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Abstract

This study presents a semiparametric identification and estimation method for censored
dynamic panel data models and their average partial effects using only two-period data.
The proposed method transforms the semi-parametric specification of censored dynamic
panel data models into a valid semi-parametric family of PDFs of observables without
modeling the distribution of the initial condition. Then the censored dynamic panel data
models can be identified by a standard maximum likelihood estimation (MLE). The iden-
tifying assumptions are related to the completeness of the families of known semiparamet-
ric PDF's corresponding to censored dynamic panel data models and observed conditional
density functions between the dependent and explanatory variables. This study shows
that the families of PDF's corresponding to dynamic tobit models and dynamic lognormal
hurdle models satisfy the identification assumptions with two types of data generating pro-
cess (DGP). This study proposes a sieve maximum likelihood estimator (sieve MLE) and
investigates the finite sample properties of these sieve-based estimators through Monte
Carlo analysis. This study presents the dynamic behavior of annual individual health
expenditures estimated as an empirical illustration using the dynamic tobit model and

data from the Medical Expenditure Panel Survey (MEPS).
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1. Introduction

The identification and estimation of dynamic panel data models is one of the main challenges
in econometrics. These models are appealing in applied research because they consider the
lagged value of the dependent variable as one of the explanatory variables and contain observed
and unobserved permanent (heterogeneous) or transitory (serially-correlated) individual dif-
ferences. In dynamic linear panel data models, researchers have developed and compared
several instrumental variables (IV) estimators and generalized method of moments (GMM)
estimators in the literature (Anderson and Hsiao| (1982), Arellano and Bond, (1991)), |Arellano
and Bover| (1995), |Ahn and Schmidt| (1995), Kiviet| (1995]), Blundell and Bond| (1998) , Hahn
(1999), and Hsiao, Hashem Pesaran, and Kamil Tahmiscioglu| (2002])).

When the time dimension, T, is fixed in nonlinear panel data models, the presence of the
unobserved effect prevents the construction of a log-likelihood function that can be used to
estimate structural parameters consistently. This is the so-called incidental parameters prob-
lem discussed by Neyman and Scott| (1948]). However, the dynamic nature of the models leads
to the initial conditions problem because integrating the individual unobserved effect out of
the distribution raises the issue of how to specify the distribution of the initial condition given
unobserved heterogeneity. Wooldridge (2005) proposed finding the distribution conditional
on the initial value and the observed history of strictly exogenous explanatory variables to
solve the initial conditions problem. [Shiu and Hu| (2010) adopted the correlated random ef-
fect approach for nonlinear dynamic panel data models without specifying the distribution
of the initial condition. They used the identification results of the nonclassical measurement
error models of Hu and Schennach! (2008) to achieve nonparametric identification of nonlinear
dynamic panel data model with three periods of data. Honoré| (1993), [Hu/ (2002) and |Honoré
and Hul (2004) used moment restrictions to identify and estimate the parameters of censored
dynamic panel data models. Their results were achieved without making distributions of
unobserved heterogeneity and the disturbance, but they failed to identify the average partial
effects.

Other quantities of interest in nonlinear panel data applications include the partial effects
on the mean response, averaged across the population distribution of the unobserved hetero-

geneity. |Chernozhukov, Fernandez-Val, Hahn, and Newey| (2009)) derived bounds for average



effects in nonseparable panel data models and showed that they can tighten considerably for
semiparametric discrete choice models. |Graham and Powell (2008]) studied the average partial
effect over the distribution of unobserved heterogeneity, which represents the causal effect of a
small change in an endogenous regressor on a continuously-valued outcome of interest. Hoder-
lein and White| (2009) considered identification of distributional effects and average effects in
general nonseparable models, allowing for arbitrary dependence between the persistent un-
observables and the regressors of interest even if there are only two time periods. However,
their approach explicitly rules out lagged dependent variables. Dynamic models focus on the
effects of the lagged dependent variables on the current dependent variable, whereas we want
to account or control for the influence of all other variables. The effect of a lagged dependent
variables reflects the persistence of the dependent variables over time and the amount of this
state dependence can be measured by the average partial effect.

This study focuses the identification and estimation of semi-parametric censored dynamic
panel data models and their average partial effects with two periods of data. Compared to
the identification results in |Shiu and Hu/ (2010), the proposed approach requires a somewhat
stronger but places less demand on the time dimension of data. Under a semi-parametric
specification, the models are connected to the semi-parametric distribution of Y;; conditional
on (X, Yie—1,Us), ie., fy, o Xi0,Yie1,Uss0 Which is called the semi-parametric censored density
function. Then, the identification of 6 in fy;,x,, v;,_,,v.;6 may lead to that of the proposed
semi-parametric censored dynamic panel data models. As mentioned earlier, the maximum
likelihood estimator (MLE) for the semi-parametric censored density function fy,,|x,, v,,_,,0..:0
is inconsistent if the time-series dimension is finite and the unobserved covariate Uj; is corre-
lated with explanatory variables. This study presents an identification strategy similar to the
approach in [Hu and Shiul (2011a). The identification method transforms the semi-parametric
censored density function fy;|x,, v;,_,,Ui;6 into a valid semi-parametric family of PDFs of
observable variables. This identification technique involves three steps of nontrivial transfor-
mation associate with the completeness of known PDFs. The first step is to apply the inverse
of an integral operator using fy;,|x,, v;,_,,Us;0 @ a kernel. The second step is to integrate out
the unobserved covariate. The last step is to normalize the integrated semi-parametric density
function created in the second step. The true value of structural parameters can be uniquely

determined by maximizing the likelihood function of the transformed semi-parametric fam-



ily of the PDF's of observables. This process also identifies the average partial effect of the
censored dynamic panel data models. The nontrivial transformation steps rely on the com-
pleteness of the families of known PDFs fy. |x,, vi,_,,v.;6 corresponding to censored dynamic
panel data models and observed conditional density functions between the dependent and

explanatory variables fy,, |x,, vi,_1,x The completeness assumptions in this study are not

-
restrictive and applicable to certain types of censored dynamic panel data models with com-
mon DGPs. Examples include dynamic tobit models and dynamic lognormal hurdle models
for the observed conditional density functions fy;,|x,, vi,_;,x;,_, following normal and distri-
butions or the distributions of exponential familieSE

These identification results suggest a semi-parametric sieve maximum likelihood estimator
(sieve MLE) for the proposed model. The consistency of the sieve MLE estimator and the
asymptotic normality of its parametric components can be directly obtained from the stan-
dard treatment in the sieve MLE literature. This study shows how to implement sieve MLE
estimators for dynamic tobit models and dynamic lognormal hurdle models. Combining the
estimated parametric components with the nuisance parameter for the initial joint distribution
makes it possible to derive a consistent estimator for the average partial effect. An apparent
advantage of the proposed sieve MLE procedure is that we can estimate these nonlinear dy-
namic panel data models using two periods of data without specifying initial conditions. This
is beneficial because semi-nonparametric estimators usually require a large sample. Another
benefit is that the proposed method allows for time dummies, flexible functional forms of state
dependence Y;;_1 such as quadratics or interaction terms, and parametric heteroskedasticity.

The rest of the article is organized as follows. Section 2 presents the identification of cen-
sored dynamic panel data models through several nontrivial transformations. Section 3 shows
the identification assumptions hold for dynamic tobit models and dynamic lognormal hurdle
models for two types of DGPs. Section 4 presents the proposed sieve MLE and inference.
Section 5 presents the results of Monte Carlo experiments for dynamic tobit models. Section
6 shows the application of the sieve MLE to a dynamic tobit model describing the dynamic
behaviors of annual individual health expenditures using data from the Medical Expenditure
Panel Survey (MEPS). Finally, Section 7 provides concluding remarks. Appendices include

proofs of each transformation step and a discrete case.

!More discussions of the completeness condition can be found in [D’Haultfoeuille| (2011}, |Andrews| (2011)),
and [Hu and Shiuf (2011b).



2. Identification of Censored Dynamic Panel Data Models

Suppose g1 (-, +;01), g2(+,;02) are known parametric functions and ¢; is strictly increasing in

its second argument. Consider the following censored dynamic panel data model:
Y;Zt:gl (92 (tha}/it—l;92)7W+5it;91)7 V’L.Il,...,N;t:L...,T—l, (1)

where Yj; is the dependent variable, X;; is a vector of observed explanatory variables, ; is
a transitory error term, V; is an unobservable individual-specific effect, and 6 = (61,0s) is
the parameter to be estimated. The functions g; and g2 may be specified by users, such as
g1 (x,v;61) = max (0, x + v) and g (X}, Yie—1;62) = X/, +~Yit—1, etc. The specifications of
g2 can contain time trends, allowing nonlinear relationships such as quadratics or interactions
terms. One of the difficulties of distinguishing between structures of Model from observed
samples is that the explanatory variables, (X/,,Yi;—1,V;), and the transitory error term, £,
are not independently distributed. Assume that a function of variables in the past can purge
the statistical dependence that may exist between the explanatory variables and the transitory

error term ¢; in Model .

Assumption 2.1. (Ezogenous Shocks) Set n;; as an unobserved serially-correlated component
in the past such that n; = @ ({XiT, ET_l,eiT}T:(]’l’...’tfl) for some function p. Assume that
a transitory random shock & is independent of {X;r,Yir—1,Vi,€ir—1} for any T < t. Then,

the transitory error term e; has the following decomposition
git = Nit + &it- (2)
Plugging Eq. into Model leads to

Yie = g1 (92 (Xjy, Yie—1:02) , Vi + it + & 61)

= g1 (92 (Xjp, Yie—1502) , Uit + &t 61) (3)

where U;; = V; + n;+ is an unobserved covariate. To describe every structure of Model by

a parameter, assume that the distribution of &;; has a semi-parametric representation. This



effectively reduces the identification problem to identify a set of parametersﬂ This framework

leads to the following deﬁnitionsﬁ

Definition 2.1. Let ©, be a parameter space and let F(§; o) be a proper distribution function.
If dF(&; ) is the true distribution, then dF(&;«) is correctly specified at ovy. The parameter
point ag is globally identifiable if there exists no other o € O such that with probability 1,

dF (& a) = dF (& o), where the measure is taken with respect to o).

Definition 2.2. The parameter point oy is locally identifiable if there exists an open neigh-
borhood of vy containing no other « such that with probability 1, dF(&; ) = dF(&; o), where

the measure is taken with respect to «y.
If oy is globally identifiable then it is locally identifiable.

Assumption 2.2. (Semi-parametric Distribution) The semi-parametric distribution of the
transitory random shock dF (&;; o) is known and is correctly specified at an unknown agy. The

parameter point aq is locally identifiable.

Because ¢; is strictly increasing in its second argument, the exogeneity of &; makes it

possible to obtain

Feiia (€) = Py xovi1.0n (91 (92 (Xips Yie—1502) , Ui + & 601) | Xae, Yie1, Use) (4)

or

g1 (92 (Xip Yie1:62) Ui +&:61) = Fy g 3 (Fega () [ Xt Y1, Ui 0), - (5)

if the inverse of Fy,,|x,, v;, ,,u,, exists and 6 = (61,02, )". Thus, according to Assumptions
and there is a unique conditional distribution associated with each structure in the
censored dynamic panel data Model and the identification of the censored dynamic panel
data models is implied by that of the distribution of Yj; conditional on (X;, Yit—1, Us) (i-e.,
IYii| X2, Yie1,Us0)- Given this semi-parametric representation, the identification problem is to

find conditions such that a true underlying parameter 6y can be distinguished on the basis of

2The parameters considered are potentially infinite-dimensional ones. We assume a parameter is constituted
of two components, a finite-dimensional parameter vector, and a potentially infinite-dimensional nuisance
parameter.

3The definitions can be found in [Bowden| (1973).



sample observations. The conditional PDF fy, | x,, vi,_,v,.;;6 corresponding to Fy,, | x,, vi,_1,U;.:0
is called the semi-parametric censored density function in this paper. We introduce two
examples to highlight this important connection. Suppose F. and f. denote the CDF and the
PDF of an independent random shock, respectively.

Example 1 (Dynamic Censored Model with the Lagged Dependent Variable): Assume

91 (x;v36h) = max (0, x +v).
Vie = max {0, g2 (X}, Yie—1302) + Uy + €4} with Vi=1,.,N;t=1,..,T—1.  (6)

The semi-parametric censored density function is

1(Y;:=0
sz’t|Xit7Yit717Uit§9 = Fepa (_92 (Xz(ta Yit-1; 92) - Uit) (¥iu=0)

X feia (Yie — 92 (Xjp, Yie—1502) — Uit)l(yipo) . (7)

Example 2 (Dynamic Log Hurdle Model with the Lagged Dependent Variable): Define a
binary indicator variable d;; = 1 (g3 (X}, Yit—1;61) + it > 0) where 1(-) is the 0-1 indicator

function. Suppose that Y;; > 0 is observed for d;; = 1 and Y;; = 0 for d;; = 0. When Yj; > 0,
Yie = g2 (X{;, Yir—15602) + Ui + & with  Vi=1,.. N;t=1,..,T — 1. (8)
The conditional distribution of interest is

f}/it|Xit7)/it—1,Uit§9

= Py (=93 (X0 Yi1:01) = Uie) "1 = By, (=95 (X Yaro1300) — Un))

1 y1(Yi>0)
X feia (l0g(Yie) — g2 (Xiy, Yie—1502) — Uir) *} o

= ©

Many nonlinear dynamic panel data models, such as dynamic discrete choice models, can be
converted into their corresponding semi-parametric density functions. However, a discrete
dependent variable may incur a very strong restriction that forbids a continuously distributed
unobserved covariate. These examples satisfy the identification assumptions when the unob-
served covariate is assumed to be continuously distributed.

A number of economic optimization studies have presented empirical applications of these



censored dynamic panel data models, where the dependent variables Y;; represents the amount
of insurance coverage chosen by an individual, annual women’s labor supply, a firm’s expen-
ditures on R&D, or annual individual health expenditures. In both examples, the models
contain the lagged censored dependent variables in the right-hand side(RHS), ruling out top-
coded censored models that contain a lagged value of a latent variable. Because piles of the
dependent variable at zero can be regarded as optimal solutions of utility maximizing be-
havior, these models are often called corner solution models with lagged censored dependent

variables.

2.1. General Identification

Consider the semi-parametric censored density function:

fyit‘Xityyit—hUit;e(yit‘xit?yit—l:uit)7 (10)

where Yj; is the dependent variable for an individual ¢, and the explanatory variables include
a lagged dependent variable, a set of possibly time-varying explanatory variables X;;, and
the unobserved covariate U;;. As discussed earlier, the identification of this semi-parametric
censored density function leads to the identification of certain types of censored dynamic panel
data models. Assume that 6y € © is local identifiable. In other words, 0y is a unique value of
# in an open neighborhood of 6y, which specifies the exact structure of the model. Consider
a panel data containing two periods, {Yj, Xjt, Yir—1, Xiz—1},; for ¢ = 1,2,..., N. Assume that
for each i, (Yi, Xy, Yir—1, Xjt—1) is an independent random draw from a bounded distribution

JYie. X0t Yie_1, X1 - The law of total probability leads to the following,

int,XiuYit—LXit—l :/int|Xit7}/it—1,Uit§90intaYit—l7Xit—17Uit§00duit (11)

where fx. v = fX,; Vi 1.Xu_1,Us 18 the joint density function of variables (zj,

it,Yit—1,Xit-1,Uit;00
Yit—1, Tit—1, Wit ). Let Vi, Xit, and Uy be the support of random variables Yy, X, and Uy, re-
spectively. Set £2()) = {h(-) fy |h(y)]Pdy < oo} and L2(U,w) = {h(-) : [, [h(u)Pw(u)du <
0o, and [, w(u)du < oco}. Note the weighted L2-space, £2(U,w), contains a constant func-
tion (i.e., ¢(u) = ¢ Yu € U). The key idea of this identification method is to extend Eq.

to the semi-parametric censored density function ((10) over a proper subset of ). The first



step is to construct fx;, v, , X, .,Ui;6 and avoid an unwanted restrictionﬁ Set Y;zr as the

argument of y;; in Vir C Vit

fY+ XitYie1,Xie-1 / fi/;QL'Xz‘t:Yvitfl’Uiﬁe FXio Y1, X1, Ui @it (12)

it

Observed from Data Semi-parametric Specification

Because the observable density function fy+ Xit Vi1 Xir1 in the LHS and the semi-parametric
it ity Lit—1,Nit—

censored density function fY;‘ XipYir_1 U6 L€ known, it is possible to construct a semi-

parametric joint density function fx,, v;,_, X1 U0 using Eq. (12). Given (x4, y;r—1) and a

parameter 0, define an integral operator as follows:

0 L2Us, w) — L2(Yir) with (13)

o+ ;
Vi 1%, Yie—1.Ust’

Iy +1x0 v a0 o Wit |it, yit—1, wir)

L . h + — it ity Lit—1,Yit, h Wi Yw (w; du .
Lty s @05 = [ W (o

If the integral operator L fY;tr‘XitaYitflvUit;a is invertible for each 6, then Eq. suggests that

the semi-parametric joint density function can be obtained by

-1
9(fy+ Xityyitfleitfl)‘ (14)

int,Yit—17Xit—17Uit;9 = Lf T ; T,
Yo 1 Xt Yit—1,Ust *

Plugging the true parameter 6y into this equation results in

— 71
SXi Yoo Xiem1,Uini0 = Lf n
Y 1 Xt Yit—1,Uit

7

00 (fyii',Xint—hXitﬂ )

by Eq. . The semi-parametric joint density function still achieves the true joint density
function at the population parameter 6y or it is correctly specified at «g. The concept of
completeness provides a sufficient condition for the invertibility of the integral operator using
the semi-parametric censored density function as a kernel. The following definition presents

this completeness.

Definition 2.3. A density function f(y|u) satisfies a completeness condition if for h(u) €

4
Extend Eq. " to 0 by [y, X0 Yie—1,Xie—1 = ffYa‘,t‘Xitwyvit—l»UitQQinthit—lint—lvUit?gdu“ over the whole
YVit. Integrating out yi; over Vi results in fx,, vi, 1. X1 = J FXit.Yieo1,Xit—1.Uir;:04use. This suggests that
FXi0,Yie_1,Xit_1,Ui;0 loses the variation over 6 after integrating out the observed covariate Us.



L2(U,w) such that

/h(u)f(yu)w(u)du =0 forally (15)

then h(u) = 0 almost everywhere. In other words, there is no nonzero function in L*(U,w)
with zero integration for each function in the family of the density functions {f(y|u) : y € V}.
By switching the roles of y and u and dropping w, it is possible to define {f(ylu) : u € U} as

complete in L2(Y), and this definition can be generalized to function forms such as f(y,u).

Assumption 2.3. (Dependence between Yy and Uy) For each 6 € © and fized (x4, yir—1), the

family of the semi-parametric censored density functions {m Iy

i

X, Yi 1, U0 y; S j}zt}
is complete over LU, w).

Assumption [2.3] implies that a cardinality restriction in that the cardinality of U;; is less
than the cardinality of JNJit. Thus, if U;; is a finite discrete set, then the proposed method
may apply to a dynamic discrete choice model in which the dependent variable Y;; takes more
discrete values. However, because of inaccessibility of units of measurement of the unobserved
covariate U;s, to some extent it is restrictive to assume U;; is discreteﬂ Therefore, allowing the
unobserved covariate Uy to take continuous values is more appealing and this study focuses

on censored dynamic panel data models.
+y + + YV
it;Yit—LUit;ehl)(yit) N (Lfyit |Xith,L't—1,Uit;9h2)(yit) for all yit < yit' As-

sumption guarantees that hy = hy (ie., Ly

Y 1 Xt Yie—1,Use

Suppose that (Lfyﬂx
it
.9 is one-to-one). Hence, the

operators L
P fyit|Xithit—llUit

.p are invertible for each 6 and (x;, yi—1). This assumption requires
dependence between Yj; and U;; because the independence between Y;; and Uy violates As-
sumption 2.3] Although Assumption [2.3] ensures the existence of the semi-parametric joint
density function, fx,, v;, ., x;;_1,Ui:6, it may not be identifiable. The variation of the param-
eter 0 in fx,, v,,_, X.,_1,Us;0 Might be lost in the sense that for any open neighborhood of 6y,
there exists some 01 # 0p such that fx,, vi, | X, 1,060 = fXit,Yie1,Xis_1,Uir:00- 10 other words,
Xt Y 1. X 1.Us:0 15 not locally identifiable. In this case, applying the inverse transformation
is useless because the parameter of interest 6 is not distinguished in the new transformed joint
density functions, preventing the identification of the parameter. The assumption prevents

this loss.

5The term U, is a composite error term whose support is involved with the supports of V; and 7;:. Assuming
discreteness suggests that both V; and 7;; are discrete, which may be a strong assumption.

10



Assumption 2.4. Given each (T, Yit—1), Suppose fx,, vi,_1.Xu_1 > 0. Assume the following
conditions:

(i)(Dependence between Yi and X;—1) The family of the observable conditional density
functions over X1, {fY.;‘Xit»Yit—hXit—l : Tig—1 € Xig—1}, is complete over ﬁQ(j}it).

(ii) (Dependence between Yy, and U;) The family of the semi-parametric censored density

function over Ui, {fniqxit,yvit—lint;eO ug € Uy}, is complete over L2(Vi)

This assumption warrants several comments. First, the conditional density functions in
the statement are both observable. Second, part (i) suggests that X;; cannot be constant over
time. If X;; is constant across time, then X; = X1 and vaii»‘Xiu}/itthitfl = fy;-j|Xit7YVit—l
which clearly violates the completeness in part (i). Finally, similar to Assumption part
(i) requires that, the cardinality of Yyt is less than the cardinality of U;;. Combining the
cardinality restrictions in Assumption and Assumption (ii) shows that the cardinality
of 37“ is equal to the cardinality of U;;. This restriction is compatible with both the dependent

variable Y;; and the unobserved covariate U;; taking continuous values.

Lemma 2.1. (Applying the inverse) Under Assumptions the semi-parametric joint
density fx,, Y, 1, Xi_1,Us:0 45 correctly specified at 0y and the parameter g is locally identifiable

(i.e., there is an open neighborhood of 6y containing no other 0 such that fx,, v, 1 Xi_1.Us:0 =

int,YitflyxitflinﬁeO)‘

Proof: See the appendix.
Because fx,, v, ,.X;_1.Ui;6 contains the unobserved component U;;, we need to integrate

it out to acquire an observable density function. Set

X Yie1,Xio1:0(Tit, Yit—1, Tit—1) E/int,Yitl,Xit1,U¢t;0(xit7yit—laxit—lauit)duit~ (16)

To identify 6 from the integrated semi-parametric density function int,Yi 1.Xi_1:60, it is nec-

essary to examine whether intyyvitfly X.,_..0 can be correctly specified at 6y and the parameter

it—1;
0o is locally identifiable after applying the integration. This integration step might impose
too many restrictions on the parameters and degenerate the variation of the function over

its parameter space. Thus, it is necessary to rule out these degenerated cases. The following

condition maintains the nontrivial semi-parametric representation of fx,, vi, , x,:_1:6-

11



Assumption 2.5. (Variation of parameters around 6y) The family of the derivative of the

semi-parametric censored density functions with respect to 0, {%fYﬂX-t Vi1 Uspo - Wit € Ui},
Zt oy rt— 1y 1y

is complete over L2(Vy).

We summarize the results of the nontrivial transformation of the semi-parametric censored

density function after the integration.

Lemma 2.2. (Integrating out) Under Assumptions the integrated semi-parametric
joint density int,Y%t_1,Xit_1;0 is correctly specified at 0y and the parameter 6y is locally identi-

fiable.

Proof: See the appendix.

At this point in the process, the unobserved component of the semi-parametric censored
density function has been transformed out and the parameter 6 of the function be-
comes the parameter of the observable semi-parametric function J}int,Yqu X, 1:0- However, if
fxit,y;t717xit71;9 does not integrate to unity (with respect to the measure dz;dy;—1dzii—1), it
is not a candidate of the semi-parametric family of PDFs for fx,, v;, . x;,_, and the standard

MLE cannot be applied to fX X;:_1;0- Lo obtain a valid semi-parametric family of PDFs,

ity Yit—1,

perform the following normalization step

_ SXit Vi1, X130
fffintaYit—l7Xit—1§9dxitdyit—1dxit—l

meYit—hXit—l;@ (17)

Similar to the previous discussion, it is necessary to show that the PDF of observables
X Vi1, X 1:0 18 correctly specified at 6y and the parameter 6y is locally identifiable af-
ter this normalization. The following assumption and lemma demonstrate the existence of a

nontrivial 6y after normalization.

Assumption 2.6. (Dependence between Y and X;—1) Assume that the family of the observ-
able conditional density functions {ﬁfﬁﬁ\&mm_h&tq D xip—1 € Xig—1} is complete over

Ez(yit) for each xit, yis—1.

If Xj;_1 is discrete, the derivative can be replaced with the differenceﬁ Notice that both
Assumption [2.4[i) and Assumption are related to the observable conditional distribution

5The appendix presents the discussion of a discrete case.

12



fY | X Y1, X1 and Assumption implies Assumptlon E ﬂ Hence, the two assump-

tions are compatible and it is only necessary to verify the completeness in Assumption
The assumption rules out the cases that sz-Jt’lXit%t CXiy = = fi (th y Xit, Yie—1) fo(Xii—1) or

Pyt 1oy X = NG F2(Xie, Yie, Xie).

Lemma 2.3. (Normalization) Under Assumptions [2.4(ii) and the PDF of ob-

servables after normalization, fx s correctly specified at 0y and the parameter

it>Yit—1,Xit—1;0

0o is locally identifiable.

Proof: See the appendix.

The nontrivial transformation includes applying the inverse of an integral operator using
JYie| Xt ,Yie1,Uns0 @ @ kernel, integrating out the unobserved covariate, and normalization.
After these three steps of transformation associated with the completeness of PDFs, the
semi-parametric PDFs of observables {fx, v, 1 x, 1.0 : @ € ©} is correctly specified at 6
and the parameter 6 is locally identifiable under Assumptions 2.3}2:6] To distinguish the
parameters of interest 6y from the parameter space © on the basis of sample information, use

the Kullback-Leibler information criterion

K(©0) = E [log (int,Yit1,Xit1;9($itayit—17$z‘t—1)>:| (18)

int,Yit—l,Xit—l (xity Yit—1, wz’tfl)

where expectation is taken with respect to fx,, vi, 1 x;,_,- Applying the standard framework
of the identifiability criterion of maximum likelihood estimation (MLE) produces the following

results.

Theorem 2.1. Suppose that K(0) = 0 has a unique solution at § = 0y in ©. Under Assump-
tions (ii) and the semi-parametric censored density function fy.,|x,, vi 1 U0
and the joint density function X0 Yie1,X0_1,Us Can then be identified given the distribution

of the two-period observable variables (yit, Tit, Yit—1, Tit—1) for i =1,2,...,N.

In addition to the Kullback-Leibler information of classical statistics, the identification re-

sult is based on the completeness of the families of known PDFs fy, | x,, v;,_, v,,;0 corresponding

ity Lit—

"Suppose that h € 2 (yn) and [ h( ylt fY*\XnYt Xy ldyj; = 0 for any X;—1. The inte-
gratlon does not involve X;;—1 and we can take derivative with respect to X;:—_1. This leads to
fh ylt v 1fY+|Xu Vi1 Xir ldyn = 0 for any X;t—1. If {ax P fYﬂX” v, D Tit—1 € Xig—1} sat-
isfies Assumption [2.6] then h = 0, which implies that Assumption [2.4)i) holds.

t—1,Xit—1
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to censored dynamic panel data models and observed conditional density functions between
the dependent and explanatory variables fy;,|x;, v;,_; x;_,- For some semi-parametric speci-
fications, the conditions of completeness are easy to verify or draw inferences from samples.
The following sections provide detailed discussions ]

Theorem [2.1] provides the identification of the parameter §. However, because U;; does not
have meaningful units of measurement, it is not apparent what values of U;; we should use.
In nonlinear models, estimating the average partial effects of explanatory variables is more
attractive than estimating parameters. Thus, this study introduces the average structure
function (ASF) by averaging a scalar function of y;;, w (yit), across the distribution of U;; in
the population. Let (X, Y;;—1) be a given value of the explanatory variables, whose average

structure function is

w(Xit, Yiee1) = Eu,, [By,, [w (yit) | Xit, Yie—1, Uit]]

= /U (/ w (y@t) int|Xit7Yit—17Uitdyit> fUitduit' (19)
it

Yie

The marginal distribution of the unobserved covariate Uy is also identified by the integration

of the joint density function:

fUit :/ / / inh}/it—l,Xit—l,Uitdxitdyitfldwitfl' (20)
Xit S Vit—1 J Xig—1

Combining the identification results of fy;,x,, v;,_,,v;, and fu,, provides the identification of
the average structure function p(Xj, Yii—1). This indicates that the average partial effect
is also identified because the average partial effect can be defined by taking derivatives or
differences of ASF in Eq. with respect to elements of (X, Yj;—1). This yields the

identification of the average partial effect.

Corollary 2.1. Under Assumptions|2.3, [2.|(ii) and the average partial effect defined
as derivatives or differences of Eq. @) 1s identified by a two-period panel data, {Yit, Xit, Yie—1,
Xit—1} fori=1,2,..,N.

The identification condition in Theorem [2.I]that the log-likelihood has a unique maximum

8Sectionfocuses on normal distributed &;; in Examples 1 & 2 satisfying the completeness assumptions with
two type of DGPs, whereas subsection @ presents a test concerning the completeness of fy;,|x;,,vis_1,X::_1
in Assumptions @
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at the true parameter 6y. In a parametric likelihood caseﬁ the local identifiability of the
unknown parameter vector is equivalent to the non-singularity of the information matrix
under weak regularity conditions. If the true parameter 6y is a critical point of K (6y), then
a sufficient condition of the uniqueness of 6y is K" () is negative semidefinite. The second

derivative of K (fp) in the scalar case is

o f ‘ ’
90 J Xit,Yit—1,Xit—130 9290) (21)

inhY'itflyXit—l

K"(6) = —E (

where the expression of %fxihyﬁ_hxn_l;g }9:00 appears in Eq. . The vector case of K" (6)
is K"(0p) = [Kpm], where

Ky = —F (22)

if 9
( 90, J Xit,Yit—1,Xst—1;0 ‘9:90 90, intyntflyxitflﬂ{Q:HO > ]
b

2
int,}/it—hXit—l

where %fxit%t717xit71;g‘9:90 is equal to the term in Eq. after replacing with the partial

derivative 6%1' These results are sufficient conditions for the identification.

Corollary 2.2. Suppose that in an open neighbor of 0y in ©, the second derivative of the
Kullback-Leibler function K(0) in Eq. or (@ is megative definite. Under Assumptions
(z'z') and , the semi-paramelric censored density function fy,, x,, vi,_, Ui:e and
the joint density function fx,, v, 1, X;_1,Us; can be identified given the distribution of the two-

period observable variables (Y, Tit, Yit—1, Tit—1) fori=1,2,...,N.

Proof: See the appendix.

3. Examples

Consider the two examples presented at the beginning of Section [2| This section shows when
the completeness conditions in Section [2| hold in these cases. Assumptions (ii), and
are related to the completeness of the variant forms of the semi-parametric censored density
function fyﬁr\ Xir Yo Ui Equations and (EP show that the completeness of the semi-
parametric censored density functions over positive Y;; in the two motivating examples are

connected to the PDF of the random shock &;;. Therefore, this section focuses on what kind of

9The parameter 6 only contains a finite-dimensional component.
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semi-parametric distribution assumptions in &;; make these examples satisfy the completeness
assumptions. For simplicity, assume the domains of &;; and Uj; are R.

Most of the interesting leading cases for Models and @ occur when the random shock
&+ is assumed to have an independent Gaussian white noise processm For simplicity, assume
g2 (X}, Yit—1;02) = X[,8+~Yi—1. In this case,, the semi-parametric censored density function
JYie|Xie,Yie_1,Us 18 fully parameterized and correctly specified at 6p. The specifications of the
models under the normality assumption are as follows:
Semi-parametric Dynamic Tobit Models:

Assuming that &; ~ N(0,0¢), Eq. leads to

X8+ Y1+ Uit)] 1(¥ie=0) y

g¢

sz‘tlxit,Yitflint;e = [1 - o (

{ 1, <Y = X4 —7Yi —Uit)]“"“”)

g¢ g¢

(23)

where 0 = (5,7, ag)T.
Semi-parametric Dynamic Lognormal Hurdle Models:
Let g3 (X}, Yi—1;601) = X],B4 + ~vaYi—1. Suppose that ¢ ~ N(0,1) and & ~ N(0,0¢).

Equation @ then becomes

JYaal Xt Vi 1,000
= (1@ (X},Ba+ 7aYir—1 + Uy)) 070 {<I> (X0yBa + 7aYie—1 + Us)

X & log(Yit) — X[,8 —vYie—1 — Ui 1 1(Y;¢>0)
0—5 O'g}/;;t ’

where 0 = (6d7 Yd» Bv Y, 0—§>T'

The normality assumption makes it possible to verify the completeness of the semi-
parametric censored density function fYZ_t+| Xy Yig1.Usn:0 in Assumptions (ii), and
directly. It is then necessary to show that the semi-parametric censored density functions
and satisfy these completeness assumptions. To do this, introduce the completeness

of normal distributions and exponential families in £2 from [Hu and Shiul (2011b) which are

0There may exist more different types of the distributions for the random shock &;; and the normality
assumption here only illustrates the application of the results in @
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variants of the results of Newey and Powell (2003)@

Lemma 3.1. Suppose that the distribution of u conditional on y is N(a+by,c?) forb,o? > 0
and the support of y contains an open set. In this case, E [h(-)|y] = 0 for any x € Y implies

h(u) = 0 almost everywhere in U; equivalently, {f(uly) :y € Y} is complete in L2(U).

Lemma 3.2. Let f(uly) = s(u)t(y) exp [u(y)7(u)], where s(u) > 0, 7(u) is one-to-one in u,
and the support of u(y), Y, contains an open set. In this case, E[h(-)|ly] =0 for anyy € Y
implies h(u) = 0 almost everywhere in U; equivalently, the family of conditional density

functions {f(uly) : y € Y} is complete in L*(U).

Lemma implies that for an open set O, C ), {¢ (M) 1y € Oy} is complete in
L2(U). This completeness can be extended to a weighted space L£2(U,w) for an appropriately
u2
chosen w. Set w(u) = e~ 202. Suppose that h € L2(U,w) such that for y € Oy,

/ h(u)g (‘“(“by)> w(u)du = 0.

g

(a+by)?

1
Multiplying the equation by e40? results in

0= /h(u)qﬁ (”‘“@H’y)) w(w)eto? @) gy

g

It follows that

B 1 fu— La+by)
0= /h(u)w(u) o (;/\/§> du

for y € O,. Note h(u)w(u)% € L%U) because h € L2(U,w). Lemma also implies that
{o (%) :y € Oy} is complete L?(U). Applying this result to the equation suggests
that h(u) = 0 almost everywhere. Therefore, {¢ (M) :y € Oy} is complete in L*(U, w).

Based on the information about the completeness of normal distributions, it is possible to

investigate the completeness condition of Models and .

Semi-parametric Dynamic Tobit Models:

'See Theorems 2.2 and 2.3 in |[Newey and Powell| (2003) for details. More general discussions of completeness
can be found in [D’Haultfoeuille| (2011)), |Andrews| (2011)), and |[Hu and Shiu| (2011b)).
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Set jﬂvit =R*. Given 0 € ©, and (z, yit—1),

1 (Vi = X8 — Y1 — Uy

inﬂXint—lvUit;@ - ;5¢ ( : : o¢ ' (25)
Semi-parametric Dynamic Lognormal Hurdle Models:
Given 0 € O, and (i, yit—1),

log (V) = X8 — Y1 — Uy 1
_ / 4 , ¢ ¢ i i
in?tL|Xit7Yit717Uit§9 =2 (Xit'Bd +ati-1 ¥ Ult) ¢ ( l I O¢ afYJ
(26)

The completeness conditions in Section 2 are all associated with the dependent variables
Ylj and the unobserved covariate U;;. Therefore, it is necessary to investigate which functional

forms connect these two variables. In these models, the dependent variables Yzj and the

unobserved covariate U;; are both inside the standard normal PDF ¢. It follows that semi-
parametric dynamic tobit models satisfies Assumptions and (ii) by switching the role
between Ylf and U; to the result of Lemma Because the standard normal CDF @ is

positive, the semi-parametric dynamic lognormal hurdle models also fulfill Assumptions [2.3

and (ii) using Lemma and a change of VariableH

Assumption [2.5|requires that the partial derivatives of the semi-parametric censor density
function with respect to all components of the parameter 6 be complete. According to the
functional forms in Egs. and and use of a change of variable, two types of the partial

derivatives of fYﬂ ¥ Usr:fo should be considered. The first one is the partial derivative
it it;

it>Yit—1,

with respect to the components of 3 and v, and the second one is o¢. The completeness of the

first type can be reduced to the completeness of the family of {(y —c —u) ¢ <w> tu U

g¢

in LQ(jJV) for some constant c. Similarly, the completeness of the second type depends on

the family of {(Ug —(y—c— u)2> o <w> :u € U} in L*(Y) for some constant c. The

g¢

following lemma provides the completeness of the families of variant of the normal PDF ¢.

Lemma 3.3. Suppose the domain U contains an open set. For a constant c, the families of
functions {(y —c—u) ¢ (%) cu €U} and {(Ug —(y—c— u)2> o) (%) cu € U} are

2Use Y = log(YJ) and then dY;; = %dYJ
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complete in L2(Y).

Proof: See the appendix.
This discussion also applies to models with heteroskedasticity, which allow more general
functional form in corner solution models. If &; has a heteroskedastic normal distribution

such that &; ~ N (0, h(X/,,Yit—1;0¢)) then the semi-parametric censored density functions in

Eqgs. and respectively become

XLB+~Yi1+ Uit>:| 1(¥ie=0) o

XY U = |1 — @
Fial X0 Vi1 U0 [ < W(X] Y13 00)

1 Yit — X48 — 1Yao1 — U \ 10 (27)
h(X/,,Yi—1;0¢) WX/, Yi—1;0¢) ’

i)

and

int|Xit7Yit717Uit§9
_ / : ) 1(Yie=0) / : .
= (1 - (X84 +vaYit—1 + Uir)) ® (X184 + vaYit—1 + Uir)

X ¢ <10g(y”) - XiB— Y1 — Uit) 1 }1(3’it>0) 8
h(X;, Yit-1; 0¢) h(X),, Yii—1;0¢)Yit

Adding the heterogeneous structure does not affect the functional form, which dominates
both the dependent variables YJ and the unobserved covariate U;;. The derivations in ho-
moskedastic cases can be extended to heteroskedastic cases without difficulty.

The assumptions not related to the semi-parametric censored density functions include
Assumptions [2.4(i) and These assumptions require functional form restrictions on the
conditional density function inﬂ Xt Ve 1. Xs1 of observables. With the well-known complete-
ness from the normal distributions and the exponential families in Lemma [3.1] and Lemma
it is possible to construct two types of intﬂ Xit Vi1 Xsy_, Satisfying Assumptions (1)
and Assumption implies Assumption (1) Given a fixed (X, Yit—1), suppose X1
contains an open set. If fx/{:‘xityy'itflyXitfl = ¢(Y;, — 1(Xit, Yie—1;61) — Bpo(Xit—1)), then

0
0Xit—1 in;inuY;t—leit—l

= By (Xi—1) (YiF — 1 (Xit, Yie—1;61) — Bba(Xi—1)) ¢(Yy — 1 (Xit, Yie—1;61) — Btoa(Xie—1)).

(29)
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A sufficient condition to satisfy Assumption for this specification of fo[l Xir Vi1 Xip_y 18
B4 (Xit—1) # 0 and the range of 12 contains an open set, according to Lemma On the

other hand, consider

fYJ | Xit,Yie—1,Xit—1

= s(Y;, X, Yie 1)t (Xit, Yie—1, Xir—1) exp [(Xit, Yie—1, Xi—1)7(Viy , Xit, Yie—1)]

where s(Y;, Xit, Yie—1) > 0, 7(Y;[, Xi1, Yie—1) # 0 is one-to-one in Y/, and the support of
[ contains an open set such that ﬁM(XitaYVitfl,Xitfl) =% (0. This conditional density
function also fulfills Assumption [2.4(i) and Assumption

The examples in this section rely on the normality of the random shock &;; and it is
possible to relax the normality assumption. However, in limited dependent variable models,
the key issue is comparing estimated average partial effects across different models rather than
parameter estimates. These models are likely to do an appropriate job of providing average

partial effects under more general settings.

4. Semiparametric Estimation and Inference

The semi-parametric censored density function identified in Theorem can be deter-
mined using Eq. . Optimizing certain empirical criteria in general parameter spaces
produces a sieve maximum likelihood estimator (sieve MLE). The integral Eq. suggests

a corresponding sieve MLE:

@, /)" (30)

N

1

=arg max — Zln Iyl X e, Yoo o1 Usss0 Wit Tt Yit—1, Wie) f1(Tits Yir—15 Tie—1, wir; 0)duie,
(67f1)Te'A’ﬂ N i=1

. s N .
using a two-period i.i.d. sample {yit,mit ,yit_l,xit_l}izl The space A, is a sequence of
approximating sieve spaces containing sieve approximations of the parameter because maxi-
mization over the whole parameter space A is undesirable. In addition, 6 is a finite-dimensional

parameter of interest and f; is a potentially infinite-dimensional nuisance parameter or non-

13A general review of semi-parametric sieve MLE appears in |Shen| (1997), |Chen and Shen| (1998), and |Ai
and Chen| (2003).
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parametric component that varies with #. The following subsection provides a detailed im-

plementation of sieve approximations of the nonparametric component f;.

4.1. Restrictions on Sieve Coeflicients

As for a nonparametric series estimator of fx;, v;, . xi,_.1,U:;6, constructing a sieve approxi-
mating series that varies with the model parameter 6 is an essential issue for the proposed
sieve MLE. The sieve expression of fx, vi, ; Xi,_1,Us;6; i dynamic censored models with a
lagged dependent variable consists of two different parts, Y;;—1 = 0 and Yj;;_1 > 0, and these
parts can be build according to their numerical structures. Set fy,,_,—o = Prob(Y;—1 = 0).

A way to split these two parts is

B meXitfl,Uz‘t|Yit71=0int71=0 ify =0,
intayitflyxitflvUiﬁo»f;l =

int,Yit—1>07Xit—17Uit if y > 0.

The corresponding density restrictions are

/int,Xit_17Uit|Yit_1deitdl'itlduit =1, and

fYiu_1=0+ / X, Vit 130, X 501,Us QYit—1dTi4dwiy —1dugy = 1.

Set 21,5, = %jﬂ_u”, and 225, = x;tigu“. For the Yj;_; = 0 part, consider
in  Jn  kn w
t
(int7Xit71,Uit|Yit71 =0 = Z Z aijrgi(21 o€ )a; (22, Ug)Qk( UZE )-
0 k=0
where ¢;s, ¢}s, and g; s represent the orthonormal Fourier series:
1 1 s 1 s
21) = — and ¢;(z1) = —=sin(=—21) or ¢;(21) = —= cos(—2
qo(21) i qi(21) i (l1 1) or gi(21) i <l1 1),
1 1 . gr 1 Jm
qo(22) = —= and q;(22) = —=sin(%—22) or ¢;(22) = —= cos(%—22),
1

2 km
qo(uit) = ﬁa‘ﬁc(uit) = \/;COS( s Uit),
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On the other hand, suppose that y;;—1 € (0,14]. Write

7 In kn In
1 2 L Uit~ Yit—1
(me Yit—1>0,X—1,U. zt / ZZZZQUW% 2 ¢ qJ(ZQ Ug)q (— : Jai( : );

l
i—0 j—0 k=0 1=0 o¢ 4

!/ . !/ . /
/ _ TEB—yyi—1—zl 4 B—ua / T B—YYit—1—Uit 1 .
where 2, = o ) 2y, = T, and qo(z) = Nt q(za) =

o¢
\/%cos(ll’T 24).

The density restrictions for these sieve coefficients are

in n kn i in ke L
ZZZ(&ka) =1land fy, = 0+ZZZZ azgkl = 1. (31)

=0 j=0 k=0 i=0 j=0 k=0 =0
4.2. Estimating Average Partial Effects

Denote f as the sieve MLE of the initial joint distribution fx;, vi, | X:;_1,Uss

it:Yit—1,Xit—1,Uit30,01
in the dynamic tobit model, where 0 is the estimated finite dimensional parameter of the
proposed sieve MLE. This parameter can be used to obtain the sieve approximations of the

marginal distribution of the unobserved covariate Uy:

fu _/ / / inthtflyXitflinﬁéyéldwitdyit_ldxit_l (32)
Xit S Vit—1 J Xiz—1

Therefore, under the assumptions made in Theorem [2.1] it is possible to consistently esti-
mate average partial effects at interesting values of the explanatory variables. The average

structural functions in the dynamic tobit models are based on

(X,Lt’Y;t 1 /U </ maX 0 ) Yit fy | Xt Yie—1,Uis; gdyvlt) fl,Uithit
it zt

_ / o X1,B + Y1 + Uy
Uit

O¢

X! Y; U;
+5’£¢( tﬁ‘l"y it—1 + zt)

) (X},B +4Yie1 + Us)

f1 ULt dUZt (33)

¢

The magnitude of state dependence or average partial effect from Yy = 0 to Y7 at interesting

values of the explanatory variable X;; can be measured by the difference

(X, Y1) — (X, Yo = 0). (34)



On the other hand, the average partial effect (APE) of a continuous explanatory variable can

be defined using derivatives of the average structural functions in Eq. .

4.3. Inference

This study addresses two inference problems. One is to provide standard errors of the es-
timated finite dimensional parameter 6 and the other one is to test the completeness of
Assumptions M(l) and The parameter 0 is estimated by optimization methods for the
integrated nonlinear objective function in Eq. . Obtaining a formula of standard errors
for this sieve MLE estimator is somewhat complicated, but it can be done using bootstrap-
ping. |Chen, Linton, and Van Keilegom (2003) studies sufficient conditions for the consistency
and asymptotic normality of a class of semiparametric optimization estimators in which the
criterion function does not obey the standard smoothness condition. Their results prove
the validity of the bootstrap method for estimating correct confidence regions for the finite
dimensional parameter 6 asymptotically.

On the other hand, because the key conditional distribution fo[l XipYir 1. Xy, D2 Assump-
tions (1) and is observable, the conditions seem to be directly testable using both two
periods of data. However, in most cases, the exact form of the conditional distribution is not
obvious and it is difficult to test nonparametrically with continuous VariablesE To provide
more support for the validity of the condition, this study presents a test based on a parametric
setting and uses the data to estimate unknown parameters associated with the completeness
under parametric specifications. Although there are many ways to model completeness, this
study adopts a fairly flexible approach. The previous section provides an example of com-
pleteness in which inj\ Xy Vi1, Xip 1 is normally distributed. Given functions 1, and o such

that ¢}, # 0, suppose 12(Xj;—1) contains an open set. Consider

N 1X0 Yieor X = (Y, — 1(Xit, Yie—1;01) — Brba(Xir—1)).

As shown in Eq. , under the parametric representation, the completeness in both As-
sumptions (1) and depends on whether the parameter S (X;;—1) is equal to zero. The

1See [Canay, Santos, and Shaikh| (2011 for details.
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null hypothesis that fo[l Xi Vi1, Xsy_, fails Assumptions (1) and W is
HO : B =0.

When X;;, X;:_1 are vectors of covariates, it is possible to conduct these tests on continuously
distributed covariates. If we model 91 (X, Yj;—1;601) as a linear function of the regressors, a

standard t statistics to test Hy can be conducted using OLS regression.

5. Monte Carlo Simulation

This study presents the finite sample property of the proposed sieve MLE estimators based
on a Monte Carlo simulation study. The simulation design in this study is similar to the
dynamic panel data models discussed by [Shiu and Hul (2010). The proposed model adopts
the following procedure:

Dynamic tobit Models with AR(1) Transitory Error:
Y, = max {ﬂo + B1Xit + Y1 + Vi + ean, 0} i=1,...,.N;t=1,...,T — 1. (35)

where V; ~ N(1,1/2) and €;; = pejr—1 + & with & ~ N(O,Ug). The unobserved covariate
Uit = Vi + peir—1. As discussed earlier, the models can be transformed into fy;,|x,, v;,_,,U.:0
by Eq. . Set h(x) = 0.2exp(—x). The generating processes of the covariate evolution
have the following form X;;+1 = Xyt + h(Xit)nie + Uir with ny ~ N(0,1) or

! (wivss |z, i) = 1 g, (Tl = Tit = Uit
Xit4+1| X, Uz \Lat+11Lit, Uit h(zi) " h(wi) ?
where ¢, is the standard normal distribution. Four different data generating processes (DGP)

are as follows:

DGP I:  (Bo,B1,7,0¢,p) = (0.2,-1,0,0.5,0)

DGP II: (B0, B1,7,02,p) = (0.2,-1,0,0.5,0.5)
DGP IIL:  (Bo, B1,7,02,p) = (0.2,-1,1,0.5,0.5)
DGP IV: (B0, B1,7,0¢,p) = (0.2,-1,1,0.5,-0.5).
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In the all designs, set 5y = 0.2, 51 = —1 and 02 = 0.5. These designs focus on different values
for state dependence, 7, and AR(1) coefficient of the serially correlated error term, p. The
simulation designs in DGPs I & II do not have state dependence (v = 0), but the simulation
designs in DGPs III & IV show strong persistent effects from the past dependent variable
(v = 1). This study assumes that the panel data is set in three different observations, 250,
500, 1000, and presents experiments for small 7" for which the sampling data are drawn over
T = 3 periods.

The two main differences between this experiment and the study by Shiu and Hu/ (2010)
is that 1) at least three periods of data are needed for the simulation in [Shiu and Hu| (2010),
and 2) the generating processes of the covariate evolution fx,, 1| Xu0,Us 18 required to satisfy a
mode condition, which is one of the nonparametric identification assumptions in [Shiu and Hu
(2010). Thus, the current estimation results cannot be compared to the results of |Shiu and
Hul (2010)) if we only use a two-period simulated sample. Another practical advantage of the
proposed sieve MLE estimator is that it does not require sieve implementation of the covariate
evolution. Hence, the implementation is easier but the normality assumption of &; is required
and essential to the estimation. The proposed method uses the Fourier series in Subsection
with the number of term, i,, = 5, j, = 2, k, = 2, and [,, = 2, to approximate the initial
joint distribution fx,, vi, , X, 1,Ui:60- Two-period or three-period simulated samples are used
to conduct estimations for 100 replications.

Tables present simulation results for the model parameters of the dynamic tobit model.
These tables present the means and the medians in estimating 5y, 51, ag, and v together with
their standard errors. In calculating the standard error of coefficient estimators, use the
variance of coefficients estimated from the 100 replications as a measure of true variance.
Observe the following patterns in the simulation results for the coefficient estimators. First,
there generally exists downward bias in estimating the autoregressive parameter « in all sample
sizes. Second, the bias in estimating all parameters (fo, f1, ag) is small, suggesting that the
proposed sieve MLE estimator achieves consistent estimation results. Finally, all standard
errors do not vary much. This suggests that for these samples, the statistical performances
of the proposed sieve MLE estimator are very close. This study presents a comparison of the

proposed sieve MLE estimators with the benchmark estimator and the three-period estimator

of |Shiu and Hu| (2010). The benchmark estimator treats the unobserved U;; as a covariate
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and applies a MLE method. As expected, this benchmark estimator performs better than the
other two estimators, and the biases and standard errors decrease in larger samples. In DPGs
with nontrivial state dependence, the three-period estimators provides better estimators for
~. This suggests that in the same sample sizes, an additional period of data may help reveal
the dynamic structure of the data.

Table [4] presents the magnitude of the state dependence SD(X;;). The results in DGP T
& II imply that the proposed sieve MLE performs well because the parameter v = 0 in these
cases and the estimation results are close to zero. The DGPs with nontrivial positive state
dependence exhibit significant variation in the estimation results of SD(X;;), and the average
response of the state dependence for these DGPs is at least approximately 0.5. In addition,

the means and medians of SD(X;;) are similar, reflecting some symmetry in their respective

distributions.

6. Empirical Application

This study reports the application of the proposed sieve MLE estimator to a censored dynamic
tobit model describing the annual health expenditures of individuals given their past health
expenditures and other covariates. In this case, the dependent variables represent the log
values of annual individual medical expenditures plus one. To accommodate the piles of the
corner outcomes, this censored dynamic tobit model is a natural fit for this health expenditure
topic. Identification results show that the proposed model has some advantages: (i) arbitrary
correlation between unobserved time invariant factors, such as individual inherent health and
other explanatory variables, and (ii) allowing the absence of initial observations of individual
health expenditures. In addition, the proposed sieve MLE estimator only requires two periods
of data and provides average partial effects.

The empirical analysis in this study is based on the Medical Expenditure Panel Survey
(MEPS) Panel 4. The MEPS data provides nationally representative information on health
care use, expenditures, sources of payment, and insurance coverage for the U.S. population
from 1,999 to 2,000. The MEPS, which contains detailed data on annual total health care
expenditure, demographic characteristics, health conditions, health status, use of medical

care services, and income, is appropriate for our empirical application. Table |5 presents
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summary statistics of health insurance variables, socioeconomic variables, and health status
regressors for the first-year and the second-year of the data. We have a two-periods of the
data with 7,669 cross-sectional observations. There are sizable fractions of the sample with
zero medical expenditure, 18.646% (1,430/7,669) and 20.576% (1,578/7,669) in Periods 1 and
2, respectively.

The estimated equation of dynamic health expenditures is

}/:i = max OaX'ZtB—i_PY}/Zt—I—i_‘/Z_‘_nZt—Fth VZ:177N7t:1727 (36)
—_——
Eit

= max {0, X, 8 +Yir—1 + Ui + it }

The dependent variable Y;; = Lnexp;; is the natural logarithm of health expenditure plus
one. The covariate X;; = (Lnincl-t,Ln famy, Agey, Maley, Blacky, Educationg, Phsicaly,
Ndental;;, Good;t, Fairy, Poory, ..., Time dummies). The unobserved heterogeneity V; rep-
resents time-invariant individual heterogeneity factors, such as inherent ability or personal reg-
imen to resist negative health shock. Assume that Assumptions[2.1]and [2.2)split the transitory
error term €4 into 7;; and &, and that &;; is normally distributed. This normality assumption
guarantees that Assumptions (ii), and are fulfilled, as Section 3 shows. Assump-
tions 2.4{i) and demand the completeness conditions related to the family of conditional
distribution of positive health expenditure y;; over Tj—1, { intﬂ Xiy Yir1 Xy | Tit—1 € Xit—1}.
Choose ¥ as a linear function and v as a linear function of squares to conduct the testing
proposed in Subsection 4.3, The estimated coefficient of the squared Lninc;—; is -0.0014
with a p-value of 0.052. In an intuitive sense, the testing result suggests that the covari-
ate at the previous period x;;—1 containing income squares has enough variation such that
the conditional distribution of positive health expenditure can cover all variation of positive
health expenditures. These assumptions, along with the mild regularity condition stated in
Theorem m provide the identification of Model and the sieve MLE developed in Section
4 is applicable.

Table |§| shows the results of the estimation of panel data Model using three speci-
fications, including a static linear fixed effect model (Column 1), a static tobit model with

random effect (Column 2), and the semiparametric dynamic tobit model (Column 3). The
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three sets of estimates present similar results in terms of directions of effects and estimated
coefficients. As expected, there are differences in the magnitudes of the estimated APEs in
the RE tobit and semiparametric dynamic tobit specifications. The APEs of semiparametric
dynamic tobit specifications have greater effects after controlling for the dynamic effect of
health expenditures. The coefficient estimates of state dependence effect of health expendi-
tures is up to 1.052. As a result, the effect of previous health expenditures on the future health
expenditures is estimated to be, in APE, 1.448. The estimated coefficient shows that the pre-
vious health expenditures have persistent effects or there is large first order state dependence
of health expenditures. One of the variables of interest is Lninc;, the natural logarithm of
the family income plus one. The coefficient of Lninc;; in regression on Lninc;; represents the
income elasticity of demand for health care. The result of the semiparametric dynamic tobit
specifications indicates that individuals consume more health care when their incomes go up

after controlling for the past health expenditures.

7. Conclusion

This study presents identification results for the semi-parametric censored dynamic panel data
models and their corresponding average partial effects. The main assumptions of the proposed
method include the existence of an independent random shock, a semi-parametric specifica-
tion of the random shock, and the completeness of families of known PDFs corresponding to
censored dynamic panel data models and observed conditional density functions between the
dependent and explanatory variables. The completeness of the families of PDFs is equivalent
to the invertibility of operators using these PDF's as kernel functions. Invertibility permits the
nontrivial transformation of semi-parametric censored dynamic panel data models into a valid
semi-parametric family of PDFs of observables. Then, identification can be achieved under
the MLE framework. The dynamic tobit models and dynamic lognormal hurdle models with
two common types of DGPs satisfy these completeness conditions. This identification leads
to the proposed sieve MLE, which is consistent and asymptotically normal. The advantage
of the proposed approach is that it does not rely on the availability of initial period data,
provides average partial effects, and requires only two-period data. In addition, this semi-

parametric method allows for time dummies, nonlinear functions of state dependence Yj;_1
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such as quadratics or interaction terms, and parametric heteroskedasticity. These features
make the sieve MLE desirable in semi-parametric censored dynamic panel data models for

microeconometric applications.

Appendix

A. Proof of Lemma [2.1]

Proof: First, we have shown fx,, vi, 1 Xi;_1,Uirs00 = fXi0,Yieo1,Xie_1,Use- NEXE, given (2, Yir—1),

define integral operators

(yzt) — E Xit—1) with (37)

I+
Y0 Xt Yit—1:X¢—1

)(@it-1) /f Y Xou Vi1, Xoo 1 (it Tits Yit—1, Tie—1 )R (Y5 ) dysp

inJ{int Yit—1, X5t — 1

L2(Vi) — L2 Uy, w) with (38)

Ythr\XithitflvUit?QO

(Lfy;tr‘x,

it Yit—1,-Uit300

h)(uit) = /fyl_'t*|Xit7yit_17Uit;90(y;uit»yitlauit)h(y;t_)dyi—;’

FXipYir 1. X 1.Uis0o :£Q(Z/{it7 ) = E (Xie—1) with (39)

Ixi,
(Lint»Yit—l’Xit—lanﬁao h)(xit_l) - / -

)/it la it— 1,Uzt7

6o N,
w(ug) h(ui)w(uit)du;

For each h € £2(Vy).

(LfY »Xits Ytl’Xitl> (h) (xit_l)

:/~ fY Xltv}/;t 17 it— 1h(ylt)dyzt

it

S X Yie 1, Xar—1,Uit300 T

/y“ </ Y [XutYieo1,Usei60 () w(ugt)duge ) h(yzy )dy;,
SXit Yie 1, X0 1,Ust30

_ t,Y5it—1,Xit—1,Uit300 Y X Ve 17U”700h(yi+t)dy;; w(uit)duit

sy w(uit)

=L L h) (xi—
( IX i it 1, X5t —1,Usei00 in;r‘Xithit—lvUit?QO (h) (wit-1),
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based on Eq. . Because this derivation holds for arbitrary A, this amounts to the operator

relationship

=y L .
inJ{inthit—leitfl FXi4Yieo1:Xi0—1,Ui1:00 fyit [Xi4,Yse—1,Uiz:00
Vv vV
Assumption [2.4](i) Assumption [2.4ii)

Combining the condition fx,,v;, , x,,_, > 0and Assumption (1) resultsin {fy+ vy .
it vity Yit—1, X4t —

Tit—1 € X1}, is complete over £2()~/¢t) and then Ly is invertible. In addi-
Yitf\lxitlyit—llxit—l
tion, because Assumption [2.4{ii) ensures the operator L invertible, the op-
Ty
Y 1 X44,Yi¢1,Ust300

erator relationship implies that the invertibility of the operator Ly, i.e.,

it Yit—1:Xit—1,Usti00

{ FXieYie—1,Xi0—1,Uit:00

e i1 € X1} is complete over L2 (Ui, w).

Suppose that the parameter 0y is not locally identifiable. Then, there exists 0 # 6
and O — 0o such that fx, vi, | Xy 1,060 = FXuYieo1,Xit-1,Uirs6,- Using the definition of

int,Yit—hXit—l,Uitﬂo and int,)/it—hXit—lint;ek )

in:—:Xit,mt—hXit—l - /fyi-t'—Xit,Yz‘t—l7Uit;90inthit—l7Xif—17Uit§90duit’ (40)
f)/iiryXitintflyxz‘tfl :/fYJXit,Yz‘t17U¢t;9kfX“’Y"f1’X“1’Uit59kduit' (41)

By subtracting Eq. from Eq. , it follows that

0= /fYJXmY;t_l,Uit;é)kmeYit17Xz‘t17Uit;9k - fY;_t"‘Xit7§’it_1,Uit;ﬁointayitfl7Xit717Uit§00duit7
= / I X0 Vi1 Usesn X0 Yo, X1 Uieib = JY b X0 i1 Usgsh X0 Y1, X001 Ui AUt
+ /intﬂXit,Yu1,Uit;9kint7Yit1,X¢t1,Uit;90 - inj|Xit,Yit,1,Uit;e()intyyitfl7Xit717Uit§90du7;t7

= /in:'Xit,Yit_l,Uit;Bk (inuYit—laXit—lvUit;ek - meYit—l,Xit—l,Uit;Go)duit

Assumption

* /(fYJXint—hUit;@k N fnﬂXint—hUit;@o) IXit Vi, Xioo1 Uit Ait- (42)
Assumption i) & (ii)

Plugging the relation fx,, v, 1, Xii—1,Uiss00 = X0, Yie—1,Xis—1,Uiss6, 10t0 the above equation yields

intayit—hXit—lint%HO

w(ug)

0= / (inJtr|Xit7Yit—1,Uit§9k o f’QJ“Xitintflint?eO) w(uit)dugy,
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FXi4.Yi— 1, Xi0—1.Uin00 .

w(uit)

Tit—1 € Xiz—1} is complete over L£*(Uj,w), we obtain in-t'—‘Xitht—lvUit;ek fY,-:rlX,-t,Yn—hUit;@o

for all x;;—1 in Xj—1. Because Assumptions [2.4{(i) & (ii) implies that {

for 6y #£ 0y and 6 — 6y. This contradicts to the local identifiability of 6y in inj\ Xir Yir1.Use:0°

proving the lemma. Q.E.D.

B. Proof of Lemma 2.2

Proof: Because fx;, v, 1,Xi,_1,Us:0 is correctly specified at 0y by Lemma X Vit 1, X130

is also correctly specified at 6y after integrating out. On the other hand, denote two integral
— 1 9

kernels as K 4.0, (Tit, Yit—1, Tit—1, it) = m@fxit,m,l,&t,l,mt;@o and K g, (y,t, Tit, Yit—1, Wit )

= %fﬂleﬁ%tq,Uit;@o' Divide Eq. by 6 — 6y # 0 and rewrite it as follows:

0= [ fo+ 1 fXi Vi, X1, Ui — inthitflyXitflint%eOw(ul )du;
Y \Xit,Yz‘t—hUit;@w(uit) 0 — 6o it ) At
fYrL;L‘X’Lthitflinﬁe B fnﬂXit’Yit—hUit;Go FXi0,Yie 1, X0 1,Uis300 d
00 : w(ugt)dugy.
—bo w(uit)

If 6 — 6y then the above equation implies

0= /fyiﬂxit’y*”_hymgoKA;Go(fEitayitlal'it17Uit)w(uit)duit

sz‘tyyitfl,Xitfl»UiﬁeO
w(ugt)

+ /KB;GO (yi» Tit, Yir—1, Wit) w(wst)dugg. (43)

This equation can be used to establish an operator relationship. For each given (x;, yit—1),

define integral operators as follows

LK g, + £2(Uit,w) = L*(Xig—1) with (44)
1 0
(L yp, 1) (Tit—1) :/Wangit,Yitl,Xﬁ1,Uit;90(37itayit—17xz‘t—l,Uit)h(Uit)W(Uit)dUita

Licg, + £2(Vit) = L2 Ui, w) with (45)

0
(LacnagM0) = [ by v o 0 e i i)l
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Set h € L2(X;—1). Given each (x4, yir—1),

(ki) 00 i)

- /u KA;GO (xit’ Yit=1, Lit=1, Uit) </3; fYJXit,nt—l,Uit;Goh(y;g)dy;> w(uit)duit
it it

:/y </u fyijxit’yithUit;goKA;Oo(xit,yz‘t—hxit—lauit)w(uit)duit> h(y;} )dy:
it T

SXit Yieo 1, Xie—1,Uti0
= —/ (/ Kp.oy (Ui, Tity Yit—1, wp) == D 202050 (g Yduge | by ) dys
Vi Ut

w(uit)

sz‘ Yir—1,X50—1,Us4;0
= —/ pt o KB;eo(y:t_axitayz‘t—lyuit)h(y;)dy;{ w(ugt)dug
Uy w(uz‘t) Vit

- (foitvyitfl1Xit71vUit3‘90LKB?HO) (h) <mit_1)

where we have used (i) an interchange of the order of integration (justified by Fubini’s theo-

rem), (ii) Eq. (43)), (iii) the definitions of these operators in Eqs. (38), (39), (44)), and (45).

This derivation yields the following operator relationship

L L L L = 0. 4
Kazoo 2 fy. | Xit,Yie—1,Usz300 + FXi0.Yie—1:Xi—1.Uit:0 Kp0 0 ( 6)
it 2, -~ N— __/.
Assumptions ii) Lemma 2.1 Assumptions @

and fova

are
it—1:Xit—1,Uiti00

Whereas Assumptions [2.4{(i) & (ii) imply that L
P 1) ( ) Py fyit‘xit’yit—l»Uit?eO

invertibleﬁ Assumption guarantees that L Kp, 18 invertible. Because the operators other

than Ly A0 in Eq. are all invertible, the integral operator Ly 4360 is also invertible. This

w(ug) 06 Xit,Yit—1,Xit—1,Us;00 +

implies that the family of its corresponding kernel functions {
Ti_1 € X1} is complete over £2(Uy,w).

Suppose b is not locally identifiable in in . Yi_1,Xir_1:0- This implies that there exists 0, #
0o and 6y, +— 0y such that fx,, vi, 1 Xu_ 1500 (Tits Yit—1 Tit—1) = JXo0,Yieo1,Xuo_1:60 (Tits Yit—1, Tit—1)-

This implies that [ fx,, vi, 1. Xie_1.Use:0: @it = [ FXirVie 1. Xse_1.Usn:00dUit for each 6. It follows

that for each 6;

1 inh)/itflyXitflint?ek - intyyitflyxitflintQGO
w(

i)dugy =0 for all x;—1.
) R )w(ut)ut or all z;;_1

15 Assumptions i) & (ii) imply that the invertibility of Ly,

BT

is in the proof of Lemma
Yit—1,Xit—1:Uit;00 p
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If 6, — 6y, the equation becomes

1 0
/ <u)()89int,Yit17Xitlint§90> w(uit)duit =0 forall zjt—1. (47)

Ust

Because L£2(U;;,w) contains the constant function, Eq. (47) is in contradiction with the
completeness of {@%fxityyit—leit—lvUit;gO D@yl € Xy_1}y over L2(Uy,w). Therefore,

under Assumptions 0o is locally identifiable. Q.E.D.

C. Proof of Lemma [2.3

Before proving Lemma [2.3] consider the following result as the cornerstone of the proof of

Lemma

Lemma C.1. Under Assumptions the family of functions {mﬁf&t\&t,qunq :

Ti—1 € X1} is complete over L2(Uyy,w).

Proof: In a similar manner to Eq. , write the conditional version of Eq. for 6 = 0,

fi@leit%tfle“ﬂ - /fYJIXn,Yu1,Uithit|Xit7Yit1,Xit1duit' (48)

Taking derivative with respect to X;;—; results in

0 0

O0xit—1 in;t‘—|Xit7Yit—1,Xit—1 = / fY;;‘—|Xit7}/it—1,Uit OTit—1 fUit|Xit7}/it—1)Xit—1duit' (49)

Set k1 = ﬁf}gﬂ&t,m_l,&t—l and ¢ = ﬁfUit‘Xit,ntfleitfl' For each (z, yit—1), define
operators
Ly, : L2(Vn) — L2(X; ith (L, h)(@i—1) = * T, i ) h(y)dyt
K1 - ( zt) — ( ztfl) W1 ( K1 )($zt71) K/l(ylt7xlt7y7,t717mlt71) (yzt) Yit >
L¢ : Ep(l/{it,w) — EQ(Xitfl) with

(quh)(l’z't—l) :/ ! )¢(uitaxitayit—l)xit—l)h<uit)w(uit)duit'

w(ug
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For h € Ez(j}vlt)

(Liy) (B) (it-1)

/ K1 ylta'xltaylt 1, Tit— l)h(yjt)dy;;

it

/ (/ Ny 1Xu YU n¢(uit,ﬂﬁit,yit—hwit—l)duit) h(y;; ) Yit
y’Lt 7,t
/ w(u) (Wit Tit, Yit—1, Tit—1 (/ Y X, Yie 1 Uzth(yit)dyit> w (i) dugy

(7.1 -
< ¢ inTXitvyit_l,U“;é)O) (h) (xlt 1),

<

where Eq. defines the operator L Fytix . With the definitions of the operators,
it 17

it»Yit—1-Uit:%
this equation can be rewritten as an operator relationship

LK/I - Ld)Lf +|X

Yit—1:Ujti00

Assumptions [2.4(ii) and [2.6| guarantee the invertibility of the operators L ¥ and
Yl X34 Yie_1.Usi0

L,,, respectively. Applying this invertibility to Eq. results in the invertibility of L.

Thus, the family {md)(uit,xit,yit_l,xit_l) i1 € X1} is complete over £2(Uy,w) for

each x;t, yit—1- Q.E.D.

Proof of Lemma 2.3t First, fx,, v;, , x,, .0 is correctly specified at 6y because by Lemma
J}VXit,Yitﬂ, X,;,_,:0 18 correctly specified at fy. Suppose that 6y is not locally identifiable in

the observable joint density function fx 9. There exists 0 # 6y and 0y — 6y such

ity Yit—1,Xit—1;

that, me Yit—1,Xit—1:0k — intyyit—l,Xit—NOO' This implies that

meYitthith@k _ int,Y%tA,Xitfu@o
fffsz'int—l,Xit—l;dexitdyit—ldxit—l 1

= sz‘t:Yitfl,Xitfl' (51)

This equation can be expressed as

[ Fxu Vi, Uiei0p Wit
o1 X1 Uil me Yit—1,Xit— 179kdxltdyzt 1dTit—1. (52)

szty zt 17 it—1

The multiple integral in the RHS of Eq. only depends on the parameter 6y, and is
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independent of x;;_1. This suggests that given x1;_1 # T9s_1,

/meYn 1,X1t—1, m@kd = /an, it—1,X2t— 17Um9kd
Z

meYzz 1,X1t—1 szz,Yn 1,X2t—1

If 0 — 69, this yields

0= / (fUit‘Xityyvit—lyXltfl - fUit|Xit7Yit—17X2t—l) duit

Divide the equation by Xq;_1 — X9;—1 and let X141 — Xo;_1 +> 0. This equation then changes

into

0
0= / aﬂj‘t 1 fUit‘Xit,Yit_l,XltildUit
it—

1 0
/w(uit) OTit_1 fUzt‘thQ/ztflelt—l ( Zt) ity

which contradicts the completeness in Lemma Therefore, the parameter 0y is locally

identifiable in the observable joint density function fx,, v;, . X _1:0- Q.E.D.

D. Identification in the Discrete Case

This section presents a simple case in which the observed variables Y, X, Yii—1, Xir—1 and
the unobserved covariate U;; are all discrete. This section shows how to use the identification
techniques in Theorem for this discrete case. For simplicity, assume that the variables
Yn , Xit—1 and Uy have the same size J (i.e. th , Xit—1, Ui € {1,2, ..., J}). For this setting,
the integral operators used previously can be represented by J-by-J matrices. The idea of
using the identification strategy in the discrete case for ease of exposition is because a complete

integral operators is associated with an invertible matrixﬁ

YIf y,u € {1,2} and [, h(u)f(y|lu)du = 0, then the condition is equivalent to

etany doaen | =[]

The function h can be uniquely determined as h = 0 iff the first matrix representing f,, is invertible.
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Equation (12)) in the discrete case is

J
iniraXintthitfl - Z inj|Xit7}/it—17Uit§9int’)/it*1’X“*1’Uit;9. (53)
Ui=1

Given (z, yit—1), define J-by-J matrices

M = [f + (Y @it, yir— Xit—l)]
fY[f@z’t’yit—LXit—l Yie o Xit Yie—1,Xig—1 "1t 2 ’ ’ Yo Tit—1
+
= | fy+1x. v oY i, yie Uit)}
inJtrWitvyitflsUit?e [ Y 1 Xt Yie—1,Uigs0\ 7 it 270 ’ Yy Wit

Mfzit,yit,l,xit,l,Uit;e = [int,Yit—l:Xit—lint;e(xit7yit—17Xit_17 Ui )] Wit Tip—1

Rewrite the equality in terms of these matrices as follows:

M =1L . 54
inJtr*zit’yitfleit—l fyijlzitvyitflsUit?e Faie i1 Xt 1, Ui (54)
Observed from Data Model Specification
Assumption [2.3| implies that the square matrix Ly is invertible, leading to
Yt 1%t yit—1,Uit30
-1
= (L M . 55
feiwiv—1,Xi—1,Ug50 ( fyijlzit»yitﬂvUit;G inlLyzitvyitflﬁXit—l ( )

As discussed earlier, it is necessary to ensure that M Forpuie is identifiable at 6.

1>Xit—1:Ujt;0

According to the proof of Lemma there are two steps for identifiability. First, given

(Ilfz't, yit—l)a define

{ X Yo x; 1, X; }
! it Tt Yit—1:Xit—1 szt Xit,Yie—1, it71( it o Lit, Yit—1, it 1) Tit—1,Y5
NfY* Uiio [fyﬂx- Yir1 U0 Yt ,:z:z't,yitq,Uit)}
it 1 Tit Vit —1,Ui¢50 it 1NitsYit—1,Uit; o

Ly iy xsrrio = I XaYiemr X Uit @ity Vit 1 Tie- 1, Uid) ],

Equality can then be expressed by these matrices as follows:

L =L L . 56
fyiivzitvyitfl«xitfl Tigvit—1:Xi0-1.Viei0 fotLIzmyit—LUit;% (56)
Assumption i) Assumption ii)
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Notice that in this simple case, L = M7t L =
el o+ VN s U0
it Tt Yit—1-Yit—1 Y ®its¥it—1,Xit—1 it [@it:yit—1,Uit
L}: yand Lg = M? which we may not have for
Yl @i wit—1,U30 FitYit—1it—1it zit>Yit—1X¢—1,Us¢50

a general continuous case. The matrix notations used here are based on integral operators

in the proofs of lemmas. Assumption makes Ly, ., invertible. Hence, its

)

transpose M Forrwir s is also invertible. Then, suppose that there exists 8 # 6y and

Xit—1,Uiti00

01 — 6y such that

=M .

foipyiv—1.Xit_1.Uii0k Jaivvie—1.Xie—1.Uiesi00 (57)
Following the derivation in Eq. (42)), we have a matrix expression

0=1L M - M
in‘l‘m“,yit_l,Uit;gk Joivie 1. Xi1.Uii0y it vie—1.Xu1.Uiss00
+ (L —L M
fyii_uitvyit—lﬁUit?gk fyijwit’yit—l’Uit?GO Feivvie—1:Xie—1.Uit0%
The invertibility of M and Eq. (57) implies that L is not
Y Jriewit—1,Xit—1.Uiei00 qa- (57 b fYJIzit,yitprit:@

identifiable at 6y, which is a contradiction.
Set J x 1-vector J; = (1,1, ...,1)T. Integrating out the unobserved covariate in the discrete

case leads to JlTMfw_

it Yit—1,Xit—1,Ui;0°

=Jr

1% iy vie— 1, X001, Uigs60

Suppose that there exists 6 # 0y and 0 — g such that
JT

M
% fay i1, X001, Ust 6,

. It then follows that

M - M
0= JT Soivie— 1. X 1.Uies0y, Jeiwie—1,Xi6_1,U31500 58
=Ji (58)

0 — 0o

If 6 — 6y, the above equation implies 0 = JlTM 9 , where
o0

feiwiv—1.Xi4—1,Ui1:00

0
Mot @ i [69int,Yit_l,Xit_l,Uit;Q(«Tz‘tv Yit—1, Xit—1, Uit)
Uit sTit—1
Rewrite Eq. (43) in the discrete case as
J
0
0= E : fY;.-t‘—|Xit,YL‘t,1,Uit;00%fxitayit—lzxit—h[]iﬁeo
Ui=1
J
0

+ E : %fyij|Xit7Y,L-t,1,U,L-t;e()int,Yitfl7Xit717Uit§90‘ (59)

Ui=1
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This leads to the following matrix expression

+Ls , . Mo =0, (60)
Xit—1,Ujt300 in}L\Iit,yitﬂ»Uit%@o Joit vis—1:Xis—1 Vini%0 %inf\zmyitpritﬁo

Ma )
Tit Yit—1

e Lemma 211
Assumptions ii) ernma Assumptions 2.5]

where M o

+
Y, ‘thﬂyzt—lvUzt L)

= QfYt iy .U meo} wiogt . Applying assumptions to Eq. 1@}

shows that M o4 is invertible, which contradicts 0 = J7 M 25,

it Yit—1:Xit—1,Uit:00 it Yit—1:Xit—1,Uit:00

Finally, the normalization in the discrete case is equivalent to

Ty
it Yit—1,X5t—1,Us30
= Tit Yit—1it—1-Yit (61)

Soiewie—1, X150 Jog  Jui ’

Yit—1

T
Z Z 1 <J f‘ztvyzt 1Xit—1.Uits 0J>

Tit=1yit—1=

where J,,, and J, represent the sizes of the discrete variables x;; and y;;—1, respectively.

it—1
Suppose the normalization step does not lead to local identifiability at 6y. This implies that

there exists 0 # 0y and 0 — 0y such that

JEM

Fait wit—1, X0 —1.Ui06%

T
_ Jl Mfmitvyit—laxitflvUitﬂO -V (62)

Jogy Tyie_1 1 fxibyit—l’xit—l?go

T
Z Z <J1 Mf”citvyn—bxit—lvUit;"kJ)

zit=1yiz—1=1

Rearrange the term

T Jyzt 1

T
Ji JV = E E J)]J
( fﬂc it ¥it—1,Xit—1.Uit 0k / Jwivwie—1.Xie—1:00 fﬂf it ¥it—1Xit—1,Uit:0k L

zit=1yit—1=1

where the notation ./ divides two 1 x J-vectors element-wise. The right-hand side of this

equation is constant in x;—1. Hence, if x1;_1 # T9¢—1, we have

T _ T
(Jl Mfzit!yitflvxlt—lvUit?ek) ./szitvyitfl’xlt—l?go o (Jl Mfzz‘t»yitquQt—l»Uit%%> ./meitvyitfl!XQt—l?QO.

Using Eq. , rewrite this equation as

—1
0=J1 (L, My, /I SV
Y 29501, Uit 0% Yii o®itoYit—1,X14—1 Y owitoVit—1,X2t—1 it Yit—1,%2¢—15%0

Denote M fo+ as a matrix of the difference of fyﬂ X, _, with respect to

zt \rlt,yzt_l,Ath_l ity zt 17X
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Xitfl. If Ok — 90, then

—1
T
0=JT(L M - M
1
fyit‘zitayitflvUit?GO fY;{Mit»yitflaXltfl in_t‘—‘zit«yitfle%fl

-1
— 17
=Ji (L M
= 1 Y
fY;{\zit,yithUit;GO inf\Iit,yitprXitfl
7

Assumption [2:3] Assumption [2.6]

o [inNXiint—hXitﬂ (th |xzt>yztflaX2t71) ng,mf{ This contradicts

the invertibility under Assumptions [2.3] and [2.6] showing that the density function is still

where My

Y lZityit—1,Xie—1

locally identifiable at 6.

E. Proof of a Sufficient Condition of the Uniqueness of K (6)
Proof: Start with a scalar 6, and combine Eqgs. (16]) and ,

S Xt Yioo1 Xiror Uses00it

FXie Yoo, X0 = : (63)
P ffffint:Yit—laXit—lant;6duitdxitdyitfldxitfl
and recall Eq. (43)),
0
0= fY;|Xit,Yit_1,Uit;9o @qu%t_l,Xit_l,Uit;G ezeod“it
0
+ @fYS—\Xit,Yit_l,Uit;eointayit—l7Xit—17Uit§90duit‘ (64)

It follows that %intyyz‘tfly-Xitflinﬁe‘0:90 is implicitly defined in Eq. by

9 =L;! O f du;
90 Xit,Yit—1,Xit—1,Ui;00 = fY+|X_t Yoo 10 90 Y7 | Xit,Yie—1,Uses00 XitsYie—1,Xi—1,Us Wit | -
it 1vit Yit—1,Y4

7

(65)
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These relationships can help expand the Kullback-Leibler function K (6). Differentiating w.r.t.
0 at 6 = 60, leads to

90 // log meth 1,Xit— 179)
anz ) 7, 17 1 179
/// 90 it it lils I X0 Yoo 1, Xip 1 AT dyip—1dTie 1
sztylflt 17 it— 17 0= 90
///86meth 1, it— 1,9d$ltdy’lt 1dx7,t 1
=59 ( / / / fxz-t,Yit1,Xz~t1;edxitdyit—1d$it—1>

IXieYieo 1, X1 ATitdYie—1dTi—1

6=0q

0=09

Thus, the true parameter 6y is a critical point of K () and a sufficient condition of the
uniqueness of 6y is K”(6y) is negative semidefinite. Denote E as the expectation w.r.t.

(xit, Yit—1, Tit—1). The second derivative of K (fy) in the scalar case is

K//(e())
///8921?)(”’%’5 X 179‘9_ dxidy—1dri—q
2
89th7Yt 1, X5t — 1,9)
/// e : X Yoo 1, Xirr AT dyi—1dxie 1
sztath 17 it— 179 9:90
2
892 <///me Yie—1,Xit— 1,9dxztdyzt 1dx;i— 1>
0=0o

QfX' Y X; -9} 2
- _E (69 ity Yit—1,Xit—1; 990> (66)

intvl/it—hXit—l

B Xt Yie 1. Xir 10
_ E 06 ity Lit—1, it—1,
=09 intaYitflyxitfﬁe
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where

0
%fxih}/it—laxit—l;e ‘9:90

9 J Xt Yiro1 X1 Usnio @it
86ffffintvyit—l7Xit—17Uit;0duitd'xitdyit*1dwitfl 0=00

0
= %fxit,mt_l,xn_l,Umeo duy

defined in Eq.

0
7int7Y;t—17Xit—1,Uit§90 dzidyit—1dxi—1dug inty}/itflyXitfl . (67)
00

defined in Eq.

A similar derivation can be applied to the vector case and the form K”(6p), as Eq. shows.
Q.E.D.

F. Proof of Lemma [3.3

Proof: First, suppose ) is a domain such that Y C R. Let the family {f(y|u) : v € U}
be complete in L2(R). For each h € L%(Y) such that ff; h(y) f(ylu)dy = 0 for all u. Extend
hoifze)

h to a function in £2(R) by h(z) = "It follows that fR ) f(y|lu)dy = 0
0 otherwise.

for all u. By the completeness of f(ylu) over L2(R), h = 0. Thus, h = 0 and f(y|u) is
complete over L?(R). Thus, the completeness of a function over a smaller domain is implied
by the completeness of the function over a larger domain, and sufficient conditions for the
completeness of these two families can be reduced to the completeness in L2(R).

The family of functions {(y —c—u) ¢ (%) :u € U} is complete in L?(R). Let
h(y) € L*(R) and [ h(y) —c—u)qb(%) dy = 0 for all u € U. Because g ¢<y - “) =
—%qb (%) it follows that [ h(y qb (u) dy = 0 for all u € U. Using the integra-

tion by part for each u leads to

/h(y)qu5 (y;u) dy = h(y)o (y Cu) I~ - /ay < ;$u> dy
/ < ; “) w
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Applying the completeness of {¢ (Lgu) :u € U} to this equation yields %h(y) = 0, which
implies that h(y) is a constant function. The condition h(y) € L?(R) makes h(y) = 0,
proving the first completeness. As for the second completeness, suppose h(y) € L*(R) such
that fh(y)(ag— —c—u) ) (ycu) = 0 for all u € U. Using 82¢<y‘3“) =
—% <a§ —(y—c— u)2) 10) (y UC and the integration by part, rewrite the equation as
£
0? y—c—u

= [ hy)=—o|—)d

0 /(y)ané( o > Y
0 y—c—u 00 y—c—u
= h(y)— = )d
gy (o) L oo (Moo

——§yh<y>¢ (y"“) * 832 b (L) ay

0'5 —00

8822 h(y)¢ (y_c_u> dy

g¢

The completeness of {¢ (%) :u € U} implies that h satisfies the second order differential
equation, %h(y) = 0. The characteristic equation of the differential equation is > = 0. This
suggests that the general solution of the differential equation is h(y) = ¢1 + coy, where ¢;
and cy are constants. The condition h(y) € L?(R) indicates h(y) = 0, reaching the second

completeness. Q.E.D.
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Table 1: Simulation of Dynamic tobit model (N=250)

Parameters
DGP Bo B Y o?
DGP I: True value 0.2 -1 0 0.5
Infeasible Mean 0.221  -1.004 -0.006 0.478
Infeasible Median 0.234 -1.002 -0.005 0.470
Standard error 0.139 0.116 0.108 0.086
Mean 0.202  -1.009  -0.003 0.499
Median 0.211  -1.006  -0.013 0.500
Standard error 0.093 0.099 0.095 0.033
Three-period Mean  0.201  -0.993 0.020 0.531
Three-period Median 0.204  -0.995 0.018 0.544
Standard error 0.097 0.109 0.104 0.105
DGP II:  True value 0.2 -1 0 0.5
Infeasible Mean 0.204 -1.011 0.007 0.504
Infeasible Median 0.190  -0.996 0.012 0.498
Standard error 0.129 0.098 0.086 0.085
Mean 0.185  -0.998 0.028 0.501
Median 0.186  -0.985 0.033 0.503
Standard error 0.084 0.101 0.094 0.034
Three-period Mean  0.210  -1.018 0.010 0.552
Three-period Median 0.210  -1.013 0.004 0.543
Standard error 0.096 0.094 0.095 0.092
DGP III: True value 0.2 -1 1 0.5
Infeasible Mean 0.205 -1.012 1.008 0.501
Infeasible Median 0.202  -1.009 1.004 0.497
Standard error 0.113 0.087 0.080 0.057
Mean 0.201  -1.059 0.876 0.518
Median 0.196  -1.052 0.878 0.526
Standard error 0.100 0.096 0.106 0.027
Three-period Mean  0.210  -1.035 0.977 0.548
Three-period Median 0.205  -1.036 0.982 0.544
Standard error 0.095 0.107 0.122 0.038
DGP IV: True value 0.2 -1 1 0.5
Infeasible Mean 0.203 -1.011 1.008 0.505
Infeasible Median 0.201  -1.005 0.997 0.504
Standard error 0.111 0.090 0.079 0.058
Mean 0.197 -1.062 0.881 0.548
Median 0.197  -1.057 0.889 0.551
Standard error 0.096 0.119 0.116 0.035
Three-period Mean  0.191  -1.057 0.964 0.565
Three-period Median 0.185  -1.071 0.964 0.557
Standard error 0.103 0.126 0.146 0.075

Note: Standard errors of the parameters are based on the standard error of the estimates
across 100 simulations. The three-period results are estimated using the sieve MLE in
Shiu and Hu| (2010)).
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Table 2: Simulation of Dynamic tobit model (N=500)

Parameters
DGP Bo b1 Y o?
DGP I: True value 0.2 -1 0 0.5
Infeasible Mean 0.220 -1.017 0.007 0.505
Infeasible Median 0.217  -1.018 0.018 0.504
Standard error 0.123 0.075 0.063 0.074
Mean 0.192 -1.015 -0.009 0.498
Median 0.192 -1.018  -0.001 0.503
Standard error 0.098 0.110 0.109 0.036
Three-period Mean  0.207  -0.986 0.004 0.556
Three-period Median 0.202  -0.988  -0.003 0.551
Standard error 0.089 0.121 0.095 0.083
DGP II:  True value 0.2 -1 0 0.5
Infeasible Mean 0.196  -1.001 0.004 0.500
Infeasible Median 0.193  -1.005 0.004 0.497
Standard error 0.091 0.077 0.069 0.056
Mean 0.179  -0.991  -0.013 0.499
Median 0.181  -0.995 -0.009 0.500
Standard error 0.099 0.102 0.099 0.037
Three-period Mean  0.197  -1.017 0.004 0.553
Three-period Median 0.208  -1.026 0.014 0.554
Standard error 0.097 0.105 0.100 0.033
DGP III: True value 0.2 -1 1 0.5
Infeasible Mean 0.193  -1.001 1.006 0.501
Infeasible Median 0.196  -0.994 1.007 0.495
Standard error 0.083 0.066 0.062 0.041
Mean 0.196  -1.058 0.856 0.519
Median 0.192  -1.058 0.860 0.519
Standard error 0.105 0.090 0.093 0.028
Three-period Mean  0.192  -1.047 0.976 0.564
Three-period Median 0.193  -1.043 0.975 0.565
Standard error 0.096 0.129 0.124 0.047
DGP IV: True value 0.2 -1 1 0.5
Infeasible Mean 0.201 -1.001 1.000 0.498
Infeasible Median 0.210 -1.001 1.003 0.498
Standard error 0.090 0.061 0.054 0.039
Mean 0.186  -1.070 0.888 0.551
Median 0.192 -1.072 0.899 0.554
Standard error 0.090 0.123 0.103 0.036
Three-period Mean  0.198  -1.068 0.937 0.573
Three-period Median 0.198  -1.054 0.947 0.567
Standard error 0.095 0.126 0.144 0.071

Note: Standard errors of the parameters are based on the standard error of the estimates
across 100 simulations. The three-period results are estimated using the sieve MLE in
Shiu and Hu| (2010)).
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Table 3: Simulation of Dynamic tobit model (N=1000)

Parameters
DGP Bo b1 Y o?
DGP I: True value 0.2 -1 0 0.5
Infeasible Mean 0.208  -1.006 0.005 0.490
Infeasible Median 0.206  -1.005 0.001 0.489
Standard error 0.063 0.049 0.040 0.043
Mean 0.189  -0.967 -0.003 0.502
Median 0.174  -0.973  -0.008 0.512
Standard error 0.098 0.095 0.092 0.032
Three-period Mean 0.208  -0.993  -0.005 0.550
Three-period Median 0.216  -0.992  -0.004 0.554
Standard error 0.093 0.112 0.107 0.044
DGP II:  True value 0.2 -1 0 0.5
Infeasible Mean 0.210 -1.010 0.007 0.505
Infeasible Median 0.202  -1.002 0.005 0.496
Standard error 0.067 0.061 0.056 0.041
Mean 0.199 -0.995 -0.006 0.503
Median 0.200  -1.002  -0.008 0.509
Standard error 0.107 0.102 0.105 0.509
Three-period Mean  0.208  -0.996  -0.005 0.556
Three-period Median 0.216  -0.999  -0.004 0.557
Standard error 0.094 0.108 0.107 0.031
DGP III: True value 0.2 -1 1 0.5
Infeasible Mean 0.211  -1.006 1.005 0.499
Infeasible Median 0.205 -1.004 1.005 0.498
Standard error 0.058 0.052 0.050 0.027
Mean 0.217  -1.051 0.839 0.526
Median 0.230  -1.053 0.836 0.528
Standard error 0.087 0.101 0.096 0.026
Three-period Mean  0.205 -1.014 0.952 0.568
Three-period Median 0.206  -1.014 0.975 0.566
Standard error 0.092 0.114 0.136 0.047
DGP IV: True value 0.2 -1 1 0.5
Infeasible Mean 0.208 -1.004 1.004 0.499
Infeasible Median 0.208  -1.008 1.005 0.497
Standard error 0.058 0.049 0.046 0.026
Mean 0.204  -1.058 0.879 0.558
Median 0.213  -1.063 0.880 0.559
Standard error 0.090 0.116 0.101 0.032
Three-period Mean  0.210  -1.067 0.917 0.590
Three-period Median 0.213  -1.052 0.930 0.577
Standard error 0.099 0.133 0.144 0.068

Note: Standard errors of the parameters are based on the standard error of the estimates
across 100 simulations. The three-period results are estimated using the sieve MLE in
Shiu and Hu| (2010)).
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Table 4: Simulation of Average Partial Effects

State Dependence SD(Xy, Yii_1)

DGP N=250 N=500 N=1000
DGP I: True value 0 0 0
Mean 0.002 -0.002 -0.001
Median 0.002 -0.003 0.001
Standard error 0.008 0.008 0.009
DGP II:  True value 0 0 0
Mean -0.001 -0.001 0.001
Median 0.002 0.001 0.002
Standard error 0.008 0.010 0.010
DGP III: True value 0.579 0.579 0.579
Mean 0.660 0.652 0.644
Median 0.665 0.655 0.652
Standard error 0.115 0.093 0.082
DGP IV: True value 0.479 0.479 0.479
Mean 0.618 0.620 0.646
Median 0.632 0.635 0.645
Standard error 0.177 0.139 0.145

Note: Standard errors of the parameters are based on the stan-
dard error of the estimates across 100 simulations. SD(X;:, Yii—1) =
p1(Xie, Yie—1) — p1(Xie, 0), where (X, Yie—1) is the mean of (X, Yir)
and it is the difference of the average structural functions of two differ-
ent outcomes of Yi;—1, 0 and Yi;—1. This represents the magnitude of
the state dependence.
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Table 5: Sample Statistics

Variable Definition Period;;  Periodsys
Lnexp log(medical expenditures+1) 5.292 5.307
(2.903) (3.038)
Lninc In(family income+1) 9.056 9.217
(2.821) (2.695)
Lnfam In(family size) 1.036 1.034
(0.538) (0.542)
Age Age 39.427 40.429
(12.498)  (12.500)
Male =1 if person is male; 0 otherwise 0.469 0.469
(0.499) (0.499)
Black =1 if race of household head is black; 0.148 0.148
0 otherwise (0.355) (0.355)
Education  Education of the household head 12.599 12.599
(3.087) (3.087)
Pysical =1 if the person has a physical limitation; 0.057 0.059
0 otherwise (0.231) (0.235)
Ndental Number of dental care visits 0.938 0.857
(1.746) (1.617)
Good =1 if self-rated health is good; 0 otherwise = 0.266 0.276
(0.442) (0.447)
Fair =1 if self-rated health is fair; 0 otherwise 0.086 0.081
(0.280) (0.274)
Poor =1 if self-rated health is poor; 0 otherwise 0.026 0.027
(0.158) (0.162)
Deduction =1 if the person has nonzero itemized 0.057 0.054
deductions; 0 otherwise (0.232) (0.227)
Medicare =1 if the person is covered by Medicare; 0.025 0.034
0 otherwise (0.156) (0.182)
Medicaid =1 if the person is covered by Medicaid; 0.070 0.068
0 otherwise (0.255) (0.253)
Sample size 7,669 7,669

Note: The variables in Period;; and Periodsy; refer to the first-year and the second-year values
of each participation respectively. There are 1,430 and 1,578 individuals with zero medical
expenditures in Period;; and Period;+1, respectively. Standard deviations are in parentheses.
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Table 6: Panel Censored Estimates for Health Expenditure

Linear RE Semi-parametric
Fixed Effects Tobit Dynamic Tobit
(1) (2) 3)
Coefficient Coefficient APE Coefficient APE
Lnexp;—1  — - - 1.052%** 1.448%**
- - - (0.001) (0.006)
Lninc 0.031%** 0.042%** 0.039***  0.041***  0.056%**
(0.008) (0.011) (0.001) (0.001) (0.001)
Lnfam -0.252%%* -0.299%*F*  _0.276%**  -0.301***  _0.414%**
(0.045) (0.056) (0.003) (0.001) (0.002)
Age 0.040*** 0.048%** 0.044***  0.050***  (0.068%**
(0.002) (0.003) (0.001) (0.001) (0.001)
Male -1.130%** S1.399%F*  _].294%** ] 399%** ] 927Kk
(0.049) (0.062) (0.032) (0.001) (0.008)
Black -0.581%** S0.717FRE L0.653%FFF  JQ.TLTRFR _(0.98TH**
(0.069) (0.086) (0.012) (0.001) (0.004)
Education 0.145%** 0.184*** 0.170%**  0.181***  (.250%**
(0.008) (0.011) (0.002) (0.001) (0.001)
Pysical 0.806*** 0.854*** 0.788***  ().855*** 1.177+%*
(0.098) (0.119) (0.007) (0.001) (0.005)
Ndental 0.442%** 0.496*** 0.458%**  0.502***  (0.691***
(0.012) (0.015) (0.004) (0.001) (0.003)
Good 0.342%** 0.391*** 0.362%**  (0.392%**  (.539%**
(0.047) (0.059) (0.008) (0.001) (0.002)
Fair 1.037%** 1.180%** 1.1171%%* 1.178%**  1.621%**
(0.080) (0.098) (0.031) (0.001) (0.007)
Poor 1.777F** 1.956%** 1.865%** 1.957*%*%  2.694%**
(0.142) (0.173) (0.054) (0.001) (0.011)
Deduction 0.384*** 0.432%** 0.402%**  0.429***  (.590%**
(0.089) (0.108) (0.010) (0.001) (0.003)
Medicare  0.900*** 0.995%** 0.936*%**  (0.995*** 1.370***
(0.143) (0.175) (0.035) (0.001) (0.006)
Medicaid =~ 1.138%** 1.346%** 1.270%** 1.343%%* 1 ,.849%**
(0.092) (0.114) (0.001) (0.001) (0.008)

Note: Bootstrap (simulation) standard errors are reported in parentheses, using 100
bootstrap replications. APEs are reported by taking derivatives or differences of ASF
at the sample mean of (¢, yit—1)-
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