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Abstract

University donors choose to contribute to endowment if they want to make a per-
manent contribution to the university. It is consequently viewed as a responsibility
of the university to preserve capital when choosing the investments and spending rule
of endowments. Practitioners commonly measure preservation of capital by looking
at the excess of expected return over the spending rate, but this criterion involves an
incorrect application of the law of large numbers based on products instead of sums.
The measure can be corrected by looking expected log return net of spending, which is
less by approximately half the variance of returns if period returns are not too volatile.
Even if the correct target spending rule is applied, the common practice of smoothing
spending using a partial adjustment model for spending tends to makes spending un-
stable in bad times and in fact the probability of eventual ruin is one. However, we
show that a simple modi...cation to the traditional smoothing rule does preserve capital.
We look at optimal spending rules that preserve capital and retain some bene...ts of
smoothing.
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1 Introduction

Donors who wish to contribute to universities have a number of options depending on when
they want their giving to have an impact. Donors wanting to have an immediate impact can
contribute through annual giving, donors who want to have an impact on an intermediate
time frame can give funds for a building, and donors who want to have a permanent impact
can contribute to endowment. Since contributions to endowment are supposed to have a
permanent impact, the university has a responsibility to make sure that the spending rule
and investment strategy for endowment, taken together, preserve capital in the long-run.
This paper takes a look at the long-term preservation of capital with a focus on the properties
of existing practice. We ...nd that the usual criterion (spending less than expected return) for
preservation of capital is incorrect because it is based on an incorrect application of the law
of large numbers. We provide a corrected formula based on logged return net of spending.
We also show that a stylized version of the practice of smoothing spending implies that the
endowment never preserves capital, and we suggest an alternative based on an optimization
model that preserves capital for appropriately chosen parameter values.

A spending rate less than the expected return on assets, calculated in real terms, has
long been used as a criterion for whether an endowment preserves capital. This criterion
is based on the intuition of the law of large numbers, since it means that on average the
expected return on the portfolio should cover spending. However, this intuition represents
a mis-application of the law of large numbers (or central limit theorem), since the law of
large numbers applies to sums but the portfolio problem involves products. In particular,
the proportional change in value in a period is one plus the return less spending, and these
returns multiply over time. We should not include new contributions in this calculation,
since we are asking whether the initial contribution has a permanent impact, not whether
the initial contribution plus others’later contributions have a permanent impact. However,
the law of large numbers does not apply to products, and it is easy to construct examples
to illustrate that spending at a rate less than the expected rate of return on assets does not
preserve capital.

As a very simple example, suppose the rate of return i800% half the time (value triples)
and 100% half the time (value disappears), so that the expected return is0.5 200 +
0.5 ( 100) = 50%. Assume further that the spending rate is zero, which is certainly less
than 50%. Then, in each year there is &0% probability the endowment will be wiped out
and the probability of surviving for 7 years is2~7 which approaches0 rapidly. Having no
endowment at all with probablity close to one certainly does not preserve capital but it
satis...es the traditional rule.



More generally, we do not need such a stark example (with a probability the portfolio is
actually wiped out) to show the problem with the traditional rule. Provided the portfolio
return is random,! there is always a spending rate less than the expected return for which
the value of the endowment converges to zero over time with probability 1. The error in
the rule can be large; in a realistic example, capital may not be preserved even if spending
exceed the expected return on assets by a couple of percent.

Although the traditional rule does not work, it is easy to provide an alternative rule
that does. Taking logarithms converts products into sums, and there is a natural criterion
using logarithms that is the natural .. x for the traditional rule. The modi...ed rule is that
the expected log net return de...ned as the log of one plus the proportional change in value
of the portfolio, inclusive of investment return and net of spending, should be positive. This
rule preserves capital in the sense that the value of the endowment arising from an initial
investment grows without limit over time if this assumption is true. 2

Besides looking at the basic spending rule, we also look at the common practice of overlay-
ing smoothing on the basic spending rule. Smoothing of spending is supposed to prevent the
damage done by large juctuations in spending. This is a reasonable idea: sudden decreases
in spending can be disruptive, and sudden increases may be used carelessly. Unfortunately,
the usual partial adjustment rule of moving only a ..xed fraction of the way toward the
target spending levelnever preserves capital in the endowment if the target spending rate is
positive (even if very small). This result is based on an assumption that portfolio returns are
drawn from the same distribution and are independent over time. Intuitively, random fuc-
tuations imply that the spending rate will eventually be very large, and when the spending
rate is large, the high spending depletes capital relatively more quickly than the spending
is reduced by the smoothing rule, and as a result the portfolio ends up in a “death spiral”
plunging towards zero.

Since smoothing is a good idea and the traditional rule does not preserve capital, we
have proposed two possible solutions. One solution is a simple modi...ed smoothing rule that
adds a new term that changes spending to compensate for the expected change in spending
rate given the excess of current spending over the expected return of assets. For this rule,
we have a characterization of the parameter values for which capital is preserved. Our
second alternative to the traditional smoothing rule is a theoretical optimization model that

1Wwe also need minor technical assumptions, that the mean exists and that we have su¢ cient independence
over time and the degree of randomness not going to zero over time. For example, it su¢ ces to have iid
return with a ...nite mean.

2As above, we also need minor technical assumptions, that the mean exists and that we have su¢ cient
independence over time and the expected log return less the spending rate does not got to zero too quickly.
For example, it su¢ ces to have idd trturns and constant spending.
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penalizes big changes in spending and preserves capital for some parameter values. At this
point, we have numerical results showing that the strategy does preserve capital for some
parameter values, and it is work in progress trying to characterize for which parameter values
the strategy does and does not preserve capital.

The rest of the paper is arranged as follows. Section 2 documents the problem with
the traditional rule for preserving capital and provides the new correct rule. Section 3
shows that traditional smoothing implies capital is not preserved. We provide a modi...ed
smooth spending rule that preserves capital. Section 4 comes up with the condition for
preserving capital with temporarily negative risk-free rate. (To be ...nished.) Section 5 gives
an optimization model of spending that does preserve capital. Section 6 closes the paper.

2 Preserving Capital by Traditional Rule

2.1 Preserving Capital in Discrete Time

One traditional rule says that a spending rate of no more than the average return on the
endowment will preserve its value. This traditional rule is widely adopted and clearly stated
in the spending policy statements of many university endowments. For example, the spend-
ing policy statement of UCSD Foundation (2014) states that its objective is to ‘achieve
an average total annual net return equivalent to the endowment spending rate adjusted for
infation” Moreover, the endowment of Henderson State University (2014) even employs a
concrete example to illustrate its objective of achieving that the infation-adjusted average
return equals to the spending rate: Total return objective 7.00%, spending rate 4.00%, ad-
ministration fee 1.50%, and iniation rate 1.50%” Furthermore, this rule is also mentioned
in some manual books. For instance, the book 'Nonpro..t Asset Management: Ewxective
Investment Strategies and Oversight” (Rice, DiMeo, and Porter (2012)) states that the
primary objective of the Great State University Endowment fund is to preserve the purchas-
ing power of the endowment after spending. This means that the Great State University
Endowment must achieve, on average, an annual total rate of return equal to infation plus
actual spending” Despite it is widely used, does the traditional rule necessarily preserve
capital?

Absent risk, this rule makes perfect sense. Leti/; be the amount of wealth in the
endowment at time ¢, with spending C; and assume it earns a returnr, which is assumed
to be riskless for the moment and the same each period. Any additions to the portfolio
from new contributions are not included, since new contributions are supposed to increase
the possible future spending and stand on their own, not replenish the spending power of



previous endowment that has been depleted (this is one thing the traditional rule gets right).
The traditional rule says that the spending is no more than the return on the portfolio, that
is, Cy/W; r, or equivalently C;  W;r. Then we have that

Wi =W +rW,  Cp W, (1)

In this case, spending no more than the return on the endowment implies the endowment
never falls, so we have preservation of capital. So far so good. In the traditional rule, the
next step says we can use the same analysis if spending is no larger than the expected return
on endowment in an uncertain world, you know, because of the law of averages. Well, we
do know the math, and unfortunately this argument is wrong because the law of averages
applies to sums, not products. Now that the return is random, we write r,.; for the return
from time ¢ to ¢ + 1, and (1) becomes

Wi =Wy +reaiWe Gy, 2)
which implies that
Wy=Wi(1+ry Cy/Wi)(14+13 Co/Wo).(l+11  C /W),
which is a product not a sum. We can convert this to a sum by taking logarithms:
log(W;) = log(Wh) +log(1+r2  Ci/Wi)+log(l+rs  Co/Wa)+...+log(l+rin  Cr/Wy),

and now we can use the law of averages (i.e., the law of large numbers and the central limit
theorem). Assume that r, is independent over time and has the same distribution in each
period (the usual assumptior? for these calculations), and thatlog(1 +r;,;  C;/W;) has a
...nite mean. Then we have:

Theorem 1 There exsits some constant ¢ < FE[ry|, which is the average return on the
endowment, if the spending rate c is larger than c*, and the return on the endowment is
random, the endowment is never preserved. More formally, assume friQi—1 o are i.i.d. non-
constant random variables, 9¢* < Elry], if 8¢ > ¢*, then lim; o, W; = 0, that is, for any fived

positive wealth level W, no matter how small, then in every state of nature there is a critical
time T such that Wy <W for allt > T.

Proof: Assume without loss of generality that the expected log wealth is ...nite. We look at

3There are many generalizations of the law of large numbers that can be used more generally, but we
neednt go into that here.



log(Wr) which is log(WW7) +Z§;T log(1+7.1  Cy/W,), and the typical term in the sum has
negative expectation because of Jensens$ inequality and the assumptiot;,/W; =E[r;|. B

In Theorem 1, we have assumed that returns are iid and thatC;/W, =E[r;], but by
continuity the result still holds for C;/W; <E[r] but su¢ ciently close to Hr;. It also
obviously holds if instead of i.i.d. we have the sort of mixing property that implies the law
of large numbers.

Example 1 (Implausible implication of traditional rule): To get more intuition about
why the traditional rule does not make sense, consider investing in a riskless asset with mean
return r and a risky asset with a mean returny > r. Then if we put a proportion 6 in the
stock (¢ could be larger than one for a levered position), the traditional rule says we preserve
capital if » +60(n  r) > ¢, where c is spending ratio C;/WV;. However, this implies that we
can spend at as high a ratec as we want, so long as we take on enough risk by taking to
be high enough!
Knowing that we have to deal with a sum in logs, we make a statement about log returns.

We provide the following Theorem describing the condition needed for preserving capital.

Proposition 1 If the random return is f r,0i—1 o and the spending at the end of the period is
a fraction of wealth ¢, = C; /W, at the beginning of the period, E[log(1+r, ¢;)] > 0 suffices
for preserving capital. (If spending is done at the start of the period, Ellog((1  ¢) (1 +14))] >
0 suffices.)

Remark 1 (Jensen’s Inequality Argument) Mathematically we can view the problem in

terms of concavity of the logarithm. By Jensen’s inequality and concavity of the logarithm,
Ellog(14+7r ¢)] <log(E[l+7m ). (3)

Positivity of the right-hand side is the traditional rule E[ry ¢ > 0, and positivity of the
left-hand side is the correct rule, which require a low level of spending to preserve capital.

For example, assume log(1+r1;, ¢) N(u 02%/2,0%), then we have
log(E[l +7 ¢])=p and Elog(l+r, c)]=p 0o/2.

However, the traditioanl rule fails if o > 0, p' 0 but still positive, since the right-hand side
of (3) is positive, but capital is not preserved (. 0*/2 < 0). To obtain a positive left-hand
side of (3) with the same investment opportunity 1 + r, one needs to decrease the spending

rate ¢; to ¢; to obtain E[log(1+r;  ¢&)] = > 0.



Returning to the example in the introdution which illustrating traditional rule does not
preserve capital, the following example 2 shows that if we replcace the zero payox at the bad
state by a small positive number, the capital is still not preserved.

Example 2 (Unsuccessful preservation of capital by setting expected return
higher than spending rate): Assume an endowment has a spending rate of 0% and
an investment of 1 which has half probability of tripling and going to zero respectively:

_ 3 Prob 0.5,
1/9 Prob 0.5.

Hence, the expected return is5/9 > 0%, but the whole endowment is exhausted in ...nite
time with probability 1.

A couple of quali...cations are in order for the positive result for the riskless case and are
also relevant for the risky case. First, we should work with real returns, that is, returns in
excess of infation. This adjustment is normally done correctly in practice when using the
traditional rule: we are not really preserving capital if we are keeping the same dollar amount
in an injationary environment. The second quali...cation is a little trickier but probably not
too big a deal. The assumption in (1) is that spending takes place at the end of the period,
so the wealth relative W, /W;_; = 1+r, ¢, However, the actual timing depends on the local
convention. For example, if budgeted spending for the year is taken out of the endowment
and placed in a separate account at the beginning of the year, the wealth relative would be
(1 ¢)(1+mr). Calculation given other convention are straightforward but can be messy. For
example, if the spendingC, = ¢;W,;_4, is computed at the beginning of the year but taken
out in two parts, half at the start of the year and half in the middle, the wealth relative is
(1 ¢/2)(1+rT ¢/2)(1+ ), wherer!" is the return on the assets in the ..rst half of
the year and rﬁQ is the return in the second half. In general, we want to computelV,,, /W;.

2.2 Preserving Capital in Continuous Time

Assume the process for the reinvested stock price is governed by the usual lognormal process
solving,

0% = pdt + odZ, 4)
subject to some given initial stock price Sy, where ;x and o > 0 are constants, and” is a

standard Wiener process. Then similar results can be obtained in continuous time model.



Here the wealth dynamic follows
AW, /W, = pdt + odZ,
with spending rate c. Consequently,
Wy = Woelt=7/2-tto e, (5)

If the log return p 02/2 is larger than ¢, plim; .., W; = 1 , capital is preserved, while
if it is smaller than ¢, plim;_.., W; = 0, and capital is not preserved. The traditional result
failsif u  0?/2 < ¢ < pu. With equality, probably we would say capital is not preserved, but
that depends on what de...nition we use.

We can also look at this in terms of 1té5 lemma (and concavity of the logarithm because
of the second derivative in the It6 term)). We have that

2

dlog (W) = (= c)dt +0dZ, (6)

so the drift is positive if the coe¢ cient ofdt is positive. Only with a positive drift can the
capital be preserved. We summarize the results in the following Theorem.

Theorem 2 Given the endowment can invest in a risky asset continuously, the capital is

preserved if the expected log growth rate is larger than the spending rate, i.e., i 0%/2 > c.

3 Preserving Capital with Smooth Spending

Instead of making spending strictly proportional to the size of the endowment, it is common
to smooth spending using a moving-average (partial adjustment) rule to move from current
spending towards a spending target. Probably there is some economic sense to smoothing,
since a sudden decrease in a budget can cause distress, while a sudden increase can invite
waste. As a result, there are many endowments which are empolying some kinds of smooth
spending formulas. For instance, several universities in the UC system use smooth spending
policy: UC Berkeley, UC Irvine, and UC Santa Cruz plan to spend 4.5% of a twelve-quarter
(three year) moving average market value of the endowment pool. Another example: Grinnell
College Endowment states that endowment distribution is calculated as 4.0% of the 12-
guarter moving average endowment market value determined annually as of the December 31
immediately prior to the beginning of the ...scal year. Actually, according to the Commonfund
Benchmarks Study: Educational Endowment Report, 2005, 63 per cent of institutions in the



US report they employ either a three-year or 12-quarter moving average of market value as

a smoothing mechanism in their spending formula; 38 per cent use the three-year and 25 per
cent use a 12-quarter moving average (Also see page 112, Chapter 4, Acharya and Dimson
(2007)).

However, the moving average rule tends to destabilize the endowment. We illustrate this
with a riskless example for which an initial high spending rate sends the fund into a death
spiral’with the wealth going to zero for sure at a known ...nite time. Then we give a result
for risky iid returns. When stock returns are bad, wealth goes down but spending is slow to
adjust so the spending rate goes up. This pushes wealth down and at some point the fall in
wealth becomes unstable because the adjustment is not fast enough to keep the spending rate
from getting large as wealth (in the denominator) falls. Over time, this scenario will play
out sooner or later, with probability one the funds wealth will reach zero at some (random)
future time.

3.1 Benchmark: Traditional Moving Average Spending Rule with
Only A Riskless Bond

A traditional moving average spending rule assumes the dynamic of spending to Be
dCy = k (W,  C)dLt. (7)

We will assumer < r, which implies that the target spending rate would preserve capital,
so our policy has a ...ghting chance. If the endowment only invests in a riskless bond with
constant risk-free rate r, then the wealth process is given as

th = TWtdt Ctdt (8)
We have the following result.

Proposition 2  When the endowment invests in only the riskless asset, the moving average
spending rule does not preserve capital when the initial spending rate Co /Wy is sufficiently
high. Specifically, given the dynamic (7) and (8), wealth Wy reaches 0 at some (random)
finite time if Co/Wy is larger enough.

If the endowment starts with high spending under the moving average rule, capital will
be wiped out quickly. The intuition is that with a high initial spending, the wealth declines

40Often practitioners use a moving average rule, e.g., a 10-year average, in place of this autoregressive
rule, the distinction is not important for us.



dramatically. Decline in wealth is faster than decline in spending under moving average
rule, hence, the spend rate becomes increasingly higher and much higher then return of the
riskless investment. As a results, wealth converges to zero in a "death spiral”.

3.2 Traditional Moving Average Spending Rule with Only Risky
Asset

In practice, the portfolio choice is not often link to the current spending rate. Usually, the
portfolios in dicerent asset classes look ...xed or around ..xed. As a result, it is reasonable to
model that the endowment invest in a single risky asset with constant mean and variance.
Given the moving average spending rule still follows (7), if the endowment only invests in a
risky asset with price process following (4), then the wealth process is given as

th = Wt ([Ldt + UdZ) Ctdt = (Wt,u Ct) dt + WtO'dZ, (9)

so long as wealth as positive. Also assume that if’; reaches zero, then the endowment is
shut down and W, and C, are both zero forever afterwords if wealth reaches zero. We have
the following result.

Proposition 3 When the endowment invests in only a risky asset (9), the moving average
spending rule (7) cannot preserve capital and survival forever has zero probability, i.e., for
any initial positive wealth Wy and spending Cy, lim;_o, prob(W; = 0) = 1. In other words,

always reaches zero in finite time.

Sketch of proof: Given the dynamic of wealth and spending, we can write the dynamics of
wealth over spending (which is Markov). Then ...nd a function' of the variable 1V, /C, that is
a local martingale (by deriving the dynamics of F' using 1t65 Lemma, and set the drift term
of F' equal to zero). Note that F'(0) is ...nite andf’(1 ) =1 . ConsideredF'(W;/C;) stopped
at the ...rst time it reachesF'(0) or K (where K is chosen larger thanF'(W,/Cy)). This
is a bounded martingale, so it must converge over time, and since the volatility is positive
on the interior, it must converge to either F'(0) or K. The martingale condition gives the
probability that F'(1W;/C,) converges to the two boundaries. Computing the probability that
FW,/C;) ! F(0), and taking the limitas K !'1 gives us the results.

See the Appendix for the proof.

When wealth delines a lot over a short time, smoothed spending does not change much
but the wealth changes quickly so that the spending rate now exceeds the return on invest-
ments. This causes further decline in wealth. For a su¢ ciently large initial decline, the mean

9



reversion towards the target spending rate is too slow to overcome the current loss due to
spending too much. Luck might increase wealth enough to save the endowment from falling
to zero, but sooner or later we will encounter a large enough shock, without subsequent
ossetting good luck, that will pull wealth down to zero in .. .nite time.

3.3 A Smooth Spending Rule that Preserves Capital

The problem with the traditional mean reverting spending rule is that the endowment can
spending too much when wealth is low and, thus, target spending moves away more quickly
than spending can adjust and capital is not preserved. Hence, to keep the target within
a reasonable distance, we need to change the smoothing rule. To give the rule a ...ghting
chance, we assume the traget spending rate would preserve capital, i.¢., o2/2. We propose
the smooth spending rule which has potential to preserve capital as

2
dC; = C, (Fa (T log (%)) y % %) dt, (10)
t t

where the wealth process follows
We have the following theorem.

Theorem 3 The smooth spending rule given by (10) preserves capital in the sense that®

lim Pr (W, < Wy) =0,

t—o00

provided the parameters satisfy the following condition®

0.2

2
_ e +
u 5 >q0) [7’

However, if
o2 o?
" > exp {7’ + In

<0,

SDe.. nition (1) is not the only possible de...nition of preserving capital. A stronger de...nition can be
that at every state of nature, the wealth converges to positive in...nity as time evolves. In other words,
if we measure once a yeatr, e.g., in the end of every year, the wealth converges to positive in...nity almost
surely. Although with a stronger de.. nition, the proof is similar to the weaker version, but needs to apply a
functional limit theorem.

5The proof can be generalized to the case that giveBK > 0, limy; Pr(W; < K) = 0.
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then the smooth spending rule does not preserves capital, i.e.,

lim Pr (W, < Wp) = 1.

t—o00

Sketch of proof: Given the proposed dynamics of spending and the wealth dynamics, we can
derive the dynamic of log (C;/W;) by 1t65 Lemma, which turns out to be a Gaussian and
stationary process if assuming the starting point follow a speci...c distribution. Furthermore,
we can prove that C; /W, is a stationary and mean-square ergodic process by mean-square
ergodic theorem (Finite Autocovariance Time). Then turn to the expression of the wealth.
To prove the capital is preserved, we only need to prove fm; .., (log W;/Wy) = 1 | which
can be proved if dim;_.., (log W;/Wy) /t equals to a positive number. Note by the expres-
sion of wealth, (log W;/W,) /t can be written as the sum of the log growth rate of stock
u  o?/2, the time average of spending ratioC;/W;, and the time scaled Brownian mo-
tion. Given the ergodic properties of spending ratio, the time average of spending ratio
converges to the mean ofC; /W, with L. Finally, by Chebyshevs inequality, we can prove
that p lim;_. (log W;/W) /t = Q.

See the Appendix for the proof.

The condition (12) means that the log growth rate of the risk asset have to be larger
than the expected spending rate EC;/W;| = exp (T + 0%/ (4x)) . Note C;/W, is lognormally
distributed. This results carry quite similar intuitions as that in subsection 2.2.

Note the term u ¢%/2 in the drift of spending is the log growth rate of wealth from
investment, and term  C,/W, is the reduction in wealth from consumption. Recall the
spending rule preserving capital in the previous subsection requires that, /W, pu o2/2.
Hence, the smooth spending rule in (10) demonstrate that if the spending is too high, i.e.,
Cy/Wy  (u ¢%/2) 0, then reduction in spending at expected rate of decline in wealth
is needed to preserve capital. Moreover, the termx (7 log (C;/W;)) means that on top of
preservation of capital, the spending mean reverts to the contant target level.

Remark 2 (Knife-edge Case): It is a knife-edge case when the expected log return equals
to the expected spending rate. Since we never know when the knife-edge case is exactly true,
it s not an case of great interest. It is easy to find out that just like standard winner process
returns to initial value infinitely many times over an infinite horizon, the wealth reaches
the initial wealth infinitely many times in the knife-edge case. If defining preservation of
capital by returning to original value of wealth infinitely many times, this knife-edge case
can preserve capital. However, this is not a quite reasonable definition of preservation of

capital. Because as time evolves to infinity, most of the probability mass concentrates in the
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tails. As a result, as time t evolves, the probability that wealth is in an interval from 1/t
times initial wealth to t times initial wealth converges to zero. The wealth can be either above
the interval or below the interval. Conventionally, this is not consistent with the sprite of
preserving capital. Therefore, in most senses of preservation of capital, the knife-edge case

does not preserve capital over time.

Remark 3 (Definition of Preservation of Capital): In this paper, we do not have a
formal definition of preservation of capital. Basically, a formal definition does not matter,
since our results are consistent with any reasonable definitions of preservation of capital. For
example, one can define preservation of capital in a sense that for a sufficient large time,
the wealth is larger than the initial wealth, or wealth explodes to infinity as time evolves, or
wealth comes across the initial wealth many times. Our results remain established for all of
these definitions. On the other hand, it is also sufficient to say that capital is not persevered,

if wealth converges to zero over time.

4  General Condition for Preservation of Capital

The moving average spending rule in the previous section assumes continuity of underlying
parameters, e.g., constant volatility of stock return and constant return growth rate. In this
section, we provide a general condition of preservation of capital which allows stock return
growth, volatility, and the spending rate to follow numerous general type of processes.

4.1 General Condition

Assume the process for the reinvested stock price is governed by a lognormal process with
time-varying parameters solving,

d
% — wdt + 0,d7Z, (13)
t

subject to some given initial stock price Sy, where i, and o, are some general processes, and
Z is a standard Wiener process. Then the wealth dynamic follows

th = Wt (Mtdt + O'tdZ) Otdt = (Wt,ut Ct) dt + WtO'tdZ.

which implies that

t 1 t
Wy = Wyexp {/ (us —af cs) ds / UstS:| )
s=0 2 s=0
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Then the Theorem (3) can be easily generalized to a more general case as the following
theorem.

Theorem 4  Given some general stochastic processes of s, o2, and cg, and for 8s > 0,

R

os >0 and ¢y > 0, and the following limit exist

1 t 1 ¢
tlim ;E [/ (us 50? cs) ds / anZS}
0 s=0 s=0
1 t 1 t
lim —2Var [/ (us —03 cs) ds / anZS} =0.
t—oot s=0 2 s=0

then the spending process preserves capital in the sense that

B

Y

lim Pr (W, < Wy) =0,

t—o00

if B> 0. However, if B < 0, then the spending rule does not preserves capital, i.e.,

lim Pr (W, < Wp) = 1.

t—o00

Note the process ofu,, o2, and ¢, do not need to be each stationary and ergodic, as long
as the conditions are satis...ed. However, these conditions might not be easily utilized by
practitioners, since they are not explicit and simple enough. Hence, we provide some simple
conditions which are the special cases of the general condition and capture the basic prop-
erties growth rate, volatility, and spending rate in the real world, and obtian the following
corollary.

Corollary 1 Assume i, and o2 is covariance-stationary, and c, is ergodic, then
E[us  03/2] > Elel]
ensures preservation of capital.
Moreover, by the general condition, we can study some interesting cases: spending with

temporarily negative real risk-free rate and spending with stochastic volatility.

4.2 Preserving Capital with Temporarily Negative Real Risk-Free
Rate

These calculations by practitioners are done in real terms (as they should be). An interest
rate environment like the current one where infation exceeds the nominal rate is a special
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challenge. The endowment never preserve capital if the real risk-free rate is always negative.
For example, if investments in real riskless bonds are available but the local expectations
hypotheses holds, then given a little regularity, no strategy with non-negative spending will
preserve capital if the long-term expected short real interest rate is negative. However, under
some condition, capital can be persevered even the risk-free rate is temporarily negative.
This subsection models temporarily negative real rate and provides the conditions needed
for preserving capital by employing the results of Theorem (4).

Let the nominal interest rate r, modeled by some Ornstein-Uhlenbeck processes. Hence,

the stock price follows
dS;

S
where . is a constant infation rate and = is a constant risk premium. With a .. xed portfolio
0, the wealth process follows,

=(ry +m)dt+odZy,

th = (Tt L) Wtdt + Wt9 (O'dZt + Wdt) Ctdt,
= Wt ((Tt L+ 071') dt + QO'dZt) Ctdt

Employing the results in Theorem (4), we can obtain the following theorem:

Theorem 5  With a constant portfolio in stock, the endowment can preserve capital if

2.2

E [n L+ 0m } > E ¢, (14)

where the spending rate c is covariance-stationary process. If

2 2

2

E{rt L+ Om }<E[ct},

then capital is not preserved.

We can provide examples of spending rule with negative real interest rate, both rules
preserving capital and rules not preserving capital.

Example 3 (Successful preservation of capital with negative real rate): Let the
nominal interest rate follows a CIR model, i.e.,

dro=ag(b ) dt + 0" mdZ, (15)
where aq is a constant and b is the long-term mean. Let the spending rule be a moving
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average rule as

Ct 920'2 Ot
dCy = C, <Ii (7‘ log (W)) +r, 1+ 0m 5 Wt dt,

which, by the results in Theorem (3), implies that E[c;] = exp [T + 02/ (4k)] .

Given . = 4%, b = 4%, 7 = 5%, 0 = 15%, 0 = 0.8, 7 = 3.5 (with target rate of ¢ = 0.03,
i.e., 3.5 =1og(0.03)), and x = 1, then the real interest rate is zero, just quite similar to
real rate in the current ...nancial market. However, the spending still can be covered by a
high enough risk premium. Consequently, in a long horizon, the capital can be preserved.
For instance, suppose at a point of time, the infation rate is 4% and the real rate is 4%,
then given the risk premium is 5% and the endowment cannot cover a positive spending rate
with a negative return at this point. However, capital is still preserved since when during a
good time, say, real interest rate is 8% and, thus, the expected return of portfolio is 13%. If
the endowment still has the target spending rate, then capital is preserved. To sum up, the
point is that preservation of capital is not about a point of time, it is about the whole paths
of underlying dynamics. Finally, by applying Theorem (5), it is easy to see (14) is satis...ed,
since

62 2 2
b t+0n 7 exp {7’ + U—] = 0.0024,
4k
hence, capital is preserved.
Example 4 (Unsuccessful preservation of capital with negative real rate): Given

L = 6%, E[ry] =0, # = 5%, and o = 15%, then no choice of a ..xed portfoli@ can preserve
capital locally. Since even the portfolio which maximizes the growth rate of log wealth,
i.e., 0 = w/0? maximizing =  6%0?/2, can not preserve capital. Note according to (14) in
Theorem (5), we can calculate the expected log turn with highest growth rate:

0%02 2

—E[r] 1+ -—= = 0.004444,

E 0
[re] ¢+0rm 557

which is a negative number. However, expected spending cannot be negative. Hence, (14) is

not satis...ed, and capital is not preserved due to a too high expected infation and a too low

expected nominal interest rate. There are also good reason not to take on so much leverage.

If =0.8, and . = 3.5%, then capital is still not preserved, since Br;] +0r 60%c%/2 =
0.0022.

Example 5 (Preservation of capital by spending rule with stochastic volatility):

15



Assume the spending rate is given as an a¢ ne function of nominal interest rate, i.e.,
¢y = Co + Chry,

where r, is the nominal interest rate following the CIR model (15), with Cy > 0, and
0 < C; < 1. Therefore, the spending rate is covariance-stationary and always positive, and
we have

Elc) = Co + CLE [14] .

Given . = 4%, b = 4%, 7 = 5%, o = 15%, 0 = 0.8, Cy = 3%, and C; = 0.6, we have capital
preserved, since according to (14) in Theorem (5), we have

2 .2 2.2

b t+0n (Co+CiE[r]))=(1 C1)b 1+067

Cp = 0.0088.

Note it is possible that at some point, the nominal rate reaches zero, meanwhile, the
spending rate is positive. However, even this case happens, the endowment can still preserve
capital. Since, again, preservation of capital is not about several points of times, it is about
an in...nitely long horizon. Hence, even the expected log real rate of the assets can be less
than the spending rate when the interest rate is temporarily low, however, the turn of asset
can well covers the spending when interest rate is high. Consequently, capital is preserved.

5 Optimal Spending and Portfolio Choice with Smooth
Property

5.1 Preserving Capital by Setting Lower Bound of Ratio of Wealth
to Spending

By (5), we know that if we set a lower bound for the ratio of wealth to spending equals to
1/(u o?%/2),i.e., when the ratio reaches the bound, the endowment immediately reduces
spending to ensureW/C > 1/(u  02/2). Then no matter what kinds of dynamic that
spending C; follows, the spending rule always preserves capital. However, in the real world,
the endowment usually has motivation to spend as much as possible conditional on that the
capital is preserved. This motivates us to ...nd an optimal spending rule with a bound which
preserves capital and the bound of the ratio of wealth to spending can be as low as possible.
To address this question, we study the following model of optimal spending.
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5.2 Model of Optimal Spending Strategy

Model in the above subsections set exogenous lower bound of the ratio of wealth to spending
to ensure the preservation of capital. In this section, we propose a model which endogeneizes
two boundaries of the ratio of wealth to spending. Within the boundaries, the endowment
keeps the spending constant. As we will see, maximization of expected utility implies smooth
spending and the preservation of capital.

Consider the portfolio problem faced by the endowment which can possible invest in a
riskless asset and a single risky asset (a stock) whose price process evolves accordingtjo
The instantaneous riskless rate isr. To simplify interpretation later, we assume without
loss of generality that . > r, so that the risky asset is an attractive investment. Assume
an endowment has incentive to smooth spending, the problem of the endowment can be
described as follows.

Problem 1  Given the initial wealth Wy and initial spending Cy, choose adapted portfolio
t t

process {ét} _o and adapted spending process {C_’t} _o to mazimize the expected utility,
© (¢, o))" _ _
maxF / efptgdt ¢ / )d (C C*)l R‘
0,C’ t=0 1 R 1 R é/#o

st. dWy = rWidt + 0, (. 7)dt +o0dZ;) Cydt

where p is the pure rate of time preference, R is the constant relative risk aversion, and a is

the adjustment cost rate. It is assumed that n  r, p, o, C* and r are all positive.

Let
Ct = C_’t C*, al‘ld Wt = Wt C*/T’,

and thus
Ot:Ct+C*, and I/_[/t:Wt—f—C*/T,

hence the problem can be restated as

Problem 2 Given the initial wealth Wy and initial spending Cy, choose adapted portfolio
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process T6,0;°, and adapted spending process f Cg,°, to mazimize the expected utility,

maxE /ooe’)t G " dt - / ‘d017R|
6,C’ 0 1 R 1 R C'0 t

sit. dW, =rWydt +0,((u r)dt +odZ,) Cdt
=W+ Cdt+6,(p r)dt+odZ;) (Ci+C*)dt
=rWidt + 60, ((n  r)dt +o0dZ;) Cydt.
and W 0, fort O.

Note a positive C* ensure a reasonable sense of preservation of capital, since the wealth
has to be higher thanC*/r. If assuming wealth cannot fall to 70% of the initial wealth, we
can setC* = 0.7 Wyr such that C*/r = 0.7 W,. Moreover, by

O, ((n 7)dt+odZ)=0,((n r)dt+odZ,),

it is easy to see, the optimal portfolios in the two problems are identical.
Now we focus on the reformed problem. The value function satis...es the Bellman equation

Cct a ‘(
1 R 1 R

020>

2

1 R)C;dC| pV 4+ VedC +Viy (rwg+ 6, (w 1) Cp)+ Virw =0

The optimal strategy of consumption in the interior region is dC' = 0 and optimal portfolio
in stock is given as

g . rVw  E Vw
N 0'2 VWW N O'VWW
where x = £, thus we have
1-R 2 2
t K- Viv
T R oV + Vi (rWy  Cy) 2 Ve 0

we can simplify it by let w  W/C, and conjecture V (C, W) = C'~fv (w) . As a result, we

have
! @+ (w 1) T g
— pv(w)+ v, (rw —_—— =
1 R p 2 Uy

De.. ne the dual variable ag = v,, and, thus, we have

dv, dz 1
= Jza =J sz ww — = = = . 16
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With above transformations, we can rewrite the ODE with dual variable as

9 9 9 1
g2, 2 g (z —)

K222 K222 1 R

which is a Euler-Cauchy ODE. Solve for the ODE in dual, we achieve the following Propo-
sition.

Proposition 4 The dual function in (16) can be expressed as

— B1 B2
J(z) = C127 4+ Cyz +,0(1 R

where C7 and Cs are determined by the boundary conditions described below, and

(P D+4/(p 1)°+4q (p 1) /lp 1)°+4q
51 - 9 ’ 62 — 9 )
p:2(pﬁ2 r) q:i—i_

5.2.1 Boundaries for Ratio of Wealth to Spending

Assume the lower boundary and the upper boundary forw are w, and w* respectively. For
w < wy, the endowment decrease€’ immediately so that w = w,, i.e., move C to W/w..
Thus, the value function for the lower boundary (W, C;) is given as

(W a r (W'
\[ (Ct, Wt) —_— V <w_*7 Wt> 1 R (C (w_*> P

therefore, for w < ws,

For w > w,, the endowment increases” immediately so that w = w*, i.e., moveC to W/w*.
Thus, the value function for the upper boundary V (W;, C,) is given as

_ 14 a WA\
v =v () 1 ((5)" o)

therefore, forw > ws,




Moreover, outside the lower boundary we have
Vo= aC™ T,

while inside the boundary we have

Ve=(1 R)C v O
Note V- matches at the boundary, yielding

a=(1 R)v wa,.

Outside the upper boundary we haveV; = «C~#, matching yields

a=(1 R)v(Ww") wo,(Wwr).

Moreover, matching V¢ give rise to  wv,,, = Rv,,. For the optimal upper boundary and the
optimal lower boundary, we need to determinez* = v, (w*) and z, = v, (w.) respectively.
We can obtain analytical expressions forC; and Cs as functions of z* and z,. Substitute C}
and C, into the smooth pasting conditions, we can solve for the optimal boundaries* and
z, numerically.

5.2.2 Numerical lllustrations

Boundaries of Spending With the following parameters ;= 0.1,0 = 0.2, R = 3,r =
0.01, Wy = 1, and p = 0.01, we plot the lower boundary of spendingC, = 1/w* () and the
higher boundary of spendingC* = 1/w, (+) as function of the rate of adjustment costa.
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Figure 1: Boundaries of Spending. Lower boundary of spending and the higher boundary
of spending are plotted as function of the rate of adjustment cost

Figure 1 shows that as the adjustment cost rate increases, the interior of the boundaries
become wider. Intuitively, the higher cost of adjustment gives rise to a lower frequency of
adjusting spending level.

With the following parameters a« = 0.01,0 = 0.2, R = 3, = 0.01, Wy =1, and p = 0.01
we plot the lower boundary of spendingC, = 1/w* () and the higher boundary of spending
C* = 1/w, (+) as function of the growth rate of stock . The right ...gure plots the lower
boundary of spendingC, = 1/&* () and the higher boundary of spendingC* = 1/, (+) as
function of the growth rate of stock .
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Figure 2: Boundaries of Spending. Lower boundary of spending and the higher boundary
of spending are plotted as function of the drift of stock return.

Figure 2 shows that as the drift of stock return increases, the interior of the boundaries
become wider. Moreover, both boundaries increases indicating that the endowment tends
to increases the spending level. Intuitively, it is optimal to spend more when growth rate of
stock return is higher.

Simulation of Wealth Process and Smoothed Spending We simulate the wealth
process for many times and ...nd the simulated optimal spending strategy do preserve capital
in a sense thatW, > 0 in problem 1 and, hence,WW, > C*/r in problem 2. This result
con..rms that expected utility maximization implies smooth spending and the preservation
of capital. See the detailed description of algorithm of simulation in the Appendix.

We simulate the wealth process for 300 times with an initial wealth 1 at time 0, we
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...nd all of the simulated terminal wealth at year 100 are positive {l; > 0). Note when
simulating, we use following parameterses = 0.2,0 = 0.2, R =3,r = 0.01, Wy =1, T' = 100,
and p = 0.01. Furthermore, we set the program to ensure that once wealth reaches zero, the
simulation is terminated. The complete 300 simulations means wealth is always preserved
during the simulation. (Note to ensure the quality of simulation, dt = T'/N have to be small
enough, e.g., assigninglt = 100/100000 in simulations can be acceptable.)

The following ...gure shows one of the simulated wealth proce$k;. The wealth process

in Problem 1 can be obtained by swifting the wealth process in Problem 2 upward byC* /r
sinceW, = W, + C*/r.

250

Wealth

Year

Figure 3: Simulated Wealth Process

The wealth of the endowment tends increase as time evolves and leads to preservation
of capital. The following ...gure shows one of the simulated spending process. The spending
process in Problem 1 can be obtained by swifting the spending process in Problem 2 upward
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by C* sinceC, = C, + C*.

Spending

Year

Figure 4. Simulated Spending Process

The spending also tends to increase as time evolves. Moreover, spending is smoothed,
especially compared with the simulated wealth process. The following ...gure shows one of
the simulated process of the ratio of wealth to spending.
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Figure 5: Simulated Ratio of Wealth to Spending.

Note the ratio of wealth to spending is always betweenw, = 27.29 and w* = 35.27, which
help with smoothing spending.
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6 Conclusion

Two commonly used rules of thumb used for managing endowments that are supposed to
preserve capital actually do not preserve capital. Having a spending rate less than the
expected return on assets is not strong enough and is based on a fallacious application of
the law of large numbers. A correct analogous rule would take logs. We can think of an
approximate rule (correct for a lognormal world) that the spending rate has to be less than
the mean return on the portfolio minus half the variance.

The second rule of thumb that has problems is the use of a moving average rule to smooth
spending. This type of rule never preserves capital in a model where returns are random
and i.i.d. We provide alternative rules that smooths spending but in a way that preserves
capital for appropriate choice of parameter values.

We hope our results will help universities to do a better job managing their endowments.
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A Appendix: Proofs and Algorithms

A.1 Proof of Proposition 2

Proof. We can rewrite (7) and (8) as

W, W,
d =A dt
(Ot> <Ct) ’

where
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The above ODE can be solved by using an eigenvalue-eigenvector decompositionAf The
solution is given as

(Wt) = KMy + Kye ¢,
Cy

where \, < 0 < A; given by

are the two roots of the eigenvalue equationdet(A M) =0, and ¢; = (1,7 \;)". Note
that 0 <r A <7 Ao, sothatif Co/Wy >r Ay (Say after an unanticipated negative
shock to wealth), then K, > Wy and K; = W, K, < 0, so wealth goes to zero in ...nite
time and, thus, capital is not preserved in this case.ll

A.2 Proof of Proposition 3

Assume the dynamic of spending and wealth are given as

dCt =K (TWt Ot) dt,
th = Wt (,udt + O'dZ) Ctdt = (Wt/,l/ Ct) dt + WtO'dZ,
ie.,
t . Wip—Cy
{ dWlt = ﬁ/dtc—t O'dZ,
dCy _ k(TWi—Cy
T =" dt.
et Wi C (W, )
tH t KTV t
=7 = p=¢ and f=—"- "% =0
a Wt ) g f Ct y g )

let U =%, then by Ité5 lemma

%:(a f+9%) dt+bdZ.
Wt,u Ct R (TWt Ct)
= dt +odZ
< W, G e
Ct Wt
= — — | dt +odZ
<,u + K W, KT C, ) + ods,

W, W, < Cy Wt) W
dl — )| = — +Kr — kT— |dt+ —0odZ.
<Ct) A\ w, "o C,

Let F' be a function of the ratio %ﬁ,
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W, (W [W C, W, W, (W, /AN
F =F (=) |+ L —t —todZ|+=F —t) dt.
! (C) (@)[@ (’”“ W, “Tct)d”ct"d ]*2 <ct)("ct) dt

To make the drift F' equal to zero, F' has to satisfy that
Wt Wt Ct Wt
F'l—= | = — — | =
(@)CEO+K WiKTQ)

P(E) (et ()

hence

W, 2 w, C W
In F + k)1 —+— >+C
() - ((“ I, ) e

(W, C 4%
F(d)-exp[ (M+ff1n—+wi nré)%—C’o}

= exp C exp [ (u—l—/{ln%—k% m’%)}
W, G

= Crexp [ =~ ((p+ K) lna + W mr%)} , Where C) = exp Cy,

W 2 W, C; Wi Wi
Fl2t) = = In — 4+ —% t
<Ot) leexp{ = ((u+m)nct+wt Ct)]dCtJrCQ

and
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Ct
2 1
F (x) :Cl/exp { — <(u+/<;)ln:v+— /wx)] dx 4 Cy
o T
2 21 2
:C’l/exp — (p+r)nr -+ kT2 | dr+Cy
o2 otz o2
21 2
=C, /exp (lnx_ag(“ﬂ) —=+ i27_113) dx + Cy
o?r o
21 2
=] /exp (ln x_a%(’”“)) exp ——+ ﬂx dx + Cy
o2x o2
21 2
=C] /:p_fZ(’””) exp ( —= i;x) dx + Cy
o2x

Note F'(1 ) is explosive, i.e.,, F(1 ) = +1 is the upper bound of the value of F, F (0)
converges to some ...nite number and it is the lower bound @. Note F' is a martingale and
it is a increasing function of z.

As time converges to+1 , let the probability of converging to upper bound of +1 be
P,, let the probability of converging to lower bound of F' (0) be P, and we have

RF(0)+PF(1)=F (%),
P+ P,+ Py =1,
Py =0.

where P, denote the probability converge to any ...nite number which is larger thanF' (0) ,
and it is possible to proof that as time evolves to in...nity,F, = 0,, since the volatility of the
process is positive. Hence, we have

F(%) F1)
BF(0)+F(1) PZF(l):F(%)! P = (C°>
and P,! O0,and P! last!l .1

A.3 Proof of Theorem 3

Note the dynamic of spending and wealth are given as

aC = h () dt,whereh (G0) = Co (s (7 tog () G+n %),
{ AWy =W, (pdt +0dZ)  Cidt = (Wi Cy) dt + WiodZ,
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dCy _ h(%) dt,

Ct Ct
die — WCdt + odZ.
Let
h <%> Wip  C,
“=—c" b=0 and f:Tt’ =0,

let Uy = C;/W,, then by It6s lemma

dU; 2 2
— = dt dZ = dt dZ;.
g~ (@ fro)d gdz Ci W, o
Therefore,
Ch
Ot h <Wt> thu Ct 2 1 2
dl — | = dt dZ, —o“dt
0g (Wt) Ot Wt + 0o g t 20'
(%) w,
t tl Ot 1 2
= — dt dZ;.
Ot Wt + 20' g t

Simplifying the above equation, we obtain an Ornstein-Uhlenbeck process as

dlog (%) =K (7’ log (%)) dt odZ,,

t
log (%) = log (%) e " 41 (1 e_”t) oe "t /s:O e™dZ,.

Note log (C;/W;) is a Gaussian process, in particular, conditional orlog (Cy/W}). Assuming
log (Cy/Wp) has ...nite variance, then the mean and variance abg (C;/1;) follow

E [log (—Ottﬂ = (E [log (—CZ)D e (1 e,
C C o? _ ; e _ Co
1 s 1 ~t _ Y _—ks (K K K(s+t) 1 ~0 )
Cov{og( S), og( t)] —2/16 (e e )+e Var | log .

If assume
1o Co / ' ertdz
- | =7 o s
g Wo .

hence, the process ofog (C;/W;) is stationary with constant mean, variance, and autoco-
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variance as

E {log <%)_ =T,
Ct ] O'2
| —_ -
Varlog <Wt) 5
T 2
Cov {log (%) ,log <%) _ g_ﬁefn\t—s\'

As a result, C, /W, is log-normal distributed with mean, variance, and autocorrelation as

2
T+ —

0)7

4k

) e

d

&_
2

|-ew (
(2

2K

Note that the autocovariance depends only on the lagt
Cy/W, is also stationary.

We now prove it is a mean-square ergodic process.
stationary random processC;/W; is given as

0.2
—€

2K

1 o0
Tin =
' (exp (%) 1) exp (27’ + %) /0 (exp (

2
(exp (;—Ke_"'t_s) 1) exp (

W) 1) exp <27‘ + 7

2
21+ —

a>7

2K

2
21+ —

aﬁ) |

2

sj and not on time t. Therefore,

Note th@tegral time scale of the

)as

2

2K

1 o 2
ity (o (E) )
exp (5:)  1Jo 2K
Let
2 9 2 2
w=Teme 0y e ko—log (u) D wkdp=dlog [ u
2K o2 o? o?
2 2 1 1
I kdp=Go—dus)  kdp=—du=) dp=——du,
2K U KU
hence, we have
2 0 z
o0 U | 1 [ e 1
[ (oo (Ge) )ae= [ [T
0 2K 22 KU K Jo U
2K
Note T "
lim & — lim & =1,
u—0 U u—0 1



and (e* 1) /u strictly increases in u, hence,
“ 1 2 o2 2
1 —H(eﬁ 1), where0 u .
u o? 2K
Therefore,
2

et 1]
/26 du<l 2 Ty <1.
0 u

Hence, based on the Mean-Square Ergodic Theorem (Finite Autocovariance Time’ we have
that the processC; /W, is mean-square ergodic in the ...rst moment, i.e.,
1 [t O

lim —
t—oo =0 Wy

o2
ds = exp |:T—|——:| ,
4k

converges in squared mean. According to the properties of mean-square ergodic convergence,

we have
1 t : 2
1 [t C
lim Var |- *ds| = 0. 18
lim ar[t [ ] (18)

By the de..nition of preservation of capital, to prove the spending rule preserves capital,

we only need to prove

Wi
limlog—=1.
p lim log 77
Note ) ¢ o
Wi = Wy exp [(u %) t oZ; /s:[] VV‘:ds} ,

hence, we have

"Original proof of ergodic theorem was in Neumann (1932). It is based on the spectral decomposition
of unitary operators. Later a number of other proofs were published. The simplest is due to F. Riesz, see

Halmos (1956).
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According to the Chebyshevs inequality, we have for 8¢ > 0,

Var (1log
1 1 g
Pr(‘—log% E(—l Wt)' e> <t W°>.

t WO t 08 WO 62

Moreover, note
g O'2
Z; N (0,t), and ?Zt N(O,—),
and
1 [t C,

13 s=0 WS

hence, based on the results of (17) and (18), we have ad 1

g

2
ds !L2 exp [7’ + 4—] ,

K

)

2

1 2 2 1 2
E <—10g %> —u T exp |:T + Z—} . and Var <—10g %> _7
K

t W() t WO

Then according (20), we have ag ! 1

?

1 2 2
Pr(‘;log% (u % exp[T—FZ—R])‘ e) 0.

Since probability cannot be negative, hence, we have as! 1 | for 8¢ > 0

1 2 2
Pr<‘¥10g% <,u % exp[T—l-Z—li])‘ 6):0.

Therefore, according to the de...nition of convergence in probability, we have

T 1 | W, o? i o?
im | —log — | = — exp|T+—]|.
e W W o P 4K

By the condition (12)

>0,

hence, we have
) W )
ptlirglo (log Wt) =19 tlirono Pr (W, < Wy) =0.

Given
<0,

we have W
p lim (log —t) =1 29 limPr(W,<W) =1,
t—o0 WO

t—o0

(19)



which completes the proof.

A.4 Proof of Theorem 4

By the de...nition of preservation of capital, to prove the spending rule preserves capital, we
only need to prove

W,
limlog— =1 .
P 8 W,
Note

th = Wt (Mtdt + O'tdZ) Ctdt = (Wt,ut Ct) dt + WtO'tdZ,

t 1 t
W, = Wyexp {/ (Ms —U? cs> ds / astS} .
s=0 2 s=0
hence, we have

W, /t ( 1, ) /t
log — = s =0, Cs]ds osdZ
gVVO s=0 s 2 s=0

1, W, 1 /[ I 1
pum— —]_ —_— = — s —_ S d - SdZS‘
) £ 08 Wo ¢ /s:() (M 2% ¢ ) . /szog

According to the Chebyshevs inequality, we have for 8¢ > 0,

\V/ oo Wt
(et p(oei) ) R

W() WO € 2

implies that

and based on the assumption about the expectation that, ag'!1 |,

1. W [ 1, 1
E(-log— | =E |- - ds = dZ
( o WO> [75 /s:o (NS 27 Cs) ’ t/s:oas ’
E 1/t L2 ds|! B>0
= — s =0, Cs S| ! ,
13 s=0 s 2

t
E [/ astS} =0
s=0

Moreover, we have the assumption about the variance that, ag!'1 |

1 W, 1 t 1, ¢
Var |- log —| = —=Var s = s | d Az 1 0.
|:t o8 W0:| t2 |:/s:0 (HJ 208 ¢ ) ’ /s:O 7

sinceast!1 |
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Therefore, we have ag ! 1

1
Pr <‘glog% B' e> 0.
Since probability cannot be negative, hence, we have as! 1
1 W,
Pr(|-log— B =0.
r (‘ " og o ' e) 0
Therefore, according to the de...nition of convergence in probability, we have

. . W

By the condition (12), if B > 0,hence, we have

Wi
lim (log — | =1
p i (1o )

Given B < 0,we have

W,
li log— | =1
ptfi(ogwo)

which completes the proof.

, for 8¢ > 0

) tlirglo Pr (W, < Wp) = 0.

)

lim Pr (W, < Wy) =1,

t—o0

A.5 Derivations of HIB Equation, Dual Function, and Smooth
Pasting Conditions

Let

' —pt Ctl_R a 1-R o
M /So_ep <1 1 gl )DdHepV(Wta@),
thus, we have

1-R 1
dM, = e " cht I - 7 |d (C/T) \) dt +VodCdt  pVdt + VipdW + S Vivw (dW;)?

According to the Martingale Principle of Optimal Control, M, is martingale gives
EldM,) CF%  a R
g 1 ! 7 1T T |d(C/7)| pV+VedC+Viy (rw, + 6, (1

292
U2tVWW:O

r)  Cy)+
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Ccr a a 0202
1 R 1 R 2
The optimal strategy of consumption in the interior region is dC' = 0 and optimal portfolio
in stock is given as

R)CyRAC|  pV 4+ VedC + Viy (rwg + 6, (n 7)) Cp)+ Vivw = 0

g . rWw K Vw
02 VWW o VWW
where k = £~ thus we have
C1-R 0202
ltR pV + Vi Wi+ 0 (n 1) C) + 2tVWW:0
1-R 2 2 202
| wor Vy wor Vii 0°0; B
TR pV + Viy (rWt o Vo (w 1) Ct> + ( p= ) T— Viww =0
CtliR VW lig V2
V+ Vi (W, K Ci)+—=—-"=0
1 R p e " VWW ) 2 VWW
cit k* Vid

we can simplify it by let w  W/C, and conjecture V (C, W) = C'~fv (w) . As a result, we
have

R0V (w) Jw _
_ 1R oW _ ~-R
VW =C w  OW C Vs
1 g Ov,(w) 0w g
VWW - CC Vw O OW =C Vww,s
Jv 0 W
Ve=(1 R)CRu+ Cl_Ra_Z% =1 RC
Substitute into the above equation, we have
1-R /432 V2
S VA W O EVWWW ~0
CiR K2 (C ")’
1t— pcfl*RU ((,u) -+ CiRUw (TWt Ct) ? é_l_szw =0
c 1-R 1-R Wi 2O
T R pC " (w) + C o, T 1 Ca =0
1 K? V2
1 & pv (W) + v, (rw 1) 7@—0
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A.5.1 Dual Approach
De.. ne the dual variable ag = v,, and, thus, we have

dv dz 1
= 2 e P ow = d == = . 21
w J., v=J =zJ, v o dl ) 7. (22)

With above transformations, we can rewrite the ODE with dual variable as

1 K2 22
TR P (J ZJZ) + z (7“(,4.) 1) E Jl =0 0
Lo sl ad) 4 — 0y
R P zJ,)  z(rd, g% e =
L J+ pzJ J +K2 2J.. =00
TR P pedy rady 2t 2 =
H—QQJ + ( Yzd, pd = Lo
g ¥ dut o r)2e pJ=2
2(p 1) 2p 2 1
J.. J, J = —_—
* K2z K222 K222 ‘ 1 R

which is a Euler-Cauchy ODE.

A.5.2 Solving for Linear Second Order ODE in Dual

All possible solutions to a linear second-order ODE can be obtained from two linearly in-
dependent solutions to the homogeneous problem and any particular solution. Hence, the
procedure for solving linear second-order ODE has two steps. First, ...nd the general solu-
tion of a homogeneous problem and, second, ...nd a particular solution of a nonhomogeneous
problem. We ..rst solve for the following homogeneous problem:

2(p 1) 2p
* K2z K222
Note it is the Euler-Cauchy ODE: let
2 2
p=20 1) angg- 2
K K

thus the characteristic polynomial equation of the ODE is
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Thus, the two roots are

(P D+4/(p 1)°+4q (p 1) /lp 1)°+4q

pr = 5 , and B, = 5

Since it is a maximizing problem, we havel” is increasing and concave and, thus}y, =
C By, >0=) z=uw,>0. Therefore, J; (z) = 2/ and J, (z) = 2" are linearly independent
solutions to the original ODE and the general solution to the ODE is:

JH (2) = Cljl (2) + CQJQ (Z) = 012”81 + CQZB2,

and we will determine the constant C; and Cs in the following subsections of boundary
conditions.
We now ...nd a particular solution of the nonhomogeneous problem:

9 9 9 1
g2y 2 g (z —)

K222 K222 1 R

The particular solution is any solution of the honhomogeneous problem and is denoted
J, (z). Variation of parameters is a method for computing a particular solution to the
nonhomogeneous linear second-order ODE, we will employ the approach.

Particular Solution First let

2 1
f<z):r<;222 <Z 1 R)’

and the Wronskian g (z), is de...ned by

9(2) = N (2) Jy(2)  Ja(2) Sy (2) = (B2 Bu) 270,

then the particular solution is given by

Jp(z)= L (Z)/%dz—kjg (z)/%dz

2 1 2 1
Zﬁl/ ZBQHQZQ (Z ﬁ) dZ‘i‘ZﬁQ/ (Zﬂlm (Z ﬁ) dz

(52 51> B2+p1—1 Ba 51> 2B2+p1—1

= Z’Bl/ 2(Z ﬁ) dz—}—zﬁ?/ 2(Z ﬁ%) dz

K222 (By 1) 2Pt k222 (By  fr) 2Pt
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2 | : w L [7 T
- 2 (52 51) Zﬁl/ 2,8111Rd2+z/8 / ZﬁzlﬂRd'Z]
_ 2 [ (f mmdz 5 [ mrd2)
D) | 2 ([ FEdr 25 [ medz)
_ 2 [ A ([2Prdz L [ 24 Ddz)
K2 (B2 ) I +2P2 (fz P2z ﬁfz_w”l)dz)
B 2 i 2 1,15121_51 ﬁ%lf(ﬁllﬂ)zl_(ﬁlﬂ)
B K2 (ﬁQ 61) i +Zﬂ2 ﬁzl_@ ﬁmzl—(ﬁrf—l)
B 2 [z 1 i—i— z N 1 i}
k2B Bl Bl RB 1 B 1 Rp
el
CRk2(B B B 1 B I R\fB O
_ 2 _2(1 Bi) (1 fa) L L B 52}
k2B B1) L (1 B2)(1 ) 1 R B
_ 2 -z Ba B + L B 52}
2B B) [ (1 B)(1 Bi) 1 R Bp

_3( z 1 1 )
Cr2\(1 B B) 1 RBB)

Note
i+ 1)p ¢=0, and Br+(p 1)B2 ¢=0,
thus
i+ 1)Bi=05+pm 1)3) /i =@ 1)B B5H)
Br B2 B B
) p 1= (Ba+p5),
and
b= 1 (62 + 51) )

q=p2+p 1)pa=0 (Br+B2)B2= pife,
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therefore,

1 1 1 1

(1 B)(I p) 1 B Be+pBef 1 B 52+52ﬁ1:]) q
2 2

K K
2(p 1) 2p 2r

hence

b2 (s SERFEEYE -
: 2\ B)(1 Bi) 1 RpBef K? 2r 1 Rgq
2 1 k%2 zK? B 1 z
_?<ﬁ% 27)——,)(1 B v

Therefore, the general solution of the full nonhomogeneous problem is

z
J (Z) = Cljl (Z) + CQJQ (Z) + Jp (Z) = 01261 + 02252 + m ;
and thus
J, = C18127 71 + Ca B2
J.=Cifi(Br )22+ Coby (B 1) 2772 (22)
A.5.3 Boundaries for Ratio of Wealth to Spending
Value Functions and Smooth Pasting Conditions Assume the lower boundary and

the upper boundary for w are w, and w* respectively. Forw < w,, the endowment decreases
C' immediately so that w = w,, i.e., moveC to W/w,. Thus, the value function for the lower
boundary V\(W;, C;) is given as

Ay a n (W
v =v (L) (o (2)

() sl (©)7)




therefore, for w < ws,

viw) = (w%)l_R (U<w*>+ 1 aR) i

For w > w,, the endowment increases” immediately so that w = w*, i.e., moveC to W/w*.
Thus, the value function for the upper boundary V (W;, C;) is given as

am-v(tm) ()7 o)
(@) (e ) )

therefore, forw > w;,

v(w) = (%)IR (“(”*) 1 GR) 1 aR'
Moreover, outside the lower boundary we have
Vo= aC™ T,
while inside the boundary we have
Vo=(1 R)C v C’_Rng.

Note V- matches at the boundary, yielding

aCF=(1 R)C Ty C_R%vw
a=(1 R)v(wy) Wiy (wy).
100utside the upper boundary we havel; = aC—%, matching yields

a=(1 R)vWw") w'u,(w").
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Moreover, matching Vo give rise to

aCf=(1 R)C Ty CR%UW
Ow Ow
“R-1 _ ~R-1 -R ~R-2 ~R-1
RaC =(1 R) ( RC v+ C vw—ac) %% (( R 1)C v, +C Uw_@C)

=1 R)( RCT™"w wC™h,) W( R 1)C "%, wC )

that is
Ra=(1 R)( Rv wu,) W({( R 1)C7'v, wC luy,)
=(1 R)( Rv wv,) (( R DlDwuv, wu.w)
= R(1 R)v+2Rwu, + w’v,,
that is

R((1 R)vw*) wv, (w")

) R) v + 2Rwv, + w vy,
R(1  R)v+ Rw*v, (W)
0

(
(

Ru, + wu,

R(1
R(1

R) v + 2Rwv, + w v,

WU, = Ruy,
and this condition is identical for both boundaries.

Solve for Optimal Boundaries For the upper boundary, we need to determine the
Z* = Ve (W*) by
a=(1 R)v(w") wo(w)=(1 R)(J(z) 2°J.(2%)+2"J.(z"),
1 * 1
=1 R) (01 ()" 4 Oy ()2 + ——— %) + Rz* (0151 (21 4 Oy (%)% _> ’

r

WU, = Ruy, () J. (2*)=Rz"J,, (%)

(0151 ()" 4 oy () %) R (GG DET ARG 1)E)).
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For the lower boundary, we need to determine thez, = v, (w,) by

Jo(ze) _
T = Rz,.

{ a=(1 R)J(z)+ Rzl (z),

a = (1 R) (Cl (Z*)ﬁl + 02 (Z*)/Bz + p(llfR) %) + RZ* (Clﬁl (Z*)ﬁl_l —+ 0262 (Z*)52—1 % 7
(0151 (z*)ﬂl—l —+ 0252 (2*)52_1 % = Rz, (Clﬁl (61 1) (z*)ﬁl—Q + 0252 (62 1) (Z*)ﬁQ_Q ’

then we obtain the equations

¢

a=(1 R (CE+GE gy )R (CRET HGRENT L)
C161 (Z*)ﬂrl + Cs35 (Z*)ﬂr1 %) = Rz* <C’161 (61 1) (z’")ﬁr2 + B (B 1) (z*)5272>
a=(1 R)C, (Z*)ﬁl +(1 R)C (z*)ﬁ"’ 4 LR (1—R)z.
+C1 Rz (Z*>61_1 + Cy Rz, 35 (Z*)62_
\ ARz LR g4 B2 = (1 R4 RB) ()" Cit (I R+RBy)(2)* O

We can obtain analytical expressions forC; and C5 as

P i L
! (Ba—PO(=F+RENEIT .
Oy = 2B RADE )0 5 (Bh - RADS () (B et ) B2

(RB2—R+1)B2(z:)"2  — (RB2a—R+1)B2(2.)"2 (B2—P1)(1—R+Rp1)(24)"1

Substitute ¢, and C; into

{ o= B)(QEHOE ity )+ R (GRET 0GR ET ),
1

(CB )T+ L) =R (GAGB DETHOGREG D) E)?),

then we can solve forz* and z, numerically.

A.6 Algorithm of Simulation

Step 1. With the given parameters, we calculate the value of boundaries of the ratio of
wealth to spending, which are given asv, and w*.

Step 2. With assumed initial wealth W, let C* = Wy/w,, C. = Wy /w*, and assume the
initial spending Cy = (C* + C.) /2.

Step 3. Given wealth and spending at timet, i.e., W;, C}, solve the following equation for
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the dual variable z,

1
Wi/Cy= J. = (0151261_1 + Co ez ;) .

Step 4. With the solved dual variable z;, calculate the portfolio in stock by the following
formula,
r Vv ECUW kC

- = = _Ztt]zz
VWW 0 Uypw

- % (CiBr (Br 1)+ oy (B 1) 2771

Ht: a

o2

Step 5. With the wealth invested in stock, we can obtain the change in wealth according to
th = thdt + et ((/,l/ T) dt + O'dZt) Ctdt,

and obtain W,,;, = W, + dW,.

Step 6. If wealth at time ¢t + 1, W,,; 0, terminate program. If W,.; > 0, calculate
C*(t+1) =W/ ws, Ci (t+ 1) = Wi Jw*.

Step 7. fC.(t+1) C; C*(t+1), then spending attimet+ 1, C;.; = C,. If Cy <
Ci(t+1),then Coy =C (t+1). If C*(t+1) < Cy, then Crypy = C* (L +1).

Step 8. With wealth and spending at time ¢ + 1, turn to step 2.

Step 9. When terminal date is reached, terminate the program.
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