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Abstract

Information asymmetries and trading costs, in a financial market model with dy-
namic information, generate a self-exciting equilibrium price process with stochas-
tic volatility, even if news have constant volatility. Intuitively, new (constant
volatility) information is released to the market at trading times that, due to
traders’ strategic choices, differ from calendar times. This generates an endoge-
nous stochastic time change between trading and calendar times, and stochastic
volatility of the price process in calendar time. In equilibrium: price volatility
is autocorrelated and is a non-linear function of number and volume of trades;
the relative informativeness of number and volume of trades depends on the data
sampling frequency; volatility, price quotes, tightness, depth, resilience, and trad-
ing activity, are jointly determined by information asymmetries and trading costs.
Our closed form solutions rationalize a large set of empirical evidence and provide
a natural laboratory for analyzing the equilibrium effects of a financial transaction
tax.

Keywords: Information Based Trading, Asymmetric Informations, Time Varying
Volatility, Liquidity, Trade Volume, Number of Trades, Stochastic Volatility, Tobin
Tax. JEL classification: G12, D82.

*We are grateful for helpful comments from the late Sudipto Bhattacharya, Bruno Bias, Alex Boula-
tov, Georgy Chabakauri, Mikhail Chernov, Pete Kyle, Dmitry Livdan, Thierry Foucault, Igor Makarov,
Anna Obizhaeva, Andreas Park, Marcel Rindisbacher, Ailsa Roell, Bart Taub, Kostas Zachariadis, Mi-
hail Zervos, and seminar participants at the London School of Economics, the 8" Bachelier Colloquium,
the Stochastic Calculus, Martingales and Financial Modeling conference, ICEF, and CEPR ESSFM at
Gerzensee, Adam Smith Asset Pricing conference. We thank the Economic and Social Research Council
(UK) [grant number: ES/K002309/1], and the Paul Woolley Centre, for their financial support.

tDepartment of Mathematics and SRC, London School of Economics, Houghton Street, London
WC2A 2AE, United Kingdom, e-mail: a.danilova@lse.ac.uk, http://personal.lse.ac.uk/danilova/

fDepartment of Finance, FMG, and SRC, London School of Economics, Houghton Street, London
WC2A 2AE, United Kingdom, e-mail: C.Julliard@lse.ac.uk, http://personal.lse.ac.uk/julliard/



1 Introduction

The recent financial turmoil has renewed the academic interest in understanding whether,
and how, financial risk is endogenously generated in the marketplace. Moreover, poli-
cies intended to reduce financial market volatility, and possibly increase market liquidity,
have come to the forefront of the economic and political discourse. In particular, in the
form of a financial transaction tax — aka a Tobin tax — as a device for “throwing sand in
the wheels” of the financial market. We contribute to this discourse by developing a (dy-
namic) equilibrium theory of financial market volatility, liquidity, and trading activity,
in which stochastic volatility is endogenously generated (even if economic fundamen-
tals and information flows have constant variance) by the strategic interaction of agents
endowed with different information about the fundamental value of a financial asset.

In the (noisy rational expectation) equilibrium setting we consider, volatility, lig-
uidity (in terms of tightness, depth, and resilience), trading activity (in terms of both
volume and time duration between transactions), and price quotes, are all jointly de-
termined by the degree of asymmetric information and trading frictions on the market.
Moreover, the equilibrium price process of the traded risky assets is characterised by
self-exciting dynamics even though fundamental values are not.

Our model provides micro foundations for a large set of financial markets empirical
regularities such as: a) the presence of time varying, and clustering, volatility for the
price of risky assets; b) a large set of stylised facts on the link between return volatility
and market volume, as well as between volatility and number of trades; ¢) the evidence
that market volatility is increasing, and liquidity decreasing, in the degree of trading
costs and adverse selection; d) the contemporaneous occurrence of volatility spikes and
liquidity dry-ups; e) the empirical link between frequency of trading activity, price im-
pact of trades, and the dynamics of price adjustments to new information releases.!

We consider an asymmetric information sequential trading framework a la Glosten
and Milgrom (1985) (see also e.g. Easley and O’Hara (1987), Glosten (1989), Brunner-
meier and Pedersen (2009)), with several additional novel, and salient, features. First,
we allow for the endogenous determination of the volume of trade by considering a (com-
petitive) market maker that can post a complete price schedule as a function of the order
size of each trader’s demand. In this formulation, the market maker can be thought of

as representing the total limit order book of the market.?

!See e.g. Gallant, Rossi, and Tauchen (1992), Jones, Kaul, and Lipson (1994), Ané and Geman
(2000), Benston and Hagerman (1974), Amihud and Mendelson (1989), Keim and Madhavan (1996),
Loeb (1983), Kavajecz (1999), Umlauf (1993), Hiemstra and Jones (1994), Andersen (1996), Chan and
Fong (2000), Hausman, Lo, and MacKinlay (1992), Farmer and Lillo (2004), Dufour and Engle (2000),
Jones and Seguin (1997).

2Technically, our market maker posts the average prices per share for a given order size, rather than
the marginal share price as a limit order trader & la Glosten (1994) would. Nevertheless, there is a one to
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Second, we let (informed, and less informed — aka “noisy”) traders to freely choose
whether and how much to trade with the market maker. Third, we consider both dy-
namic information and trade frictions (the latter in the form of a proportional trading
cost i.e. analogous to a financial transaction tax and/or an order processing cost).
Fourth, we relax the canonical sequential trading assumption of financial markets be-
ing observed at discrete exogenous intervals by considering a limiting market in which
the potential traders arrival rate goes to infinity, hence approximating a continuously
observed financial market, but with trading activity still happening at discrete — endoge-
nously determined, yet stochastic — points in time, as in real world markets. Fifth, we
characterise the equilibrium dynamics of the price process in both trade and calendar
time scales, and at several frequencies (the tick-by-tick, medium, low and ultra-low fre-
quencies), by developing a novel approach that relies on the asymptotic characterisation
of the equilibrium market dynamics sampled at different frequencies and on different
time scales.

In the market we consider, two assets are traded: a riskless security, and a risky one
with final payoff determined by the terminal value of a continuous stochastic process.
The market is populated by three types of agents. First a (risk neutral) specialist dealer
(market maker) that, at any point in time, can post a complete price schedule (for
any order size) at which she stands ready to trade the risky security. The specialist
does not observe directly the stochastic process driving the fundamental value of the
assets, and has to infer it from the history of prices, numbers, and volume of trade.
Second, there is a continuum with unit mass of (market order) potential traders that
sequentially arrive to the market according to a weakly exogenous stochastic counting
process® (characterised by an arrival intensity parameter that we will be sending to
infinity in order to approximate a continuously observed market). The (risk neutral)
market order potential traders are of two types. A fraction ¢ of them is of the uninformed
(noisy trader) type, while 1 —q of them observe directly the continuous stochastic process

determining the fundamental value of the risky asset.* Note that, albeit the fraction

one correspondence between the schedule of average prices and marginal prices. Moreover, one can show
that introducing limit order traders in our specialist market would not change the equilibrium average
price per share as long as i) all agents are allowed to condition on the information they receive when
their order is executed (i.e. price schedules satisfy the no ex post regret principle), and #¢) competitions
between complete limit order books is allowed (e.g. as in the case of competition among distinct trading
venues).

3We require the arrival process to be independent only conditional on the information revealed
by the last trade, i.e. we require only weak exogeneity of the arrival process rather than the strong
exogeneity (or process independence) commonly assumed in sequential trading models. This implies
that, in principle, the arrival process could depend on the past trading history.

4Note that the assumption that informed traders perfectly observe the fundamental is imposed
only to simplify exposition, and bears no consequences on our main results. Indeed, if informed were
to observe a (suitably modeled) noisy signal, we could replace the fundamental value process with
the informed traders best estimate and our results would remain valid. That is, in our setting the



of types of potential traders is exogenous, both number and proportion of informed
and uninformed trades is endogenously determined in equilibrium (and stochastic). The
share of uninformed potential traders, as well as agents’ preferences and all the past
history of trade price, time, and volume, are common knowledge.

Upon arrival, a trader observes the price schedule posted by the market maker and,
based on her valuation of the asset, decides whether to trade, and how much, at the
posted prices. If a trade occurs, the market maker updates her valuation of the asset
based on the information that can be inferred from the market order posted by the
last trader (i.e. the trader’s valuation and the posterior probability of her being of the
informed type) and, consequently, she updates the bid and ask pricing schedules. Like
in real world markets, the market maker observes the trader’s arrival if and only if the
trader decides to trade (i.e. she does not observe directly the arrival process) and does
not know whether a trader is of the informed or noisy type (hence she has to form
posterior beliefs about the trader’s type).

In order to introduce a trading friction in this market, we assume that a (small)
proportional trading cost is associated with each trade (as e.g. in Stambaugh (2014)).
Without loss of generality, we assume that this trading cost is incurred by the market
maker. Alternatively, we could have modelled the friction in the form of a minimum order
size, and this would have preserved all the key equilibrium mechanics. Nevertheless, the
proportional trade cost formulation has two important advantages. First, it is analogous
to a Tobin Tax for financial transactions, hence it allows us to study the equilibrium
effect of such a tax. Second, it makes the theoretical predictions of our model comparable
with the empirical literature that has extensively modelled and estimated transaction
cost specifications of this form.

The presence of a trade friction is crucial in order to generate a bid-ask spread for
small orders: without such friction the limit of the ask and bid (equilibrium) price
functions, as the order size approaches zero, would be identical i.e. there would be no
bid-ask spread in the proximity of zero even though the market maker faces an adverse
selection problem when trading with informed traders.® Note that the equilibrium bid-
ask spread is, as one would expect, increasing in the degree of adverse selection faced by
the market maker. In turn, the bid-ask spread is crucial for endogenously generating time
varying volatility. The reason behind this mechanism is quite intuitive in our settings.
Prices are, in equilibrium, a mapping from the market maker’s valuation process of the
asset to the real line. Therefore, for asset returns to exibit heteroscedasticity, one needs

the conditional and unconditional distributions of information, revealed by the trading

fundamental process can be equivalently interpreted as the best estimate of the fundamental by the
informed traders.

°In Glosten and Milgrom (1985) the friction that, in the presence of adverse selection, generates the
bid-ask spread, is the assumption of a fixed order size for all trades.



activity, to be different. The bid-ask spread delivers this by generating an inertia region
for an informed trader since, whenever her valuation is within the bid-ask spread, she
optimally decides not to trade. As a consequence, the pool of information incorporated
into prices changes depending of whether informed agents are in the inertia region or
not.

The above implies that, changing the bid and ask price schedules, the market maker
changes the distribution of information incorporated into prices. Moreover, since the
market maker, upon receiving an order, never knows for certainty whether the trader is
informed or uninformed, her evaluation of the asset evolves gradually (and stochastically,
since it is “noised up” by both the noisy traders’ activity and the continuous processes
driving the fundamental value). This in turn generates an equilibrium price process that

is autocorrelated and that shows stochastic clustering of volatility.
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Figure 1: Market time scales.

A natural way of forming intuition about the equilibrium dynamics of the model is
to consider the three different time scales underlying our market. These are depicted in
Figure 1. The first (uppermost) time scale is the arrival time one, on which potential
traders arrive to the market and observe the price schedule posted by the market maker.
Upon arrival, based on their valuation and the current available price schedules, traders
decide whether to trade or not. Trades then occur sequentially on the trade time scale
(the middle one in the figure). If they decide to trade, agents reveal their own valuation of
the asset via the order size they post, and this information gets incorporated into prices
and into the updated bid and ask price schedules that the market maker posts. Note

that, on the trade time scale, prices are adapted to overall information process in the

4



market. Therefore, if there is no stochastic and clustering volatility in the fundamental
information process, there won’t be stochastic and clustering volatility on the trade time
scale. Nevertheless, on the calendar time scale, due to the traders’ endogenous decision
of whether to trade or not upon arrival, the price process will be a time change of the
process on the trade by trade time scale —i.e. price movements on the calendar time scale
are characterised by stochastic volatility, due to the clustering of information revealed
by the trading process.%

We show that, at the tick-by-tick (high) frequency, price movements and volatility
are driven (in a non-linear fashion) by the (equilibrium) volume of trade process. This
result is quite intuitive since, at very high frequency (i.e. trade by trade) the market
maker’s valuation update (hence the information that is incorporated into prices) is
driven by the order size posted by traders. Moreover, the link between price movements
and volume, as well as the closed form relationship between these quantities that we
obtain, are qualitatively (and potentially quantitatively) consistent with the empirical
findings of a large body of literature.”

Considering the sequence of market equilibria as the (possibly time varying) intensity
of traders’ arrival approaches infinity, we identify what we refer to as the medium fre-
quency equilibrium price process. This is the frequency at which the market is close to
being continuously observed by potential traders. Obviously, in the real world, this fre-
quency will be asset specific (e.g., in a given calendar time interval, blue chip stocks are
closer to being continuously observed by traders than a stock at the bottom of the NYSE
market capitalisation distribution), and will be driven by the stock specific characteristic
business time. More precisely, financial assets with the same level of transaction costs,
asymmetric information, fundamental volatility and drift will have the same equilibrium
price process distributions at medium frequency. Nevertheless, what this frequency will
correspond to in calendar time (hours, days, months, etc.) will be asset specific and will
depend upon the level of market attention dedicated to the assets.

At this medium frequency the trade by trade volatility is increasing in both the
level of transaction costs and the degree of adverse selection faced by the market maker.
This is due to the fact that, as these market frictions increase, market tightness and

resilience reduce. The first effect reduces the amount of trading (via reduced liquidity

SFor the representation of a price process with stochastic volatility via time change (aka time defor-
mation) see e.g. Mandelbrot and Taylor (1967), Clark (1973), Tauchen and Pitts (1983), Yor, Madan,
and Geman (2002), Andersen, Bollerslev, and Dobrev (2007).

"See e.g. Gallant, Rossi, and Tauchen (1992) that, using a non linear specification, find a strong link
between volume of trade and price movements, as well as Farmer and Lillo (2004) and Farmer, Lillo,
and Mantegna (2003), that identify a log-linear relationship between gross price growth and changes
in volume, and Potters and Bouchaud (2003), that identify a log-log relationship between gross price
growth and volume changes. We show that in our framework all these relationships between price
growth and volume can arise in equilibrium depending on the market’s fundamental characteristics.



and increased no trade region) while the second makes large departures from fundamental
values more likely and persistent. These effects imply that, when informed traders choose
to trade, price corrections are more severe. From a Tobin Tax perspective, this result
implies that such a tax: a) increases trade by trade variance overall, and its effect is more
severe in markets with a high level of adverse selection; b) reduces volatility in periods of
small shocks to the fundamental value (i.e. in tranquil times), since conditional on small
shocks the market will be more often in the no trade region; ¢) substantially increases
volatility in hectic periods i.e. when large shocks to fundamental values occur.

Even though, as our sequential framework approaches a continuously observed mar-
ket, the trade by trade volatility becomes constant, the calendar time scale volatility is
time varying in a stochastic manner. Intuitively, this is due to the fact that, as depicted
in Figure 1, trades in the calendar time scale are endogenously clustered. This intuition
is confirmed by our (asymptotic) closed form solution: we show that, at low frequency
(i.e. the frequency characterised by a large number of trades per time interval), the
stochastic volatility of the price process is driven by the number of trades process, and
this dependency is exactly of the type identified empirically by Ané and Geman (2000).

Our framework also delivers a (closed form) equilibrium characterisation of the
drivers of market liquidity in terms of tightness, deepness, and resilience. In particular,
we find that, as the degree of adverse selection increases, tightness is reduced, market
impact increases (for small order sizes), and departures of the price from the funda-
mental value are expected to last longer. Moreover, since volatility (on all time scales),
increases with adverse selection, our framework can rationalise the joint occurrence of
liquidity dry-ups and volatility spikes (as e.g. during the subprime crises).

Given the ability of our model to rationalise several salient features of asset price
dynamics — such as the empirical link between volatility and volume and number of
trades, the common dynamics of volatility and liquidity, as well as the relationship
between market frictions and trading activity — it constitutes a natural laboratory for
analysing the equilibrium effects of the introduction of a Tobin Tax. On this front,
we show that the introduction of a Tobin tax has strong effects on both volatility and
liquidity. In particular, our model predicts, as found in the empirical literature,® that
such a tax would substantially reduce liquidity (in terms of tightness and resilience),
increase volatility, and slow down the business clock of the market. Furthermore, these
effects are stronger in markets characterised by a high degree of adverse selection — i.e.
the effect of a Tobin Tax would be more dramatic in already illiquid and highly volatile
markets. Moreover, we show that such a tax would reduce volatility in “good times” (i.e.
when only small shocks to fundamental are realised) and increase volatility in “hectic

times” (i.e. when large fundamental shocks happen to occur).

8See e.g. Umlauf (1993), Jones, Kaul, and Lipson (1994), Jones and Seguin (1997), and Hau (2006).



More broadly, our work is also related to the large literature on information aggre-
gation in financial market and noisy rational expectation equilibria (see e.g. Grossman
and Stiglitz (1980), Hellwig (1980), Admati (1985), Kyle (1985), and Wang (1993, 1994),
Easley and O’Hara (1987, 2004), Back and Baruch (2004)). In particular, given our fo-
cus on the endogenous determinants of financial market volatility, liquidity and volume
of trade, our work is closely related to Collin-Dufresne and Fos (2012) (that extends the
Back (1992) continous time formulation of the Kyle (1985) model to allow for stochastic
volatility in the noise traders’ demand) and Atmaz and Basak (2015) (that, via belief
dispersion, endogenously generate excess volatility and a positive relationship between
stock returns and volume of trade). Given our equilibrium results for business time price
dynamics, our work is also connected to the empirical and theoretical work of Kyle and
Obizhaeva (2014), that in a less general setting than ours,” identify a set of invariant re-
lationships for asset prices when measured in business time. Nevertheless, in this paper
we characterized a much broader set of frequency and time scale specific price dynamics,
and we show that the invariant behaviours are determined by the level of asymmetric
information and order processing costs.

Furthermore, given our focus on the role of financial frictions and transaction taxes,
our work is closely connected, respectively, to Vayanos and Wang (2012), and Subrah-
manyam (1998) and Buss, Uppal, and Vilkov (2014).

The reminder of the paper is organised as follows. Section 2 introduces the trading
and information structure of the market, as well as the agents’ optimisation problems.
Section 3 solves for the market equilibrium and characterises the resulting properties of
the price schedule, the optimal trading behaviours, and the prices process on different
time scales and at various frequencies. In Section 4 we analyse the equilibrium proper-
ties of market liquidity, volatility, and trading activity, while Section 5 concludes. For
the reader’s convenience, a list of notations and a glossary are provided in Appendix
A.1, while additional proofs and technical results are reported in the reminder of the

Appendix.

2 Model Primitives

All random variables are defined on a filtered probability space (Q, F, (]:S)SST , IP) sat-
isfying the usual conditions. A remark about the notation used throughout the paper
is worth making at this point. Since we are dealing with three different time scales —

calendar time, number of arrival time, and number of trade time — processes need to be

9F.g, we do not assume linear price impact, nor a constant equilibrium fraction of informed trades,
and we allow for both optimal price setting and optimal timing of trade by all traders.



defined accordingly. For all processes we follow the convention that: i) upper case Latin
letters, such as X;, denote processes considered on the calendar time scale; ii) lower
case Latin letters, such as x;, denote processes considered on the number of arrivals
time scale, that is z; = Xp,, where 6; denotes the stopping time of the arrival process
(i.e. the i-th arrival time); iii) lower case Latin letters with ~superscript, such as Z;,
denote processes considered on the number of trade time scale, that is z; = X,,, where

7; denotes the stopping time of the trade process (i.e. the i-th trade time).

2.1 Market Structure

We consider a finite trading horizon 7. There are two assets: a riskless bond that yields
the instantaneous return normalized to zero, and a risky asset — a stock — with final
value given by e”” where D is the continuous log profit process of the firm and follows
the diffusion process

dD, = pdt + athd, Dy = const,

where W is a Brownian Motion with respect to (F;), and p and o are, respectively, the
drift and volatility parameters. Note that the framework considered in this paper can
be easily extended to allow for time varying p and o, and/or allow D to represent a best
estimate,? rather than the true process.

The risky asset is traded in a competitive specialist (“market maker”) market. The
trading structure is a sequential one as in Glosten and Milgrom (1985). Traders arrive
to the market and meet the specialist according to a stochastic counting process, NV,
with associated stopping times 6; = inf {¢ > 0: N; = i} where 6; is the time of the i-th
arrival. We assume that the total number of arrivals is finite, and that future arrivals

are independent from the past events.!! We will refer to this assumption as:
Al. Ny < oo as. and 0 {Ny,4+ — Ny,,t > 0} L Fy, for all 7.

When the trader arrives to the market at time 6;, she observes bid, By, (-), and ask,
Ay, (+), prices per share posted by the specialist. We allow the bid and ask prices per
share to depend on the order size (v). The specialist is allowed to change bid prices,
By (v™) (where v— € Ry is the sell order size) and ask prices, A; (v") (where v € R, is
the buy order size), at any point ezcept at the time at which the trader arrives. That
is, as in real markets, the ask and bid quotes posted by the market maker constitute a

non renegotiable trading commitment at the time at which traders decide to trade.

ONote that if D is meant to represent a best estimate, rather than the true process, one should set
pe = —02/2 so that e is a martingale.

L Additional assumptions on the N; process will be outlined later. For instance, a Poisson process
(with constant or time varying intensity) would satisfy these assumptions.



We assume that the market maker has to incur a (small) proportional order process-
ing cost for each transaction, §. That is, if at time ¢ the trader submitted the order to
buy vt (or order to sell v™~) then the market maker would receive v+ A; (v1) (1 — ) (or
spend the amount v~ B; (v™) (1 +9)).

After observing the posted bid and ask prices, the trader that arrived at time 6; has
to decide her order size, v;. Obviously, the trader can choose an order size of zero — in
which case no trade occurs, and the specialist does not observe the i-th arrival. That is,
as in the real world, the market maker will observe only the trades and not the arrivals of
traders per se. The cumulative number of realised trades by time ¢ defines the stochastic
counting process .

Ly = Z 1o, <tyn{vi 0}
i=1
where 1, is the indicator function defined over a set. We define the stopping time
associated with the number of trade process, L, as 7; = inf{t > 0: L, = ¢} — that is,
7; is the time of the i-th trade. Similarly, we define the cumulative volume of trade by

time t as

V=) wvilfpsn. (1)
=1

Let 9; indicate the order size of the i-th trade that is:'? o; = Z;; v;1{g,=r}- Since
trades always have to happen either at the bid price, B;, (+), or at the ask price, A, (+),

the price at which the i-th trade is executed is given by'?
pi = Ar, (07) 1g,50p + Br, (37) 1si<0}, (2)

since the trade has to occur either at the ask or at the bid price, and the price at time
t is given by
Py = Puax{iz1:m<ty Lr<ty + Pol{r >} (3)

Note that the above formulation of P, is needed to accommodate the case of no trades

before time ¢, and py is an equilibrium price that we will derive below.

2.2 Information Structure

Beside the specialist — the “market maker” — there are two types of traders: informed
ones and uninformed noisy traders. Jointly, informed and noisy traders constitute a
continuum with unit mass, and are assumed to act competitively. The informational

advantage of the first group is that it observes directly the D process.

2Note that V; = 77| 01 <4}
13Recall that, by definition, ¥; # 0.



To characterise the different information sets we introduce the following notation:
for any given process X, we denote by F* = o {X,, s <t} VN, where o{.} is the
sigma algebra generated by its argument, A is the set of P-null sets, and x V y indicates
the minimum sigma algebra generated by the union of x and y.

At time t all the agents observe: a) all the past history of market prices (that is the
filtration F/ generated by the price process P up to time t), and b) all the past history
of the cumulative volume (that is the filtration F} generated by the volume process V).
This implies that the cumulated number of trade at time ¢, L;, is also known to all the
market participant since it is equal to the number of jumps of {V;},_,. We denote this
common knowledge filtration as GM = FI' v FY, where we use the_superscript M to
denote the fact that ggM is also the information set of the specialist market maker.

For future convenience, we also define the market maker’s information set at the
time of the i-th trade: 7:1,5” = gi‘f. Note that through the paper we use the letter G
to denote information sets in calendar time, the letter H to denote information sets in
trading time, and H to denote information sets in the arrival time scale (i.e. H; = Gy,).

The trader who arrived at time 6; is of the (uninformed) noisy type (U) with prob-
ability ¢ and of the informed type (1) with probability 1 — q. We define the cumulative
number of informed and uninformed traders arrival processes (N! and NV) and associ-

ated stopping times as (0! and 0Y), respectively, as
NY =Y Vw<nnwy, 07 =inf{t>0: N =i}
i=1

and -
N/ =N, =N’ => 1ygcnnqy, 0 =inf{t>0: N/ =i}
i=1

where U; (I;) denotes the event of the time 6; trader being of the uninformed (informed)
type.l4

Since the informed trader also observes the process D, her information set upon
arrival (time 67) is H! = gg; , where G/ = GMV FPvo {6 Ns,s <t}, and A denotes
the minimal element.

The noisy traders demand is parametrized indirectly, through their information set.
In particular, we assume that, in addition to observing the market filtration GM at
time ¢, noisy traders receive a private signal S;. That is, upon arrival at time 6V,
the noisy trader receive the private signal s; = Segf and has therefore the information
set HY = g;é;" Vo {s;}, where G7* = GM v o {6Y A's,s <t}. This indirect modelling

of the noisy traders demand simplifies exposition because: a) since the market maker

M Obviously U; U I; = Q.

10



will, in equilibrium, filter the information of each trader’s demand, we are defining
the noisy traders demand in the relevant domain for the filtering problem (rather than
having to invert what a particular noisy demand schedule would imply in terms of
filtered information from the market maker point of view); b) as we will show below,
the requirement of noisy and informed traders’ demands being indistinguishable given
the market maker information set, can be very easily formulated using this indirect
modelling of the noise traders’” demand.

In what follows, we postulate that the following assumptions are satisfied:

A2. FYY FN and S, are conditionally independent given H;_; for all i, where H; = Gy,
gt - ./T';Y V ftN.

A3. I; is independent of FN°" v o (Uk) i

Ad. P(v; € C\Hi1, i, 0;) =P (v; € C|Hi1, Uiy 6;) for C € B(R), where B (R) denotes
the Borel o-algebra.
Remark 1 Note that H; is the o-algebra generated by {Uj};:o and {49]»};.:0.

Assumption A2 has the following implications. First, that — as typically assumed
in sequential trading models (see O’Hara (1995) for a discussion) — potential trader’s
arrival time is weakly exogenous and independent from movements in the fundamentals.
This, as in Glosten and Milgrom (1985), rules out a strategic timing of agents arrival
but, differently from them, does not rule out all other dimensions of strategic behavior
since the traders will be free to chose whether to trade or not and their order size. Note
also that the only restriction that Assumption A2 imposes on the arrival process is that
it should be conditionally independent — that is, it could in principle depend on the past
trading history (summarized by H;). Second, A2 implies that the signal received by
noisy traders does not carry more information about the fundamental than what could
be inferred from the current history of past order sizes and arrival times.

Informed traders can potentially benefit from any departures of the stock price from
the fundamental value, and so informed traders could decide to trade as much as possi-
ble — but such a behaviour would quickly reveal the information of the informed to the
market maker. Assumption A3 prevents this from happening by not allowing informed
traders to decide when to arrive to the market. This can be seen as imposing an equi-
librium behaviour, as the one studied in Easley and O’Hara (1987), in which informed
agents mimic uninformed agents behaviour to avoid detection.

Jointly, assumptions A2 and A3 guarantee that the actual population of traders that
the market maker faces is always the same as the potential population of traders, since

none of the traders can endogenously decide when to arrive to the market.
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Assumption A4 restricts the signal process received by uninformed traders. It im-
poses that the distribution of order size submitted by the investor (conditionally on
lagged information) is independent of the type of trader, therefore guaranteeing that
informed traders are inconspicuous, in the sense that they cannot be detected by the
market maker. This basically imposes a “pooled” equilibrium, as the one discussed
in Easley and O’Hara (1987), in which informed agents optimally decide to be pooled
together with the uninformed ones. We will show later that this is equivalent to the re-
quirement that the uninformed traders valuations of the assets do not excessively deviate
from the fundamental value of the asset.

Note that the above assumptions on the signal received by the uninformed investor
do not imply that these agents can only act in a purely noisy fashion. For example, it is
easy to show that a setting in which noisy traders receive a noisy estimate of D; would
satisfy the above assumptions.

We also assume that agents’ preferences, to be presented below, are common knowl-

edge.

2.3 Agents’ Preferences

2.3.1 Traders’ Preferences

The preferences of all agents are common knowledge. Since there is a continuum of
potential traders and the arrival process is (weakly) exogenous, upon arrival the con-
ditional probability of experiencing a second arrival is zero.!> Therefore, an agent that
arrives to the market at time 6; faces a basically static problem. Nevertheless, using the
standard utility maximisation approach, a closed form solution for the market equilib-
rium can be provided only under the assumption of risk neutrality. As a consequence,
as it is customary in the market microstructure models of information based trading, we
will assume that all agents are risk neutral.

Recall that the final payoff of holding v* shares is simply v*eP”. Assuming that
traders are risk neutral and that the inter-temporal discount factor is equal to the risk-
free interest and both are equal to zero,'® the expected utility from holding v+ shares

until time 7' for an agent of type k € {I,U} that arrived to the market at time 67 is
E [vtePr| 1] = vt 2f (4)

where zF is the expected utility from owning one stock for a type k trader. Moreover,

15This feature of our model mimicks Glosten and Milgrom (1985). For a study of potential price
manipulation via order splitting and repeated trades see e.g. Huberman and Stanzl (2004).

16 Generalizing our results to allow the inter-temporal discount and the risk-free rate to be non-zero
and different from each other is straightforward, we don’t do so in order to simplify the exposition.
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under the above assumptions, the expected utility from investing in the risk free asset

the amount needed to buy v* shares at time 6 is simply
v Age (vF) (5)

The expected utilities in equations (4) and (5) can be viewed as the outcome of two
alternative investment strategies — buying v™ stocks or investing v Ay (vT) in the risk
free asset. Since a similar expression is associated with sell orders, v~, the optimisation
problem of the agent of type k that arrives at time 0¥ can be expressed as

max vt [zf — Ape (v+)} +v” |:ng (v7) — zﬂ : (6)
vtw— i %
Note that in the above expression the first term refers to buying the stock while the
second refers to selling the stock. As we will show later, in equilibrium it will never be
optimal for the agent to choose both vt and v~ different from zero, that is the agent
will either buy, sell, or not trade.

For later usage, we define z; as the expected value of holding one share of the asset

for the agent that arrives at time 6;, that is
2= ys + Ly (7)

2.3.2 The Specialist’s Preferences

We complete the model assuming the presence of a specialist market maker. The mar-
ket maker faces a small proportional cost, d, to execute the orders placed by traders.
That is, if a trader at time ¢ submits the buying order v* at the posted ask price
A; (vT), the market maker will receive, upon completion of the transaction, the amount
vt A (vT) (1 — ). Similarly, for executing a selling order of size v~ the specialist would
face a cost of'T v™B; (v7) (1 + §). Assuming that it is the specialist that incurs a trans-
action cost is without loss of generality: we could have attributed the transaction cost
to the traders without changing the equilibrium dynamics of the model. The presence
of a small transaction cost is necessary to generate interesting dynamics since, in equi-
librium, this will generate a bid ask spread even in proximity of the zero order size,
that is lim, o A; (v) — limygo B (v) > 0. This implies that the weakly exogenous (and
unobservable) process of arrivals of traders, N, and the endogenous (and observable)
counting process of trades, L, will not necessarily coincide.

This also implies that, in a given time interval, the difference in number of arrivals

171t is straightforward, in our setting, to allow for a different (and time varying) transaction costs for
ask and bid orders. However, we focus on the constant symmetric cost case to simplify exposition.
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and trades will carry relevant information for the market maker. Nevertheless, the
market maker cannot observe N; nor, generally, infer it from the observed number of
trades. For example, if the exogenous arrival process is characterised by time varying
intensity, an observed increase in the number of trades can be attributed either to a) a
change in the intensity of the arrival process or to b) the fact that the market maker’s
estimate of the true value is incorrect and more informed traders choose to trade at the
posted prices. We therefore are in need of specifying the market marker’s prior beliefs
about the connection between N; and L;. We follow Glosten and Milgrom (1985) in
assuming that the market maker believes that N, = L, Vt.!** This choice makes the
problem tractable and has the advantage that, from the market maker’s point of view,
this belief is unfalsifiable under the assumption of unobservable time varying intensity of
the arrival process. This has the advantage of focusing the equilibrium market dynamic
on the market maker’s filtering of the agents information instead that on the filtering of
the arrival process. Note also that relaxing this assumption, beside making the problem
not analytically solvable in our general setting, would introduce a drift in the bid and
ask quotes, i.e. the bid-ask spread would be shrinking during times of no trade — a
feature not present in the data.

The market maker, as the traders, is risk neutral, implying that her utility from

owning one share of the stock until time 7T is
ZM =E [e"7| GM, N, = Ly . (8)

As in Glosten and Milgrom (1985), the specialist sets up bid and ask prices under a
zero utility gain constraint — that is, the market can be thought of as being populated
by a continuum of competitive (in Bertrand’s sense) market makers. This assumption
implies two restrictions of the market maker’s behaviour. First, as in a competitive
market, carrying out a trade at the posted price will not deliver a utility gain to the
specialist (in her filtration). Second, the specialist should not regret, ex post, having
executed the trade at the posted price. That is, if a trader submits an order of size v,
the market maker utility should not decrease after carrying out the order (i.e. we impose
a state by state no regret condition). More precisely, the time ¢ bid and ask prices, as a

function of the order size v, must satisfy the following conditions

(9)

v;=vt, 7=t

A () (1= 0) =3 Lmrsne ) E [P 7N, = Ln]
i=1

BFor a framework in which the market maker learns from the time between trades, and hence updates
quotes continuously, see Back and Baruch (2004). Nevertheless, in their setting the order size is constant.
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Bt (’Ui) (1 + 5) = Z 1{2':1_’_[%7} E eDT|’}:[:Z\/[7 NTz‘ = LTz]

i=1

(10)

V;=—v" ,T;=t

Note that in the above summations there is only one non zero value of the index func-
tion for any realisation of history, implying that these expressions are simple certainty

equivalence conditions that bid and ask prices must satisfy.

Remark 2 Since the market maker sets ask and bid as a function of the volume, and
the price of a transaction can only be at either the ask or the bid, we have that once the
volume, Vi, is observed, the transaction price has no residual information content. That
is GM = FY v FE, implying that the market common knowledge history up to the i-th
trade is given by 7:[5\4 =0 {{6};:0 , {Tj};:O}, i.e. it is determined by the history of order

sizes and times of trade.
Additionally, we impose the following regularity conditions on bid and ask functions:

C1. For a fixed v, the processes B (v~) and A (v*") are left continuous with right limits.

C2. Forafixedt, A; (vt) : Ry — R\ {0} is continuous, nondecreasing and lim,+ ., A;(vF) =

+00.

C3. Forafixedt, B, (v™) : Ry — R, is continuous, non increasing and lim,,- _,o, B;(v™) =
0.

C4. For a fixed ¢, A; (0) > B, (0) for all w € €.

C5. For any fixed ¢, A; (+) is continuously differentiable, and B (+) is continuously dif-
ferentiable on the set {v : B; (v) > 0}

C6. For a fixed t, vA; (v) is strictly convex, and vB, (v) is strictly concave on the set
{v: By (v) >0}

Condition C1 formalises the idea that, as in the real world, the specialist can change
the bid and ask functions at any point in time except at the time at which the trade
occurs. Condition C2 for the ask price implies that: i) the specialist will never dispose
of the assets for free; ii) the price per share at which the specialist will agree to sell will
not decrease in the order size; iii) the specialist will refuse to trade infinite quantities.
The first two implications are meant to match the real world ask price behaviour, while
the last one rules out degenerated cases. Condition C3 for the bid price per share is the
analog of condition C2 for the ask price. Condition C4 is a technical one, and is meant
to rule out the degenerate case of ask prices being below the bid price, while Condition

C) simply assumes that the bid and ask functions are sufficiently smooth. Condition C6
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ensures that the traders’ demand functions are uniquely determined by their valuations
(i.e. it ensures strict concavity of the traders’ objective function in equation (6)). This is
equivalent to imposing a single crossing condition for the demand and supply functions
of the asset.

Also, in order to avoid the degenerated case of no trade ever occurring due to a
systematically too large bid ask spread, we require the transaction cost ¢ to be sufficiently

small. In particular, we have the following condition.
A5. 6 € (0,q).

The connection, in the above condition, between the maximum size of the transaction
cost, 0, and the share of uninformed agents, ¢, is intuitive. The market maker will
make profits, on average, only when dealing with uninformed agents. Therefore, if
the transaction cost that the market maker faces is too large, relative to the share of
uninformed agents in the economy, it will not be optimal for her to trade and she will

choose an infinite bid ask spread.

3 Market Equilibrium

3.1 Existence and uniqueness of the equilibrium

In what follows we prove existence and uniqueness of the equilibrium. We define a

market equilibrium as follows.

Definition 1 (Equilibrium) A market equilibrium is a set of policy functions A; (v'),
By (v7), v; (Ag, (vT), By, (v7)) such that:

1. Conditions C1-C6 are satisfied;

2. Ay (v") and By (v™) solve the specialist optimisation problem characterised by equa-
tions (9) and (10) for any v,t;

3. v; (Ag, (W), By, (v7)) solves the trader’s problem in equation (6).

To prove existence and uniqueness of the market equilibrium, it is first useful to
establish two intermediate results. The first Lemma states the solution of the trader’s

optimisation problem for any ask and bid prices that satisfy conditions C1-C6.

Lemma 1 (Trader’s optimal demand) Suppose ask, A; (v"), and bid, B, (v™), price
functions satisfy conditions C1-C6. Consider a trader who arrives on the market at time

0; and observes the posted prices Ay, (V") and By, (v™). Then
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e if the trader’s valuation, z;, satisfies z; > Ay, (0), the optimal order size, v*, is

strictly positive and is the unique solution of

2 = Ag, (v) + v, (0) (11)

o if z; < By, (0), the optimal order size, v*, is strictly negative and is the unique
solution of

5= By (—0) — uB), (<o) (12)
o if By, (0) < z; < Ay, (0), then the optimal order size is v* = 0.

Proof of Lemma 1. Follows from the first order conditions of the trader’s problem
in equation (6) and the observation that conditions C2 and C3 ensure existence and
finiteness of the global maximum, while condition C6 ensures uniqueness of the maxi-
mum. Moreover, condition C4 rules out different cases from the ones considered in the
Lemma. =

It is important to stress that the trader’s expected utility from owning the stock is
revealed upon submission of the order v*. This allows us to solve the filtering problem
of the market maker.

The above result allows us to make an important remark on Assumption A4.

Remark 3 (Remark on Assumption A4.) Note that the optimality conditions in
Lemma 1 identify a one to one correspondence between the order size, v;, and the agent’s

valuation, z;. Denote this invertible map by f : v; — z;. Hence, for C € B(R)

P(z € ClHi1, 11, 0;) =P (f (vs) € C|Hi1, i, 0;) = P (Ui S fﬁlC|sz’71,L‘,9i) )
P(Zi - C‘Hz;l, UZ,(‘)z) = ]P(f <U1> - C|,H7;71, Uz,(gl) =P (Ui - fﬁlc"?’lifl, Ul,gz) .

Therefore, assumption A4 is equivalent to P (z; € C|H;—1,U;,0;) = P (2; € C|H;-1, 1;, 0;).
That is, the restriction on the trading behaviour of uninformed (noisy) traders, can be

equivalently formulated as a restriction on their valuation process.

The above reformulation makes clear that Assumption A4 is a requirement on the
type of information that the uninformed agents receives. In a nutshell, it requires that
the uninformed traders’ valuations of the asset do not excessively deviate from the
fundamental value of the asset that is observed by the informed agent.

In the next proposition we characterise the optimal ask and bid price function from

the market maker’s standpoint.
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Proposition 4 (Optimal ask and bid functions) Suppose assumptions A1-A5 are
satisfied. Then there exist optimal ask, Ay (v'), and bid, By (v™), prices that satisfy
conditions C1-C5 and the market maker’s optimality conditions (9) and (10). Moreover,
the optimal Ay (v) and By (v) have the following forms:

q—9 >
Ar (v) = qi% (1 + avﬂ) > gier, 41y 2 (13)
=0

4 (1= gt ) o ZM if peti <1
— — Dvil—a . i=Li_ - 7 v1-q <
B: (U) _ { q+9 i=0 L{i=L:—+1} %74 (14)

0 otherwise

where o and (3 are strictly positive arbitrary constants, and ZM, given in equation (8),

denotes the market maker’s valuation.

Proof. The proof, being technical, is reported in Appendix A.2. Nevertheless, the
steps of the proof are quite intuitive. First, we show that, in the market maker’s filtra-
tion, the probability of a trader being of the uninformed type is simply ¢ independently
from the order size. Second, from the order size and Lemma 1, the market maker can
recover the asset valuation of the trader. Third, combining the probability of trader
types, and the valuations corresponding to each order size, together with the market
maker’s indifference conditions (9) and (10), give rise to an ordinary differential equa-
tion (ODE) for the ask price function, and one for the bid price function. Each of these
ODEs admits two solutions, but only one solution per equation satisfies conditions C2
and C3. m

The equilibrium bid and ask price functions, depicted in Figure 2 for different values
of ¢, have important implication for market liquidity in terms of depth and tightness.
These properties are discussed in detail in section 4.2. The analytical relation between
price schedule and order size in equations (13)-(14) is entirely captured by the terms
before "% 1{i:Lt_+1}Z£f_ , since this last quantity is just the time ¢ valuation of the
asset by the market maker (and does not depend on v). One thing to notice in the figure
is that, overall, as ¢ — the share of noisy agents — increases, the bid-ask curves become
steeper (for large orders), while the bid-ask spread at zero reduces. This is due to the
fact that, when ¢ is high, informed trades happen less often, hence the price process
experiences bigger deviations from the fundamental value. Hence, the market maker’s
potential losses from executing a large order are substantially larger when ¢ is large.

Note that, in a real world market, the arbitrary constants a and 8 would be uniquely
identified by the tick size. Note also that ZM is always positive, and represents the
market maker’s valuation of owning the stock conditional on all the information available
before the last trade and the fact that a trade is occurring at time ¢. The next remark

defines the updating mechanism for the market maker’s valuation of the asset " = ZM.
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Figure 2: Ask and Bid equilibrium prices for different shares (¢q) of uninformed traders.

Remark 5 (Update of Market Maker’s estimation of the asset value) Note that
if Assumptions A1-Ab, as well as Conditions C2-C5, are satisfied, the same steps used

in proving Proposition 4 can be used to show that ZM =322 1y_p, 1ZM with
G2 =(1—-q)z+qz,. (15)

The above equation states that, in updating her valuation, the market maker will
assign a weight ¢ (the probability of the last trader being uninformed) to her previous
valuation, and weight 1 — ¢ (the probability of the trader being informed) to the last
trader’s valuation. From (15) it also follows that the market maker’s valuation will
never be equal to the one of the last trader. Therefore, the trading activity of informed
traders will generate autocorrelation in the valuation process zM. As we will show
below, equilibrium prices will be a function of this valuation, and will therefore inherit
this autocorrelation property.

We can now establish the equilibrium result in the following Theorem

Theorem 6 Suppose Assumptions A1-A5 are satisfied. For strictly positive constants «
and (3, there is a unique market equilibrium ask, A} (v), and bid, Bf (v) price schedules,

and optimal order size vi. The price schedules A} (v) and B} (v) are given, respectively,
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by equations (13) and (14), and the optimal order size is

1—=q (4=0 2z _ =3 f 4 M ,
[au—(s) < P 1)] if sa <
U7 ¥
i = 1—q a+d z || 1t ; q_ M
K3 _ | —a —_ i . —4
[ﬁ(1+6) ( q ziM>] if 2 < e
; q9 M . 9 M
0 Zf q+§Zi S Zj S q_5zi
where zM = é‘f denotes the market maker’s valuation at the i-th arrival.

Proof of Theorem 6. Due to Proposition 4 we know that, for strictly positive
constants a and (3, equilibrium ask and bid functions are unique and given by equations
(13) and (14). Using these expressions for A} (v) and B; (v) in the optimality conditions
in Lemma (1) and solving for v completes the proof. m

Note that the above equilibrium solution for the order size, v*, when 6 = 0, implies
that traders will buy (sell) the asset if and only if their valuation, z;, is larger (smaller)
than the market maker’s valuation, 2. When instead § > 0, the difference in valuation
necessary for a trade to occur needs to be larger in order to account for the trading
cost 0. Therefore, in the presence of trading costs, there is an interval of inaction in
which no trade occurs even if the valuations of the market maker and the trader differ.
This implies that in equilibrium, with § > 0, number of arrivals and number of trades
will be different with strictly positive probability. Nevertheless, one can show that this
probability is strictly less than one. Thus, the market maker’s (non falsifiable) belief,

that number of trades and number of arrivals are the same, is not irrational.

3.2 The high frequency (tick-by-tick) equilibrium price process

Given the above characterisations of equilibrium ask and bid pricing functions and the
equilibrium trading strategies, we can now characterise the equilibrium price process.
Recall from equation (2) that, since the i-th trade has to occur either at the ask or

at the bid price, the price will be
Pi = Ar, (0F) Lgs0p + By, (07) 1oi<0)
and given the zero utility gain conditions for the market maker (9) and (10) this is

b= M Loy | Lwi<oy |
! l(1=6)  (1+49)

(16)

Since, by normalisation, trades start at times after time zero, we need to define the
time zero price — that is the price of the asset before any trade as happened. Since

the form of the log profit process is common knowledge, we normalise py to be equal
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to the expected value, for any agent, of holding the asset at time zero. That is py =

eDo-l-(!H-%UQ)T.

From the solutions for the equilibrium ask and bid (13) and (14) we know that

_ q =2 q _ ko
pi = %% {m (1 +av; q) leso + —5 (1 — B4l H) 1{ﬁi<o}} :

Putting together the last two expressions we have

Pi = Pic1C1iC,i—1 (1 + & |05]7) (17)
where
. { q%& if the 7-th trade occurs at ask
b q% if the i-th trade occurs at bid
1 —¢ if the i-th trade occurs at ask and 7 > 0
Coi = { 146 if the i-th trade occurs at bid and 7 > 0
1 ifi=20 (18)
o { g if the ¢-th trade occurs at ask
L % if the i-th trade occurs at bid
B a if the i-th trade occurs at ask
§ = { —pB if the i-th trade occurs at bid

Moreover, using the relation between order size and cumulated trading volume (1)

we have
Lyys
P, .
log gs = Z {log (1 +&; {Vn -V, %) +logcy; + log 0271-_1} ) (19)
i=L¢

That is, there is a direct relationship between price changes and changes in the volume
of trade. In particular, the above equation implies that, at high frequency, the volatility
of log returns is i) stochastic, and ii) a function of trade volume ‘Vn — V.., |- Moreover,
the relationship in equation (19), discussed in detail in Section 4.2, can rationalize the
findings of a large body of empirical evidence on the joint behaviour of volume, prices,
and volatility.'?

The characterisations of the high frequency price process provided in equations (17)
and (19) are a function of endogenous variables — respectively of order size, and volume
and number of trades. In the next Lemma we characterise the price process as a function

of the exogenous fundamental value of the asset.

19See e.g. Gallant, Rossi, and Tauchen (1992), Farmer and Lillo (2004), Farmer, Lillo, and Mantegna
(2003), Potters and Bouchaud (2003).
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Lemma 2 (price process and trading times as a function of fundamentals) Suppose
that Assumptions A1-AS are satisfied and that the market is at the equilibrium. We can
define the price process, and the time of trades, as a function of the exogenous traders’

valuation process Z as follows. First, normalise 7o and py as follows

70 =10, Fy=po = €D0+(“+%02>T, Co,0=1.
Second, define recursively the trading times
T, = mf {Qj > Ti—1 - lOg Zj — 10g]§l’,1 ¢ (b <C2,i71) ,a (Cg’ifl))} s (20)

where

a(z) = log <qq_x5> , b(2) = log <q‘f§) , (21)

and prices are given by

1 -
i = g [(1 - q) z; + CIpz‘—162,i—1] ) (22)

where cy; in equation (18) can be redefined as

B { 1—6 if logz —logpi1 > a(ca;—1) and i >0 (23)

Cy; —
» 140 Zf 10g Zi — logﬁi_l <b (0271'_1) and i >0

Proof of Lemma 2. Setting 79 = 0 is an innocuous normalisation of the time scale.
The definition of the equilibrium 7; in equation (20), as well as ¢y; in equation (23),
follow from: the agent’s optimality conditions in Lemma 1; the form of the equilibrium
bid and ask function in Proposition 4; and equation (16), that allows us to replace the

market maker’s valuation, ZM, with the price, p;. The definition of the equilibrium

price process, p;, in equation (22) follows from the market maker’s valuation update in
Remark 5 and equation (16). m

In a nutshell, the above Lemma follows from the observation that, in equilibrium, the
trade will occur at the ask price if and only if the valuation of the agent is sufficiently
higher than the last recorded market price (logz; — logp;—1 > a(c2;-1)), and at the
bid price if instead the agent’s valuation is sufficiently lower than the last recorded
price (logz; — logpi—1 < b(cz,;-1)). This inter-temporal link with the lagged price is
due to the fact that the current price is just a linear function of the current market
maker’s valuation, and this valuation is updated recursively (see Remark 5) due to the
presence of uninformed agents. Note that if there were no trading costs we would have
a(.) =b(.) =0, implying that agents would always decide to trade either at the ask or

bid price.
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Since in the above Lemma we have defined the equilibrium trading times and prices as
a function of the log valuation (log z), we now turn to the identification of the distribution
of this quantity. This is a necessary step to be able to characterise the equilibrium
volatility process. In particular, we derive at the distribution of log z; conditional on the
information set H;_1 V o {6;} — the information set that contains all the past history of
prices, volume of trades, arrivals, and the time of the current arrival. For this task it is
convenient to define D" as the value of the (trend adjusted) log expected stock payoff
—i.e. the log expected profit from holding the stock — that could be inferred observing

the valuation of the last agent that arrived on the market. That is

logzi — (4+%) (T—6) Viz1 >
d;T _ { 0og z 1% 2 ( ) .Z = 7 D;&r _ Z 1{@':Nt}d§r‘ (24)
Dy 1=0 i=0

Note that the value of D can be always inferred from the last occurred trade due
to the fact that agents preferences are common knowledge. The distribution of df" is

characterised in the following lemma.

Lemma 3 Suppose that Assumptions A1-A5 are satisfied. Then

P [dfr < x’f}_[Fl,Qi] =P [Dy, < x|H;-1,0;]

i—1
= (1 — q) Z qi_l_j]P) [d;r + Eij S l’|d§r, A@j] + qi_l]P) [dgr + €i,0 S £L’|d6r, A@()}
j=1
where A, j =0, —0;, €;; = pl; j+0+/A; jnij, and n; ; ~ N (0,1) is independent of d;’”
and A; j for all j <.

The proof of the above Lemma is quite involved, and we therefore report it in Ap-
pendix A.2. The rationale behind it is nevertheless quite intuitive. At each point in time
either an informed (with probability 1 — ¢) or an uninformed (with probability ¢) agent
arrives to the market and, from equation (24), her di" is simply a (log) linear function of
her expected payoff (z;) from holding the asset. Recall that H;_; contains all the past
history of arrivals and volume of trade, and based on this information and the knowledge
of the time of the current arrival (6;) only, informed and uninformed agents are indistin-
guishable. This implies that P [d" < x|H;_1,0;, [;] = P[d" < x|H;_1,0;,U;]. Moreover,
only the arrival of an informed agent can add new relevant information about the funda-
mental. Therefore, the last relevant information is revealed by the last informed arrival,
and the probability of this being the j-th arrival is simply (1 — ¢) ¢"~'77. Moreover, if
no informed agent ever arrived to the market before the i-th arrival, the only relevant

information is the common knowledge df’, and this event might occur with probability

23



¢~'. Furthermore, since the innovations in D are simple independent Brownian motion
differences, the ¢ terms appear.

Note that since prices are uniquely determined by D' (through Lemma (2) and
equation (24)), Lemma 3 also characterizes the distribution of prices. Therefore, if
the D' process were to converge in distribution, this would also imply (by continuos
mapping theorem), the convergence in distribution of the price process. This limiting

distribution is the focus of the next sub section.

3.3 The medium frequency equilibrium price process

Having characterized the price process and the distribution of agents’ valuations on the
tick-by-tick time scale, we now turn to the analysis of the equilibrium price process
at lower frequencies. This is needed in order to establish the equilibrium link between
information based trading and endogenous stochastic volatility.

In this section we make one simplifying assumption regarding the arrival process: we
consider a Poisson process. The assumption of a Poisson arrival process is not strictly
necessary, since all that we need to derive our results is that the arrival process satisfies
a set of properties (described in detail in Appendix A.3) that hold almost surely for a
Poisson process. In order to simplify exposition, we consider a process with constant
intensity but we could as well handle a process with time varying intensity. This is
a very minor restriction since, as we show below, the equilibrium medium and low
frequency price and volatility processes, as well as the number of trades process, will be
independent of the arrival process. Moreover, a fixed arrival intensity has the advantage
that the only channel through which stochastic volatility can arise in our setting is the
information based trading.

By medium frequency we mean a time interval in which the number of arrivals is
very large i.e. it can be approximated by infinity. To model this mathematically, we
send the intensity of arrivals to infinity. As we show below, this modeling approach has
the advantage that, as the intensity of arrivals goes to infinity, the constraint that a
trade can only happen at exogenous arrival times disappears.

The key result established in this section is summarized in the following Theorem.

Theorem 7 (Limiting Price Process) Suppose that the fundamental value process
D is given by
dD; = pdt + odW, Dy = const

with W% being a standard Brownian motion with respect to (.7:5)820. Suppose also that
A is a Poisson process, with intensity parameter \, defined on [0, +00), and F2 is inde-

pendent of FYV'. Then there exists a sequence of Poisson arrival processes N™, satisfying
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P [N = Ay, t €0, T)] = 1, such that the equilibrium price process P™ resulting from
any sequence of markets M™ (N™, D | S™ U™) satisfying Assumptions A2-A6, weakly con-
verges in Skorokhod topology. The limit price process P is a functional of W, a standard
Brownian Motion, independent of the mumber of arrivals process, A. Moreover, this

functional has the form

L? 9
fﬁiII@(¢gl+1—q)=4mp{%mT—ng)+aw%} (25)
i=1 v

where ¢pg = 1, 70 = 0 and, for any i > 1: trading times ; are given by

. o’ q q
Ti:1nf{t27'i_1ZU(Wt—WTi_l)—7(t—TZ‘_1)¢|:b<¢ +1—q>,a<¢ +1—q)}};
i—1 i1

the total number of trades by time t is L} = Z;’il 1, <ty; @i tracks whether the i-th

trade occurred at ask or bid and is given by

%6 Zfo- (WTz - Tifl) - % (Tl - Ti*l) == <¢q + 1 —(

dii=1
L ifo (W = W,,) —

where a (.) and b(.), defined in equation (21), denote, respectively, the logs of the best

ask and bid quotes.

Before discussing the proof of the above theorem, two remarks about its economic
implications are in order. First, by considering the limiting price process as the arrival
intensity approaches infinity we are, de facto, considering a stock specific time — i.e. the
business time of the stock. This is the (medium) frequency at which the stock is close to
being continuously observed by potential traders (i.e. the frequency at which potential
traders arrive almost continuously). In the real world this occurs at different calendar
frequencies for different stocks: e.g., in a week, blue chip stocks are closer to being
continuously observed by traders than a small cap stock. Hence, what this business
time corresponds to in calendar time (hours, days, months, etc.) is asset specific and
depends upon the level of market attention dedicated to the asset.

Second, note that the medium frequency price process in equation (25) clearly does
not depend on the volume of trade, nor on the traders’ arrival process, but only on
the number of trades, L. Moreover, the theorem implies that the price of financial
assets with the same level of transaction costs, asymmetric information and fundamental
volatility, will have the same equilibrium distribution when sampled at their specific
business times.

The proof of the above theorem is extremely involved, and requires establishing
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several intermediate technical results. As consequence we dedicate Appendix A.3 to
this task. Nevertheless, the result is quite intuitive and is based on the following key
observations. First, Lemma 2 above makes clear that in equilibrium both trading times
and the price process are entirely driven by the (log) shadow valuation process log Z
(or equivalently, its trend adjusted version D). In particular, equations (20) and (22)
describe the map from shadow valuation (log Z) to, respectively, trading times and price
process. Second, Lemma 3 above fully characterizes the distribution of the shadow
valuation process (trend adjusted and in logs) on the arrival time scale.

The above observations imply that if we establish that a) the shadow valuation
process converges in Law and b) that the map from shadow valuation to prices and
trading times is continuous, then a standard application of the Continuous Mapping
Theorem implies convergence in Law of the price process — hence yielding the result of
the above theorem. Indeed, subject to the qualifications outlined below, this is exactly
the core of our proof.

The first challenge of the proof is that, to establish convergence of the (infinite
memory) process D', we need to show that its serial correlation decays at a fast enough
rate to ensure (mixingale) convergence.?’ To do so we first construct a process, Y™, that
is identical in distribution to D' (in Lemma 5, Appendix A.3), and we show that the
former converges to a Brownian Motion with drift as the arrival intensity goes to infinity
(in Proposition 9 and Corollary 2, Appendix A.3).

The second challenge is that, instead of establishing the continuity of the map from
shadow valuation to prices, we actually need to split the map into two distinct maps.
A first one (defined in equation (53), Appendix A.3) that delivers a convergent process
when applied to the process Y”. And a second one that is indeed continuous (Lemma
6, Appendix A.3).

Hence, by virtue of the Continuous Mapping Theorem, the price process converges
to a continuous functional of a Brownian Motion with drift as stated in equation (25)
of the theorem above. In particular, the trade occurs when the Brownian Motion with
drift (that plays the role of log shadow valuation in the limiting market) touches the
bid-ask bounds (a feature that parallels the result in Lemma 2 above). The ¢ terms in
the above theorem track the history of bid and ask trades. That is, the limiting price
process can be viewed as a product of (non-iid) binomial draws tracked by the ¢’s.

The binomial interpretation is handy in that it allows us, in the Corollary below, to

characterize the first two moments of the price process in trading time.

Corollary 1 (Volatility of the Limiting Price Process) The distribution of ¢; is,

20Upon establishing convergence, one would expect a limiting Brownian Motion behavior given that
the innovations of D! are Gaussian.
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Proof. The proof is reported in Appendix A.2. m

The above corollary makes clear that, on the trade time scale, the price process is
characterized by constant volatility. Since trade and calendar time differ (due to the
endogenous choice of whether to trade or not), this implies that the volatility on the
calendar time scale is driven by the number of trades process and, since this process is
stochastic, the calendar time volatility itself is stochastic.

The economic implications of the trade by trade volatility characterized above are

discussed in detail in section 4.2.

3.4 The low and ultra-low frequency equilibrium price pro-

cesses

In order to characterize the low frequency price process behavior, we will send the
number of trades between time s and ¢, that is LY — L?, to infinity, and we will study the
volatility of the limiting distribution of the (appropriately scaled) log return. This task
is complicated by the fact that a) the sequence of ¢’s, that drives the price process, is
serially dependent (see Corollary 1), and b) the time between arrivals is also dependent
(see Theorem 7, since this quantity too depends upon the sequence of ¢’s). Note also
that, although we have already obtained the limiting trade by trade volatility in Corollary
3.3, on the calendar time scale the volatility of the price process is also affected by the
average time between consecutive trades, thus altering the limiting distribution on this

time scale.
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In what follows, we establish that the (centered) calendar time of trades is a mixingale
and that the sample mean of times between consecutive trades (i.e. the inter-arrival time
of trades) converges almost surely to a constant. Based on this result, we construct a
(novel) central limit type argument to characterize the limiting volatility of the price

process on the calendar time scale.

Lemma 4 (Expected Inter-arrival Time of Trades) Consider the endogenous trad-
ing times T, defined in Theorem 7. Then the sampled time between trades, T,/n, con-

verges almost surely as n — 0o, to the average time between trades j, given by

_ 2 q—6  (q+0)(1+4) (1—-0d)(g+0)
R TR R TPRS 2 R NS Ty

(26)

Moreover, for any w € € such that lim, T”é“’) = W, we have that the cumulated
number of trades LY satisfies
L 1
“Lw) — —. (27)
t t—00 [br

The proof of the above Lemma is technical and we therefore confine it to Appendix
A.2. Nevertheless, its mechanic is simple since it is based on establishing that the serial
dependence of inter-arrival times decays exponentially.?!

The above Lemma allows us to characterize the low frequency distribution of log

returns in the following proposition.

Proposition 8 (Low, and Ultra-low, Frequency Return Distributions) Consider
the average time between trades, ., defined in Lemma 4. The asymptotic distributions

of log returns are:
log % — "72(3 —t) 4

\/m t—joo N (07 0-2MT) ) (28)
log B — (5 ¢
o8 ~ 51 L N(0,0%), (29)

A/t — s t—s—00

where LY is the cumulated number of trades by time t.

Proof. Define 7{ := inf{n e N:n>7n}. Fix an s > 0 and an w € C where
C = {w € Q:limy,_ o0, T"flw) = ,uT}, and observe that

/ /
T Trp — TP
P P Ly Ty

Ly
r (w) = <L—f(w> + L_f(w)> T(W)-

' Therefore the sequence of (centered) inter-arrival times is a £? mixingale.
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By Lemma 4, for any w € C, we have that lim;_,. LT?(W) = u_lf’ implying that

!
. Tpp LY
0 < lim —

t—o00 t t—o0 Lt

Tif — T [P
( 7 7) @) 520

Similarly, from Lemma 4 and the definition of C, we have that for w € C

TLi’ Lp
(Lp %) (w) — 1.
t

Hence

t—o00

P T
—+ — la.s., which implies — —
t—o00 5 t—s—o0

1 a.s.. Thus, it follows from the Anscombe’s Theorem (see e.g. Gut (2009), Theorem
1.3.1) that

Moreover, since P (C) = 1 by Lemma 4, we have

T/Ltp—T/Lg—l
W’T/Lp - WT/Lp Zizo <m+1+T/L§ - WHT/Lg) d
: - = — N(0,1).
t—s Vt—s t—s—00
Note that
B W* d lnf Wu - WTLf < WT/L;f - WTL%o < sup Wu - WTL:;’ d W*
l—s UG[TLf’TL?J'_l] Vt_s a o S \/t—87

t—s ue [TL%),TLg“rl:I v t—

where the equivalence in distribution follows from the strong Markov property of brown-

WT/ p_WT P
ian motion and W* := sup,¢(g1) Wa. Since P (W* < 0o) = 1 we have that % e
Wr/ ) —W.
e . T'LP P 9
0 a.s.. Similarly, VS i 0 a.s.. Hence, from Slutsky’s theorem (see e.g.

Hayashi (2000), Lemma 2.4), it follows that

WTLf - WTLIS) i> N(O 1)
A/ t— s t—s—00 ’ ’

and a further application of Slutsky’s theorem delivers

M/ _ M/ M/ _ M/
TrD T:p T;p T: D t —
d_ M VS N (o).

VI T Vs VI B

Given the form of log P; from equation (25), the conclusion of the proposition follows.

Equation (28) implies that, at low frequency, the log return process on the calendar
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time scale is characterized by stochastic volatility, and that the driver of time variation
in volatility is the number of trades that occur between time ¢ and s. Moreover, the fact
that log returns are Gaussian, after a stochastic time change with respect to number of
trades, is exactly the empirical finding of Ané and Geman (2000). Note however that,
if the fundamental volatility were to be a general stochastic process, the above results
would hold only in particular cases (and hence the Ané and Geman (2000) empirical
finding would not arise in general).

Last but not least, this result implies that periods of high trading activity will tend
to coincide with periods of increased return volatility and is consistent with the Wall
St. wisdom that “it takes volume to move the price” (since, at low frequency, volume of
trade is simply proportional to the number of trades).

The wultra-low frequency result in equation (29) arises due to the fact that, at this
frequency, the number of trades per time interval converges, hence the stochastic volatil-
ity driven by the number of trades disappears (hence at this frequency fundamental and
price volatility coincide as e.g. in Bernhardt and Taub (2008)). This finding can ratio-
nalize the fact that volatility clustering is, in the data, very evident at high and medium

frequency, but typically harder to detect at extremely low frequency.

4 The Equilibrium Determinants of Liquidity and
Volatility

Based on the results of the previous section, we can now analyze how the degree of
asymmetric information and market frictions affect the equilibrium market liquidity and
volatility, and how these quantities would be affected by the introduction of a Tobin Tax.
For the reader’s convenience, the key quantities discussed in this section are summarized
in Table 1 below. The last column of the table states the frequency at which the given
equilibrium quantity is obtained. Recall that: the high frequency is the tick-by-tick, or
trade-by-trade, sampling frequency; medium frequency is the stock specific business time
i.e. the calendar frequency at which the stock is close to being continuously observed; the
low frequency is the calendar frequency at which there is a very large (but not constant)
number of trades per calendar time interval; the ultra-low frequency is the calendar time
frequency such that the number of trades per time interval is (approximately) equal to

its expected value.

4.1 Equilibrium liquidity

Kyle (1985) defines a liquid market as one in which: a) the costs of trading small amounts

are themselves small (bid-ask spreads are small) i.e. the market is tight; b) the costs of
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Table 1: Key Equilibrium Quantities

Row Quantity Expression Frequency
(1) Market tightness qf%fp all
(2)  Kyle’s A at ask l%qog(vﬂ%l_f;l all
(3) Kyle’s A at bid L B(om) all

Expected time 2 g=0 (q+0)(1+) 1 (1-8)(g+d) ,

(4) between trades (i, ) o2 [log =) T "2(g+0?) log (1+5)(q—5)] <medium
Calendar time log 1/2 .

5 =Ly <med

) Laltlife of shocks toga ! = Heci

(6) Log Return (log PtTts) ZZL:‘L log [c1c2-1 (1 +& |V, = Vit |7)] high

(7) Trade-by-trade §2(1—q?) <medium
returns variance g* =02 -
Calendar time 9 P rp

(8) log returns variance e (L = L) low

(9) Calendar time o’ (t—s) ultra-low

log returns variance

Note on frequencies: high = trade by trade; medium = the stock specific business time i.e. calendar
frequency at which the stock is approximately continuously observed; low = calendar frequency with a
very large number of trades per time interval; ultra-low = calendar frequency at which the number of
trades per time interval is approximately its expected value.

trading large amounts are small (big trades don’t cause large price movements) i.e. the
market is deep; ¢) discrepancies between prices and true values of assets are small and
are corrected quickly i.e. the market is resilient.

In our model, tightness, depth, and resilience are all determined in equilibrium,
and they are all functions (that can be expressed in closed form) of adverse selection
in the market (pinned down by the parameter 1 — ¢) and the magnitude of market
frictions (embodied by the parameter ¢). Moreover, an increase in the parameter ¢ can
be interpreted as analogous to the introduction of a proportional financial transaction
tax — aka Tobin Tax — of the type implemented in several countries and currently being
under discussion within the European Union.

The tightness of the market (reported in Row (1) of Table 1) can be obtained from
the ask and bid price schedules in equations (13) and (14) of Proposition 4 as the order
size approaches zero. The resulting percentage bid-ask spread (as a percentage of the

market maker’s estimate of the fundamental value) is equal to (122%652 and is depicted in
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Figure 3: Market tightness. Bid-ask spread as a percentage of the market maker’s estimate of the
fundamental value as the order size approaches zero, i.e. (]22%552, as a function of § (Panel A) and ¢
(Panel B).

Figure 3. Note that, in our setting, the bid-ask spread is a function of only the degree
of adverse selection (1 — ¢) and the order processing cost (§). This is quantitatively
consistent with the empirical literature that finds that about 86-100% of the spread is
generated by these two forces (see e.g. Stoll (1989), George, Kaul, and Nimalendran
(1991), and Huang and Stoll (1996)), with the remaining fraction (if any) being driven
by inventory costs. Panel A of Figure 3 shows that, as the degree of market friction §
increases, the bid-ask spread becomes wider, hence market tightness is decreasing in 4.
This is simply due to the fact that an increase in § makes the trading cost incurred by
the market maker larger. Hence, to compensate for this, the mark-up on the market
maker’s valuation that allows her to break even is higher. More interestingly, the rate
at which market tightness decreases in ¢ is higher when there are more informed traders
(¢ is small) i.e. when the adverse selection problem faced by the market maker is
more severe. Panel B shows that the tightness increases as the share of uninformed
agents increases, since the degree of adverse selection in the market is reduced. These
results imply that the introduction of a Tobin Tax would: a) reduce market tightness;
b) exacerbate the adverse selection problem from the market maker perspective; and c)
have more severe effects in markets with a high degree of adverse selection i.e. markets
already characterized by low tightness.

The market depth can be elicited from the first derivative with respect to the order
size of the ask and bid price schedules in equations (13) and (14) of Proposition 4, and is

summarised in Figure 4. These derivatives (normalized by the market maker’s valuation)
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Figure 4: Inverse market depth i.e. Kyle’s A\. Panels A and B depict the slope of the ask price

q

2q—5—1
schedule, normalized by the market maker valuation, i.e. 1fqoz(zﬂr) =7 as a function of the order

size for different ¢, and different ¢ and d, respectively (Panel B considers the same values for ¢ as in
Panel A but adds perturbations to the value of ¢). Panels C and D depict the analogous quantities for

2 5—1
the bid price schedule i.e. 1%(16(@’) =0 In all panels the constants o and § are fixed to the same

value equal to 0.01.

are reported in Rows (2) and (3) of Table 1, and are analogous to Kyle’s lambda i.e.
they represent the sensitivity of prices to order flows, and are thus inversely related to
market depth. The first important thing to notice is that, in our setting, market depth
is generally not constant — it is instead a function of the order size.?? This rationalizes
the empirical finding of Keim and Madhavan (1996) that the price impact per unit trade
is itself a function of the order size (see also Loeb (1983) and Kavajecz (1999)).

Panels A and C show that there is a ¢* threshold such that the market depth is
increasing in the order size for ¢ < ¢* and decreasing in the order size for ¢ > ¢*.23
This is due to the fact that when ¢ is high most of the traders are of the uninformed
type hence, in this case, the price will be more likely to deviate substantially from the
fundamental value. Therefore, the potential loss that the market maker would incur
executing a large informed order is high. On the contrary, when ¢ is low, most traders

are of the informed type, and the price will be unlikely to deviate substantially from the

22The derivative of the ask price with respect to the order size is constant if and only if ¢ = .5 (1 + J),
and the one of the bid price is constant if and only if ¢ = .5 (1 — ¢).
B The ¢* threshold is equal to 1/2 + .56 at ask and 1/2 — .55 at bid.
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fundamental value. Hence, the market maker’s potential losses from executing a large
order are substantially smaller. Given these considerations, the market maker chooses a
decreasing or increasing market depth depending on the value of q.

Panels B and D show that, in the empirically relevant parameter range,?* variations
in 0 have a very small effect on market depth. Hence, the introduction of a Tobin Tax
is not likely to affect this dimension of liquidity. This result is intuitive given that the
concept of market depth is about the relative willingness of executing small vs. large
orders, and this willingness is unlikely to be substantially affected by a proportional, and
small, trade tax. Moreover, this result, taken together with the observation that trading
costs have a large impact on market tightness, suggests that the degree of asymmetric
information in the market could be better inferred empirically from its depth rather than
the tightness.

The degree of market resilience can be inferred combining the trade-by-trade market
maker’s valuation update function in equation (15), with the limiting number of trades
per unit of time, lim;_,o LY/t = 1/, in equation (27) (see also Row (4) of Table 1).
The former has an half-life of deviations from the fundamental value — on the trade-by-
trade time scale — equal to log.5/logq i.e. it is decreasing in ¢ and unaffected by §.2°
Scaling this quantity by the number of trades per unit of time, we obtain the half-life of

deviations from the fundamental value on the calendar time scale i.e.

log1/2
log q

ir (30)

where g, is the (limiting) expected inter-arrival time of trades defined in equation (26).
Since pu, is itself a function of ¢ and ¢§, and resilience will inherit some of its properties
(in particular with respect to d), it is useful to understand first how the former varies
when parameters change. Figure 5 depicts the expected inter-arrival time of trades as
a function of § (Panel A) and ¢ (Panel B).?® As one would intuit, the inter-arrival time
is increasing in the transaction friction ¢ (Panel A). This is simply due to the fact that
bid-ask spreads are widening in this quantity, hence reducing the fraction of potential
traders that, upon arrival, decide to trade (since an increase in this quantity widens
the no trade region of informed, as well as uninformed, traders). This rationalizes the
empirical finding of Umlauf (1993) that the introduction of a Tobin Tax in the Swedish

stock market in the 80’s induced a reduction in turnover i.e. in the average number of

24Gee e.g. Stambaugh (2014) AFA presidential address.

ZPRewriting equation (15) in deviation from the fundamental value, one obtains an AR(1) process
for the deviation of the market maker’s valuation from the fundamental value, with autoregressive
coeflicient ¢ and shock proportional to the deviation of the i-th trader’s valuation from the fundamental
one. Hence, the h-period ahead impulse response function of a valuation shock is equal to ¢ times the

shock, delivering the half-life on the trade-by-trade time scale reported above.
§%(1—¢%)

26 A second order approximation of j, with respect of § around § = 0 gives ., ~ T
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Figure 5: Expected inter-arrival time of trades (pi., defined in equation (26)) as a function of § (Panel
A) and ¢ (Panel B).

trades per unit time, 1/p,.

More interestingly, the marginal effect of an increase in § is larger when ¢ is lower,
that is when the market maker faces a higher degree of adverse selection. This is due
to the fact that, as outlined before, the rate at which market tightness decreases in ¢ is
higher when there are more informed traders (¢ is small). Panel B makes also clear that
the expected inter-arrival time is decreasing in ¢q. This is due to the fact that, as the
degree of adverse selection is reduced, the market maker is more willing to trade, hence
she increases market tightness (see Panel B of Figure 3), therefore increasing the share
of potential traders that, upon arrival, choose to trade. Since the half-life of deviations
of the specialist’s valuation from the fundamental value in equation (30) depends upon
0 only through pu,, the behaviour of resilience as a function of ¢ mimics the one of
the expected inter-arrival time. Hence, resilience is decreasing in the degree of market
friction 4, and this effect is more pronounced when the degree of adverse selection in the
market is high (i.e. ¢ is low) as depicted in Panel A of Figure 6.

The effect of a change in ¢ on market resilience results from two counteracting forces.
On one hand, the speed of the trade-by-trade valuation update of the market maker in
equation (15) is accelerated as the share of informed agents increase (i.e. when ¢ de-
creases). Hence, on the trade time scale, half-life reduces and resilience increases. On
the other hand, in response to an increase in the degree of adverse selection, the spe-
cialist dealer reduces market tightness (see Panel B of Figure 3). This in turn increases
the average time between trades i, (see Panel B of Figure 5), hence it increases the
calendar time half-life in equation (30), therefore reducing resilience. The net effect of

these two opposing mechanisms, depicted in Panel B of Figure 6, is dominated by the
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Figure 6: Market resilience. Half life of the market maker’s valuation update in calendar time (i.e.
inverse market resilience) defined in equation (30).

adverse selection motive. That is, the calendar time half-life is decreasing, and resilience

increasing, in q.

4.2 Equilibrium price and volatility on different time scales

We have already shown in equation (19), reported below for the reader’s convenience,
that, at very high frequency, there is an equilibrium relationship between log returns

and movements in volume:

Liys
log P_tp—:s - Z {log (1 + 5@ |VTZ - ‘/;7;,1 %) + 10g C1 -+ log 62’1-71} (31)
=Ly

where ¢, v and £ are defined in equation (18). This equation implies that, at high
frequency, the volatility of log returns is stochastic and is a function of ‘Vﬂ. -V, |
The above equilibrium result is qualitatively (and potentially quantitatively) consis-
tent with the seminal works of Epps and Epps (1976) and Tauchen and Pitts (1983) on
the price-volume relationship, and provides microfoundations for the empirical findings
of (among others) Gallant, Rossi, and Tauchen (1992), Andersen (1996), and Chan and
Fong (2000), that document a strong (often non-linear) link between volume of trade and

price movements and between volume and price volatility.?” Furthermore, equation (19)
implies that if |&| [V, — Vr,_,|”

"is small (i.e. if the typical transaction size is small), than

27See also Hausman, Lo, and MacKinlay (1992) and, for a survey of the empirical studies on the
price, volume, and volatility relation, Karpoff (1987).
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a Taylor expansion would yield a power law relationship between order size and price
growth rates. This is coherent with the empirical findings of Farmer and Lillo (2004) and
Farmer, Lillo, and Mantegna (2003) that identify a log-linear relationship between gross
price growth and changes in volume. On the other hand, if the typical transaction size is
large (i.e. if |&] |Vn — V|
and volume changes holds, which is precisely the empirical relationship documented by
Potters and Bouchaud (2003).%

As the intensity of arrivals approaches infinity — i.e. at the medium time frequency

" is large), a log-log relationship between gross price growth

— the equilibrium price process is characterised in Theorem 7 and Corollary 1. In par-
ticular, the limiting trade-by-trade variance of gross returns is %. This quantity
is depicted in Panels A and B of Figure 7 as a function, respectively, of § and ¢q. The
figure shows that trade-by-trade volatility is increasing in the degree of trading friction
0, and that the marginal effect of an increase in ¢ is stronger when the degree of adverse
selection faced by the market maker is high (i.e. when ¢ is low). This behaviour ratio-
nalizes the findings of Jones and Seguin (1997) that document a decline in stock market
volatility as a result of the 1975 reduction of the negotiated commission on the U.S.
national stock exchange. Moreover, Panel B shows that this variance is also decreasing
in q. These behaviours are quite intuitive: as ¢ (¢) increases (decreases) the market
maker reduces market tightness (and resilience), and this in turn increases volatility of
trade prices.

Note that the trade-by-trade constant volatility does not imply constant volatility on
the calendar time scale, since: a) trade times — hence number of trades in a given time
period — are stochastic and endogenous, and b) prices (from equation (25) and Corollary
1) are serially correlated. Indeed, equation (28) in Proposition 8 shows that at low
frequency the variance (between time s and t) is stochastic and given by (L} — L?) o,
— that is, number of trades is the driver of stochastic volatility at this frequency as
found in the empirical works of Jones, Kaul, and Lipson (1994).2° Or, more precisely,
in our setting low frequency log returns follow a Brownian motion time changed by the
number of trades process. This is analogous to the evidence in Ané and Geman (2000)
that find empirically that the distribution of log returns conditional on the number of
trades is Gaussian and has constant volatility — this is precisely our result in equation
(28) of Proposition 8, and the resulting (low frequency) constant volatility on the trade
time scale (p,0?) is depicted in Panels C and D of Figure 7. The two Panels show that
the volatility of the price process, scaled by the (square root of) the number of trades

has an almost identical behaviour as the trade-by-trade volatility in Panels A and B.

Z8Note that the so-called “Barra model” (see e.g. Gabaix, Gopikrishnan, Plerou, and Stanley (2006))
corresponds to ¢ ~ 1/3 and small 4.
29See also Dufour and Engle (2000).
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Figure 7: Limiting Variances. Variance on the trade by trade (upper panels) and number of trades
(lower panels) time scales as a function of § (left panels) and ¢ (right panels). In Panels C and D o is
set to 0.15.

Moreover, the rationale of this behaviour is analogous to the one described above for
Panels A and B. One thing worth stressing is that the variances in the upper and lower
panels of the figure, although very similar, are not identical — this discrepancy is due to
the equilibrium autocorrelation of log returns.

Note that the above results on the equilibrium volatility have been obtained in a
setting in which the fundamental was assumed to have constant volatility. This suggests
that, if the fundamental volatility where to be time varying, the endogenous stochastic

volatility mechanism outlined in our model would amplify this time variation.

4.3 Liquidity and volatility comovements

We have seen above that the deep parameters of the model — namely, the degree of
adverse selection on the market (measured by 1 — ¢) and the degree of other transac-
tion frictions (captured by the parameter §) — have first order effects on the equilibrium
liquidity and volatility of the market, and these effects rationalize a large set empirical
stylized facts. Therefore, a natural question is whether changes in these market funda-
mental characteristics can explain the comovements of liquidity measures and volatility
also documented in the empirical literature.

Indeed, the equilibrium characterizations discussed in Sections 4.1 and 4.2 can explain
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(qualitatively at least) the joint dynamics of different liquidity measures and trading
activity found in the data. For instance, Dufour and Engle (2000) find empirically that
“as the time duration between transactions decreases, the price impact of [large] trades,
the speed of price adjustment to trade-related information [...] all increase,” and exactly
this joint behaviour would arise in our setting in response to an increase in q. Moreover,
they interpret times of reduced liquidity as times with an increased presence of informed
traders, and in our setting an increase in the degree of adverse selection in the market
manifests itself exactly via a reduction of all the equilibrium measures of liquidity.

Furthermore, in our model, an increase in adverse selection also causes an increase
in volatility on both the trade-by-trade and number of trades time scale as illustrated
in Figure 7. That is, our model is capable of generating joint liquidity dry-ups and
volatility spikes in response to an increase in the degree of market adverse selection as,
for instance, during the subprime crises.

Moreover, in our equilibrium characterisation, an increase in trading costs — as e.g.
the introduction of a Tobin Tax or an increase in trading fees — reduces both market
tightness and resilience, and increases volatility on the various time scales, as docu-
mented in the empirical literature (see, e.g., Jones and Seguin (1997), Jones, Kaul, and
Lipson (1994) and Umlauf (1993)). And this effect, as outlined in previous sections, is

stronger in markets characterised by a higher degree of adverse selection.

5 Conclusion

This paper develops a tractable, asymmetric information based, equilibrium trading
model, in which the distribution of the prices process, its volatility, the complete price
schedule (as a function of the order size), the trading activity, as well as the various di-
mensions of market liquidity, are all characterised as functions of fundamental (trading
and informational) frictions. The results derived provide micro-foundations for, and a
rationalisation of, a large set of empirical findings including the presence of (stochastic)
volatility clustering, and a price volatility, volume, and trading activity link. Moreover,
the framework developed constitutes a natural laboratory for the analysis of the equi-
librium impact of a Tobin tax that delivers a rationalization of the empirical evidence
on this topic, as well as novel insights.

Methodologically, the multiple time scales and the limiting characterisation approach
of the corresponding market equilibria, developed in this paper, could also be extended
(with appropriate modifications) to study very different economic problems: e.g. from
the effect of high frequency trading in financial markets, to the modelling of time and
state contingent price setting in sticky prices, wages, and information, macroeconomic

models.
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Furthermore, our characterisation of the equilibrium price process, liquidity, trading
activity, and volatility, at different frequencies, and as a function of the fundamental
trading and informational frictions, naturally opens two important directions for future
research.

First, our asymptotic characterisations, that are in nature of the market microstruc-
ture invariance type,*® raise a natural question: at what (calendar time) speed do the
equilibrium processes converge (on the different time scales considered) to the equilibria
that we have derived? These speeds of convergence should be functions of the funda-
mental trading () and informational (¢) frictions on the market. Hence these frictions
should, also through this channel, influence the (calendar) time series of market dynam-
ics and risk. The task of analysing these speeds of convergence is complicated by the fact
that an obvious metric for quantifying the speed of convergence between distributions is
not readily available. Nevertheless, a potentially promising metric is the relative entropy,
as a function of the fundamental frictions, between the equilibrium price distributions
at any given frequency and the next, lower frequency, distribution. For instance, the
half-life of the relative entropy (or generalised variance) discrepancy would be a relevant
statistic to construct in order to understand how financial risk is generated.3!

Second, our closed form characterisations of the price process, liquidity, trading ac-
tivity, price schedule, and volatility, as a function of the fundamental frictions, offer
a natural approach for the investigation of the empirical relevance of these channels
in driving financial market dynamics, and for the estimation of the fundamental mar-
ket characteristics that generates them. Moreover, for a richer empirical analysis, the
framework derived in this paper could be generalized to accommodate time varying fun-
damental volatility, time varying degree of adverse selection, and time varying trading
costs (as e.g. the time varying margins — aka “haircuts” — studied in Brunnermeier and
Pedersen (2009)).

Both of the above extensions are promising, although demanding, tasks, and we defer

them to future work.

References
ApMATI, A. R. (1985): “A Noisy Rational Expectations Equilibrium for Multi-asset Securities Mar-
kets,” Econometrica, 53(3), 629-57.

AMIHUD, Y., AND H. MENDELSON (1989): “The Effects of Beta, Bid-Ask Spread, Residual Risk, and
Size on Stock Returns,” The Journal of Finance, 44(2), pp. 479-486.

ANDERSEN, T. G. (1996): “Return Volatility and Trading Volume: An Information Flow Interpretation
of Stochastic Volatility,” The Journal of Finance, 51(1), pp. 169-204.

30Tn the sense that different stocks, sampled at their asset specific business time, follow the same
stochastic process (see e.g. Kyle and Obizhaeva (2014)).

31For an application of relative entropy divergences to the analysis of risk measures see e.g. Julliard
and Ghosh (2012) and Ghosh, Julliard, and Taylor (2011).

40



ANDERSEN, T. G., T. BOLLERSLEV, AND D. DOBREV (2007): “No-arbitrage semi-martingale re-
strictions for continuous-time volatility models subject to leverage effects, jumps and i.i.d. noise:
Theory and testable distributional implications,” Journal of Econometrics, 138(1), 125 — 180, 50th
Anniversary Econometric Institute.

ANE, T., AND H. GEMAN (2000): “Order Flow, Transaction Clock, and Normality of Asset Returns,”
Journal of Finance, 55(5), 2259-2284.

ATMAZ, A., AND S. BASAK (2015): “Belief Dispersion in the Stock Market,” Discussion paper.
Back, K. (1992): “Insider Trading in Continuous Time,” Review of Financial Studies, 5(3), 387-409.

BAcK, K., AND S. BARUCH (2004): “Information in Securities Markets: Kyle Meets Glosten and
Milgrom,” Econometrica, 72(2), 433-465.

BENSTON, G. J., AND R. L. HAGERMAN (1974): “Determinants of bid-asked spreads in the over-the-
counter market,” Journal of Financial Economics, 1(4), 353-364.

BERNHARDT, D., AND B. TAUB (2008): “Cross-asset speculation in stock markets.,” Journal of fi-
nance., 63(5), 2385-2427.

BRUNNERMEIER, M. K., AND L. H. PEDERSEN (2009): “Market Liquidity and Funding Liquidity,”
Review of Financial Studies, 22(6), 2201-2238.

Buss, A., R. UrpPAL, AND G. VILKOV (2014): “Asset prices in general equilibrium with recursive
utility and illiquidity induced by transactions costs,” SAFE Working Paper Series 41, Center of
Excellence SAFE - Sustainable Architecture for Finance in Europe, Goethe University Frankfurt.

CHAN, K., AND W.-M. FoNG (2000): “Trade size, order imbalance, and the volatility-volume relation,”
Journal of Financial Economics, 57(2), 247 — 273.

CLARK, P. K. (1973): “A Subordinated Stochastic Process Model with Finite Variance for Speculative
Prices,” Econometrica, 41(1), pp. 135-155.

CoLLIN-DUFRESNE, P., AND V. Fos (2012): “Insider Trading, Stochastic Liquidity and Equilibrium
Prices,” NBER Working Papers 18451, National Bureau of Economic Research, Inc.

DE JONG, R. (1995): “Laws of Large Numbers for Dependent Heterogeneous Processes,” Econometric
Theory, 11, 347-358.

Durour, A., AND R. F. ENGLE (2000): “Time and the Price Impact of a Trade,” The Journal of
Finance, 55(6), 2467-2498.

EAsLEY, D., AND M. O’HARA (1987): “Price, trade size, and information in securities markets,”
Journal of Financial Economics, 19(1), 69-90.

(2004): “Information and the Cost of Capital,” Journal of Finance, 59(4), 1553-1583.

Epps, T. W., AND M. L. EppPs (1976): “The Stochastic Dependence of Security Price Changes
and Transaction Volumes: Implications for the Mixture-of-Distributions Hypothesis,” Econometrica,
44(2), pp. 305-321.

FARMER, J. D.; AND F. LiLLO (2004): “On the origin of power law tails in price fluctuations,”
Quantitative Finance, 4, 7-11.

FARMER, J. D., F. LiLLO, AND R. N. MANTEGNA (2003): “Master curve for price-impact function,”
Nature, 421, 129-130.

GaBAIX, X., P. GOPIKRISHNAN, V. PLEROU, AND H. E. STANLEY (2006): “Institutional Investors
and Stock Market Volatility,” The Quarterly Journal of Economics, 121(2), 461-504.

GALLANT, A. R., P. E. Rossi, AND G. TAUCHEN (1992): “Stock Prices and Volume,” Review of
Financial Studies, 5(2), 199-242.

GEORGE, T. J., G. KauL, AND M. NIMALENDRAN (1991): “Estimation of the Bid-Ask Spread and
Its Components: A New Approach,” Review of Financial Studies, 4(4), 623-56.

41



GHOSH, A., C. JULLIARD, AND A. TAYLOR (2011): “What is the Consumption-CAPM missing? An
informative-Theoretic Framework for the Analysis of Asset Pricing Models,” FMG Discussion Papers
dp691, Financial Markets Group.

GLOSTEN, L. R. (1989): “Insider Trading, Liquidity, and the Role of the Monopolist Specialist,” The
Journal of Business, 62(2), pp. 211-235.

(1994): “Is the Electronic Open Limit Order Book Inevitable?,” The Journal of Finance,
49(4), pp. 1127-1161.

GLOSTEN, L. R., AND P. R. MIiLGROM (1985): “Bid, ask and transaction prices in a specialist market
with heterogeneously informed traders,” Journal of Financial Economics, 14(1), 71-100.

GROSSMAN, S. J., AND J. E. SticLIiTZ (1980): “On the Impossibility of Informationally Efficient
Markets,” American Economic Review, 70(3), 393-408.

GuT, A. (2009): Stopped Random Walks: Limit Theorems and Applications, Springer Series in Opera-
tions Research and Financial Engineering. Springer Science+Business Media, LLC.

Hau, H. (2006): “The role of transaction costs for financial volatility: evidence from the Paris Bourse,”
Journal of the European Economic Association, 4(4), 862-890.

HausmaN, J. A, A. W. Lo, AND A. C. MACKINLAY (1992): “An ordered probit analysis of trans-
action stock prices,” Journal of Financial Economics, 31(3), 319-379.

HavasHi, F. (2000): Econometrics. Princeton University Press: Princeton.

HeLwia, M. F. (1980): “On the aggregation of information in competitive markets,” Journal of
Economic Theory, 22(3), 477-498.

HIEMSTRA, C., AND J. D. JONES (1994): “Testing for Linear and Nonlinear Granger Causality in the
Stock Price- Volume Relation,” The Journal of Finance, 49(5), pp. 1639-1664.

Huang, R. D., AND H. R. STOLL (1996): “Dealer versus auction markets: A paired comparison of
execution costs on NASDAQ and the NYSE,” Journal of Financial Economics, 41(3), 313-357.

HUBERMAN, G., AND W. STANZL (2004): “Price Manipulation and Quasi-Arbitrage,” Econometrica,
72(4), 1247-1275.

JacoDp, J., AND A. SHIRYAEV (2003): Limit Theorems for Stochastic Processes, Grundlehren Der
Mathematischen Wissenschaften. Springer.

JonNEs, C. M., G. KauL, AND M. L. Lirson (1994): “Transactions, Volume, and Volatility,” Review
of Financial Studies, 7(4), 631-51.

JonEs, C. M., AND P. J. SEGUIN (1997): “Transaction Costs and Price Volatility: Evidence from
Commission Deregulation,” The American Economic Review, 87(4), pp. 728-737.

JULLIARD, C., AND A. GHOsH (2012): “Can Rare Events Explain the Equity Premium Puzzle?,”
Review of Financial Studies, 25(10), 3037-3076.

KALLENBERG, O. (2002): Foundations of Modern Probability, Probability and Its Applications.
Springer.

KARATZAS, 1., AND S. SHREVE (1991): Brownian Motion and Stochastic Calculus, Graduate Texts in
Mathematics. Springer.

KARPOFF, J. M. (1987): “The Relation between Price Changes and Trading Volume: A Survey,”
Journal of Financial and Quantitative Analysis, 22(01), 109-126.

Kavajecz, K. A. (1999): “A Specialist’s Quoted Depth and the Limit Order Book,” The Journal of
Finance, 54(2), pp. 747-771.

KeM, D. B., AND A. MADHAVAN (1996): “The Upstairs Market for Large-Block Transactions: Anal-
ysis and Measurement of Price Effects,” Review of Financial Studies, 9(1), 1-36.

KYLE, A. S. (1985): “Continuous Auctions and Insider Trading,” Econometrica, 53(6), 1315-35.

42



KYLE, A. S., AND A. A. OBIZHAEVA (2014): “Market Microstructure Invariants: Theory and Empir-
ical Tests,” .

LoEB, T. F. (1983): “Trading Cost: The Critical Link between Investment Information and Results,”
Financial Analysts Journal, 39(3), pp. 39-44.

MANDELBROT, B., AND H. M. TAYLOR (1967): “On the Distribution of Stock Price Differences,”
Operations Research, 15(6), pp. 1057-1062.

McLEisH, D. L. (1977): “On the Invariance Principle for Nonstationary Mixingales,” The Annals of
Probability, 5(4), pp. 616-621.

O’HArA, M. (1995): Market Microstructure Theory. Blackwell Publishers, Cambridge, Mass.

PoTTERS, M., AND J.-P. BoucHAUD (2003): “More statistical properties of order books and price
impact,” Physica A, 324, 153-181.

REvVUZ, D., AND M. YOR (1999): Continuous Martingales and Brownian Motion, Grundlehren der
mathematischen Wissenchaften A series of comprehensive studies in mathematics. Springer.

SHIRYAEV, A. (1996): Probability, Graduate texts in mathematics. Springer.

STAMBAUGH, R. F. (2014): “Investment Noise and Trends,” Discussion paper, 2014 AFA Presidential
Address, University of Pennsylvania - The Wharton School.

StoLL, H. R. (1989): “Inferring the Components of the Bid-Ask Spread: Theory and Empirical Tests,”
Journal of Finance, 44(1), 115-34.

STONE, C. (1963): “Weak Convergence of Stochastic Processes Defined on Semi-Infinite Time Inter-
vals,” Proceedings of the American Mathematical Society, 14(5), pp. 694-696.

SUBRAHMANYAM, A. (1998): “Transaction Taxes and Financial Market Equilibrium,” The Journal of
Business, 71(1), pp. 81-118.

TAUCHEN, G. E., AND M. PrrTs (1983): “The Price Variability-Volume Relationship on Speculative
Markets,” Econometrica, 51(2), pp. 485-505.

UMLAUF, S. R. (1993): “Transaction taxes and the behavior of the Swedish stock market,” Journal of
Financial Economics, 33(2), 227 — 240.

Vayanos, D.,; AND J. WANG (2012): “Liquidity and Asset Prices under Asymmetric Information and
Imperfect Competition,,” Review of Financial Studies, 25, 1339-1365.

WAaNG, J. (1993): “A Model of Intertemporal Asset Prices under Asymmetric Information,” Review of
Economic Studies, 60(2), 249-82.

(1994): “A Model of Competitive Stock Trading Volume,” Journal of Political Economy,
102(1), 127-68.

Yor, M., D. B. MapAN, AND H. GEMAN (2002): “Stochastic volatility, jumps and hidden time
changes,” Finance and Stochastics, 6(1), 63-90.

43



A Appendix

A.1 Notation and Glossary

Notation:

i) Upper case Latin letters, such as Xy, denote processes considered on the calendar time
scale; lower case Latin letters, such as z;, denote processes considered on the number of
arrivals time scale, that is x; = Xp,, where ; denotes the stopping time of the arrival
process (i.e. the i-th arrival time); lower case Latin letters with ~superscript, such as &;,
denote processes considered on the number of trade time scale, that is z; = X,, where 7;

denotes the stopping time of the trade process (i.e. the i-th trade time).

ii) The letter G denotes information sets in calendar time, the letter H denotes information

sets in trading time, and H denotes information sets in the arrival time scale.

iii) The superscripts I, U, and M, denote, respectively informed agents, uninformed agents,

and the market maker.
iv) z V y indicates the minimum sigma algebra generated by the union of x and y;
v) x Ay =min{z,y};

vi) For any given process X, we denote by FX = o {X,, s <t} VN, where o {.} is the sigma
algebra generated by its argument, N is the set of P-null sets.

vii) z* denotes the value of any variable x at the optimum.

Glossary:

a(.): function defined in equation (21).

A (v"): ask price where v € Ry is the buy order size.

b(.): function defined in equation (21).

B (v7): bid price, where v~ € Ry is the sell order size.

¢jit binomial random variables defined in equation (18).

Dy: log profit process (follows a diffusion).

d'", D' (trend adjusted) log expected profit from holding the stock (defined in equation
(24)) on, respectively, arrival and calendar time scales.

G, = F) v F}N Vi: filtration generated by the history of volume and arrival processes.

gt” = QtM V ]:tD Vo {9{ ANs,s < t}: informed trader filtration.

GM = FF v FY: common knowledge filtration i.e. history of volumes and prices (see also
Remark 2).

Ui gM v o {6Y A's,s < t}: noisy/uninformed trader filtration.

H; = Gp,: filtration generated by the history of volume and arrival processes.

HI = Qé}i: information set of an informed agent upon arrival.

?:[fw = g;“f: the market maker information set at the time ot the i-th trade.
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HY = Q(Zl’i V o {s;}: information set of an uninformed agent upon arrival.

I;: the event corresponding to the informed type agent arrival.

L;: cumulative number of realized trades by time ¢.

LY: cumulative number of realized trades by time ¢ in the market with infinite arrival
intensity.

Ny: stochastic counting process of arrivals.

Nf, k € {I,U}: stochastic counting process of informed/uninformed traders arrivals.

pi, P;: the unit price on, respectively, trade and calendar time scales.

q: probability of an arrival of being of the uninformed type.

s, S: private signal of agents of the uninformed type on, respectively, arrival and calendar
time scales, i.e. s; = Syv.

T: final time. z

U;: the event corresponding to the uninformed type agent arrival.

vi, U;, Vy: denote, respectively order size of an agent in the arrival and trade time scales,
and the cumulated order size (i.e. volume) up to time ¢.

W¢: Brownian Motion component of D;.

Y™ technical process that has, by construction, the same distribution as D" as the inten-
sity of arrivals goes to infinity.

zi =1y ]i}zi] + l{Ui}zZU : is the expected utility from owning one stock for the agent that
arrives at time 6;.

2k 5k Zf, ke {I,M,U}: is the expected utility from owning one stock for a type k agent

17

on, respectively, arrival, trade and calendar time scales.

7;,i: binomial random variables defined in equation (18).

§: order processing cost.

A;j=0;—0;.

€ij = Mg+ o\/Dijmij

¢: binomial random variable defined in Theorem 7 (see also Corollary 1).

0;: stopping time associated with Ny, that is the i-th arrival of an agent to the market.

0%, k € {I,U}: stopping time associated with NF, that is the i-th arrival of an agent of
type k to the market.

w: drift of Dy.

7;,; : standard Gaussian random variable independent of d;f and A; ; for all j <.

o volatility of Dy.

T;: stopping time associated with L;, that is the time of the i-th trade.

§;i: binomial random variables defined in equation (18).
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A.2 Additional Proofs and Lemmas

Proof of Proposition 4. Given the market maker’s indifference conditions (9) and (10) and

Lemma 1, it follows from Bayes rule that

A () (1—0) = i Liier, ) {IP [iim% N, = Ln} E [eDTmf”, N, = Ln.,fz} +
=1

P [ﬁi’ﬁM Ny, = Lﬂ} E [eDT’ﬁZM’ Nri = L, UZ} }

- Y
”L}i:7.)+ sTi =t

= (1=a: (v7)) [Ae (v7) + 04 ()] + 00 (07) Xe (v7) (32)

By (v7)(1+9) = i im14L,} {IP’ {j’i‘?:[{'M:Nn = Ln} E {eDT\flf”,Nn = Ln,fz} +

=1

P[CIAM, Ny, = Ly, | B [ePT R, Ny, = Lo U }

v;=v ", 1=t

= (1 () [B () 0Bl ()] F e () X () (39)

where I; (U;) denotes the event of the i-th trader being informed (uninformed) and

q (v) = Z =14, 3 P {ﬁz‘szaNn = Ln}

— V;=v,T; =t
oo B ~

Xt (v) = Z l{i:1+Lt7} E [eDT|HzM’ Nz, = Lr, Ui] Ti=v,T=t
i:1 11— Yyl —

where ¢ (v) is the probability of the time ¢ trader being uninformed and X; (v) is the time ¢
market maker valuation given that the current trader is uninformed. Note that in the above
equation the market maker uses the trader’s valuation of the asset (from Lemma 1) only in
the case of the trader being informed.

Recall that, from Remarks 1 and 2, we have that HM = o {{6};:0 , {Tj};zo} and H; =

o {{U};zo ,{6; };:0}. This observation allows us to rewrite the marker maker’s probability of

the trader being uninformed as P [Ul|7-lf\/[, N, = Lﬁ} =P [Uﬁ?—l%l, Vi, Tiy Ny, = Ln}-
Note that from Bayes rule, for any C' € B (R) we have

]P) |:01|7:[%17TZ?N7’L = Lsz|

P Ul 7‘2% 0, € C,7,N;, = L, | = = 34
[ | 1 : } P[5;€C|HM | ,7i,Nr,=Lr,] (34)
P[ﬁq,'EC"]:L?{l,Ti,NTi:LTi,UZ‘]
From A4 and the fact that
[ v o {0} } 0 AN, = Lo} = (M1 Vo {6, UB 0 Ny, = L) (35)
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it follows that Equation (34) simplifies to

[U |,Hz 1,1)1 € C Tza T LTZ:| — {ﬁi’ﬁ%bTi,Nn = LTZ:|

since PP [U € CIHM,, 7, N, = Ln] P [uz € CIHM,, 7, N,, = L., U]
Finally, from Assumption A3 and the equality (35), we have that the arrival of an unin-

formed agent, Ui, is independent from 7:[2-_1 and 7;, therefore
q (v) =P {Umjlz‘fl,ﬁ, N, = Ln} =q

Using equality(35), and the fact that the signal received by the uninformed trader is con-
ditionally independent (A2), we have that X; (v) = ZM since

Xp () =3 Lmrir, ) E [P (AN Ny, = Ly, O
1=1

o0 -
= Z 1{i:1+Lt,} E 6DT |%£\{17 ,Dia Tis NTZ‘ — LTm Uzi|
i=1 )

ﬁi:U,Ti:t

v;j=v,;=t

o
= Zl{i:1+Lt7} E ]E [ DT‘HZ 17‘ST177—7,7N LTaU:| ‘Hz 17U17T27N - LTZ"U’LC|

V;=v,T;=t

D RTERE [P A N = L] = St B [eP7[GM N, = L]

i=1 =0

:Zl{z L+1} 2,

Therefore Equations (32) and (33) simplify to the following ordinary differential equations

Ap(v) (1= 0) = (1 —q) [A¢ (v) + vA; (v +qzl{z Ly 25l
1=0

By (v) (1+6) = (1—q) [Bi (v) +vB; (v +QZ1{Z Lo +1}Zn .-
=0

These, up to a generic constant, have three solutions each, but only one solution per equation
satisfies conditions C2 and C3. These solutions are the ones in equations (13) and (14). These

solutions clearly satisfy conditions C2-C5, and C1 is satisfied because 2, loer,. +1}Z

Ti—1

a cddldg process. m

Proof of Lemma 3. The proof is by induction on 1.

I. i=1. Then
P [dtlr < a)"Ho,Hl] =qP [dir < x”Ho,Hl, U1] + (1 —q)P [dﬁr < Z”Ho,@l,h]

since, due to A3, P[U;|Ho,01] = q. From equation (24) and Remark 3 it follows that
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P [di < x|Ho,01,U1] =P [d < x[Ho, 61, 11]. Therefore
P [di" < x|Ho,01] =P [di < x|Ho, 01, I1]. (36)
On the other hand, we have

P [d}" < z|Ho,01,11] =P [Do + (Dg, — Do) < z|Ho, 61, I1]
= ]P’[ o + (Dgl — Do) < 33"7'[0,(91] (37)
P [dy +e1,0 < z|df’, A10]

since Dy, — Dy is a Brownian motion increment and, due to assumption A3, this Brownian

motion is independent of # and I. Note also that Equations (36) and (37) imply

P [dﬁr < .%"7‘[0,01] =P [Dgl < .73‘7‘[0,01]

. Suppose the statement is true for ¢ = n. Consider ¢ = n + 1, then

P [dt +1 < 517|Hn7 0n+1] - q]P) [dt +1 < $|/Hn7 en—i—l? Un—‘rl] (1 - Q) P [dt +1 < x|Hn79n+17[n+1]
(38)

P dyyy < a[Hn, Onr1s Inga] - (39)
since, due to A3, P [Uy41|Hn, Ont1] = g, and from Remark 3 we know that
P[di, ) < @M, Opi1, Ing1] =P [di ) < 2|Hn, 0pi1, Unsa] -
we also have

[dt +1 < x| Hn, Ony1, n—i—l] P [D0n+1 < z|Hn, Ong1, In+1]
=P [D9n + Dy — Dy, < 37|Hnu On+1, In+1] .

n+1

Note that from assumption A3 I,,41 L fND Sv v (Uj)
O’{Dg —Dgn}\/O'{Dgn}C./_"j]yDS (Uj)

itntl Vn. Since Hp, V o {Oni1} V

;| we have

ni1 i#nt

In+1J_HnVU{9n+1}VU{D9 —Dgn}\/U{Den} vn.

n+1

Therefore, from Proposition 6.8 of Kallenberg (2002), we have that, Vn, I,,4+1

HnVU{9n+1}
o{Dy,,, — Dy, } Vo{Dg,} ,and from Proposition 6.6. of Kallenberg (2002) it follows
that

P [Dgn + D9n+1 — Dgn < x\?—[m 9n+1> In—i—l] =P [D0n+1 < $|Hn, 9n+1] . (40)

Note that the above and Equation (39) imply P [df{H < z|Hp, 0n+1] =P [Dg o S z|Hp, 0n+1]
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Moreover

P [dz;rl < x’an 0n+17 In-l—l] =P [Dﬁn + DH - Den < x‘Hrw 971-‘,—1]

n+1

= (1—q)P[Dq, + De,,, — Do, < |Hn,0n11,1n]+4qP [De, + Do, ., — Do, < 2|[Hn,0ns1, U]
(41)

where the last equality simply follows from Bayes rule and that Assumption A3, and the

fact that Hy V o {On11} C Fp %V (U)), 4,y imply that P [Un|Hp, On 1] = g.

Note that the I,, agent knows Dy, , therefore

P [Dy, + Do, ., — Dy, < x|Hn,0p41,1,] =P [d7 + Dy
=P [dir +o (W0n+1 - WBn) + NAn—i—l,n < 37|/Hnu On+1, In]
=P [dfz" +0o (I/V9n+1 — Wgn) + pApt1m < z|Hp, 9n+1] )

- D9n < 33|an7 9n+17 In}

n+1

where the last equality follows from assumption A3 and the fact that H,, V o {041} V
o W, — Wa,} € FrP5 v (U)
6.6 and 6.8 of Kallenberg (2002).

Let define W := Wy, ., — Wy, and N := Ny 44 — Np,. From Assumption A2, and
the fact that W is a Brownian motion with respect to (F);5q, we have JF wr | N i

n

1 hence we can use use once more Proposition

and FW" 1 Hy,. Therefore, from Proposition 6.8 of Kallenberg (2002) the above is
equivalent to FWr o Ny H,,. Since from Assumption Al FN Hpy, it follows
from the definition of independence that F¥" v FW" 1| #,. Since o {Wo, .. —Wa, } V
oc{Aptin} CF N\ F ‘;an the above independence and Proposition 6.8 of Kallenberg
(2002) implies o {Wy,,, — Wy, } 1 Hy,. Thus, we have by Proposition 6.6 of

o{Ant1,n}
Kallenberg (2002) that

P [dir +o (W9n+1 - Wen) + MAn+1,n < .I'|Hn,€9n+1] =P [dff + 5n+1,n < $|dir, AnJrl,n]

where £,11.0 = puAnt1n + 0/ Dni1nnt1n and Mni1,, ~ N (0,1) is independent of df"
and A, 1, for all n. Therefore

P [Dy, + Do, ., — Dy, < &|Hpn,0n+1, L] =P [d + epiin < 2ld, Any1n] . (42)

n+1

To complete the characterisation of Equation (38) we now simplify [P [df;q < x|Hn, Ont1, Un+1] .
Observe that

P [Den + D9n+1 - D9n < x‘/an 9n+1a Un]
=E [P [Dan + D9n+1 - D9n < x’,Hn—la Ont1, O, Un, Sn] ‘Hm 971—1—1; Un]
=P [Dﬁn + DG - DGn < $|/Hn7179n+1’ en]

n+1

where the last equality is due to Assumptions A2 and A3. Using Propositions 6.6 and
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6.8 of Kallenberg (2002) in the same fashion as above, we have
P [Dﬁn + D9n+1 - Dan < x‘Hrw 971-‘,—17 Un] =P [DGn + En+ln < x’H’n—lv en—‘rl; en] (43)

where €p410 = plniin + 0/ Dptinntin and Npp1, ~ N (0,1) is independent of
Hn-1,0n+1,0, and .7-_92.

To complete the induction recall that in Assumption A2 F}V HJ_ FN. Since o {0,} V
i—1

0 {01} C FN we have F¥' | 0{0,} V0 {0n11}. Thus, from Proposition 6.8 and

Hi—1
Corollary 6.7 of Kallenberg (2002) we have that F¥ V o {6,,} J_{e 0 {0n+1}, and
i—1,01Un
since 0 {Dp, } C F¥ Vo {0,}, we have o {Dy, } y L{G , 0{0p+1}. Therefore, for any
i—1,01Vn
X

P[Dg, < x[Hn—1,0n+1,0n] =P [Dy, < x|[Hp—1,0,] =P [d;r < x|Hn-1, Qn]

n—1
= (1=0) Y ¢" P[] +eny < aldf, Ang] +
7=1

+ qn_l]P) [dET + 6n,O S !T|df)r’ An,O]

where the last two equalities are due to the induction assumption that also imply &, ; :=
Ay + 0/ Ay i, and 1, 5 ~ N (0,1) is independent of d;" and A, ; for all j <n.
Thus Equation (43) becomes

P [Dgn + D9n+1 - Dgn < x\?—[m Oni1, Un]
n—1

= (1 - Q) Z qnilijP [dy + €n,j + Entl,n < x’dz‘r) An,j7 An—i—l,n] +
7=1

+q" P [dY + eno + envin < 2ldf Ano, Aniin]
n—1

=(1—¢q) Z IR + ey < @ld Anyry] + ¢ P LAY + e < 2ldf, Apgo]
j=1

since all the ¢’s are independent Gaussians.

Combining the above equation with equations (42), (41), and (39) yields

n
P [difyy < ofHn,Onsa] = (1-0) D a" P [df +ensny < old], Ansng] +
j=1

+¢"P [df)r + ent1,0 < z|df, An—i—l,(]] .

By the principle of mathematical induction the proof is complete.

Proof of Corollary 1. To prove the corollary we need to compute the probability that,
given that a trade occurred, it is at ask or bid. Let (]—"tW) be the natural filtration of W
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augmented in the usual way. Since W is a Brownian motion with respect to a (potentially)

larger filtration, it is also a Brownian motion with respect to (]—}W ) Then,

2 2

P U(WTZ-—WH_J —02(71-—7‘2‘1):&<¢‘q_1 —i—l—q) |.7:g/1} :IP’[UWT—UQTZGL(:U) .
=%

+1—q

where the equality follows from the strong Markov property of Brownian motion, and where
o2
T = inf{t >0: oWy — ?t ¢ [b(x), a(:v)]}

Note that M; := exp {O’Wt — %2 } is a martingale and 7 A s is a bounded stopping time for
every fixed s. Thus, EM,;,s = 1 by Doob’s optional sampling theorem (see Revuz and Yor
(1999) Th. 3.2 Ch. II). Since M, s is bounded for all s, we can use the dominated convergence
theorem to obtain that EM,. = 1. Thus we have

}P’[ o2 ]_ 1 — eb@ =02 —q(g—0)x
2

oW, — —71=a(x)| = @) @) Sqor

since M, can take only value exp{a (z)} or exp{b(z)} . Hence ¢; has the stated distribution
and the conditional moments, as well as the ergodic distribution, follow from simple direct
calculations. m

Proof of Lemma 4. We first derive the conditional expectation of time between two
consecutive trades. In particular we will prove that the following conjecture holds for all

1>5>1

|

>

52 \J71 .
Sa+0)(1+0) (izhy) oy =gt
o o \J-1
~S(a=0)(1-0) (H5) . i biy = 5

(=}

E Ti—Ti—l—MTU:TiW_j] =

<

£)
=2

where p, is defined in Lemma 4 and

- log — 2
o?(q+ 62) +log

) 1-96

1 [ q* — 62
log
q

q—96 146
(1-42) ]

The proof is by induction on j. First, consider j = 1. We have, for any t € R,

2
E [Ti ANt —Tii At .7:71./}/71:| =——E [WT-/\t - Wx
(o

K3 3

g
_lAt—E(Ti/\t—Ti_l/\t)‘fKI}

by Theorem 7.29 Kallenberg (2002). Observe that the left hand side is monotonically increasing
in ¢t and the right hand side takes values in the interval [—%a (ﬁ +1- q) , —%b (ﬁ +1-— q)}

and is therefore bounded. Thus, taking the limit as ¢ — oo and applying the Monotone Con-

vergence Theorem (to the left hand side) and the Dominated Convergence Theorem (to the
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right hand side) yields:

E |:7—i — T ‘ ]—"XKJ = _2 |:WTZ. - Wr_, - % (Ti — 7'1;1) | .7:71.?/711|

=-2E {a((mq_l—i-l—q)l{@_q}+b(¢i(]_1+1—q)1{¢i_ . }\fXVl]
=-% [a( +1—Q)P[¢z:q%!5|¢171}+b<¢£1+1—Q)P[¢i=#5|¢171”

:/"LT+

where the second equality is due to the definition of 7; in Theorem 7, the third one is due to
the fact that ¢ is Markov, and the last one is obtained via direct calculations by employing
the conditional probabilities of Corollary 1.

Next, suppose that the statement of the induction is true for j = n. Let j = n+ 1 and

observe that for any i > j we have

E[Tz—7'11’ (+1>:|:E[E|:TZ—TZI| gy n}| nnl}

MT+S( = 5z)>n E [(q+5)(1+5 C——— —(q—5)(1—5)1{¢i7n:q%} | $in—1|

where the last equality is due to the assumption of the induction and the fact that ¢ is Markov.
Using as before the conditional probabilities given in Corollary 1, direct calculation proves that
the conjecture holds.

Next, note that 7, — T,—1 — jtr is a £? mixingale since®?

o172

G N L CER

2] 2
—(g—0)(1=9)1 {¢z - q+6}) ]

< 5V + 51 +9) (L)

where the first equality is due to the result above and the inequality is due the fact that

n—1
(a+b)? < 2(a® + b?). Moreover, let ¢, = ¢ = Sv2(q+6)(1 +6) and ¥(n) = (%) and

observe that ¥(n) = o(log™%(n)). Hence, by Corollary 1 of de Jong (1995), we have that

Tn
— — U a.s.
n n—oo

The second statement of the Lemma is proved by contradiction. Fix an w € {w € Q :

7n (w)

limy, 0o =~ = pir}. Suppose that for this w there exists a sequence {#;}72; such that
P o
lim; o0 t; = 00 and lim; t;fw) =K # “—i, where K can take infinity as a value.

32For a definition of mixingales see e.g. de Jong (1995).
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If K = 400, then for any M € R there exists an IV € N such that for any n > N we have

L (w) T\ Mt, | (W) tn
== > M & Ty, (W) < th & (M) < (M)

where the operator |-| returns the largest integer smaller than its argument. Taking the limit

yields that lim, o % < ﬁ for any M € R, and, therefore, is equal to zero, which

contradicts the choice of w as, evidently, p, # 0.

If K < 400, we have two possibilities: either K < u% or K > u% We will consider only
the first case as the second one can be dealt with in similar manner.

Fix an ¢ = i (i — K> As lim;_, Ly = K there exists an N € N such that, for any

Hr t;

(@)

LIJ
n > N, we have tt"in — K < &. Observe that we have

Tltn(e+K)|+1 (w> 2
lth(e+ K)]+1 7 [th(e+K)] +1°

Lfn (w) < tn(5 + K) g TLtn(erK)jJrl(w) >ty &

Tltn(c+K) | +1(@)
[tn(e+K)]+1

Taking the limit yields that lim,,_ > - +1 7 > pir due to the choice of e, which

contradicts the choice of w .
Tn(w) t(w) 1

Thus, for any w € {w € Q : lim, 00 =~ = pr } We have lim; oo LT =, =

A.3 Proof of Theorem 7

To prove Theorem 7 we first construct a new process (Y') that has exactly the same distribution
as the shadow valuation of the asset (D'") in Lemma 3. Then, we establish weak convergence
of this process in Skorokhod topology. And finally, to complete the proof via the Continuous
Mapping Theorem, we establish the continuity of the mapping between the shadow valuation
process and trade prices.

In order to define a sequence of markets as in the above Theorem, we need to define the
processes N™, S™ and U". Given these processes, the price process P" is obtained from
Theorem 6 and Equation 17.

First, we define the process of traders’ arrival N™. Consider any given Poisson process A,
with intensity A, and corresponding arrival times 7; := inf {¢ > 0 : A; > i} that are independent
of FYV. The arrival intensity of the n-th market is constructed as nA. For any of these A

processes, we introduce regularity conditions by considering the following sets:

Q) =

LmJ o~ 2
{wEQ: lim 25=1 (03 =% 1)2::Uforanyx€[0,l]},

=00 Zé,:l (Vi — vj-1)

0Oy = {w €N m<a]§<('yi —i—1) < oo for all k € N+} ,
Q3 = Uy Nz {w € Q1 (33 — 7i-1) < 2log (1)},

A,
Q4:{w€Q: lim 1t:t>\f01rau1r1yt€[O,T]},

n—oo n
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Atn ~. _ ~.
Q5 = {w € Q: lim 2izi (i = %i-1) =X"!foranyte [O,T]} ,

where the operator |-] returns the largest integer smaller than its argument. Note that the
above regularity conditions are satisfied by the Poisson process almost surely since: a) from
the strong Law of Large Numbers P (€;) = 1 for ¢ = 1,4; b) P(23) = 1 from the Borel-
Cantelli Lemma; ¢) P (2) = 1 is a property of the Poisson process; d) condition 25 is simply a
strong law of large number requirement; e) P (£25) = 1 for a Poisson process. Nevertheless, the
fact that these regularity conditions are satisfied almost surely does not guarantee that they
will be satisfied for every w € ), since on some zero probability sets they could be violated.
Therefore, since we will be conditioning on paths of A, we need to modify the A process on
the zero probability sets to ensure that these properties will hold for every w € .

The modification of the Poisson process A, denoted A, that satisfies the above regularity

conditions for each w € 2, is given by33

vi (w) ifwe ﬂ?lej B 00
) A - | .
Vi1 (W) + 5 if we O\ <m;¥:1§2j) t ; {7:<t}

The corresponding sequence of traders arrival processes can now be defined as

N/ = A, (45)
Vi
n_ B 4
o = (46)

Note that the intensity of the counting process N is simply An. So, as n — oo, the inten-
sity of arrivals goes to infinity. Moreover, note that the arrival process just defined satisfies
Assumption Al.

Second, the above Theorem requires us to consider a sequence of markets. Nevertheless, we
have established that, in equilibrium, market prices are uniquely determined by D! through
Lemma (2) and equation (24), and we have already characterised in Lemma 3 the distribution
of D'". As a consequence, since we are aiming to prove only weak convergence of the price
process, it is enough to construct a sequence of processes, Y, that have the same distribution
as the D' process that results from the market equilibrium.

In the following Lemma we construct the Y process such that £ <Dt"’”\.7:§o) =L (Y" ]fé) ,

where £ (\fg\o) denotes the finite dimensional distribution and D" denotes the D' process
in the market M"™. Therefore, for any fixed n, Y¥;* has the same information content as the
value of the log profit that could be inferred observing the valuation of the last agent that
arrived (before time t) on the market M"™. That is, the process Y™ can be thought of as a

value process of the log profit at arrival times.

Lemma 5 Fiz a process N given by Equation (45), and any market M™ (N™, D ,S™ U")
satisfying Assumptions A1-A6. Let D™ be the resulting value of the log profit from the

33Note that A is an adapted process since the filtration we use satisfies the usual conditions.

o4



agents’ point of view, given in equation (24), and that uniquely determines the equilibrium
price process (through Lemma (2) and equation (24)).
Consider the process Y™, on the interval [0,T], given by

o0
Y= Lnpey)s (47)
=0
yg = D07 (48)
1—1
Y = Z i1 (U] +¢75) (49)
=0

where }'; = pAl; + o A?jm,j, APy =00 — 07, mij is an independent standard Gaussian,

and ;1,5 18 a 0 or 1 random variable such that: Zj;% Gi-1, = 1;

(1-q)g "7 forj>0
PGy =1)= , 50
(G5 =1) { e, (50)
and U{Ci,l,j};;lo L Vigio {Cro1 };./:0; Vio {Cifl,j};‘;%) 1 fé_\o. Then we have
n| A\ _ n Yy tr,n N™\ _ tr,n A
£(vFL) = £ (v F) = £ (D F) = £ (D FL ) (51)
£ (PymFL) = £ (PY"FY") = £ (P FY") = £ (P"|FL) (52)

where P is the mapping from the value process of log profits at arrival times to equilibrium
prices (defined in Lemma 2 and equation (24)), and P™ is the equilibrium price process of the
M™ market.

Proof. Equation (51) follows from direct comparison of the distribution of Y™ and the
one of D in Lemma 3 and the fact that Y™ and D' are defined on [0,7]. Equation (52)
follows from the fact that equations (2) and (24) identify a unique mapping between D" and
the equilibrium price process, and the fact that prices are defined on [0,7]. =

The above Lemma makes clear that, to establish and characterise the convergence of the
Equilibrium price process, it is enough to establish and characterise the convergence of the
Law of Y and the continuity of the mapping P.

For convenience and clarity of exposition (and to avoid some technical issues arising from
zero probability sets) we define a new (random) probability measure P to remove the condition-
ing in equations (51) and (52). That is, let P be a measure on }'C{\O Vp FX", given by the regular
version of the kernel P (G\]—"g\o), i.e. for any G C FA v, F1" we have that P(G) =P (G\fg}o)
Such a P measure exist and is unique due to Theorem 6.4 of Kallenberg (2002). Therefore,
convergence under P (i.e. £(Y") — L(Y)) implies convergence under the original P measure
(ie. L(Y™) = L(Y)).

Using the definition of Y™ (in Lemma 5) and P, we can establish the first convergence
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result needed to prove Theorem 7.

Proposition 9 Consider Y;* := Y 2%, Linp—iy [y + (T = 0")]. Then the sequence of pro-
cesses <}7”,efm,§”,]}n>, where F, = fg\o \% .7-?7” and 07 = 9]’{[?, weakly converges in Sko-
rokhod topology on D ([0, T]) (the space of cadldg processes in the [0, T interval), as n — oo, to
(}7, eY, 9, .7:">, where Fy = fg\o \ .7-??, 0, =t, and Y, = oW, where W is a standard Brownian

motion on its own augmented filtration and it is independent of ]-'é_\o.

The proof of the above proposition is quite technical, and requires establishing some inter-
mediate results, and is therefore reported in Appendix A.3.1. Nevertheless, its core is quite
simple to grasp. The Y™ process is, by construction, a long memory process. Therefore, to
establish the above limiting results, we show that its serial correlation decays at a fast enough
rate to ensure mixingale convergence. With this result at hand, we then prove that Y is propor-
tional to a standard Brownian motion by showing that it is a local martingale with quadratic
variation equal to o?t.

Since, by definition, Y;* = Y,* + u (9? — T)7 and the above Proposition states the joint

convergence of Y™ and 6", we have that a similar convergence result holds for Y.

Corollary 2 The sequence of processes (Y", e¥" on, .7?”), weakly converges in Skorokhod topol-
ogy on D ([0,T]), as n — oo, to (Y, eV, 0, ]?), and Yy = p(t = T) 4+ oW, where W is a standard

Brownian motion on its own augmented filtration and it is independent of féo

Given the above convergence result for Y, and since (from Lemma 5) £ (PY”U—"({\O) =

L (P”|]:§O), all we need to complete the proof of Theorem 7 is to establish that the sequence
of processes PY"™ converges — that is, we need to establish the convergence of the sequence of
equilibrium price processes (P™). We do so by ¢) breaking the map P into two maps, P; and
P, and establishing i) the convergence of the processes P1Y"™ and #ii) the continuity of the
map Po.

First, the map P; : D([0,T]) — D([0,T7]) is given by

2

Pu) O = £+ (04 G ) (T =swp (s <t f5-) £ S0 ¥ € D]

Note that P; identifies the arrival times. In particular, the sup component returns the previous
period arrival time, when f is a path of (the piecewise constant) process Y, and it is equal
to t if f is a path of the (limiting) continuous process Y. Thus we have

2

(PIY"™), = Y + (u + ‘;) (T - 0F) = Hy. (53)

where H is the valuation of the agent that last arrived on the market (note that P1Y;" is just

the log of the expectation of 7).
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It follows from Corollary 2 (and Corollary VI.3.33.b of Jacod and Shiryaev (2003)) that
(H”, 9”,]:""), weakly converges in Skorokhod topology on D ([0,71]), as n — oo, to (H, 9, ]:"),

and

0.2

Ht:?(T—t)qLJWt, te0,T] (54)
where W is a standard Brownian motion on its own augmented filtration.
Second, note that the price process can be recovered as P" = PoP1Y", where Py :
D([0,T]) — D([0,T]) is defined by (Paf)(t) := g(Tgf) for any f € D[0,T], where L{ =
t

disol {ngt}, and ¢ (-) and 7/ are obtained through the following recursion

Tof = 0, gO = ef(o)’ 0570 = 17

=it {e> ol p e - (L) ¢ (b(ciny) e (i)} (55)

where a(.) and b(.) are defined in Equation (21),

; 1—6 it f(77) =g (7]

ch . =
2 140 if f Tif —Ing Tf1)<b cgﬂ-_l and i >0

71—

¥ )
>alcy,. ;) and >0
1) 2,i—1 (56)

and

g (rzf) = % {(1 —q) ef(”f) +qg (Tif—l) cg,i—1:| : (57)

€2

Note that the above recursion is analogous to the one defining the price process and trading

times as a function of fundamentals in Lemma 2 where, in particular, the equation for stopping

times Tif corresponds to the times of trades in equation (20), and the equation for the update

of the function ¢(-) is nothing but the price evolution defined in equation (22).

Consider the following set of functions C
C .= {feC[O,T] Lh<oo rf =t LL =Ll vi=1,... L K. >0, T{;éo} (58)

where

TZ-er := inf {t > Tl-f_l :f(t)—1Ing (Tif_l) ¢ [b (Cg,i—l) @ (Cg,i—l)]}

K, := min min (Tif — Tif_l) T — Tff
i=1,...,.L4, Ly

that is, the set of continuous functions characterised by spaced apart hitting times, and that

cross the boundaries, defined by a(-) and b(+), upon reaching them. Note that when f belong
to the set C, we have that (Paf) (t) = exp {f <T£f> } where Lf = 50 I{Tf<t}, and 77, are
t - i —

obtained through the following recursion
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Tif—l— _ Tif —inf {t > Tz'jil  f (t) —f (Tz']:l) ¢ (b (65’1;1) N (65,1-71))} ) (59)

where
1—-6 if f Tif —f 7‘1-]:1> :a(cgﬂ;l and ¢ > 0,

€5 = ¥

(60)
1+46 if f Tif —f Ti_1> = b(cg’i_l and ¢ > 0.

Note that a path of Brownian motion (with or without a constant drift) belongs to the set C

almost surely (since ‘b (Cg,i—l)

, (Cg,iq) > 0 for all 4, i.e. since, at any given hitting time,
the distance between the current value of the function and the next hitting bound is strictly
positive).

To establish the convergence in distribution of the equilibrium price processes (P"), we
need to establish the continuity of the map Ps (on the set C), which is done in Lemma 6 below

(the proof of the Lemma is reported in Appendix A.3.2).

Lemma 6 For any function f belonging to the set C defined in equation (58), the map P2
defined by equations (55)-(57) is continuous in Skorokhod topology at f.

With the above result at hand, we can complete the proof of Theorem 7.

Proof of Theorem 7. Observe that

lim £ (PFL) = lim £(PY"FL) = lim £(Pot"|FL) = £ (PoH|FL)

n—o0

where the first equality is due to equation (52), the second equality is due to the definition of
the map Po, and the last equality is due to the convergence of H™ established in Corollary 2
and the continuity of the map Ps proved in Lemma 6.
The conclusion of the Theorem follows once we observe that H € C. Therefore the limiting
price process, P, exists and is given by
L{’
P L (PH) (t) = exp {HTfH } =[], (61)

t i=1

where
q/ (g —96) if Hon—-Hnr =a Cgi—l and i >0

¢ =
q/(q+6) fHu—Hun =b i ) andi>0

The statement of the theorem follows upon observing the form of H in equation (54), and that:
Ai=q/pi+1—q =7, P=1L". m

A.3.1 Proof of Proposition 9
To prove Proposition 9 we first need to establish a few auxiliary results.

Definition 2 (Most Recent Common Ancestor) Considery]' defined in Equations (47)-

(50). We define the most recent common ancestor of y' and (e A (yln,y?), recursively as
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follows

A(yl’f‘,y?):i,

1—1 j—1
Aru)) =AW ul) = 1sgy > GimreA (U UR) + Licsy O GorwA W 47 -
k=0 k=0

Lemma 7 Suppose q < 1, then foranyi > j >k >0, and anya € <max{\/§, \/% + 2q — q;},l)

we have

P (A (yf,y?) = k) < ca® ik,

where ¢ = a=2M > 1, and M is the smallest nonnegative integer m such that ¢*+¢*+(1-28)m (1 — qSH) <
1’34

with s < 1/2 being the solution of a = q¢*.
Proof. The proof is by induction on the maximum of ¢ and j.

Suppose that max {i,j} = n < M. Then the assumption of mathematical indiction holds since
P(A(yy}) =k) <1< ca® < gk

due to the definition of c.
Suppose that for max {4, j} = m > M the assumption of induction holds. Consider max {i,j} =

i =m + 1, then we have the following four cases.

1. k#£0,k# 3.

P (A (ymi1v)) =k) =

P> CmiA( yz,y])—k):Z AW y) = k)P (G =1)

=0

NE

P(A(]y)) =k)P(Cma=1) =) P(A(y)) =k) 1 -q) g

Il
[ ng BRI

Il
=

where the third equality is due to the fact that the common ancestor A (yl”,y;‘) <

34Such M exists since
: s s+(1—2s)m _ a5ty s
Jim ¢®+q 1-¢™) =¢ <1
Moreover, note that for all m > M
qs + qs+(1725)m (1 _ qs+1) <1

since the left hand side is monotone in m.
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min {/, j}, and the fourth follows from the definition of ¢ in Equation (50). Then

|
—

P(A(ymers)) =k) =D P(A(yhy)) =k) (L—a)g" "+ > P(A(yyf) =k) (1—q) g™
! I=j+1

1—(] Zaﬂ]kml_i_ZaQ]lkml

I=j+1

[
B

1— . 4 o
— ( Q) c a2]7’l’ﬂ,*k) (a2 _ Q) + akquerlfk (aq _ 1) + [qm*ja]*k (_aq2 +2q — a2):|

2
(1 - G’Q) (a - Q) negative for a<1 v 9
negative for a>y/ 4-+2¢— %

(1_Q)c 2j—m—k a? — (1 q)c 2] —-m—k ca2] —m—k—1
S e g (T @ ) = g

where the first equality comes from k # j, the first inequality follows from the principle

of mathematical induction and the last inequality follows from the conditions on a.%°

2. kA0, k=j.
P (A (ymi1,9]) = F) P(ZleA ) ) Z Ayr ) = k)P (Gng = 1)
=S PAW ) =k)PGni=1)= > PAWY)) =k 1-q)¢" '+(1—-q) g™ "
I=j 1=j+1

where the last equality is due to P (A (y?,y?) = k) = 1. By induction we have

m m
U= | D PA@WY]) =k) ™ +q" %] <cl—g)§ D> o Fgmt g gt
I=j+1 I=j+1

_ C(l _ q) gk—m—1 a— a—k+m+2qm—k+1 < a (1 — Q) k—m-1 ~ . k—m—1
(

(1—aq) 1—aq)

3. k=0,k#j.

P (A (yp41,97) = 0) (ZCmIA ',y —0>=ZE" (W' 7)) = 0) P (Cmy = 1)

=0
Jj—1 m
=Y PAWNY) =0)(1—q)q" "+ D> P(A(yy)) =0) (1—q) g™
=1 l=j+1

2
35Since 4/ ‘14—4 +2q — % < 1 there exists an a satisfying the conditions in Lemma 7.
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where the last term follows from the definition of ¢ in Equation (50). By induction

Jj—1 m
B (A () =0) <c(l—q) S a2 ign—t 4 3 a2i-lgn=t b 1 cq=igm
=1 I=j+1

i a®> ¥ (ag—1)—ag® —a®+2q a¥ ™ i
— (1 — m—j ,j Jgm
c( )34 a (a2 — q) (1 — aq) +1_aq +ca “q

7 2
negative for: 1>a>4/ 4-+2¢— %
a2]fm

< c{(l —4) - p +a_qu} = ca® M1 {(1 —q)

: + am—3j+1qm}

The proof of this case is completed by showing that the last term above is smaller than
1, and this is the case if

a+ amf3j+1qm _ am73j+2qm+1 < 1.
Note that a = ¢°, for some s < 1/2, hence
a+ am—3j+1qm . am—3j+2qm+1 < ¢+ qs+(1—25)m (1 _ qs+1) <1
where the first inequality is due to m > j, and the second is due to m > M.
4. k=j5=0.
P (A vh) =0) =1 <ca ™ =g 2Mm-L,

Hence by the principle of mathematical induction the statement of the Lemma holds for all m.
|

Lemma 8 Let ¢ denote

v = E[VH?] - E [V R (62)
where E denotes expectations taken with respect to the measure P and H = ]-"(;} with ]-": =
o {Y;‘St} Denote the variance of 1 with (O';Z},Z)Q =FE [(@Df)z} The following holds for any
t>0:

1. lim,,_ oo max oV =0.
. n,i
i<NP

2. The set

5, n €N, i <N/

1s uniformly integrable.
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3. For any k >0
lim P [max P3| > k] =0
n— 00 i<NJ

Proof of Lemma 8. We prove the assertions of the Lemma in the same order as stated.
1. Note that from Lemma 5 and the definition of Y we have
E[Y7|H] = (1= q) [y +u(T = 67)] + qE [Y7|Hi 4],

from which it follows that

n i—1
1_q:[ —M@ ] ;%7 (63)

therefore

Thus, by induction

4 g
o —022{ 2—q1jA” 1} (64)

where A7, =07 — 07_;and note that q(2—¢q) < 1forall ge|0,1].
Fix any w € Q, than from Q3 it follows that there exists a k (w) such that nA7, | <

2log (j) for any j > k. Moreover, from )4 we have that lim,, % = AT'. Therefore
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from equation (64) we have

j=1
2 2 — i—j AN 2 ¢ ] :
<=0’ {la@ -0 7 AL+ 2D 02— 9] log ()
j=1 j=k
k—1 i
<(1-g)0® {ZAZ” +=log (1) ) g (2 - Q)]”}
j=1 j=k
__22k_1n zl i
=(1-q’0 Afjo+—log (i) ) la(2— )]
j=1 j=Fk
Lo = ® 1-[g(2—q)]
<(1—-¢q)?? ]HA” +gl (N7 !
PENET TR T2 =)
k—1
(1 202 Bjj-1 2, (nn
—(1-q) { s +n1g<NT>1[q(2q)]}
() = -2 {la@— o)~ a3} (65)
j=1
g A Dy L
- o n 1—1[g(2—q)]

Note that the right hand side does not depend on ¢ and its limit as n — oo is zero. Thus

lim,, o max ol =

; % Uni
1<N{

4 _
2. Consider </@w ) =E [( n)ﬂ and note that from Equation (63) at arrival ¢ and ¢ — 1,

n,i )

it follows that .,
o n n n 4
(“ZZ) <(1- Q)4E |:(yz —Yi-1— .UAz‘,z‘—l) }
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i—1

_ _ 4
= (1= (AR a) =) E [ (/8w — /AL ) ]

7=0
i1 i—1 ?
= 30" (1 - q)"* P(A (v yit) =3) |6F — 071 +2 Z (0% —051)
=0 k=1
i—1 %
<120%( 1—(142 Ayl uia) =4)(i—5-1) Y (6F - P’
iz k=j+1
< 120* (1 - g)’* ZZ a7 (i = 5) (O = 03y)”
7=0 k=j+1
k-1
=120 (1 - ¢)* ca QZ o —0p_1)" > a T (i—k—(j— k)
=0
i k k
< 1204 22 (Op —0p_ )20 | (i —K)Y a3 b (5~ k)
I =0 =0
:1204(1_q)4ca QZ(GIQ n )2a7,—k: (i—k)Zal—i—Zall
k=1 L =0 =0

where the first equality follows from the definition of ¥}, the second from the fact that

1;,; is and 7id standard normal and the definition of A7, while the second inequality

i
comes for the observation that (ﬁ S ai) <i S a? zind the third inequality follows
from Lemma 7, the third equality is simply a change in the summations order, the third
inequality comes from having added one nonnegative element to the sum over j, and
finally the last equality is obtained setting | = k — j.

Note that for any b € (a, 1) there exists a constant ¢; such that

(e 122) (5) = voelo

Therefore

4 N4 2 i i
(K‘Zﬂ')ll S 120 (11 _(i/) ca (ek n )20/1 k |:(Z B k‘) + a :| < Co (QZ _
k=1

(66)
where ¢y == 120% (1 — ¢)*ca™2¢1/ (1 —a) .

Now to prove that the set K¥ is almost surely uniformly integrable we need to show

4
¥
(1)
sup

4
7' w

< oQ.
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From Equations (64) and (66) we have

(K/;f,i)i e 22:1 (9? - 0?—1>2 b < 23:1 bd (9? - 6?_1)2
(@) S -a” (o)) (g -a)
S b (3 — -1)
zgw?ﬁw—wlf

:CS

where ¢3 = ¢3/ (1 —¢)* 0% and by = [¢(2—¢)]* and the last equality follows from
Equation (46).

Now consider a random variable X; with distribution given by

B <Xi _ i—.j> ) Z@j Ly

_ _ 2°
¢ ;':1 (Y —-1)

Then, for any s € [0, 1], we have the cumulative distribution function

TG -
Y (3= %-1)?

F;(s) =P (X; < s)
and, given the regularity condition €, this cdf is such that lim;_,~ F; (s) = s. Therefore,
from Theorem II1.1.2 of Shiryaev (1996) we have that X; weakly converges to a uniform

random variable, i.e. X; i> X ~U(0,1), and in particular
1—>00

o= —kx. 1—ek
lim E [e Z] = vk > 0.
Now notice that, using the definition of X;, the ratio in Equation (68) can be rewritten
as S 9 =

Z;‘:l hi—J (:Y] _ 7)/]'—1) E [eri lnb]

Y b (= y-1)® EleXinh]
where In b and In by are both negative. Therefore, to establish uniform integrability of K¥
it is sufficient to show uniform convergence of E [e*kXi] in k. To do so consider the follow-
e*kz

ing class of equicontinuous, uniformly bounded functions S := {3 Ry =Ry :s(x) =%—, kell, oo)}
Then, from Theorem II1.8.3 of Shiryaev (1996), we have that

lim sup ‘IE [eZXi} — (1 — e_k>

100 ke1,00)

=0.

Therefore, for any e € (0,1), there exists a 7 such that for any i > 7

5=t V7 (5 = %-1)” _ Ind

———— < (I1+e€).
b (3 = A-1)? T Inby
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Thus

v\ 2
(H"’i> Z bZ_ (% — ¥j-1)
< c3sup

8 (O’:ﬁi) i Z bz ]( — V- 1)2

Inb i b (3 ?
§03max{ - (1+e¢), maXZ — ]( — - 1)2}<oo,
Inby T (3 70)

implying that K¥ is uniformly integrable.

. To prove that for any k > 0, lim,_o P [IEJ%X || > k‘] = 0, first observe that from
iSNE

Equation (66), due to the regularity condition {23, there exists an 7 < oo such that

)

E[wn)] = (Hn) <CQZ (O = 01_)" 0" = 537 (e = 3e0) b
k=1
l Dy 2kl N o 2, 4(ni)’
<3 (Ve = Ve-1)" 0" +4 Z (Ink)“b"™") < -5 > (= -1)* + 1
k=1 k=141 k=1
(69)
Consider a random variable x (n) given by x (n) := argmax (¢7|. Then
i<n
o n _ i n ny _ ;1P ny _ s
P | 071> 4] = 3 Pl > b (67) =i PO (V) = )
= i<Np
w n\2 ny _ ;| o ny _ » w n\2 )
y E () e (67) =] BNy =) 5 @0 L))
12 12
i<Np i<Np
E (M P(x (N) =i i 1/2 v 2112
s W) | P(x (V') = 9) PGl I VR (LY /) NP
= k2 =g | Np &R TR T N g )|
i<Np k=1

Where the first inequality is the Chebyshev’s inequality, the second inequality is the
Cauchy-Buniakovsky inequality, the third inequality comes from Equation (69) and the
observation that 21 < vn (3o, xz)l/Q.

i=1%;

Hence from g, €24 and the fact that lim, . (In x)2 /x = 0, we finally have

n—oo <N,

lim P [max || > k]

as claimed.
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Lemma 9 Consider y}' defined in defined in Equations (47)-(50). Then
i—k '
Py <ylyf g t) = Q=) > F IRy + e <ylyf] + 0P [y + £ < ylyp] -

j=1

Proof. The proof is by the principle of mathematical induction. For £ = 1 the statement

is trivially true given the definition of y;'. Suppose the statement holds for £ = m, that is

—m
Ply? <yl nw) = Q=) D a " IP[yf + ey < ulyf] + 0P [y +efo < wlvg] -
7=1

We than have that for k=m +1

Py <ylyim 1, ¥] =E [E [l{y%y} y?_m,---,yg} y?_m_l,---,yg}

=E|(1-))) ¢ ™ Py +ci; <ulyf] +d P [yg +€lo < vl vo ]| vt o UG
7j=1

3

- (1 B Q)E [E |:1{y:l m+€?i mgy} y;n_m] y?—m—l’ ’yg] (70)
i—m—1 ‘ B
+(1—q) > ¢ IP[yf +efy <ylyp] + 0P (g + o <yl wp] -
7=1
Note that
E[E[100 rer, g | om0 o] =B B [Lpvop, o[98 98] [ s8]
=E[E |1 oo 3|Vt U i | 0
=(1—q) > ¢ " TIP Y ey i < uly)] 0T [yE + el < ylyp]
j=1

i—m—1
=(1-q) Z ¢TI [y el < ylyt] +d TR [yl + el < wlvg]

.
—_

where the first two equalities come from the independence of ¢, the third comes from the
statement of the induction with i =i —m, m =1 and y = y — €, and the last comes from the

Gaussianity and independence of . Combining this result with equation (70) yields

i—m—1
Py <ylgfmtsovg) =0 —q) > ¢ IP [ el <yl l+d P [ug + €l < wlug] -
J=1
QED. m
We now can establish Proposition 9.
Proof of Proposition 9. The proof of the proposition proceeds as follows. First, we

establish the tightness of Y™ in Skorokhod topology, and the fact that the limiting process is a
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continuos local martingale. Second, we establish the joint tightness of the processes Y™, eY",
and 0", where 07 := G%tn. Third, we identify the limiting processes.

To establish tightness of Y™, consider M}* := vazinl I where 97" is defined in Lemma 8. Due
to Lemma 8 and Theorem 2.4 of McLeish (1977), the sequence of processes (M™, F™) is tight3°
in Stone (1963) topology for ¢ € (0,1). Since by definition Stone’s topology is equivalent to
Skorokhod topology on D ([0, T]) (the space of cddldg processes in the [0, T interval), (M™, F")
is tight in Skorokhod topology as well.

Moreover, since by Lemma 8

n—o0

lim P (maX|AMt"| > k) = lim P <max [it] > k) =0, (71)
t<K n—oo zSN;g

and the sequence M™ is tight we have that it is C-tight, that is all limit points of the sequence
{L£ (M™)} are laws of continuos processes (see Proposition VI.3.26 Jacod and Shiryaev (2003)).

Furthermore, consider any convergent subsequence of M™, M™  then by Equation (71)
and the Borel-Cantelli Lemma there exist a further subsequence, denoted for simplicity by n,
such that max;<np [AM] — 0 a.s. P. Therefore, it there exists m and ¢ such that for all
n > m, |[AM]'| < ¢Vt € [0,T]. Hence, the limit process of (M", F") is a local martingale
(see Proposition IX.1.17 Jacod and Shiryaev (2003)). Finally, since the choice of the converg-
ing subsequence was arbitrary, we have that all the limits of (M", F™) are continuos local
martingales.

Note that from Lemma 5 and the definition of Y we have
E[YAMH}] = (1 —q) [y +p(T —07)] + qE [Y7H,] .

Since
Nt
> v =E Vi | - E V23] = E [F2[M3, | - T
=1

it follows that

NP —1

> q 2¢—1
V" —uT = Z QZ)?'FT(f%{Q”:Mtn‘}_
i=1

- n x
¢ (G
Due to condition (71), and the fact that M;* is C-tight and its limit is a continuous local
martingale, we have from Lemma VI.3.31 and Proposition VI.3.17 of Jacod and Shiryaev
(2003), that Y;" is also C-tight and its limit is a continuous local martingale.

We now turn to the joint tightness of Y™, e¥" and 6". Observe that 6™, given the definition

of ™, is such that

NP _ _
oy => I ot forallte[0,7),we Q.
1=1

36See page 309 of Kallenberg (2002).
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Moreover,

all (% — % 1)2

§ ———5—— =0 forallt€[0,T],we
n

=1

Thus, by Theorem VI1.2.2.15 of Jacod and Shiryaev (2003) we have that " — § in Skorokhod
topology where 6; = t.

Consider now any convergent subsequence of Y, without loss of generality let it be denoted
by n, then it follows from the tightness result that there exist a continuous local martingale Y’
such that £ (Y") — £ (Y) . Since g : D ([0,7]) — D ([0,T]) : g (z;) = € is a continuos map for
continuos processes in Skorokhod topology,?” by Proposition VI.3.8.II of Jacod and Shiryaev
(2003), we have that £ (eyn) - L (ef/). By Corollary VI.3.33b of Jacod and Shiryaev (2003),

we then have that the sequence (Y”, eyn, 6™ ) is C-tight, and for any converging subsequence

o, L (Ve 0m) = £ (Y e,0).

We can finally identify the limiting processes. From the above it is clear that the only part
left to identify is Y. Assume, wlog, that Y™ is a converging subsequence. Theorem II1.8.1 of
Shiryaev (1996) states that we can define a probability space, and a sequence of processes X",
such that X — X almost surely in Skorokhod topology, and such that £ (57”) =L (X™) and
L (Y) = L (X). Therefore, since we are only interested in the distribution of ¥ we can assume,
wlog, that Y™ converges to Y not only in law, but also almost surely in Skorokhod topology.

By Lemma 9, we have that for any ¢ > s > 0

BlY) < yrf;“"} =P [y <y —n (T = 07) | gy
=(1-q) Zq P [yj + 0y AR gy < yly]} +q"P [yo +0 /A% ginp 0 < y!ﬂ(ﬂ
N7 y=73 .2
hd n_ - o AT, . 2 —[_ _
=(1-gq) ZqNS J / VNG 4 ¢N P [yg + o0, /A%{L7OnNZ7’,O < y\y(ﬂ
=1 oo v2m
yfysn 22 N—1 y7§‘? z2

+¢"P [53 o\ [ARm olINp 0 < yl.%l} :

where the second equality comes from the definition of € and ¢, the third equality comes from
the fact that n is an independent standard Gaussian. Note that, as n goes to infinity, the last

term vanishes and

Y" _
_ Vs z2 y—Yy z2

n o [AT, n 2 . js -2
1—qN /Sy €2 daz — T e (72)
77 n—oo — 00 1/27‘(

37Since the Skorohod topology becomes uniform for continuous processes, see e.g. Proposition
VI.1.17b of Jacod and Shiryaev (2003).
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due to the almost sure convergence of Y™ and €4 and Q5.
Note also that

NP1 — 2
s anj o AN;’L,j e 5
E qs N dx
— NE 27
J= o /A’?\’?,N;’L
Nro1 s 2 1 U )
n

where the last term goes to zero, as n goes to infinity, due to {24 and the first term above can
be rewritten as

" yfyj 9
N e %
n__ g J
>, J/”; =dv
N7 N 2w
J= s—-L g A’an N
N t
—gh
N:‘—l U_U;l B 2 Nn—1 i 2

n__ s o ATy un € % n__ . 7 A?\”n,' 67 2
— Z qNS —J / NN . dx + Z qNS —J 75 J 5 dr. (73)
v T s e —L
j=N ﬁ o /A'XT{L’N? J_Ns—ﬁ o /ANt",NQ
To show that the above vanishes in the limit, fix an w and consider any k1, k9 > 0. Notice that

by the continuity of Y, there exists a x3 € (0, s) such that ‘178 - Yu| < k1 for all u € [s — K3, $].

Ss—

., NI — 1], we have

Observe that, for n big enough and j € [N:_
n

y; = Y wu€[s— Ks,s]

and, since Y converges almost surely in Skorokhod topology to a continuos process Y, it also

converges in uniform topology on compact sets,

Therefore,

y;LE[YS—Iig—m,YS-l-IiQ—i—m] Vje[N:l,Nf—l].
Vo
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To show that the first term in equation (73) vanishes, notice that the above implies that

N B/ NP1
N"—]/ JANpNp €2 7 i qNS”—j (K1 + K2) N K1+ K2
- N",L SN Ceye S NTL oy 2mARp M o (Lma) vt
vn v

due to Q4 and 5. Since k1 and k9 are arbitrary, we have that

yy]

N" 1 z2
n o [ATn nyn T2
NJ/VNNe dz — 0. (74)
N” n—00
i= -2 Nn NT

To show that the second term in equation (73) vanishes, notice that for the same k1, Ko

and kK3

_z= NI'—1
> N’-L—J‘/UV%J ¢ Zdr< > -] |
NG y=u
P n
Pl e Vo a\/ j=r \/A y \/ANn N
57% Nt SN ~n

AR nn — ARy N 5

ly| + !Ys| + K1+ Ko

Yo N — 0 (75)

n n n n—oo
o [2mARn nn X ARn Np AN?,Nn \/ANn Np =N
v v
. NI}—1 NP
Since, due to Q4 and Q5, ARy yn = t = s, Al Nno t—s,and 3 e e =

— §— —2_

G v
1/ (1 — g). Collecting the results in equations (72), (74) and (75) we have

yv=Ys  _2?
— — v n ot—s € 2 — — <
e /_OO T5ode =BV <ylF

We also trivially have that

Thus, by direct calculation we have
_[ & 52 - 2
E [eyﬁ_2t|fsy} =TT V0<s<t<T,

hence eﬁ_ét is a martingale. By Exercise 3.3.38.ii of Karatzas and Shreve (1991), we have that
<}7> ;= o%t. Therefore, by the Levy characterization of the Brownian motion (see e.g. Theorem
3.3.16 of Karatzas and Shreve (1991)), Y; = oW, where W is a standard Brownian motion.
Since the converging subsequence of Y™ was arbitrary, and since W is clearly independent of

the particular realisation of A, QED. m
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A.3.2 Proof of Lemma 6

Proof. To show the continuity of the map over the set C, we need to show that for any
f™ — f € C in Skorokhod topology, we’ll have Pof™ — Pof in Skorokhod topology. Due
to Theorem VI.1.14 of Jacod and Shiryaev (2003), to establish the result it is enough to
demonstrate that there exist a sequence of continuos functions p™ : Ry — Ry that are strictly
increasing with p" (0) = 0 and lim;—c p" (t) = oo, such that: sup,cg, [p" (t) —t| — 0, and
supyer, |Paf" (0" (t)) — Paf ()| — 0.

Suppose that, for any € > 0 we can show that there exists N such that, for any n > N, we

have
n.—rf =1L, (76)
n_ o f| < E87 77
e ; R T (77)
f
max g"(Tf)—ef<i> <é (78)
i=0,...,L,

where 77 := 77", g" := ¢/". Under the above conditions, we can define

;{:_Ti;*l (t — Tif_1> +7t,, forte |:7'f Tf} , =1, ...,L% +1,

pl(t) =< Ti T b
t, fort>1T
with the convention that 77, = 7 ;. = T. Note that this p" is continuous and strictly
Lh+1 Lh+1

increasing on [0, 77, p" (0) = 0, lim;_,o0 p™ (t) = 00, and that

T _
%T(t—TZf_I)-i-Tﬁl—t
T —Ti—1

sup |p" (t) —t| = max
teR, i=1,...,Li+1

€
<4T— <€
= K €

T

and

sup [Pof" (p" (1)) — Paf (t)] = max
teR i=0,...,L},

since that both Ps f™ and Ps f are constant, respectively, on (TZL_ 1> TZ-”) and (Tif_ 1> Tl-f ), as well as

after TZf and Tg ;- Thus, P2 would satisfy the convergence requirement if conditions (76)-(78)
are fulfilled.
To show that conditions (76)-(78) are indeed satisfied for big enough n, consider

g+d6 . q(1-=06) g1+
=0 log " ; log 0 .

1
K= 5 min {log

Since the function f is continuos, for any ¢ there exist strictly positive constants eﬁ and €] such
that:
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e if{>1and f (Tif) =f (Ti]:1> +a(cg,i—1) (i-e. the bound is crossed at the ask)

min f)y>f (7{_1) +a(cgi1) — Ky
te [Tlf—Eé, Tif—i-aﬂ

e ifi>1and f (Tf) =f (Tif_l) +b(c2-1) (i-e. the bound is crossed at the bid)

max f<f (TZ-J:1> +a(cgi1) — Ky
te [Tiffeé, TZ.ereﬂ

o ifi=0, max |f(t)—f(0)]< K.

te [7'({,7({—1—66]

T _ i : Lorl. ~r. 1 . 1K
Choose & —mln{ min {ei,ai}, e0; 3K+ 5 4TT} and define

i€l,..,L},

. f f
' ' mfte [Tﬁﬁaf’ Tif_g.,-] f@) —f (Ti—l) —a (Cg,i—l) ;
min,_, prming 7 f ;
T mfte [Tf e TfisT] f@)—f <T¢71> -b <Cg,i—1>‘
Ky = min infte[ +TT] f(t)_f<7'£§> —a C§L§> ;
. TLf e,
min T ; f
inf )—f\7 —blc
te Tff +e7,T f( ) f < Léﬂ) ( 2L£">
\ “r

o inf, [Tffsf, anrsT] <f (Tif) ta (Cgl) B f(t)) » S (Tif> =/ (Tif*1> +alezi)
N gy (01 (2) &) 1 1) -1

Ks:= min &g,

Xi =

{ supte[nf’ o ter] (f(t) —f (T{il) —a (ciFl)) , i f (Tf) =f (Ti’:1> +a(c2,i-1)

Ky:= min y;.
- i

Note that K; >0, j = 1,..,4, given our choice of " and since f € C.
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Define the constants

M := max eﬂt)m, m 1= max {maxef(t); 1} ,

[0,7] 1-9¢ [0,7]

1 K 1 Ky
K== Ki; Koi ——1 log2;—

4mm{ BB oOMm+ 1 87 Mm 2Mm+1}’

i
Ct = Zmax{(2Mm) 1V + max {(QMm)’ , 1} , i =0, ...,Lé,
j=1

C = Clrt!

Let &/ = 1 min {g, 1}min{ci+1, 1}.

Since f™ — f € C in Skorokhod topology, therefore in uniform topology over [0, 7], there
exists a N such that, for any n > N, sup |f™(t) — f(t)| < ef. For such n, conditions (76)-

t€[0,T]

(78) are indeed satisfied as we are about to show. To prove this we are left to show by induction

that, for all 7,

f f
T =T <", T >T +e€,
f n ._ "

Cyi = Cai = Coy
‘f <Tl.f) —log g™ (7")| < Cicf

g () — ef(Tif) <2MCe!

and that L7} = Lé:.
f

Consider 7 = 0. We have 7y = 7} =0, Cg,o =cyp =1, and

< %7 (since log g™ (7§") = ™ (7)),

‘f (T({) —log g" (7q')

g () — e (70) (o8 ()= () _ 4| < onge.

<M

To show that 7" > Tg + &7 note that, for t € [0,7]

@)+ 51 0) = (1) 2 a () - 2 — Ky > a (1) - SK

q 9 7 q
=1 —-K; > -1
qu—(S 8 1*80gq—(5
due to the choice of ¢/ and K. Similarly
U —b(1) — 1 (0) > “log —L—  for t € [0,27]
=3 gq+5 ) .

Thus, " > T({ +e7.

Suppose the assumptions of induction hold for ¢ — 1.
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e To show that 7" > Tif — €7, observe that, for ¢ € |:T1-J: 1 +é€7, T,L-f — €7

9

7
a(coia) + f" (7)) — 7 (1) > Ko — 2/ > g
n n n n 7
f (t> —b (Ti—l) - f (Ti71) > §K2
due to the choice of e/ and K. Thus T > Tif — &’

(2

it f (Tif) =f (Tif_1> +a(cg,i—1) (i-e. the bound is crossed at ask), then

Next, to show that 7" € [Tif —£7, !+ 57}, we need two observations. First, note that

inf [a(c2,i-1) +log g" (7]-1) — [ (t)]
te [’Tif —£7, T,L-f-'rET]

i . / i—1_f _ f
< y [r[i?,fT;‘Jrgf] [a (c2i-1) + f (Tifl) +C"7 e —f(t)+e }

1 15
§C€f+5f—K4§ZK—K4§—EK4<O,

hence f™ crosses its upper boundary in this interval whenever f crossed at ask.
Second, note that if f <Tz-f) =f (Tif_l) +b(c2,—1) (i-e. the bound is crossed at bid), we

have 5
inf (1) = blezio) —logg" ()] < —3pKa <0,
te {Tif—e", 7'1./ +a‘r]
Hence, f™ crosses its lower boundary in this interval whenever f crossed at bid.
As a consequence, f" crosses one of its bounds over this intervali.e. 7" € [Tz-f — 7, Tif +e7|,

: f
and obviously ‘Ti -7t <er.

To show that cgi = cy,; lLe. that f™ crosses at ask (bid) whenever f does so, we

need two observations. First, note that if f (Tif ) =f (Tif_l) + a(cg,i—1), then for ¢t €
- 5T,T-f —|—£T}

3 K3

F7 (1) = bleaim) = log g" (i) = f (1) = 267 = b(em1) = el = f (7))

q+9 i
3 —a(ci-1)—C el — g (Tif_l)

> f(t) —2¢F +1log

13
> 2K, > 0.
=167

That is the i-th trade at time 7;* cannot happen at bid in this case.
Second, note that if f <’7’Z-f) =f (Tif_l) +b(c2,i—1), then for t € Tz-f —e7, 7+ 57]

(2

13
a(cgi-1) +logg™ (L) — " (t) > EKI > 0,

hence the i-th trade at time 7;* cannot happen at ask in this case.
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fo_
Therefore, ¢; ; = c3 ;.

To verify the induction statements (81) and (82) we need to consider two cases. First,
if f™(7") > a(cg,i—1) + log g™ (77-) (i.e. f™ crossed its bound at ask), then

fr(r) > a(czi-1) +log g™ (Tin_l) >f (Tif) — 20" 1f,

Moreover, since f™ cannot have jumps larger than 2¢/ (since otherwise its distance from
f would become more than /), and since f™ should be below its upper bound before

crossing it, we have
(1) < alegi1) +logg™ (1) + 2¢f < f (Tf) +2 (C’ii1 +1) ef.
Therefore, |f" (71') — f ()| < 2 (C*~! + 1) &/. This implies that

[(1 —q) (ef"(”n) - 6f(7"f>) +q (g” (mit1) = 6f(7"f_1)> 0271‘1} ‘

efn(T?)_f<T"f) — 1' + Qef(Tif>

eloggn(Tf—l)_f(Tlf—l) -1

€2,
!
< 26];;@‘ ) [(1 —q)|f" (") — f (Tif)‘ +q ylogg” (T[”_l) —f (Tif—1> ‘ C2ai_1:|
< 4ifETi;) [1+4gd]el (C'71 +1) < 2Mel (CF +1)

where the third inequality is due to the fact that |e® —1| < 2|z| whenever |z| <
ef (C’i_1 + 1) < log 2. Hence

s .
g (1) — ef(Ti ) ‘ < 2MC'&f as claimed in the induction.

Furthermore

g () — () '
() - ()

< 2Mm (Ci_l + 1) ef < Ciel

‘logg” (") —f (Tif)‘ =llog | 1+

since [log (1 + z)| < 2|z| for |z| < 2Mm (C*=' +1) e/ < Clel < 1/2.

Second, if f(7/') < b(ci—1) + logg™ (7") (i.e. f™ crossed its bound at bid), then
T <f (7{) +2C"te/. Moreover, we have that f (77") > f (Tif) —2(C71+1) &l
Therefore, |f" (71') — f ()| < 2 (C*~! +1) &/. This implies that

gt (") — ef(nf)‘ < 2Me! (Ciil +1),
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therefore

s ,
g" (1)) — ef(T" ) ‘ < 2MC'e’ as claimed in the induction. Hence, as before,

logg" (1) — f ()] < C'e.

e To show that f™ does not cross more than once one of its boundaries on the interval

T,L»f — €7, TZ»f + €T}, Le. 74 > Tif + &7, we need the following two observations.

First, if /™ (7") > a (c2,i—1) + log g™ (7/), this implies that (as shown above) f (Tf> =

)

1

a(ci—1) + f <Tif_1>, therefore for ¢t € {Tif — &7, 7+ ET}

F7 (1) = b(eai) = log g™ (/) = (1) = —b(eas) — f (7)) = €'
> f (Tf_l) y (Tif) +aleaiin) —beas) — Ky — (C 1) &f

q(1-29)

; 15
~ K~ (C'+1)ed > 2K > 0.
PR 1 (C-i—)é‘ Z 16 1>0

= —log

Hence, if 77, € Tif — 7, 7+ 87—}, it cannot happen at bid. On the other hand,

1

a(ca;) +logg™ (") — f" (t) > a(cas) + f (Tf) —ft)y—¢el —Cle!

ZKg—(Ci+1)€fZ%2K3>O.

/ ET,TZ-f +57], it cannot happen at ask either. Thus, 7%, ¢

Hence, if 7/}, € [Ti —
{Tif —e, i + ET}.

Second, if f" (7]') < b(cz,i—1)+logg" (Tin_l), this implies that (as shown above) f (Tif> =
b(egi-1)+ f (Tif_l), therefore for t € |:Tif —e 4+ 57}

a(cgq) +log g™ (") — " (1) > a(ez:) + f (Tif) —f(t)—el = Cle!

> a(coi) + f (Tif_l) +b(egim1) — f(t)— (CT+1) e
q(1+9)
5

: 15
> log —— —Kl—(CZ+1)af2EK1>O.

Also
Fr() = bleag) —logg™ (7") > f(£) — b(cas) — f (Tif) N G S S %Kg > 0.

f f
Therefore, 7, ¢ |7 — €7, 7;

S+ ET] in this case too.

e Thus, by the principle of mathematical induction, the statements (79)-(80) hold for
i=1,.., L.

To complete the proof of the Lemma, we need to establish that L = Ly for n > N. By

7



the above we have that L{ = L} for any t < TLf s + €7, thus the only thing left to show is that
T

TZ§+1 ¢ {ng + €T,T> . Observe that, for ¢t € [ng + 57,T> ,and i = L%i
afea) + f (1) = f7 (1) 2 Kz — 27 > 2K,
7

() = b(eas) — (1) > et

Thus 77y >7T. m
Li+1
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