Data. MIT
Press, Cambridge, MA, second edn.

38



