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Abstract

This paper provides estimation methods for network formation models using ob-
served data of a single large network. We characterize network formation as a simultaneous-
move game with incomplete information and allow for the effects of indirect friends
such as friends in common, so the utility from direct friends can be nonseparable.
Nonseparability poses a challenge in the estimation because each individual faces an
interdependent multinomial discrete choice problem where the choice set increases with
the number of individuals n. We propose a novel method to linearize the utility and
derive the closed form of the conditional choice probability (CCP). With the closed
form CCP, we show that the finite-player game converges to some limiting game as
n goes to infinity. We propose a two-step estimation procedure using the equilibrium
condition from the limiting game. The estimation procedure makes little assumption
on equilibrium selection, is computationally simple, and provides consistent and as-
ymptotic normal estimators for the structural parameters. Monte Carlo simulations
show that the limiting game approximates finite-player games well and can provide

accurate estimates.
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1 Introduction

This paper contributes to the as yet small literature on the estimation of game-theoretic
models of network formation.! The purpose of the empirical analysis is to recover the
preferences of the members of the network, in particular the preferences that determine
whether a member of the network will form a link (friendship, business relation or some other
type of link) with a specific other member of the network. The preference for a link depends
in general on the characteristics of the two members, and on their position in the network,
i.e., their number of friends, their number of common friends. It is the dependence of the
link preference on the position in the network that complicates the analysis. The preference
also depends on unobservable features of the members and the link and assumptions on the
nature of these unobservables play a key role in the empirical analysis.

In principle link formation models are discrete choice models where multiple alternatives
(links) can be chosen. If the agent has a myopic strategy s/he chooses to form a link if the
utility of the link is larger than the utility of not forming the link. There are two reasons why
such a strategy is suboptimal. First, the agent is better off considering the choice of links with
the other members in the network simultaneously. Second all members in the network are
making link choices and all these choices have to be consistent. In this paper the consistency
is achieved by assuming that the observed network is a Bayesian Nash equilibrium.

In general there is no unique Bayesian Nash equilibrium. This implies that full-information
methods, either have to specify an equilibrium selection mechanism or have to consider par-
tial instead of point identification of the preference parameters. In this paper we propose a
limited-information method that is valid even if we do not know the equilibrium selection
mechanism.

Assumptions regarding the unobservables in the link preferences play an important role
in the empirical analysis. The extreme assumptions are complete information where all
members (but not the econometrician) know the unobservables in the preferences for links
for all members and incomplete information where a member only knows its own link specific
unobservables. The complete information models are the hardest to estimate and they
achieve set and not point identification of the parameters (Miyauchi, 2013 and Sheng, 2014).
Leung (2014) considers a model in which an agent only knows the link unobservable when
considering to form that link. In this paper we consider a case in which the agent knows
her/his own unobserved link preferences, but not those of other agents. So our assumption
is between that in Leung (2014) and complete information, and our assumption is also in

line with the usual assumption in discrete choice models.

! Jackson (2008) surveys game-theoretic models of network formation.



A further distinction in the empirical literature regards the data. We can have data on
a large number of small networks, e.g., friendship networks in classrooms, or we can have
data on a single large network. This paper considers the latter case (Menzel 2015, Leung,
2014, and De Paula, Richards-Shubik and Tamer, 2014 also consider large networks). An
advantage of the large single network case is that for a fairly general utility function under a
Bayesian Nash equilibrium the link choices converge to the myopic decision rule of a single
agent, because the normalized preferences converge to the preferences for this case. This is
true even though the link preferences depend on a non-trivial and non-vanishing way on the
position of the agent in the network. This simplification only holds if we add a ’sufficient
statistic’ that captures network position and that is derived by letting the number of agents
grow large to the random utility model for links. An implication of this result is that we can
estimate preference parameters by a two-step MLE or GMM procedure. Since this procedure
only uses the 'first-order condition’ for optimal link choice it does not require an assumption
on equilibrium selection.

The plan of the paper is as follows. In Section 2 we introduce the model and the specific
utility function that we will use. We also discuss the Bayesian Nash equilibrium for the
network. In Section 3 we obtain a closed-form expression for the link-formation probability
that avoids the solution of an integer program. We also discuss the (uniform) convergence
of the choice probabilities if the network size grows without bounds. Section 4 discusses the
two-step GMM estimator and Section 5 presents a simulation study. Section 6 considers the

extension to undirected networks.

2 Model

Suppose there are n individuals, denoted by N'={1,...,n}, who can form links. The links
form a network, which we denote by G € G. This is an n X n binary matrix. Its (i, j)
element G; = 1 if 4,5 are linked and 0 otherwise. We first consider directed networks,
i.e., G;; and Gj; may be different. The case of undirected links is discussed in Section 5.
Let G; = (Gij)#i € G, be the links of individual ¢ and G_; = {G,}.., € G_; the links of

individuals other than <.

J#i

Each individual ¢ has a vector of observed characteristics X; € X and a vector of un-
observed preference shocks ¢; = (gij)j 2i € R"!, where ¢;; is i’s preference for link ij. We
assume that X; is publicly observed by all the n individuals, but ¢; is only privately observed
by individual i, so the information each i knows is (X,¢;), where X = (X;),.,,. Moreover,

we assume that the private information is i.i.d. and is independent of the observables.



Assumption 1 (i) ¢;;, i # j € N, are i.i.d. with a distribution F (0.) that is absolutely
continuous with respect to Lebesgue measure. F (0.) is known up to 0. € O, C R%. (ii) X

and € = (&;);cpc are independent. (i) The support of X has finite number of distinct values,
X = {:pl,...,xT}.

Utility Each individual ¢ in network G has the utility U;(G, X,¢;). We assume it takes

the following form.

Assumption 2 The utility function takes the form

1 1
Ui(G, X&) = n_1 ; Gij (U(Xi,Xj; B+ n—2 k;’Gle - €z'j>
JF 1,7
1
+ > 2. GiiGiuGirGrie (1)

(n—1) (n —2) iz vz,

which is known up to 0, = (8,71,7,) € O, C R%. w is continuously differentiable in 3 and

uniformly bounded.

In the utility specification in (1), u(X;, X;;3) captures the utility from direct friend j.
An example of u(X;, X;; 5) could be

uw(Xi, Xj; 8) = Bo + B1Xi + B3| X — X

where the second term is to capture the homophily effect. In addition to direct-friend effects,
the utility in (1) also allows for the effects from indirect friends. The 7, term represents the
effect of friends of friends, and the v, term represents the effect of friends in common, both

of which are well documented in the social network literature (Jackson, 2008).

Strategies The strategies of the players can be modeled by extending the link announce-
ment game in Myerson (1991) to the case of incomplete information. Under incomplete
information, each individual ¢ announces simultaneously a vector of links that he intends to

form given his information (X, ¢;), namely
Si(X,€:) = (Sy5(X,€:))j € S5 = {0,13"

The strategy profile S = (5;),., induces a network G (S). For directed networks, we have
Gij (S)=S;; for any i # j € N.



Equilibrium In the context of directed networks with incomplete information, a proper
equilibrium concept is Bayesian Nash equilibrium, which we will assume in this paper. A
directed network G € G is Bayesian Nash equilibrium (BNE) if

Gi (Xa 61') = argénagE[Ui(G;’G—ivXa €Z)| X) Ei] ) Vi € N
(€G;

Note that G; is a function of (X,¢;) and G_; is a function of (X,e_;) where e_; = (g;), ;-
Under Assumption 1, G_; is independent of ;. Hence, the expected utility of ¢ conditional

on (X, ¢;) is given by

E[UZ(G,X,&)’X,&] = E[Ui(Gi,G_i,X,éfi)’X,éi]
= Z Ui(Giy 9-i, X, e)) P (G-i = g X, &)

g—i€G—;

= Z Ui(Gi, 9-i, X, &) P (G- = 9| X)

g—i€G—i

The conditional choice probability of ¢ for g; € G; is then

=Pr (> Ui(gig-i, X, &) Pr(Gi = gi| X) > HEE}XZUi(gg,gfi,X, &) Pr(G_i=g-| X)| X

9—i 9—i

(2)

Define

P(X) = {Pr(Gi=gq|X),Vg € G}
Pi(X) = {Pr(G- =yg~|X) Vg € G}
= {HPT(GJ'—QHX),V%G%W#i}

J#i
P(X) = {Pr(Gi=g|X),Vg €G;,Viec N}

The equations in (2) define a nonlinear system over P (X),
P(X)=T:i(X, P (X)), Vie N (3)

and a fixed point P (X) is a BNE.

In this paper, we will focus on BNE that are symmetric in agents’ observables. We say



a BNE is symmetric if for i and j with X; = X, we have P, (X) = P; (X). In network data
where individuals do not have identities, it makes sense to consider only symmetric equilibria
because otherwise the equilibria and agents’ choices may depend on how we label the indi-
viduals. More importantly, as we assume only one network is observed, the assumption of
symmetric equilibria will be crucial for valid estimation and inference. It can be shown that

there exists a symmetric BNE. We assume that the network observed in data is a symmetric
BNE.

Lemma 1 For any X, there exists a symmetric Bayesian Nash equilibrium P (X).

Proof. See the appendix. =

3 Convergence of GGames

In this section, we aim to show that the set of equilibria in the finite-player game will converge
to the set of equilibria in some limit game as n goes to infinity. This is crucial if we want
to apply a two-step procedure to estimate the parameter #, where in the first step we are
supposed to estimate the conditional choice probabilities directly from data. Because the
equilibria in the finite-player game depend on the number of players n, if we only observe
one network, it is impossible to estimate the conditional choice probabilities consistently.
However, if the finite-player game converges to some limit game, for sufficiently large n we
may approximate DGP well by the limit game, i.e., assuming the data are generated from
the limit game rather than the finite-player game. Since the conditional choice probabilities
in the limit no longer depend on n, by making use of the symmetry of equilibria we can
estimate the conditional choice probabilities consistently using only one observation of the
network. Once we have consistent estimates of the conditional choice probabilities in the

first step, we can derive valid estimates of the parameter 6.

3.1 The closed form of optimal choices

The difficulty in analyzing the convergence of the conditional choice probabilities in the
finite-player game lies in the fact that the expected utility is nonlinear in G;, which is a
binary-valued vector, so the optimal (G; may be solved only numerically. The insight of this
paper is to provide an approach to linearize the expected utility function so that the optimal

G; can be solved analytically. To be specific, the expected utility of ¢ given i’s information



(X, e;) under Assumptions 1-2 is

E[Ui(G7X78i>‘X7€Z = i ( X“X) [ ]k|X]71_8U>
J#z ki”
+ _ Z Z GZ]GZk?E ]k'X] [GkJ|X] Vo- (4)
(n=1) J#z k#,j

By the symmetry of BNE, in a network with a given X any pair (¢, j) with the same (X, X;)
has the same choice probability E [G;;| X]|. It is thus valid to denote

p(X;, Xi; X) = B[Gl X],

Under the assumption that X has a finite support (Assumption 1(iii)), we may represent
all possible values of a (X, Xj) by a 7' x T matrix A

ay -+ aip a(zt,zt) - a(at,27)
A= s = 5 : . (5)
ary -+ GpT a(z®,zt) - a(aT,2?)
Note that because we count j,k as a common pair of friends if Gj; = 1 and Gi; = 1,

the friends-in-common term had an undirected flavor, so A is symmetric. If we count j, k
as a common pair of friends if either G;;, = 1 or Gy; = 1, then GGy, is replaced by
Gk+Gij—GGrj and a (X, X},) is replaced by p (X, Xi)+p (Xk, X;)—p (X, X&) p (Xk, X;),
which is a symmetric function, so A is also symmetric. From linear algebra there exist T x T
matrices & = (¢q,...,¢p) and A = diag (A, ..., A\r) such that A = PAP’, where \; are the
eigenvalues of A and ¢, are the eigenvectors that correspond to each A\, for ¢t = 1,... 7.

Using the eigenvalue decomposition of A and letting

Dy (X;) = 1{X;=2"}, t=1,....T,
D(X;) = (D1(Xy),...,Dr(Xy)),

we may transform the quadratic term in (4) into a form that involves only linear functions
of G”



Lemma 2 Under Assumption 1(iii),
Z Z GijGikCL ( Z /\t (Z GwD ) Z Gwa
J#i k#i,g jF#i jAi

Proof. See the appendix. =
By Lemma 2 the expected utility in (4) can be written as

E[Ui(G X,e)| X, &

1
J#t k;éz,j
| 1 ’
n_
+ DM =—=D_GiD (X)) ¢, | 7 (6)
n—2 - n—1 por

Our next objective is to linearize the expected utility, i.e., make it linear in G;, so that
the problem of maximizing E [U;(G, X, ;)| X, &;] over G; can be solved easily with a closed

solution. A crucial step in the linearization is to make use of the identity?

2
1 Vi 1 ! ~ ~

JFi JFi

so that that the expected utility is equal to

1
— n_lZGZ] XZaX)+ Zp Xk;)/yl_n_2a/(X]7X])'72—EZ]]
JFi k;éz,J
n— 1 1 , ~ i
n— ZAt g}gﬁf n—1 ;GijD (Xj) Gy | Wr — Wy ¢ 72 (8)
jF#i

With the quadratic terms replaced with the maxima of linear functions, the expected util-
ity in (8) becomes linear in G;. Therefore, if we can move the maximization over @ =
(@1, ...,@7) € RT to the very beginning of the expected utility (the first equivalence in the
display below) and interchange the maximization over @ with the maximization over G; (the
second equivalence in the display below), the original problem of maximizing the expected

utility over GG; can be transformed to an equivalent problem of which the maximization over

2The identity is a special case of Legendre transform (Rockafellar, 1970). We are grateful to Terrence
Tao for suggesting the idea.



G; part is linear and thus simple to solve. The first equivalence is guaranteed by Assumption
3, and the second equivalence follows by Lemma 3. Moreover, the maximization over @ is
equivalent to the maximization over w = (w1, ...,wr) = ®& € RT (the third equivalence in
the display) because A = ®AP’ and &~ = &'. By the change of variables we can get around

the eigenvalues and eigenvectors in the objective function, which may be discontinuous in A.

max E[Ui(G, X, )| X, ]

1
QQ(vaX]>’72 — Eij

WX X) + Y p (X 7 -

< max max E Gij |u
G; w n—1
k#i,j5

JFi

n — -
+n 2’72 Z )\tgbtwt] Z )\t(«d?
& max max n—1ZG” XHX)“’—ZP 5 X)) 1 = 50 (X5, X)) 7, — e
J#i k#i,5
n—1 n—1 _, _
+ 27,D (X;) PAD| — Yo' Ak
1 1
emaxmax =3 Gy |u (XZ,X)+—Zp X = e (X5, X)) 7 — e
J#i k#i,j
n—1 , n—1
+ 27,D (X;) Aw| — n_o 2% "Aw (9)

Assumption 3 (Positive externality from friends in common) (i), > 0. (ii) There
is 6 > 0 such that the eigenvalues of A (p) are nonnegative for any p in the d-neighborhood

of the equilibrium po in the observed data.

Lemma 3 For any function f(x,y): X x Y — R, f(z,y) < oo for all (x,y) € X x ), we
have

10
max max f (z,y) = maxmax f(z,y) (10)

This implies that if there is a unique (z*,y*) such that f (z*,y"*) = max,cy max,ex f (,y),

then there is a unique (T*,§*) such that f (T*,§*) = max,ex max ey f(x,y). In particular,

(@, 9) = (2%, y7).

Proof. See the appendix. =
The optimal choice of ¢ for a given (X, ¢;), denoted by

Gn,z‘ = (Gn ij (qu X; ))3751 (G%J (Xi’ Xj; X_{ivj}7 gi))j#i



can be solved easily from the equivalent problem in (9) since the objective function of (9)
is linear in G, ;. Furthermore, Lemma 3 ensures that the optimal G, ; solved from the
equivalent problem is unique if the optimal G, ; solved from the original problem is also
unique, which is true almost surely because of the assumption that ¢; has a continuous

distribution.

Theorem 1 Under Assumptions 1-8, the optimal choice of i is given by

n—1

52720 (X;) Aw, (X;) —eij > 0}, Vi#i o (11)

Gn,ij (XHX]) =1 {Vn (X“XJ) +

where
Wn (X’L) = Wn (Xi; X_i, €z‘)

18 the optimal solution to

1 n—1 n—1
HloilX n—1 Z |:Vn (XZ, XJ) + mQ’yzD (Xj), Aw — 5ij:| TZ72¢L)IAM (12)
i B
with the notation [x], = max {x,0} and
Vo (X5, X5) = Vo (X0, X33 Xgiy)
1 1
= u(X;, Xj) + p—Y Z p (X5, Xi) 71 — L (X5, X5) 72

ki,

Furthermore, the optimal G, ;; (X, X;) and w,, (X;) are unique almost surely.

3.2 Convergence of conditional choice probabilities

With the closed-form optimal choices, it is straightforward to derive the conditional proba-
bility that a pair forms a link. Given (z;,x;) € X?, the probability that pair ¢ and j form
link 47 is given by

Py (@i, 253 p,0) = Be, (Gnij (w1, v5560)| 4, )

-1
= Pr., (Vn (@i, ;) + n-- 2272D (l’j),Awn (wi56) —€ij >0
n J—

:ij> (13)

Note that the conditional choice probability is random even if ¢; is integrated out because
both V,, (z;,z;) =V (a:i,xj;X_{m}) and w, (z;;8;) = w (xi;X_{i,j},ai) depend on X_g ;3
which is random. The dependence of P, (z;,x;) on n makes it impossible to estimate

P, (z;,x;), as needed in a two-step procedure, if we only assume a single observation of

10



the network. However, if P, (x;,x;) can be approximated sufficiently well by some limit-
ing "conditional choice probability" P (x;,z;) that does not depend on n, we may be able
to estimate the limit P (z;,2;) with a single large observation of the network and use the
estimated P (x;,x;) as an approximation of P, (z;,z;) for the estimation of the structural

parameters. To be specific, define the conditional probability
P (2,25 p,0) = Pr,, (V (@i, x5) + 275D (xj)/Aw* () —€ij > O’ Zi, :Uj) , (14)
where w* (z;) is the optimal solution to
max By, ., [V (3, X;) + 27,0 (X5) Aw — 53], — 7w’ Aw (15)

and
V (24, 25) = w(xs, 25) + Bx, [p (25, Xi)] 1

The P (z;,x;) in (14) may be understood as the conditional choice probability in a "limiting
game" where each player chooses optimal links by making binary choices, ie., Gj; = 1
if V(2i,7;) + 275D (7;) Aw* (7;) — &5 > 0 and 0 otherwise, with w* (z;) controlling for
the interactions from i’s other links due to friends in common, and p controlling for the
interactions from other players, both of which are determined in equilibrium. Our goal
in this section is to prove that the conditional choice probability in the finite-player game
converges to the conditional choice probability in the limiting game uniformly as n increases
to infinity, namely,

sup |Pn (wivmj;p> 9) - P<xi>$j;p7 0)| i 0
p,0
as n — oQ.

Assumption 4 (i) Normalize 0 appropriately so that the density of €, f. (€), satisfies f. (¢) <

1 for any e € R. (ii) v, € [0,% — 8] for some § > 0.

Proposition 1 Under Assumptions 1-4(assume vy, # 0), for any x; € X, there is a unique
Aw* (z;) that solves the problem in (15).

Proof. See the appendix. =

Remark 1 Note that w* may not be unique if A is singular. Nevertheless, the indeterminacy
of w* does not cause an identification problem because only Aw enters the conditional choice

probability P, and P, and Proposition 1 ensures that there is a unique Aw* that solves (15).
Assumption 5 O is compact.

11



Lemma 4 Under Assumptions 1-5, for any x; € X,

sup |Aw,, (z:;p,0) — Aw” (z4p,0)] = 0

p,0

Proof. See the appendix. =

Theorem 2 Under Assumptions 1-5, for any (z;, ;) € X2,

sup | Py, (w4, 75;p,0) — P (x4, 753 p, 0)] = 0.
p,0

Proof. See the appendix. =

4 Estimation

In this section, we discuss how to estimate parameter #. The previous section says that the
conditional choice probabilities in finite games can be well approximated by the conditional
choice probabilities in the limiting game so long as the number of agents is large. While the
true DGP is a finite game, that is, we sample n individuals at random from the population
and let these n individuals play the formation game with n players, the convergence of
finite games implies that we can approximate the true DGP by the limiting CCP. Such an
approximation serves two roles in the estimation. First, the limiting CCP does not depend
on n so that the model we need to estimate would not change with n. This is crucial if we
assume only one network is observed in the data. Second, players in the limiting game make
link decisions in the myopic way: a player decides to form a link as in a binary choice model,
that is, he forms the link if the latent utility from the link is nonnegative, where the latent
utility equals the expected marginal utility from the link plus a function of additional control
variables w (x; p, #) that take care of the interdependence between links of the player. This
implies that links in the limiting game are independent and identically distributed. While
links in the observed networks may be correlated, under the approximation we can view them
as a i.i.d. sample generated from the distribution determined by the limiting CCP and the
relative frequency of links for each given type of players could provide consistent estimates
for the equilibrium p.

Our approach only requires one single large network. If more than one network is observed
in the data, we can proceed network by network. That is, we treat links in each network
as a sample generated from the limiting CCP P (z;, z;;p, ) with p the equilibrium in that

network and obtain from each network a set of restrictions for estimation.

12



We propose a two-step procedure to estimate 6. In the first stage, we estimate the
equilibrium probabilities p = {p (xs,xt)}sT’tzl by counting the relative frequency that two
players with the observed characteristics (2%, ") form a link. That is, we estimate p (2%, z*)
by
Z?:l Zj>i HGy=1,X; =2 X; = '}

Dict 2oy LH{Xi = 2%, X = o}

After we get the first-stage estimate p,,, we estimate parameter 6 from the restrictions that

ﬁn (xs’ xt) =

are derived from the equilibrium condition in the limiting game, with p replaced with the
estimated p,. We can estimate # by GMM or MLE as in the standard literature on two-step
estimation. Note that while the limiting game may have more than one equilibrium, we do
not need to impose any restrictions on equilibrium selection because the equilibrium p is

directly estimated from the data.

Example 1 We can estimate § by MLE. Let P (X;, X;;p,0) be the limiting CCP. Because
the limiting game is a good approximation of the true DGP, we may properly specify the log
likelihood of the data as

InL(6,p) = ZZGUInP :p,0) + (1 —Gi)In(1 — P(X;, X;;p,0))
=1 j>1
The MLE estimate of 0 is the maximizer of the log likelihood with p replaced by the estimate
Pn

A

0, = arg max InL (0, p,)

Example 2 If we estimate 6 by GMM, the equilibrium condition in the limiting game gives

the conditional moment restrictions
mo (0,p;2,2') =B [Gij — P (z,2';p,0)| 2,2 =0, V(z,2') € X?

These restrictions should hold approximately in finite games with large n since the CCP in
finite games converges to the limiting CCP as n increases to infinity. We estimate 6 from

the sample analogue of these moment restrictions with p replaced by the estimate p,

My (0, Pz, 2") ZZ P(z,2;pn, ) 1{X; =2, X, =2'}, V(z,2)¢ex?

=1 j>1

Stack the T? sample moments into a vector

my, (0, pn) = [mn (0, pu; 2, 21) s (0, ;24,22 .o g (0, p; 2™, 7))

13



The GMM estimate 0,, minimizes the criterion function

~
~

0, = arg nbin m,, (0,p,)"V (§) m, (0, p,)

with V' (0) a positive definite weighting matriz.

5 Undirected Networks

In this section we look at undirected networks. We show that, with modifications in the CCP
and limiting game, the idea in Section 3 would work in undirected networks. Let S;; indicate
a directed link and G;; = S;;S;; an undirected link. We consider an undirected counterpart

of the utility in (1). It depends on the formed links G rather than the proposals.

Ui(G,X,Ei): n—lZG”< X“X)+—ZG]k’71 ij)

JFi oy
1
" (n—1)(n—2) Z Z GiiGirGira
JF#i k#ig
- n—1 ZSUSJ@ ( (X, X3) + n—2 Z SikSkiv1 — z)
J#i k#]
1
CEDICE ;%quﬁsikgmsjksm

Assume Bayesian Nash equilibrium as before. We say an undirected network G is a Bayesian
Nash Equilibrium if it is induced by a Bayesian Nash equilibrium strategy profile {.S;(X, €;) },. s
ie.,

S (X, e;) —arggnaécE[U (G(S;,5.),X,e))| X,&i], Vie N
'e

Note that the choice probability in (2) still applies if we replace G by S and g by s. We
define P;(X) = Pr(S; = s;/X). Then (3) still defines the equilibrium.

Remark 2 A potential concern with Nash is that in undirected networks players may co-
ordinate. This is reasonable under complete information, where pairwise stability (Jackson
and Wolinsky (1996)) and Nash equilibrium are nonnested and neither of them implies the
other. However, under incomplete information players won’t be able to coordinate even in
undirected networks; because i does not observe €j;, he cannot predict what j proposes and

coordinate on that. In fact, if we define a Bayesian version of the pairwise stability, that is,

14



a network G is Bayesian pairwise stable if
Gij =1 AUE [U1<G, X, 81)| X, Ei] > 0& AJZE [UJ(G, X, €j)’ X, Ej] > 0, Y1 # ]
where AGE [Ui(G, X, ¢;)| X, ;] is the expected marginal utility if i proposes the link with j,

AME [Ul(G,X, Ez)l X, Si] = E [Ul(G (SU = 1, Sifij; S,,L) ,X, Ez)‘ X, 81']
—E [Ui(G (Sz‘j =0, Si—z'j7 S—i) X, €z’)| X, 51}

and similar for A;E[U;(G, X, e;)| X, €], then any undirected network that is Bayesian Nash
must also be Bayesian pairwise stable. This is because for a Bayesian Nash G, G;; = 1 if
and only if S;; = S;i = 1 are optimal, so the expected marginal utility from the link must be

nonnegative for both i and j. It is thus enough to consider Bayesian Nash equilibrium.

Define the probability i proposes to link to j by p(X;, X;) and the probability ¢ proposes
to link to both j and k by ¢(X;, X;, Xi)

p(Xi, X;) = Pr(S; = 1]X)
q(Xi’Xth) = Pr(Sij = 1,8 = 1‘X)

The expected utility of 7 is given by

E[Ul (G,X, 61)‘ X,SZ’]

- > Sy (E[Sﬁ\ X] (u (X, X;) —ei5) + 5 > B[S;iSxSks| X] 71)

"l ki
1
i (n—=1)(n—2) Z Z S S| 556S S5l X172
J#i k#i,j
1 1
-1 Zsij (p(Xj’Xi) (u (X5, X;) — i) + n—9 Z Q(Xj,Xi,Xk)p(Xk,Xj)'yl)
ua ki
1
Th-Dm-2 ; g‘j&j&kqmj’ Xi, Xi)a (X, Xi, X;) 72

It takes the same forms as in the directed case (4), with a (X, X)) and A replaced by
a(X;, X;, Xy) and A (X;) defined by

a (Xi, Xj, Xi) = q¢(Xj, Xy, Xp)q( X, Xi, Xj)
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and

a(Xgat,2t) - a(Xgata?)
A(X;) = : :
a(Xp 2T, 2t) o a(XaT,aT)

More important, like in the directed case, A (X;) is also a symmetric matrix, so the argument
in Section 3.1 still applies if A (X;) satisfies Assumption 3 for any X; € X'. Theorem 1 holds
with G, ;; replaced by S, ;; and slight modifications of the functions.

Corollary 1 Under Assumptions 1-3 (with A replaced by A (X;)), the optimal choice of i is
given by

n—1 , o
Sn,ij (X“Xj) =1 {Vn (XZ,XJ) + m272D (XJ) A (Xz) Wn (Xz) _p(XjaXi>€ij Z 0} s v'] 7é 1

(16)
where
Wn, (Xz) = Wn (Xza X—i7 gi)
18 the optimal solution to
! DV (X X~)+n_12 D(X;) A(X;) (X, Xi)ei n-l 'A(X;)
mCUaXn—lj;éi n iy <Xy n—29 P J i)W — PlAj, ZEZJ+ n_272w i)W
(17)

with

Vo (X3, X5) = Vo (X0, X5 X_qigy)

1
= p(Xy, Xi)u(Xi, X;) + — ZAC](Xj,XuXk)p (Xk, X5) 11
k#i,j
1

n —

20, (X’La Xja Xj) V2
Furthermore, the optimal G, ;; (X;, X;) and w, (X;) are unique almost surely.
The conditional probabilities of i proposing one link and two links are given by

Po(wi,253p,q,0) = Be,(Snij (v, 255 €0) |20, 75)
-1
= Pr.,(V, (z;,z;) + %27213 (z5) A (2;) wn (25;6:) — px), 75)845 > 0|2y, 75)

16



and

Qn(-ri,xjaxk;pa%e) = Esz'(Sn,ij ($iaxj;5i) Sn,ik (Ii,xk;%’ii)!»’vi,xj,lﬂk)

—1
= Pr, (Vn (i, x5) + n—272D (xj)' A(z)wy (zi56) — p(aj, xi)e; > 0&

n—2
l'i?xjaxk)

n—1
Vi (i, wp) + ——= 272D ()" A (w5) wn (35 €0) = plag, i)ew = 0
They depend on w,, in the way similar to choice probability in the directed case. We expect

them to converge to the limiting probabilities
P (:Eia Zip,q, 9) = Pr&ij (V ('ria xj) + 2’}/2D (ajj)/ A (xl) w* (ajz) - p('rjv xi)gij Z 0|x27 'rj)
and

Q(xiaxjaxk;paQa 9) = P(miaxj;pa q, 9) P(.Tl,.fk,p,q,e)
= Prg, (V (i, ) + 27,D (»’Uj),A (zi) w* (w5) — p(x), Ti)es; > 0! Ti, 5Uj>$k)
Pr.,, (V (i, 2) 4+ 275D (x1)" A (25) w* (2:) — plaw, z:)ew > 0‘ Ti, T, Ty,

where w* (z;) is the optimal solution to
max By, .. [V (zi, X;) 4+ 279,D (X;)" A (z;) w — p(X;, xi)gijh — o' A () w

and

Vi(xi,z;) = p(xj, xi)u(z, xj) + Ex, q(z;, zi, Xi)p (Xk, 25) 11

If the assumptions required in Theorem 2 hold in the undirected case, we can show similarly
that

SUI;|Pn($ia33j§p7Q>9)_P($i7ajj§p>Qa9)| = o0,(1)
p7q7
sulz\Qn(xi,:cj;p,q,G)—Q(:vi,xj;p,q,ﬁ)l = 0,(1)
p7q7

5.1 Estimation

For finite n the BNE choice probabilities are such that

17



even though ¢;; and ¢;;, are independent. The dependence between the choices is through w
that depends for finite n on ¢;. However if n — oo then S;; and S;; are independent. So if

we consider the estimation we can assume that
Pr(S;; =1, Sy = 1|X) = Pr(S;; = 1|1X) Pr(Sy, = 1|X)
This simplifies the estimation problem. Note that in the limit, because
q(xj, x5, xp) = B[S} S| X]

we have
q(%', T, 9€k) = p(%‘, wz‘)p(%‘, ffk)

so that

a(Ii,%"Ik) = p($j7xi)p(ﬁmxi)P(%’wk)p(Ik,xj)

= p('rj7 'rl>p(x/€7 ,I'D?"(.I’j, 'rk)

with r(z;, ;) the probability of an undirected link between j and k that can be estimated
from the data.
In the limit the BNE structural choice probabilities under Assumptions 1-3 are myopic

with choice probability (choice is that ¢ wants a link with j, i.e., S;; = 1) if n is large

A(z;)

P(z;,x4;p,0) = F. (u(xz, z;) + 1 Ex, [r(x;, Xp)] + Z%D(%)/p(xj,xi)w*(xi)) (18)

with w*(z;) the optimal solution to

’ A fL‘i ’
Ex,.. p(X;,2) [um,xj)+71Exk<r<xj,xk>)+2%D<Xj> _Alw) W—%} o Al
p(Xj7xi) +

Note that r(z;,z;) can be directly estimated from data on undirected links. We also have
T(.Ti, ij) = p(mza l’j)p(ﬂjj, xz)

Since the left-hand side can be estimated, we have :T(T + 1) equations in 7% unknowns.

The BNE structural probability of an undirected links is

R(z;,x5,p,0) = P(xi, x5;p,0)P(x;, x5 p,0)

18



So the restrictions we have is that for all 1 < j

T(xiaxj) = P(»’Ui,iCj;paQ)P(inaﬂfi;pae)
T’(I@"Ij) = P(xz"l”j)P(xj;%') (19)

With T types these are T? + T restrictions on T2 + dim(f) unknowns, so the order condition
for identification is satisfied if 7' > dim (#). We may treat p as an additional parameter and

estimate 6 and p from (19) using one-step GMM.

6 Continuous X

In this section we consider the case when X has a continuous distribution. We show that
for continuous X the analysis in Section 3 can still apply if we rewrite it in the language of
infinitely dimensional functional spaces. We start with directed networks and the analysis of
undirected networks is similar. Let Ly (X) = {h: [, h*(z) dz < 0o} be the set of functions
that are square integrable on X'. For any functions hy, hy € Lo (X), define the inner product
(h1,ha) = [ h1 () hy () dz. Define the operator A : Ly (X) — Ly (X) by

(AR) (y) = /X h () a(z,y) de.

Note that because we count j, k as a common pair of friends if G, = Gy; = 1, s0 a (X;, X,) =
a (X, X;).* Symmetry of a implies that for any hy, he € Ly (X),

(Ahy, he) = /X2 hy () he (y) a (x,y) dzdy

= [ m@hat.e) dedy
= (h1, Ahg),

so A is a self-adjoint operator. Since A is real and self adjoint, it has real eigenvalues and
eigenvectors {\y, ¢,,t = 1,2,...}. These are the solutions to Ap, = N\, t = 1,2,..., and
are analogous to the eigenvalues and eigenvectors of a real symmetric matrix (the case if X
has a finite discrete support). Like in Lemma 2, we can transform the quadratic term in (4)

into a canonical form that involves only squares of linear functions of Gi;.

31f we count j,k as a common pair of friends if either G =1 or Gy; =1, then G;,Gy; is replaced by
Gjx + Grj — GjxGrj and a (X;, Xy) is replaced by p (X, X) + p (Xk, X;) — p (X;, Xi) p (Xk, X;), which is
also symmetric in X; and Xj,.
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Lemma 5
o 2
> GuGia (X5, Xp) =D A (Z Gij ¢y (Xj)> =Y Gyal(X;, X
J#i ki 1=1 i J#i

Proof. See the appendix. m
Rewriting the double sum as in the lemma and applying Legendre transform again to the

square terms

2
1
(—n_lzGij¢t<Xj)> :g,}%{é{ ( ZG”@ ) f}, t=1,2,...
7 J#z

we obtain the expected utility

E[U-(G X,e)| X, &

1
J# k#zg
+”_1§:A o 1 > Gyuoy (X)) | @ — @F
no2 e ML T\ n o1 T T

As in the discrete case, under Assumption 3 we can interchange the maximization over @
with the maximization over G;. Moreover, we can define w(z) = > 2, ¢, (x) @, so &, =
(w,¢,), t = 1,2,..., and maximizing over @ is then equivalent to maximizing over w as
shown below because Y ;° | M, (X;) @ = Yoo (Ag,) (X;) @ = (Aw) (X;), and D12, \@7
(Xoisy Gie, D22y M) = (w, Aw).

max E[Uz(G7X7€Z)’X7€l]

G;
1
¢ max max ZG” (X, X5) + — Z P (X5, Xp) 71 — a(Xj, X;) 72 —
weR Gz n — 1 TL—2
J#i k;ézj
n—1 > - = ~9
n—2 Z)\tqbt (XJ) Wt | — Z)\twt
1
@wél}:?();)mc%)( n_lszg XZ,X)—F—ZP Xk)’Yl_n_Qa(XJaXJ)%_
J#i k#i,j
n—1 n—1
t o520 (Aw) (X;) | — p—L (w, Aw)

20



The optimal choice of an individual has a simple closed form that is similar to that in the

discrete case.

Corollary 2 Under Assumptions 1-3, the optimal choice of i is given by

where

(wn (X3)) (2) = (wn (Xi; X, €0)) (2) € Lo (X)

18 the optimal solution to

1 n—1 n—1
max —— Z [Vn (Xi, X;) + p— 2272 (Aw) (X;) — 87;]-] - (w, Aw)
J#i +
and
Vo (X0, X)) = Vo (X0, Xj5 Xqiy)
1 1
= u(X;, X;)+ n_9 Z P (X5, Xi) vy — o 2a(Xj Xj) 72

ki,

Furthermore, the optimal G, ;; (X;, X;) and (w, (X;)) (x) are unique almost surely.

7 Simulation

To be completed.

8 Conclusion

To be completed

9 Appendix: Proofs

Proof of Lemma 1. Define the set of symmetric P (X)

Py(X) = {P(X) € 0,11 P (X) = P (X) if Xi = X; }

21
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It is clear that P (X) is a convex, closed and bounded subset of |0, l]nzn_l. Equations in (3)
forms a mapping from P (X) to Ps (X), because if P(X) € P, (X), then I'; (X, P_; (X)) =
I (X, P_; (X)), soI'(X, P_; (X)) is also symmetric. The mapping is continuous in P (X)
because the expected utilities are continuous in P_; (X) and ¢; has a continuous distribution

under Assumption 1. By Brouwer’s fixed point theorem there is a fixed point. m

Proof of Lemma 2. For simplicity of notation write D;; = D, (X;) and D; = D (X;).

Z Z GijGika (XJ,X]C) = ZZGUGMCL (XJ,Xk) — ZGZ‘]'CL (XJ XJ)

G£i ki j#i k#i J#
= ZZngszZZastDjsDkt ZGUG
J#£i k#i Jj#i
- ZzastZGijsszkat ZGUG
t J#i k#i J#i
i J#i i

By eigenvalue decomposition of A,

(Z GijD;) A (Z Giij) = (Z GijD;> PP (Z Giij>

J#i JFi JF JF

= (Z GijD;.cp) A (Z Gijq>'Dj>

j#i J#i
— Z A (Z Gi; D) @)
J#i

Therefore,

Z Z GijGika (XJ7X]€> == Z/\t (Z GZ]DSQZSt) ZGUG X X

J#i k#i,5 J#i A1
| |

Proof of Lemma 3. Note that

X
= rileajgcr:?eaﬁé(f( axf(a: y), Vre

max f (z,y) 2 f(z,y), V(r,y) € X xY
y) >
y) >

= maxmax max max X
yey zeX f< zeX ye)y f( y)
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Similarly,

>
ma s f (00) 2 magema S ()

Hence (10) is proved. From (10), any (Z*, *) that maximizes the RHS of (10) should satisfy

f(&,7") = maxmax f(z,y) = maxmax f (z,y) = f («",y")

By uniqueness of (z*,y*), we have (Z*,7*) = (2*,y*). m

Proof of Proposition 1. Let fx denote the density of X;.

T
Ex, e, [V (25, X;) + 27,D (X;) Aw — gij]Jr = ZE% [V (25,2") + 27,050 — a-jh fx (2"

t=1

where a] is the ¢-th row of A. Note that for any u € R, B, [u —e;], = [*(u—¢)f- (¢) de

SO¢ P
%EEU gu / fs 5 ( )

Hence, the first order condition of (15) with respect to w = (wy,...,wr) is given by

0 = Z F xz, —|— 272atw) fx ( t) 27v,a; — 275 Aw

— ZF xz, + 275 a,w ) fx (xt) a; — Aw

Let y = Aw and
T

Y(y) = ZFe (V (l’iyxt) + 2721/1&) Ix (xt) ag

=1
We want to show that ¥(y) is a contraction mapping from R” to R” i.e., there is x € [0,1)

such that || (y + h) — ¥ (y)|| < & ||h|| for any y, h € RT. By mean value theorem,¥ (y + h)—

U (y) = VU (9) -y, with § =y + £h for some € € [0, 1], where
Clnfsl (@) fx (xl) T alesT (@) fx (xT)

VU (§) = 27, : :
ari f2 () fx (@) - arrf(9) fx (27)

with notation f!(7) = f. (V (z;,2") + 2757;). Consider the maximum row sum matrix norm
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of VU (7)

T T
~ — t(~ t < ty
IV (@)l = 272 glsfg;; |asef2 (@) fx (2')] < 27, @%;J‘x (a') =27, <1
The second inequality is because ay € [0,1] and f!(7) € [0,1] for any 1 < s,¢ < T. Hence,
the matrix norm |[|[V¥ (3)||, induced by the Euclidean norm on R”, which equals the largest
singular value of VW (7), satisfies

IVE @), < V¥ (§)ll <1

We conclude that ¥(y) is a contraction mapping of y, so by contraction mapping theorem

there is a unique y* € R” such that

U(y) =y"
or equivalently, there is a unique Aw* = y* that solves the first order condition. Furthermore,
if w* # @* satisfies Aw* = AX*, we have (w* 4+ &%) A (w* — &%) = 0, so W Aw* = 0¥ AD*.

Hence, there is a unique Aw* that achieves the maximum of problem (15). m

Proof of Lemma 4. Let

1 n—1
Hn (':Biaw;pa 6) = n—1 Z |:Vn (xian) + TL—2272D (Xj)/Aw_gij _’YQWIA(‘U
J#i *
O (z;w;ip,0) = Ex, ., [V (i, Xj) + 27,D (Xj)/ Aw — 5Z~j]+ — yow Aw

Note that by Proposition 1 for any (p, ) that satisfies the assumptions there is a unique
Aw* (p,0). Because II (x;,w;p, d) is continuous in (p,#), the unique Aw* (p,d) must also be
continuous in (p,f) and thus bounded since © and P = [0,1]7 are compact. Hence we
can assume without loss of generality that w is in a compact set 2. Moreover, the unique
maximizer Aw* (p, #) of continuous function II (x;,w; p, f) over the compact set 2 must also

be well separated. If we can further show that

sup |Hn (xiaw;p? 9) —1II (xiaw;pa 9)' = 0p<1) (22)

w,p,0

then it follows that sup, g I, (i, wn;p,0) > sup, o IL, (75, w*;p,0) > sup, o II (25, w*; p,0) —
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0p(1), whence,

sup IT (z;, w*; p,0) — sup I (x5, wy; p,0) < supIl, (z;, wn;p, 0) — sup L (z;, wn; p, 0) + 0, (1)
p,0 p,0 p,0 p,0
< sup 1L, (z,w;p, 0) =TI (2, w; p,0)] + 0, (1) = 0, (1)

w,p,0

Well-separateness of Aw* (p,#) implies that for any £ > 0, there is n > 0 such that, for any
(p,0), I (xz,w;p,0) < I (z,w*;p,0) — n for every w with ||Aw — Aw* (p, 0)|| > . Therefore,

p,0 p,0

Pr (sup | Acon (p,0) — A (p, 0)]] > s) < P <sup (1 (2, ;. 0) — 11 (2,0, 0)] < —n)

< Pr <SupH(1"awn;p76) _SupH($7W*;p79) < _77>
p,0 p,0
— 0

in view of the preceding display and we are done.
Next we prove (22). Let

Mn (xianvgij;wapa 9) = Vn (xi?Xj) + -
n_

1
2272D (X;) Aw

The left hand side of (22) equals

1
A P Z (M, (i, Xj30,p,0) — €3], — Bix; oy [M (25, Xj;0,p,0) — €ij] .
wp i#i

1

< sup n—1 Z [M,, (quj;W;pa 0) — 5ij]+ - [M (Iij;Wap, 0) — €ij]+
wp i#i
1
+ SUPG n—1 Z [M (xleﬁwapv 0) - 5ij]+ - EXj,eij [M (J,’“X],Cd,p, (9) - 5ij]+
“p j#i

For the second term in the last display, because

[M (mivXj;w7p7 0) — €z‘j]+ = [U(%,Xj) +Ex,p (Xj; Xy) 71 +27,D (Xj)/AW - 5ij]+

< [sup (w(zi, X;) + Ex,p (X;, Xi) 71 + 27D (X;) Aw) — é@]
+

w,p,0

which is absolute integrable, and [M (z;, Xj;w, p,0) — €], is continous in (w, p, #), uniform
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law of large numbers holds, i.e,

1
n—1

sup
w,p,0

J#i

=0, (1)

As for the first term, because |[z], — [y], | < |o — y/, we have

1
SUI; n—1 Z (M, (24, Xj3w,p,0) — 5ij]+ — [M (2, Xj;w,p,0) — Eij]+
wp, J#i
S sup Z|M *IZ? w7p79>_M(xZ7X]7wap70)|
w,p,d T —
J#Z
< sup 1 Z Z p V1~ EXk [p(vaXk)} Y1
w0 (1 = ) J#z ki,
+ sup Y Z}ZD ) Awyy — a (X, X;) 7|
i ( J?ﬁz

where the last inequality follows from the definition of M,, and M and triangular inequality.

Uniform law of large numbers is satisfied for the second term in the last display, so

1
sup (n—l)(n—2)z‘2D ) Awyy — a (X5, X;) 7| <O( >—|—0p(1):0p(1)

w,p,0 G#i

It suffices if

—op(1)  (23)

sup n 1)1 Z Zp 71 — Bx, [p (X5, X&) 1

wip.b J#z ki,

Let
h (Xj7Xk;p7 9) = p(XJ7Xk) 71— EXk [p (X]7Xk)] it
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By Cauchy-Schwarz inequality,

<<n—1>1 P>

Zh Xkapa )

>2

J#z k#i,5
2
1
S h Xk>pa ))
T (5
1
- Zzh Xk:ap7 )
(n—=1)(n =2)" = 57,

e 1<n 3 > h(X;, Xy p,0) h(X;, Xi;p, 6)

JF£i ki, 1#i,5,k

The two terms in the last display are U-processes. For each of them, we calculate the
Hoeffding decomposition and apply the results in Sherman (1994) for degenerate U-processes.
It is not difficult to show that

02 1
sup (TL—]_ Zzh Xkap’ ) _Eh(vaXkypve) :Op (%)

0
b a;ﬁz ki,j

which implies

1 9 1 1
h X7 ) S Eh X,X, ,0 +O E—— :O —
S;,%)(n—l n_2 ZZ ky D ) S;lg)n—2 (X, Xi;p, 0) p(n\/ﬁ> p<n)

J# k#ij

and

sup n_2 ZZ Z h Xk;pa )h(Xj,Xl;p79):Op (%)

pd <n jF#£t k#£i,5 1#£i,5,k

where the rate of convergence follows because its first-order projections (i.e., projection onto

{X;}) are identically zero. Combining the two convergence results yields

S;,%’m—l)l( —2)? Z<Zh e >>2:Op(%>

J#i \k#i,j

which implies (23) and thus (22). The proof is complete. ®

Denote

—1
Mn (xiazjvw;pa ‘9) = Vn (Zlfi,l'j) + i 2272D (ij)/Aw
n J—
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From the definition of the P, and P

Sug)‘Pn (xiyxj;pa 6) - P(xiawj;pa 9)'
p7

S Sup/ |1 {Mn ($i7$j7wn (xhel) D, 9) 2 5ij} -1 {M (:Ei?mjac’U* (mz) > 0) 2 6”}‘ dFEz (El)

p,0

S Sup/ [1 {M (xi7$j>W* (.’171) D, 0) < 5ij S Mn (xi7$j7wn (337,751) o 9)}
p,0

+1 {Mn (Ii,l'jawn (xi;gi) D, 9) < &ij <M (xzvxj,afk (xz> y Dy 9)}] dFei (52‘)

Uniform law of large numbers applied to V;, (x;,z;) and Lemma 4 imply that there is ¢, =

0, (1) independent of ¢; such that

sup }Mn (Q?i, ZTj,Wn (33'1, Ei) 3D, 9) - M (QJS, J]t’w* (;[;Z) D, 6)| <e,
p,0

Thus the preceding display satisfies

< suep/ [L{M (x;, ), w" (x;);p,0) < ey < M (x;,xj,w (x;);p,0) +cn}
’ +1{M (i, 25, 0" (2:) ;p,0) — ¢ < €ij < M (i, 75,w" () ;p, 0) ] dF; (€45)
= s;g) Feo, (M (25, 25,0 (1) ;0,0) 4 cn) — Fepy (M (4,25, 0" (25) 50, 0) — ¢)
= up fo, (M (" (22),0) + 66) 20
D,

op (1)

IN

where the second last equality follows from mean value theorem with some ¢ € [—1,1]. We
conclude that

sug) | Py, (x4, 25, p,6) — P (x;,25;p,0)| = 0, (1) .
p?

Proof of Lemma 5. Note that

Z Z GijGika (Xj, Xk) = Z Z GijGikCL (Xj, Xk) — Z Gija (Xj, X])
i ki i ki i
It suffices to show

a (X5, Xp) =D Mty (X)) ¢y (X)
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because

2
Z Z Gz]sz Z )\t(bt (bt Xk Z At (Z GZ]¢t )

JF#i ki t=1 e
Let dx, (z) be the dirac delta function at X;

Xi:
e ($):{ OOO’ X#i and /Xéxi (x)dx = 1.

Because the eigenvectors form an orthonormal basis, function dx, (z) € Ly (&) has the
representation dx, (z) = > 2, (dx;,,d;) ¢, (x). Then we can obtain

a(X;, X)) = /5)(]. (x)a(x, Xy)dx
_ /XZ 63,0 60) 6, (2) a (2, X) do

t=1

= Z o (X / ¢, (v) a(z, Xi) dz (by dominated convergence theorem)
= Z ¢, (X;) (A¢,) (Xy) (by definition of operator A)

= Zwt )& (Xi)  (by definition of A\, and ¢,)
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