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Abstract

| show that ambiguity (Knightian uncertainty) and learneidgput the equity premium can explain the
fraction of financial wealth allocated to stocks over the lifycle and the stock market participation puz-
zle. | assume that individuals are ambiguous about theyequé#mium and are averse with respect to this
ambiguity, which results in a lower optimal allocation t@dts over the life cycle. As agents get older,
they learn about the equity premium and increase theiratilmt to stocks. Cohort effects can be identified
via learning, since each cohort has different stock marke¢rences and thus differ in their beliefs. Time
effects are identified via decreasing fees over time. Twoswayinclude ambiguity aversion in the model
are examined: recursive smooth preferences and maxintity ptieferences. | find that if agents have max-
imin preferences, the empirically observed allocationtéclss can be matched. However, the stylized facts
cannot be replicated when agents have smooth recursiver@neks with only moderate risk aversion.
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1 Introduction

The key inputs of a life-cycle model, such as the equity risdngum, variance of stock returns,
and labor income risk, are generally assumed to be knownéwglent. Optimal portfolio allo-
cations, consumption, and savings are calculated as ifgbptdakes these parameters as given,
and the resulting optimal policies are subsequently coatpiarthe empirically observed life-cycle
patterns. However, the predictions of most life-cycle mied® not match well with some of the
empirical findings. For instance, the shape of participatiothe stock market over the life cycle
and, more generally, the overall low participation ratesikunderstood. Furthermore, the hump-
shaped allocation to stocks, conditional on participatiothe stock market, appears difficult to
align with the predictions from life-cycle models. | propasstandard life-cycle model, taking into
account that agents are ambiguous about the equity riskipneend are averse to this ambiguity
(in contrast to the ambiguity neutral approach). Duringrthietime individuals learn about the
equity premium. With this parsimonious adjustment to tleadard framework | can explain both
the life-cycle pattern of participation in the stock market the conditional allocation to equity.
Furthermore, with this structural model | can separategntdy, age, cohort, and time effects in
the allocation to stocks over the life cycle.

In this paper | assume that agents not only face risk, butrazertain about the true parameters
describing this risk (Knight (1921f).A common way to deal with parameter uncertainty is the
ambiguity-neutral approach, where the decision maketdrd@ unknown parameters as random
variables and combines his prior belief about the paranvetérobserved signals, which forms
the predictive distribution. He evaluates his expectddytwith respect to this predictive distribu-
tion. In this case the agerstambiguousutis not ambiguity averseHowever, there is substantial
evidence that agents are not neutral with respect to thepeter uncertainty (see for instance the
classical work on the Ellsberg paradox which demonstratdsguity aversion with an urn exper-
iment, Ellsberg (1961)). In this paper agents are not anityigneutral, but are ambiguity averse.
| assume ambiguity about the equity risk premium, but | doasstume a certain origin for this
ambiguity. Ambiguity about the equity premium can arisenfrdor instance, a lack of statistical
evidence, a lack of theoretical evidence, unsophistinaticinvestors, and so on. Focussing on
statistical ambiguity, even when every agent possessé#sedtiistorical stock return data over the
past100 years and uses these to estimate the equity premium, thelenod interval will still be
sizeable: for exampl@t% — 2 * 20%/v/100 : 4% + 2 * 20%/+/100] = [+0% : +8%)]. A short
note on terminology is in order. As Guidolin and Rinaldi (BQpoint out, in the literature am-

1The difference between risk and uncertainty is that whemisgace risk they can attach probabilities to random
events, while when facing uncertainty they do not know trebpbilities. In the context of this paper, the agent faces
risk because the return on stocks is stochastic, but the &gelso uncertain because he does not know the expected
stock return.



biguity and uncertainty are not always distinguished, nearty defined. Throughout the paper |
use the terms uncertainty and ambiguity interchangeabty| @efine ambiguity/uncertainty as a
random event where the probabilities are not given (as gggpttsa coin toss), but agents have a
distribution of priors over the uncertain parameter.

| explore two preference models to include ambiguity awers(1) maximin preferences and
(2) smooth recursive preferences. Gilboa and Schmeid889)lpropose that agents have max-
imin preferences in a multiple priors framework, which déstthat agents evaluate policies by
maximizing utility according to the worst case belief. Thiemporal framework is generalized
by Epstein and Schneider (2003) to a dynamic setup. KlidaMdrinacci, and Mukerji (2005)
introduce a smooth ambiguity model, which allows a sepamabetween ambiguity (the level of
uncertainty) and ambiguity aversion (taste with respeanbiguity). | present the two models
of ambiguity as being separate, but, as shown in Klibanofirivacci, and Mukerji (2005), the
maximin preference model is a limiting case of the smoothnsee preferences when the degree
of ambiguity tends to infinity. There is no consensus in therditure on whether agents behave
according to smooth recursive preference (with moderatagurty aversion) or maximin prefer-
ences (i.e., there is no consensus on the degree of ambayaitgion) and, as | will show, both
have widely varying implications for optimal portfolio attation, with minimax better matching
the data. |1 do not assume that agents learn about the eggktypmemium in a rational manner;
agents weigh realizations of stock return during life witpreor belief about the equity risk pre-
mium, putting no weight on returns before age 20. Malmenalel Nagel (2010) find that agents’
“experienced return” has a larger influence on beliefs abieitequity risk premium than stock
return realizations before birth. | assume agents learagaddently of stock market participation
and | employ Bayes’ rule as the updating rule for the belibfsua the equity risk premium.

In their seminal works, Merton (1969) and Samuelson (1968) fihat agents should hold a
constant fraction in risky assets over the life cycle in theemce of labor income and complete
markets. More recent work by Benzoni, Collin-Dufresne, &ualdstein (2007), Cocco, Gomes,
and Maenhout (2005), Heaton and Lucas (2000), Polkovniché007), and Viceira (2001) ex-
amines the effect of (risky) labor income on the optimal fodid choice. If human capital is
riskless, young agents have a substantial investmentsrillond-like” asset and, as a result, in-
vest a large fraction of their liquid wealth in risky assefhis is in contrast to the empirically
observed low allocation to stocks, especially early in tfeedycle. Others, such as Cocco (2005)
and Yao and Zhang (2005), include housing in a dynamic frasnewnd examine the portfolio
choice implications. However, the empirical life-cycleteans of low stock market participation

2In this paper, | assume a set of priors about the equity riskoprm, and | restrict the set to be normally distributed.
As | will show later, when using smooth recursive ambiguitgfprences, it is necessary to have a probability measure
over the set of priors. When using maximin preferences ibtsiecessary to attach probabilities to the set of priors.



and low equity holdings are hard to match with these models.

The contributions of this paper are threefold. First, | fihdttambiguity with respect to equity
premium can have a substantial effect on the optimal stdokation. This paper is the first, to
my knowledge, that examines the impact of ambiguity averaiod learning on optimal portfolio
allocation in a life-cycle model, comparing both maximief@rences and smooth recursive pref-
erences. When modeled via smooth recursive preferencesneiderate ambiguity aversion, | find
that the influence of ambiguity aversion and learning is nrakontrast, if agents have maximin
preferences and are thus more ambiguity averse, ambigeetgian does have a sizeable impact
on optimal portfolio choices. The stock market participatdecreases substantially as well as the
conditional allocation to equity. Both effects decreasthwaige due to learning about the equity
premium, since learning results in young agents being mot@guous about the equity premium
compared to older agents.

Second, this structural model with ambiguity aversion aganiing allows identification of
age, cohort, and time effects. In a reduced form model agerpatof stock allocation cannot
be identified separately, from cohort effects and time &ffesince time, age, and cohort do not
vary independently. There are several rationales for why agents should optnchalinge their
allocation to risky assets with age; for instance humantahpwhich is examined in Benzoni,
Collin-Dufresne, and Goldstein (2007) and Cocco, Gomed,Maenhout (2005). Furthermore
ambiguity aversion and learning about the expected stdokirénduces age effects, which is the
focus of this paper. Cohort effects relate to individualgeriences during life, common to those
growing up at the same time, which may influence behavior afieéfs. For instance high stock
returns can lead to upward revisions in expectations ahdutd stock returns (see Malmendier
and Nagel (2010)). Cohort effects in the model are genededo learning about the expected
stock return. This results in differences between cohortbeir optimal allocation to stocks; for
instance a 25-year old in 2007 has a different mean beliefitaihe equity premium compared
to a 25-year old in 1989 due to a difference in the realizedksteturns in the preceding years.
Time effects can arise for a variety of reasons, for instaheeto decreasing fees or lower costs
of obtaining information over time. In the model, time effeare generated due to a decrease in
transaction fees over time.

Third, when | compare the optimal fraction allocated to kst the empirical levels, I find
a very close match when assuming that cohort effects are aatba lesser match when cohort
effects are added. If cohort effects are excluded, the giedifraction to stocks deviates not more
than 25% from the empirical levels at all ages, in the exathiywars 2007, 1998, and 1989. A
comparable good match is found when examining the participan the stock market. Hence by

3The identification problem arises because age equals timesnaohort (birth year). Ameriks and Zeldes (2004)
and Poterba and Samwick (1997) try to uncover specific agerpat but reach inconclusive results.



extending the often used life-cycle model calibrated byc@o&omes, and Maenhout (2005) with
ambiguity aversion and learning, | can explain the obsesteck allocations.

In contrast to other papers, | do not need to include sevdditianal features in the model to
be able to explain low stock allocations, such as partimpatosts (Paiella (2001) and Vissing-
Jorgenson (2002)), Epstein-Zin preferences, bequestsirigy cointegration between labor in-
come and dividends, and so forth, and the intuitive modibcatdvith ambiguity aversion can ex-
plain the empirical evidence very closely. Similar to thégopr, Gomes and Michaelides (2005) try
to match the empirically observed allocation to stocks tsuasng a bequest motive, fixed entry
costs of 2.5% of income, preference heterogeneity, anceiEpZin preferences. The participation
levels match closely, except after retirement, howeveptedictions about the conditional alloca-
tion to equity differ about 40% from the empirically obseshevels at younger ages. | can match
the allocation to equity conditional on participation iretetock market very well, especially at
young ages. Benzoni, Collin-Dufresne, and Goldstein (2@88ume cointegration between stock
and labor markets and find a hump-shaped allocation to eduatyever the absolute differences
with empirical levels are substantially larger than theifugg in this paper.

Two other papers include ambiguity and learning about thiarpaters in a life-cycle frame-
work and address similar questions as in this paper. Cangf@09) assumes agents have max-
imin preferences, are uncertain about the probability oigh stock return, and face fixed stock
market participation costs. The return on stocks can takevorvalues, high or low. Learning
occurs when agents invest in the stock market, and only wjgkraentage lower than 100% if
they do not participate. Hence participation in the stockketis encouraged, since it gener-
ates information about the expected stock returns. Thailegprocess differs from this paper,
where both non-participants and participants receivedhgesnformation about the stock market.
Campanale (2009) finds that ambiguity aversion about theat®d stock return can rationalize
lower stock market participation. Linnainmaa (2007) exaasithe influence of ambiguity in a
life-cycle framework, but maximizes over financial wealtidatock prices follow a binomial tree.
In contrast to both papers | identify age, cohort, and tinfiect$, which are then compared to the
data. Hence | do not make the identifying assumption thabit@nd time effects are zero. Cam-
panale (2009) points out the potential of a life-cycle masigh ambiguity aversion and learning
to calculate cohort effects, but leaves this for furtheeassh.

Two closely related strands of literature look at the imgicns of ambiguity on (1) portfolio
choice, and (2) asset pricing, from a non life-cycle perspecCao, Wang, and Zhang (2005) find
that model uncertainty can help explain the limited pgpagion, and Dow, Ribeiro, and Werlang
(1992) come to similar conclusions. Related to both pafgeasjey and O’Hara (2009) model
ambiguity about expected stock returns and show how raguolaf the market moderates the
effect of ambiguity. The influence of ambiguity on portfoholdings are furthermore examined



in for instance Bossaerts, Ghirardato, Guarnaschelli,Zarde (2010), and Garlappi, Uppal, and
Wang (2007Y. This paper differs in two important aspects. Namely, | exs@mbiguity aversion
and learning in the context of a life-cycle model, so | notyoskplain the mean of stock market
participation and conditional allocation to equity aggrtegl over all ages, but at all ages. In
addition, | compare the implications of the two most emptbyeys to incorporate ambiguity
aversion, smooth recursive preferences and maximin @medes. The second strand of literature
examines the asset pricing implications of ambiguity arairiang and explore whether this can
explain the equity premium puzzle (Ju and Miao (2010) angpeid, Trojani, and Vanini (2008¥).
The remainder of the paper is organized as follows. Sectides2ribes the life-cycle model,
in which | include ambiguity aversion and learning. In SectB | show the impact of ambiguity
about the equity risk premium on optimal portfolio choicesl &ompares the results from the
life-cycle model with the empirical evidence. Section 4gamts the results for smooth recursive
preferences. Robustness tests are subsequently perfori8edtion 5. Section 6 concludes.

2 The model

| extend the standard life-cycle framework by including @ity aversion and learning. Two
often used ways to do this are (1) maximin preferences angr@poth recursive preferences.
Essentially, the smooth recursive framework with infinitetaguity aversion equals the maximin
preferences framework. However, in the literature theyoéten presented as a separate framework
instead of the maximin preferences being a special caseeo$rtiooth preferences model. In

4Other papers relating stock allocations and ambiguity qrstéin and Schneider (2008), llleditsch (2010), and
Williams (2009) who look at ambiguous information. lllestih (2010) shows that ambiguous information can give
rise to portfolio inertia. Faria, Correira-Da-Silva, anib&ro (2009) model ambiguity about the volatility of stock
returns, while Gagliardini, Porchia, and Trojani (2009)dabambiguity averse agents and examine the implications
for the term structure of interest rates. Easley and O'H204.0) find that illiquidity arises due to uncertainty, and
at certain prices there are no trades. Furthermore, Cuitdaizrak, Martellini, and Zapatero (2006) conclude that
uncertain agents have an incentive to trade induced byitepaibout the expected return on stocks. Related to this
Mele and Sangiorgi (2009) examine costly information asitjoin to reduce uncertainty. Furthermore, a “flight to
familiar assets” can arise if agents are less uncertaintadmue assets compared to others, which is explored in
Boyle, Garlappi, Uppal, and Wang (2009). Other papersirgjatortfolio choice and ambiguity are Miao (2009) and
Liu (2010).

SSimilarly, Hayashi and Wada (2010) examine the asset grionplications using a recursive smooth ambiguity
preferences model. Buraschi and Jiltsov (2006) deterrhi@@ption pricing implications for agents who face model
uncertainty, while Chen and Epstein (2002) model ambiguity continuous time setting and explore the influence
on the equity premium. The references in this paragraphearedm comprehensive, since the ambiguity literature
is large and growing fast and hence cannot be summarizeckisastion. Some excellent and recent reviews on this
literature are Epstein and Schneider (2010) and GuidolinRinaldi (2010).

5An alternative way to include uncertainty stems from theusilwontrol literature (Hansen and Sargent (2001)).
The idea is that the decision rules also work well (are rolititiere is some model misspecification. Related to this
paper, Maenhout (2004) explores the impact of uncertaintgsset prices and portfolio allocation in a robust control
framework.



compliance with the literature, | explore the implicatiafsambiguity aversion and learning on
equity allocation via both frameworks, because there isiciemable debate on whether agents
exhibit smooth preferences or kinked preferences (maxpreferences)’

2.1 The individuals preferences

| consider a life-cycle investor of age= 1, ..., T, wheret is the adult age7" is the maximum
age possible, and&’ is the retirement age. Individuals maximize utility ovemsamption and
preferences are represented by a time-separable utiitgin over consumptior(f;). The agent’s
decision variables at timeare consumptiod’; and stock weighty;.

2.1.1 Maximin preferences

For comparison, in the standard life-cycle model withoubayuity, the individuals preferences
are defined as

Vi = maxu(Cy) + Bpe 1 B Vigr (Wiga)}, (1)

wt,Ct

where( is the time preference discount factarjs the utility function, and”; is the amount of
wealth consumed at the beginning of pertod he optimal fraction allocated to stocks is denoted
by w;, which is implicit in W, ;. The probability of surviving to agé+ 1, conditional on having
lived to periodt, is indicated by, ;.

| assume investors preferences are described by maximeceeg utility, which essentially
means that agents maximize expected utility according édotlief which generates the lowest
utility. Gilboa and Schmeidler (1989) axiomatize this babain a static setting and Epstein and
Schneider (2003) in a dynamic framework. | assume that tleatag uncertain about the equity
premium and updates his beliefs according to realized gstwaket returns, which can be either
actively or passively observed. The updates of the beliedgitathe equity risk premium follow
from Bayes'’ rule, which is described in Section 2.5. The meslief about the equity risk premium
is denoted by\” and the standard deviation by. A\Z ands? describe the set of priors, which are
normally distributed. The domain of equity premiums tha digents thinks possible at time\;,
is given by[\Z — 208, \B + 20P]. Garlappi, Uppal, and Wang (2007) make a related assumption
when incorporating ambiguity by stating that the expeceétdrn of an asset lies within a specified

’Ahn, Choi, Gale, and Kariv (2010) explicitly compare via atfaio choice experiment the maximin preferences
and smooth preferences to explore which describes acthavime best and find evidence in favor of a kinked spec-
ification (maximin preferences). Other papers that exar(time amount of) uncertainty or effects of uncertainty on
portfolio choice via experiments are Abdellaoui, Baillétiacido, and Wakker (2010), Bossaerts, Ghirardato, Guar-
naschelli, and Zame (2010), and Hayashi and Wada (2010).



confidence interval of its estimated value, and the agerdve=has if the worst case belief in the
confidence interval is the true belief. Hence the mean of étietabout the equity premium?,
is not the only possible value of the equity premium. But tiie imean is expected to lie within a
95% confidence interval of beliefs about the equity premium.

As described above, the agent is uncertain about the eqeityipm and tries to maximize the
value function at each periad

Vi = max min [u(C) + Bpea BN {Vie1(Wisa)}] , with (2
cH

w(Cy) = —+—, 3

(Ct) =5 €))

(4)

whereE} is the expectation calculated as\ifs the true equity premium. | assume a CRRA utility
function, u, and~ is the risk aversion coefficient. In effect, the agent mazasiexpected utility
as if \? — 207 is the equity premium. Note that | assume that the agentdihii beliefs to a
range of possible equity premium, a confidence interval.rA@rval of beliefs instead of the entire
distribution is not only intuitive but also necessary, hesmathe beliefs are normally distributed
and hence the worst belief is infinitely negative. Furtheeméor the maximin preferences to be

a limiting case of the recursive smooth preferences thetveaise prior must be the same in both
frameworks.

2.1.2 Recursive smooth preferences

In addition to examining the effect of ambiguity about theiggrisk premium and learning on the
allocation to risky assets via maximin preferences, | alspley smooth preferences. | assume
preferences as specified in Klibanoff, Marinacci, and MiaK2005), which include an ambiguity
function¢ and total optimal lifetime utility equals

Vi= {Ufi%fu(ot) + Bpt+1¢_1 (/A ¢ (E?{Mt—f—l(m—l—l)}) pt()‘)d)‘) ) (5)
uC) =1 ©
¢(x) = — exp(—ax), (7)

whereg is the constant relative ambiguity aversion function (CRAAd« is the ambiguity aver-
sion coefficient. This power-exponential specificationngpéoyed in Collard, Mukerji, Sheppard,
and Tallon (2009), Klibanoff, Marinacci, and Mukerji (2008nd Klibanoff, Marinacci, and Muk-
erji (2005). Think of each priok; € A; as describing a possible scenario (a possible equity risk

7



premium) ang, () as the probabilistic belief over the different scenaridsisTtility function can

be interpreted as being solved in two stages. First, theotegeuitility for all the priors inA; are
calculated, to get a set of expected utilities. Maximin vdothlen take the minimum of these ex-
pected utilities, while smooth preferences takes an eafieatover the distorted probabilities. The
ambiguity aversion function distorts the probabilities, giving a higher weight to lovespected
utilities, reflecting ambiguity aversion. Recursive sniopteferences allow a separation between
ambiguity, i.e., the subjective beliefs of the individyaad ambiguity aversion, which reflects the
decisions makers’ tastes with respect to the ambiguitys Skparation between ambiguity and
ambiguity aversion is not possible with maximin preference

2.2 The individuals constraints

The individual faces a number of constraints on the consiampind investment decisions. First,
| assume that the agent faces borrowing and short-saletraions

wy > 0 andd/w; < 1. (8)
Second, | impose that the investor is liquidity constrained
Ce < Wi+ Y, (9)

which implies that the individual cannot borrow againsufetincome to increase consumption
today.W; denotes financial wealth and is income. The intertemporal budget constraint equals:

Wi = (W = Cy +Y,)(1 + R+ wi (R — Rf))- (10)
The portfolio return is given as
R, =1+ R+ (Ryy — R — c)w,. (11)

wherec is the proportional fee for investing in stocks. Each pegagédnts pay a fee ands a fixed
percentage of the stock investment.
Furthermore | denote the wealth level after income and aopsion as:

A=W+ Y, —C.. (12)



2.3 Financial market

| consider a simple financial market with a constant interast 2/ and stocks with i.i.d. returns
Ry11. The stock returnsR, 1, are normally distributed with an annual mean equity refdy- A%

and a standard deviatiary, where\” is the assumed “correct” equity risk premium. The agent
is uncertain about the value of the equity premium. At timihe agent merely has a distribution
over the equity premium),. This distribution changes over time because of learnirauathe
equity risk premium. The distribution of the equity risk preim, given the information at time

is itself characterized by a state-variable, containimgléarned mean?, and its variancés”)?.
Agents pay a proportional transaction fee which differs per year. These fees generate time
effects in stock allocation and allow the matching of thedp®ons from the model to the data.
The parameters used are described in Section 2.6.

2.4 Labor income process

| assume that labor income is uncertain and given by
}/;g = eXp(ft —+ vy + Gt) for ¢ < K, (13)

where
Vy = Vp—1 + Uy. (14)

After the retirement ag&” income is riskless and equals a fraction of the labor inconzga 65
(the replacement rate). Labor income exhibits a hump-shapefile over the life cycle which

is accommodated by;, where f; is a deterministic function of age. The error term consist of
a transitory component and a permanent componenis a transitory shock and is distributed
asN(0,02). u; presents a permanent shock, where~ N(0,02). This representation follows
Cocco, Gomes, and Maenhout (2005) and | calibrate the |laoome process according to their
estimates. The functiof} is modeled by a third order polynomial in age,

fi = ag + aqt + ant? /10 + ast® /100. (15)

2.5 Learning and updating of beliefs

Agents learn about the equity risk premium during theittiifee and become less uncertain with
age because they have received more information. | do noeraskumptions about the cause
of ambiguity about the equity risk premium. Uncertainty kcbstem from lack of statistical evi-

dence, since stock market returns are so volatile that #rid to measure the expected return. But



uncertainty about the equity premium could also result fimconsistency is theoretical evidence
or unsophistication of investors. As agents get older thate their beliefs on the equity risk

premium conditional on the signals, i.e., realized returheassume agents update their beliefs
irrespective of stock market participation, e.g., sincergone receives similar information via

newspapers, television, and so on. Furthermore, the uggjptocess for the set of priors follows

from Bayes' rule?

The agent is uncertain about the equity risk premiwf, | model this as follows. Before
observing any signals, the set of priors are normally disted with mean\? and variancéo?)2.
An individual of aget has received — 1 independent signals aboMt, R, = R/ + A\ +¢,, where
¢, is normally distributed with mean zero and a known variamge These signals, the realized
excess returns, are observed annually. The updated photg &% is normally distributed with
mean)\? and variancéo”)?, where

1 t—1 t—1

@P)? 1 %
Af = A? 1 1+ﬂ +t_1Z(Rt_Rf) 1 j_ﬂ (16)
(07)?  of =1 (07)?  of
weight mean prior weight returns
1

(o) = 1 t—1° 17)
T _B\2 + 2
(e1) IR

The posterior mean? is a precision weighted average of the prior mean and thegeesignal.
At time ¢t = 1, representing age 20, the agent has not yet observed stogktmeturns. Unlike
A\B, the posterior variancer?)? does not depend on the realizations of the signals. Thiavee
which measures the uncertainty/ambiguity abogtdecreases as the number of signatEreases
(learning reduces uncertainty), herfe¢’)? < (o2 |)2.

Note that | do not assume that agents learn in a rational maReeple start with prior beliefs
about the equity risk premium at age 20 and update thosdatieording to the realized returns
from age 20 onwards. Hence agents put no weight on stocknsehefore age 20 and only take
into account realizations during lifetime. Malmendier &tagel (2010) find that stock returns ex-
perienced receive a much larger weight when forming betibtsut expected stock market returns
compared to stock returns during childhood or before biFtie priors at age 20 could be thought
of as containing to some extent the realized stock returrisglbefore age 20, but | do not assume
that prior beliefs at age 20 are equal to the confidence ialtéivm the stock return data available.

Cohort effects can be identified by learning about the eqiskypremium. For instance, a 25
year old in 2007 has faced 5 realized stock returns, and tla@ wfethese excess return@,(— Ly)

80ther updating rules for beliefs are explored in Epsteirgiand Sandroni (2010), Epstein and Schneider (2007),
and Hanany and Klibanoff (2009).
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induces a higher or lower beliefs compared to the prior mediefoabout the equity premium,
AB. If the updated beliefA?, has increased due to high realized stock returns, thisesanitrin
higher allocations to stocks. | calculate the pattern oflstlocations over the life cycle taking
into account these cohort effects.

Two assumption are made: (1) the amount of ambiguify,is the same for every 20-year old,
independently of birth year and (2) the mean of the priorsuaize equity risk premium)?, at
age 20 is independent of birth year and hence independetdak geturn realizations before age
20. In regard to assumption (1), the reason why | assumeltbaarhount of ambiguity (standard
deviation of belief) about the equity risk premium is the 8am1970 and 2000, is that data going
back more than for instance 70 years may, according to th&,ag# be that relevant for estimating
the equity premium today, due to, for instance, structunaihges (Pastor and Veronesi (2009)).
Structural changes, induced by for example technologiovations, might permanently change
the equity risk premium. Hence the amount of uncertaintysdos reduce over time and is thus
irrespective of the year in which the agent is born.

Regarding assumption (2), the mean of the belief is the sanmexéry 20-year old and does not
depend on birth year. Different priors at age 20 could geaadditional cohort effects, however
| assume that the prior is independent of birth year, becagsats incorporate realized stock
returns during adult life more heavily into beliefs tharurets during childhood or before birth, see
Malmendier and Nagel (2010).

2.6 Benchmark parameters for the life-cycle model

| set the risk aversion coefficient) equal to 5, which is the same as used in Benzoni, Collin-
Dufresne, and Goldstein (2007) and Gomes and Michaelid@35§2 The ambiguity aversion
parameter is assumed to be Ldime ranges front = 1 to time 7', which corresponds to age
20 and 100 respectively. Agents retire at tidie= 45, corresponding to age 65. The survival
probabilities are the current male survival probabiliieshe US which are obtained from the
Human Mortality Databas¥.| assume a certain death at age 100.

The correct equity premium? is assumed to be normally distributed with a annual mean of
4% and an annual standard deviation of 16%, which is in accordance with historical stock
returns. The risk free rate is 2%, hence the expected stogkres 6%. The mean of the priors
about the equity premium at tinte= 1 (age20) is equal to the correct equity premiunxtf = 4%.

The standard deviation of the beliefs at time 1, o7, is 2%.

9The literature on smooth recursive preferences is relgtivew and requires as an input the ambiguity aversion
parameter. As of yet only a few papers try to estimate thiamater and arrive at varying numbers. Chen, Ju, and
Miao (2009) find values between 60 and 100, while Ju and Mi@a@Quse a calibrated ambiguity parameter of 8.8.
10| refer for further information to the website, www.mortglbrg.
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| take the parameters for the labor income process estinratédcco, Gomes, and Maenhout
(2005). The deterministic hump-shaped profile of incomeeisegated by the parametets, =
0.1682, ay = —0.0323, andas = 0.002. | choose the constanty, to accommodate different
income levels at time t=1. The benchmark income level at d@yis $15,000. The variance of
the transitory shock to labor income?, is 7.38% and the variance of the permanent shegk,
is 1.06%. The replacement rate of the labor income at age 68%sof the wage at age 65. The
income during retirement is riskless. These numbers ara foigh school graduate which are
estimated in Cocco, Gomes, and Maenhout (2005) and used astichmark parameters in their
analysis.

2.7 The individuals optimization problem and numerical metod

The timing, during one year, is as follows, first an indivitk@zeives his labor or retirementincome
after which he consumes. Subsequently the remaining wisdltliested. | assume the investor is
liquidity constraint and impose standard borrowing andtsbkales constraints.

The optimization problem is solved via dynamic programnand | proceed backwards to find
the optimal investment and consumption strategy. In thepkasod the individual consumes all his
remaining wealth, hence his utility from terminal wealttkieown.

2.7.1 Solvingmaximin preferences

Due to the richness and complexity of this model it cannotddeesl analytically, so | employ
numerical techniques following Brandt, Goyal, Santa-&land Stroud (2005) and Carroll (2006)
with several extensions by Koijen, Nijman, and Werker (20Brandt, Goyal, Santa-Clara, and
Stroud (2005) adopt a simulation-based method which cahvwd#amany exogenous state vari-
ables. In this model, the mean of the priors about the equésnjum,\”, and incomey;, are the
relevant exogenous state variables. Wealth acts as an emoleg) state variable. For this reason,
following Carroll (2006), | specify a grid for wealthfterincome and consumption. As a result, |
do not need numerical rootfinding to obtain the optimal comstion decision.

In each period | find the optimal asset weights by setting tisedrder condition equal to zero

EX (CF (Rips — RT)) =0, (18)

where)"™ is the lowest equity premium i,. C;,, denotes the optimal consumption level. The
optimal consumption follows from

Cr ™ = Bpin B (CrREY) (19)
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The numerical method | use to solve the life-cycle problettwwiaximin preferences is described
in Appendix A.

2.7.2 Solving recursivesmooth preferences

In each period | find the optimal asset weights by setting tisedrder condition equal to zero

M
8’wt

= ﬁ(¢_1)/( {o (E} {W+1(Wt+1)})})

{ﬁbl (EZ\ {Vi+1(VVt+1)}) E? {Ottf/(RtH - Rf)}} =0, (20)

Ay

Ay

whereE} is the expectation, conditional on the values of the statiabies at time'. | take the
weighted mean over the distorted expected utilities. Beedhe optimization problem is solved
via backwards recursion, | kno®;, , at timet + 1. Furthermore, | simulate the exogenous state
variables for N trajectories and T time periods to calcuthterealizations of the Euler condition
(20). 1 regress these realizations on a polynomial expansidhe state variables to obtain an
approximation of the conditional expectation of the Eulendition.

The optimal consumption at timefollows from

C;77 o= Bl (/At {615 (E? {Vt+1(Wt+1)})})

{¢' (B}M{Vier(We1)}) BN G RY L ) (21)

Ay

3 Effect of ambiguity aversion and learning on optimal allo@-
tions with maximin preferences

3.1 Age effect of ambiguity aversion on optimal portfolio cloice

In the benchmark life-cycle model, age effects are gengiageambiguity aversion, learning, and
labor income and in this section | focus only on these agecwsifeFurthermore, in this section
fees are excluded from the analysis. The optimal fractitotated to stocks, conditional on par-
ticipation in the stock market is graphed in Figure 1a. Tighsihon-smoothness of the curves in
the figures are due to simulation inaccuracy. Comparingase with ambiguity (solid line) to no
ambiguity (dashed line), shows that the allocation to stogken agents are ambiguity averse is
much lower. The impact of ambiguity aversion is substaitigloung ages, but this effect declines
at later ages. This is intuitive, since the ambiguity abbetequity risk premium decreases over
time as agents learn.
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Figure 1: Optimal fraction allocated to stocks and optinetigipation in the stock market.

| display the optimal conditional fraction of financial wiahllocated to stocks and optimal participation in the lstoc
market for agents who are (1) ambiguous about the equityprisknium and learn about this parameter and who are
(2) not ambiguous about the equity premium. The upper pdr@is the fraction of financial wealth allocated to
stocks, conditional on stock market participation. Thedowanel shows the optimal participation level, which is
unconditional on having positive financial wealth, and tmgdudes all the simulation paths. In case an agent has a
near zero financial wealth level (below $100), the optimatipipation is assumed to be zero. Agents learn about the
equity risk premium. Maximin preferences are used and tmarmpeters are as in the benchmark case, unless stated
otherwise.
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Focussing on the no-ambiguity case, if agents are fullyagerabout the values of all the
parameters in the model, they allocate 100% of financial threalstocks before age 40. Similar
results are found in Cocco, Gomes, and Maenhout (2005). 8dson for this high fraction is that
young agents have only a small amount of financial wealth esatpto a high level of human
capital. Since human capital is like an implicit investmana riskless asset, an agent allocates
optimally his entire financial wealth to equity. Between d@eand 65 the conditional allocation
to the risky asset decreases. At those ages retiremengsauie very high while at the same time
the net present value of labor income decreases, henceattt®fr of financial wealth to human
capital increases. This results in a decline of the relallecation to the riskless asset “human
capital” and, as a consequence, the optimal fraction of filmhwealth invested in stocks decreases
to maintain a similar risk-profile. After retirement theahtion to stocks increases slightly, as in
Cocco, Gomes, and Maenhout (2005). At that time the agenetsphis financial wealth more
rapidly due to the additional implicit discount factor, gnral probabilities, and hence the fraction
of financial wealth to human capital decreases, which inslad@gher fraction of financial wealth
invested in stocks. If agents are ambiguous about the eqgkypremium, they allocate less
financial wealth to stocks. At all ages the fraction alloddtestocks is approximately 50%, which
is much closer to the empirical findings.

Figure 1b displays the effect of ambiguity about the equgi premium, and aversion with
respect to this ambiguity, on optimal participation levalthe stock market. The effect is substan-
tial, the participation level before retirement drops bgati?5% on average. When agents are not
ambiguous about the equity premium, the participationlgevethe stock market are high. Since
labor income is not correlated with returns on the stock mark is optimal for all agents, even
with low financial wealth, to allocate at least a small frantof financial wealth to stocks. The
reason that not 100% participates is that | assume that agétit financial wealth below $100
do not invest in stocks. If | would take these agents with zeso wealth into account it would
distort the comparison of the model predictions to the daieesin reality people with less than
$100 would not invest, due to participation costs and mimmialance requirementdThe impact
of ambiguity aversion decreases with age since the ampigbiut the equity risk premium de-
clines, as agents learn by observing the realized stocknetCao, Wang, and Zhang (2005) and
Easley and O’Hara (2009) find that ambiguity aversion caiit line participation levels, both in a
non-life-cycle framework.

11| abstract from hedging demand. The investment opporasiithprove slightly after a high realized stock return,
which could induce a negative hedging demand. But sinceitleeo$ the update of the mean belief about the equity
risk premium is very small, the hedging demand will be ndglilso | set the stock market participation equal to zero
if the worst case belief is zero or negative.

121n addition, the simulation inaccuracy of optimal stocloaditions is higher for these low wealth levels, since the
difference in utility of the agent when he invest 100% or 0%timcks is negligible.
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Whether agents participate in the stock market dependsoonilye worst case belief about the
equity risk premium. If the worst case belief is zero or negathe agent does not participate in
the stock market, while if the worst case equity risk premigmositive, the agent participates.
Even if the agent has not that much wealth, if the worst caBefb& positive, the agent optimally
invests a positive fraction of his wealth to stocks. The oeashy no ambiguity averse agent
participates at age 20 is that the worst case belief is gxaetb. At age 20 all agents have a mean
belief about the equity risk premium of 4% and a standardadmn of 2%. The 95% confidence
interval, which is the range of beliefs that the agent carsids[0%, 8%].1* Hence the worst case
belief is 0%, which results in zero participation in the tocarket. The worst case beliefs are
presented in Figure 2. At age 21 the agent has experiencedlarsturn realization at age 20, and
updates his belief. In the figure it can be seen that the 50%tdgigs higher than 0%, hence more
than 50% of agents participates in the stocks market.

Worst case prior (in %)

|
20 30 40 50 60 70 80 90 100
Age

Figure 2. The worst case prior about the equity risk premiom@an, 5th and 95th percentile.

In this figure | display the worst case beliefs about the gqisk premium. The agent maximizes his utility as if the
worst case belief is the correct parameter. The worst cdsf beage 20 is 0% (4%-2*2%). When people age, they
update the beliefs (mean and standard deviation) accotditige realized stock returns, hence the worst case beliefs
are different per trajectory. The parameters are as in theltmeark case, unless stated otherwise.

Vissing-Jorgenson (2002) and Paiella (2001) examine thications of fixed participation
costs on optimal participation levels and find that it canl&xpwhy less wealthy household do not
participate, but not the low participation levels of the \tlea | find that ambiguity about the equity
risk premium can provide an explanation for the lower pgréitton levels of wealthy individuals.
The benchmark model with ambiguity aversion and learningsdmwwever predict some extreme
participation levels if | take into account cohort effeatsluced by learning. If, for instance, the
worst case belief of all 30-year olds in 2007 is positives tlasults in 100% participation of all
30-year olds in 2007. However, this hinges on the assumftiatrthe ambiguity about the equity

13 do not take the exact 95% confidence interval, which woul@iBe— 1.96 x 2%, 4% + 1.96 * 2%).
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risk premium, i.e., the mean and the standard deviationeb#iiefs, is exactly the same for all
30-year olds in 2007. Assuming heterogeneity of beliefgat20, would change this result.

In the previous paragraphs, the optimal allocation is exguldor agents who are ambiguous
and are averse to this ambiguity. In contrast, in the more stahdmbiguity neutral framework
agents are only uncertain about the parameters, but nadeavath respect to this uncertainty.
When this is the case, the optimal allocation will almost clednge. In the benchmark model,
the agents’ beliefs about the equity risk premium are ndgndistributed with a mean of 4%
and a standard deviation equal to 2%. If agents are ambigeimyral, their behavior is induced
by the so called predictive distribution. The standard agen for the compound distribution of
the volatility of the return on equityyz and the volatility of the beliefg?, can be reduced to
the predictive volatilityy/o% + (0f)2. For the benchmark parameters this results in a standard
deviation of 16.1% (note thaty is 16%). Hence uncertainty about the equity risk premiunh wil
have (almost) no effect on optimal portfolio choices whesuasing uncertainty neutrality. | do
not graph these results here, but the optimal fraction alkxtto stocks and optimal participation
levels are almost indistinguishable from the dashed-lin€sgure 1, the no-ambiguity case.

3.2 Comparing the optimal stock allocations to the empirichevidence

In this section | compare the predictions from my benchmifekdycle model with the data from
the Survey of Consumer Finances. The Survey of Consumené@sds the most comprehensive
dataset on households assets and liabilities in the UnitetsS The survey is conducted every
three years since 1983. From 1983 to 1989 it is partly a paatelsét, while after 1989 the data
consists of repeated cross sections. High income housal®lver-sampled to obtain a sufficient
number of wealthy households in the study. | employ a measurénancial wealth and stock
investment according to the method suggested by the suifvegnsumer finances. The same
measures are used in Gomes and Michaelides (2005). Fiham@th consists of both retirement
and non-retirement wealth and stock investment is caledlas the sum of direct investment in
stock and stock mutual funds as well as stock investmentmsipa wealth. More details on the
data from the Survey of Consumer Finances can be found in #hp&.

Agents behave according to maximin preferences and facegaitbabout the equity risk
premium. Previously | only examined the age effects of ambygaversion and learning, while
in this section time and cohort effects are included. Firstill compare the model predictions
to the data, where the model predictions include age anddifeets, but exclude cohort effect.
Thus assuming that cohort effects are zero. Time effectgndreced by introducing decreasing
proportional fees over time. Subsequently, | will includihort effects to explore which model
specification fits the data best.
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Figure 3: Comparing the empirical data to the model prealistion stock allocations; age and time effects included.

| display the conditional fraction of financial wealth aliged to stocks and the optimal stock market participatiah bar the data and the optimal levels. The
fraction of financial wealth allocated to stocks is conditibon stock market participation. The optimal participatlevel is unconditional on having positive
financial wealth, and thus includes all the simulation pathgase an agent has a near zero financial wealth level (I%16@), the optimal participation assumed
to be zero. Agents learn about the equity risk premium. The fie 2007, 1998, and 1989 are 50, 100, and 150 basispoiptxcta®ly. The data are repeated cross
sections from the Survey of Consumer Finances, and | take@es over the fraction allocated to stocks, conditiongbanticipation. Maximin preferences are
used and the parameters are as in the benchmark case, uatedgherwise.



Panel (a), (c), and (e) in Figure 3 shows the effect of ambjgersion on the optimal fraction
allocated to stocks, conditional on stock market partiogrg and compares the model predictions
with the empirical levels. As before, ambiguity about theiggrisk premium has a substantial
impact on the fraction of financial wealth allocated to sedcKhe average fraction allocated to
stocks over the life cycle when agents are not ambiguougi®apnately 85%, while if ambiguity
aversion is included, the average fraction to stocks eda@¥. WWhen comparing the predictions
from the life cycle model with ambiguity aversion and leagnito the data, the match is much
better. To compare, Gomes and Michaelides (2005) find opatiecation levels of almost 100%
at young ages, while the model with ambiguity predicts optilevels of about 55%. Note, that the
model predictions for the conditional fraction allocatedtocks is almost the same in 2007, 1998,
and 1989. The reason is that, conditional on the worst cded being is positive (i.e., conditional
on participation), the average of the worst case beliefallaihe trajectories at a certain age are
approximately the same. However, the fraction of agentshiénge positive worst case beliefs (the
participation levels) depends highly on the size of the.f@éss can be seen in panel (b), (d), and
(f); the participation levels are much higher in 2007 conepao 1989. Due to fees, the worst case
beliefs about the equity risk premium are lowered with tixisat percentage and hence the optimal
participation levels shift down. The inclusion of time effe, which | assume arise (mostly) due
to fees, allows the matching of the participation levels®?2, 1998, and 1989, since in 1989 the
empirical participation levels are substantially lower.sum, the model with ambiguity about the
equity risk premium matches more closely to the data thamibeel without ambiguity aversion.

It is difficult empirically to separate the effects of agehod, and time on portfolio choice.
The intrinsic identification problem prevents inclusioruofestricted age, time, and cohort effects.
However, under certain assumptions, the structural modbls paper does allow the identification
of all three effects. In previous sections, the age and tiifieets on portfolio choice are presented,
which are generated by ambiguity about the equity premiudiiearning as well as labor income.
These results are unconditional on the history of stockmstuHowever, realizations of past stock
returns, which differ among cohorts, can potentially irelaohort effects in the data. Malmendier
and Nagel (2010) find that stock market return experiencesgllife influence the beliefs about
expected stock returns. The beliefs about the equity praniou varying ages in the years 2007,
1998, and 1989 are presented in Figure 4. The beliefs of ant age determined in part by the
mean of the priors at age 20 and in part by the realizationsokseturns. Figure 4 shows that the
mean of the belief for a 25-29 year old is about 4.5% in 1998&iéo in 2007. The difference
stems from the fact that the 25-29 year old in 1998 expereisoene very good returns in the
early and mid 90's, while the agent born later experiencedrkturns in the early 21st century.
The deviations of the mean belief about the equity risk poemirom 4% generates and allows the
identification of cohort effects.
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Figure 4. Beliefs about the equity risk premium in the yed872 1998, and 1989.

The graph reports the beliefs for different ages in the y@af7, 1998, 1989. The mean of the priors about the
equity risk premium\? is displayed, not the worst case prior. To obtain these figlinesed the realized stock
returns downloaded from Robert Shillers’ website (htigpaiv.econ.yale.edu/ shiller/data.htm), which contains US
stock market data from 1871 onwards. To calculate the bfelief 25 year old in 2007 | combine the prior belief with
the average of returns in 2003 to 2006. The mean of the beliefde 25-29 is the average of the beliefs for a 25 year
old agent, 26-year old, and so on.

Figure 5 compares the predictions from the model with (1) &g time effects and (2) age,
time, and cohort effects to the data. First of all, the magchetter when cohort effects are as-
sumed to be zero. When examining the optimal participatwels in 1989, panel (f), the model
predictions when including cohort effects are zero paréiton at all ages. The reason is that at
all ages, the worst case belief (mean belief minus fees mimogimes the standard deviation of
beliefs) is always negative, which induces zero partiegratFurthermore, the conditional fraction
allocated to stocks is lower when cohort effects are indyudempared to excluding cohort effects.
This is not per definition the case, but the reason is thatwbmge worst case beliefs over all the
trajectories (so excluding cohort effects), conditionalpmsitive beliefs, is higher than the worst
case beliefs at all ages in 2007, 1998, and 1989.

In the previous graphs, | focussed on matching the meansegpditicipation levels and the
conditional allocation to stocks, not examining other matae Table 1 displays the stock alloca-
tions predicted by the model and empirical estimates fdekht quantiles, assuming that cohort
effects are zero. The 10% quantile of the fraction alloc&textocks for all ages is 10% in the data
and 7% according to the model. The median matches very vih, @f financial wealth allocated
to stocks in the data compared to 43% according to the modedn\gplitting the fraction invested
in stocks up for different ages, the quantiles in the datdglightly more from the model pre-
dicted quantiles. Note that it is not insightful to presdrd tuantiles for the participation levels,
since thisis @/1 variable and all the information is already contained inufég5, where the mean
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Figure 5: Comparing the empirical data to the model preainstion stock allocations; age, time, and cohort effectsidend.

| display the conditional fraction of financial wealth aliged to stocks and the optimal stock market participatiah bar the data and the optimal levels. The
fraction of financial wealth allocated to stocks is conditibon stock market participation. The optimal participatlevel is unconditional on having positive
financial wealth, and thus includes all the simulation pathgase an agent has a near zero financial wealth level (I%16@), the optimal participation assumed
to be zero. Agents learn about the equity risk premium. Coéffects are included and the fees in 2007, 1998, and 1989@&r&00, and 150 basispoints
respectively. The data are repeated cross sections fro@uthey of Consumer Finances, and | take averages over ttteofrallocated to stocks, conditional on
participation. Maximin preferences are used and the paemare as in the benchmark case, unless stated otherwise.



Table 1: Quantiles for the optimal and empirical conditidraction of financial wealth allocated
to stocks; age and time effects included.

The conditional fraction allocated to stocks in 2007 arewalted via the Survey of Consumer Finances. The optimal
fraction is calculated including, age and time effects. sFefe50 basispoints are included. Both the optimal and the
empirical fraction are conditional on stock market papiition.

Data 10% quantile 25% quantile 50% quantile 75% quantile 90% tiiean
age 25-74 10 23 45 69 88
age 25-34 7 17 36 65 87
age 35-44 10 23 45 72 88
age 45-54 14 26 47 68 88
age 55-64 11 26 47 68 90
age 65-74 6 18 37 70 88
Model 10% quantile 25% quantile 50% quantile 75% quantile 90% tlean
age 25-74 7 20 43 82 100
age 25-34 10 27 60 99 100
age 35-44 10 23 51 94 100
age 45-54 8 19 40 78 100
age 55-64 5 14 33 72 100
age 65-74 6 14 30 67 100

participation levels are displayed.

3.3 Effect of ambiguity aversion on optimal consumption andsavings

The optimal consumption and wealth decisions are plott&digare 6. The difference between the
consumption levels when agents are ambiguous about theyecpki premium is substantial: the
consumption of agents who are ambiguity averse is 5-10%rltran age 30 onwards. The reason
is that agents who are ambiguous about the equity risk preminvest less in equity and, as is dis-
played in Figure 6b, have less wealth (savings plus invastne¢urn) accumulated. Furthermore,
note that the consumption pattern is smooth over time, whdeeal income drops substantially at
retirement because the replacement rate is 0.68, in lire®@atco, Gomes, and Maenhout (2005).
The agent saves to obtain a smooth consumption patternitesevhich can be seen in Figure 6b.
Agents who face ambiguity about the equity risk premium heewer amount of wealth accu-
mulated at age 65, $225,000 compared to $250,000, sincesvagevless agents participate in the
stock market and the agents that participate invest a sniedietion of their financial wealth in
stocks. The savings levels are comparable to the findingsace®; Gomes, and Maenhout (2005).
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Figure 6: Optimal consumption and wealth.
| display the average optimal consumption and optimal vkef@t agents who are (1) ambiguous about the equity
risk premium and who are (2) not ambiguous. Furthermorevbheage income is presented, which is independent of

whether agents are ambiguous. Maximin preferences areamsktthe parameters are as in the benchmark case, unless
stated otherwise.

4 The Effect of Ambiguity Aversion and Learning on Optimal
Portfolio Choice with Smooth Preferences

In the previous section | show that when agents have maximafegences, ambiguity aversion
has a large effect on optimal portfolio choices. Howevegréhs considerable debate on whether
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agents exhibit smooth preferences or maximin prefereneasehin this section | examine the
influence of ambiguity aversion when agents behave acaptirsmooth recursive preferences
with moderate ambiguity aversion. Note that smooth ambygueferences with infinite ambiguity
aversion equals maximin preferences.

Klibanoff, Marinacci, and Mukerji (2005) express that orfetlee advantages of smooth re-
cursive preferences is that ambiguity, the amount of uac#gyt about the parameter, can be dis-
tinguished from the aversion to this ambiguity. Figure 7avehthe optimal fraction of financial
wealth allocated to stocks, conditional on participatiorthe case that (1) the parameters are
not ambiguous and (2) the parameters are moderately amiscqarad the agent is averse to this
ambiguity. There is a small decrease in the allocation tokstoWhen comparing the curves in
Figure 7b, | find that the participation levels do not vary imugth the level of ambiguity. Indepen-
dent of whether the agent is uncertain, the participatieelteare high. Overall, for the benchmark
parameters the effect of ambiguity aversion on the optirogfqlio allocation is negligible.

The finding that ambiguity aversion has (almost) no effecoptimal portfolio choice for the
benchmark parameters and smooth recursive preferendesnwderate ambiguity aversion &
10), is confirmed by the analytical optimal portfolio choicdwmn found in Gollier (2009). He
derives the optimal solution in a static model for an expaoiaéapecification for the risk aversion
function and a power specification for the ambiguity averdioction. In contrast, | use a power-
exponential specification and no analytical solution cardé&gved in that case. Gollier (2009)
finds the following optimal solution:

)\B

w = 22
AR+ L+ )P ) 22

and when | plug in the benchmark parameters-atl the equation equals:

04
w* = 00 . (23)
~7(0.0256 + (1 + a)0.0004)

The optimal allocation to equityy*, depends only little on the ambiguity aversion parameier,
which is comparable to the findings in this paper. Simila@izen, Ju, and Miao (2009) explore
the impact of model uncertainty about return predictapiih asset allocation, and find that the
risk aversion parameter has a larger effect on optimal plast€hoice than ambiguity aversion. In
contrast, Klibanoff, Marinacci, and Mukerji (2005) illuate the possible effect of ambiguity on
portfolio choice in a static example and find a sizeable efidowever the amount of uncertainty
is higher compared to the benchmark case in this paper.

The optimal stock allocation for an ambiguity aversion paeter between 10 and infinity is not
yet calculated. In the limit when ambiguity aversion goemfmity the effect of ambiguity about
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Figure 7: Conditional fraction allocated to stocks and ktmarket participation

| display the optimal conditional fraction of financial wiahllocated to stocks and optimal participation in the lstoc
market for agents who are (1) ambiguous about the equityprisknium and learn about the parameters and who are
(2) not ambiguous about the equity premium. The upper pdr@is the fraction of financial wealth allocated to
stocks, conditional on stock market participation. Thedowanel shows the optimal participation level, which is
unconditional on having positive financial wealth, and tmgdudes all the simulation paths. In case an agent has a
near zero financial wealth level (below $100), the optimatipi@ation is set to zero. Agents learn about the equity
risk premium. Smooth recursive preferences are used arphbitaneters are as in the benchmark case, unless stated
otherwise.
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the equity risk premium is sizeable and can help explain tygiecally observed low allocation to
stocks. However, for which ambiguity aversion coefficienthe smooth preferences framework
this similar result is achieved is not yet examined. Coesiswith the findings in this paper, ex-
perimental evidence suggests that agents behave morelagrto kinked (maximin) preferences
than smooth ambiguity preferences (see Ahn, Choi, GaleKang (2010)).

5 Importance of income, risk aversion, and initial ambiguity
with minimax preferences

In this section the importance of several assumptions ®nthin results are tested; assumptions
on (1) the level of initial ambiguity about the equity premmiu(2) the level of risk aversion, and
(3) labor income. Since the effect of ambiguity aversiongéats have smooth preference with
moderate risk aversion is limited, | will focus the robustedests on maximin preferences. In
Section 5.4, | explore whether increasing risk aversionstdstitute for ambiguity aversion, and
change the optimal stock allocation in a similar way.

5.1 Initial ambiguity about the equity risk premium

The amount of ambiguity, the standard deviation of the belmut the equity risk premium, is
chosen somewhat arbitrarily. There is no direct evidencelunh to base the level of uncertainty,
so | perform sensitivity analysis with respect to this pagten Intuitively, a standard deviation of
2% seems reasonable, since this ensures that the 95% caefimh@rval of the equity risk pre-
mium that the agent beliefs is possible is between 0% and &gea0. Compelling evidence that
this is not overstating the degree of ambiguity can be dérikem the financial literacy literature.
When answering questions to establish financial literaeglée Rooij van, Lusardi, and Alessie
(2007) find that 22% of survey respondents answer that theyotlenow whether "considering a
long time period, stocks, bonds, or savings accounts gedithest return”. Furthermore 30%
gives the wrong answer and less than half give the correatemnsThis at least indicates that
it is a valid assumptions that a large fraction of agents ibigaous about the equity premium,
and in general about financial market parameters. Furthernesen assuming that agents look
up all previous stock market returns, the confidence intevaut the equity premium would still
be large. But since | have no means to determine the rangeudyesk premium that agents
deem possible, this section examines the influence of ttialiambiguity level on the results. The
results from this section can also be viewed in light of tlgerds are different in their amount of
ambiguity and how this influence the optimal fraction allechto stocks and optimal participation
levels.
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Figure 8: Stock market participation and conditional alii@n to stocks for varying levels of
initial ambiguity

| display the optimal conditional fraction of financial wiahllocated to stocks and optimal participation in the lstoc
market for agents who are (1) ambiguous about the equityprisknium and learn about the parameters and who are
(2) not ambiguous about the equity premium. The upper pdr@is the fraction of financial wealth allocated to
stocks, conditional on stock market participation. Thedowanel shows the optimal participation level, which is
unconditional on having positive financial wealth, and tmgdudes all the simulation paths. In case an agent has a
near zero financial wealth level (below $100), the optimatipi@ation is set to zero. Agents learn about the equity
risk premium. Maximin preferences are used and the paraswte as in the benchmark case, unless stated otherwise.
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Figure 8 displays the conditional allocation to equity amel participation in the stock market
for varying levels of initial ambiguity. The optimal fraot allocated to stocks is approximately
the same if the standard deviation of beliefs is 3% or 2%. Hasaon is that only if agents have
a worst case belief higher than zero, they participate instbek market. Hence at age 20, no
one participates. At age 21, agents have experienced sttgk realizations the year before and
update their beliefs. But the agent with a standard dewviatic3% needs a much larger positive
update to have a worst case belief higher than 0% and patégipompared to an agent with a 2%
standard deviation. So the participation levels are mualetpsee Fig 8b, but once over the 0%
hurdle (so conditional on participation), the fractioroakted is the same. The fraction of financial
wealth allocated to stocks if agents have a standard dewiafibeliefs of 1% is much higher at
young ages, because the average worst case belief, coradlitio having a positive worst case
belief, is higher.

5.2 Risk aversion

In the benchmark case the risk aversion coefficient equatsl3 avill explore the effect of this
assumption on the main findings, for which the results arsquted in Figure 9. For the same
reason as before, the optimal participation levels areiofilyenced by the risk aversion coefficient
via the effect that risk aversion has on precautionary g@vinSo risk aversion influences the
fraction of agents that have wealth higher than $100 andaffasts the participation levels. As
can be seen from Figure 9b, the participation levels cham@eshightly. The conditional stock
allocations are plotted for a risk aversion coefficient d,2and 10 (Cocco, Gomes, and Maenhout
(2005) use 10 for their benchmark case). The optimal fracitocated to stocks, conditional on
stock market participation, is sensitive to the risk avarstoefficient. There are two channels
via which a higher risk aversion changes the optimal fractiérst, a higher risk aversion results
in a decline in the optimal allocation to stocks directlycgirthe agent is less risk tolerant and
shifts the position to more riskless assets. In additioac@utionary savings increase if the risk
aversion is higher to have a large buffer against labor nbaidde This inflates the relative fraction
of financial wealth to human capital and thus depresses ttimalpfraction of financial wealth
allocated to stocks. Both channels work in the same direciad for this reason the more risk
averse the agent, the lower the optimal fraction investexianks. Note that for all levels of risk
aversion the effect of ambiguity and learning on the stockketaallocation is sizeable.
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| display the optimal conditional fraction of financial wiahllocated to stocks and optimal participation in the lstoc
market for agents who are (1) ambiguous about the equityprisknium and learn about the parameters and who are
(2) not ambiguous about the equity premium. The upper pdw@s the fraction of financial wealth allocated to
stocks, conditional on stock market participation. Thedowanel shows the optimal participation level, which is
unconditional on having positive financial wealth, and tmgdudes all the simulation paths. In case an agent has a
near zero financial wealth level (below $100), the optimatipigpation is set to zero. Agents learn about the equity
risk premium. Maximin preferences are used and the paraswte as in the benchmark case, unless stated otherwise.
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5.3 Labor income

In the benchmark calibration | assume that the agent rez@\sochastic income stream corre-
sponding to a high school graduate. Cocco, Gomes, and Mag(2@D5) estimate the parameters
for the income process for high school graduates, as welidagiduals with no high school degree
or with a college degree. Figure 10a presents the optimetidraallocated to stocks, conditional
on participation, for agents who have an income correspantti (1) no high school degree, (2)
a high school degree (benchmark), (3) a college degree Aradh(igh school degree but no labor
income risk, while the other parameters are as in the benthoase. The deviation in optimal
stock allocation between a high school graduate and an ag#nno high school degree stems
from a combination of factors. The transitory income riskigher for an agent with no high
school degree, but the permanent income risk componemnnitasi This results in a decrease in
the allocation to equity for an individual with no high schdegree, since he faces more risk. On
the one hand, the no high school graduate saves more duehdtiexr income risk, while on the
other hand, he saves less since he has a higher replacengerfoaaking these effects together,
an agent with no high school diploma has a slightly lowerlleweested in equity before retirement
(after retirement there is no labor income risk). Similaas@ning holds for college graduates. On
the one hand, the replacement rate is higher and the transitimme risk is lower, which induces
less savings and thus a higher fraction of financial wealtitated to equity. On the other hand,
the permanent income risk is higher compared to an agentanliigh school degree, which in-
creases savings and a lower fraction allocated to stocksd#hese three effects together results
in a slightly higher allocation to stocks.

If an agent faces no labor income risk, he does not need teeceebuffer against labor in-
come shocks to smooth consumption. The only incentive te &due to the replacement rate
for retirement income, which is 68%. So the agent startsxgavirom age 29 onwards to smooth
consumption. In the graph it seems that the participativel lis zero until age 36, but the opti-
mal participation is actually about 0.1%. The fraction offigial wealth to human capital rises
until age 65, hence the optimal fraction allocated to stdaks. As before, the optimal fraction
increases after age 65, since the financial wealth is debfagter than human capital, due to the
additional discount factor, survival probabilities. Théeet of different labor income profiles on
the optimal participation levels (Panel 10b) stems fromdtierence in savings motives, which
induces a difference in the fraction of agents which has dttvéevel above $100. Overall, the
results are robust for different stochastic labor inconzeesses. So when taking into account the
heterogeneity of agents with respect to labor income, the firaling hold: ambiguity about the
equity risk premium decreases the amount allocated to stadbstantially.
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Figure 10: Stock market participation and conditional dliton to stocks for varying income
levels.
| display the optimal conditional fraction of financial wiahllocated to stocks and optimal participation in the lstoc
market for agents who are (1) ambiguous about the equityprisknium and learn about the parameters and who are
(2) not ambiguous about the equity premium. The upper pdrw@s the fraction of financial wealth allocated to
stocks, conditional on stock market participation. Thedowanel shows the optimal participation level, which is
unconditional on having positive financial wealth, and tmgdudes all the simulation paths. In case an agent has a
near zero financial wealth level (below $100), the optimatipigpation is set to zero. Agents learn about the equity
risk premium. The benchmark case is the income process figheschool graduate (solid line). The dashed line is
for a college graduate, the solid-crossed line for an imtdigl with no high school degree, and the solid-triangle line
for a deterministic income for a high school graduate. Thapaters from Cocco, Gomes, and Maenhout (2005) are
used. For college graduateg = 5.84%, o2 = 1.69% and the replacement rate is 94%. For individuals with no high
school degreer? = 10.65%, o2 = 1.05% and the replacement rate is 89%. The agent who faces no labame
risk, receives a similar deterministic income profile as gerd with a high school degree, except that the income is
riskless. Maximin preferences are used and the parameteas & the benchmark case, unless stated otherwise.
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5.4 Can risk aversion substitute for ambiguity aversion?

This paper shows that ambiguity about the equity risk prem@an help solve the participation
puzzle and explain the low fraction of financial wealth afitedd to stocks over the life cycle. In
this section | show that similar findings cannot be obtaingddsuming higher risk aversion. The
results are presented in Figure 11. First of all, risk aeersias almost no influence on optimal
participation levels while ambiguity aversion has a lang#uence. The participation levels are
only influenced by the worst case belief about the equity pigtnium, and risk aversion has no
influence on this. Higher risk aversion actually increasasi@pation, since it increases precau-
tionary savings. When risk aversion is 15 and agents arembigaiity averse, the optimal fraction
until age 65 is similar for the baseline risk aversigns= 5, and ambiguity aversion. After age 65,
the difference is substantial. Hence risk aversion doeactas a substitute for ambiguity aversion
and | do not obtain the same results via increasing risk enecompared to including ambiguity
aversion. The reason is that, unlike ambiguity aversiak aversion increases the precautionary
savings level to build up a buffer against labor income nigkich decreases the optimal fraction
of financial wealth allocated to equity.

6 Conclusion

In this paper | develop a realistically calibrated life-gymodel with ambiguity aversion and learn-
ing to explore the impact of ambiguity about the equity riskrmpium on optimal portfolio allo-
cations. | compare the model predictions with data from thv/&y of Consumer Finances. Two
important empirical facts are matched, the low particqmatievels in the stock market over the
life cycle and the low fraction of financial wealth allocatiedequity, conditional on participation.
Furthermore, with this structural model | can disentangje, &ohort, and time effects in the eqg-
uity allocation over the life cycle. Age effects arise duaimobiguity, learning, labor income, and
a shortening horizon. | assume cohort effects can be idethtifia learning, because agents of
the same age born in different years have seen differerit sébarns during their lifetime. Time
effects are added to the model in the form of decreasing feeistbe past decades. The empir-
ical cross sectional allocation to stocks in 2007, 1998, EfD are compared to the predictions
from the life-cycle model, which are calculated separatety2007, 1998, and 1989, taking into
account age, cohort, and time effects. The match is vergdfahort effects are assumed to be
zero. Both the patrticipation level and the conditionalfi@tin these three years differs maximally
25%, comparing the match for all ages. The paper closesidp#per is Gomes and Michaelides
(2005) who find an optimal fraction allocated to stocks of @t100% when young, which is
about 60% higher than the empirical fraction in stocks in2200
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Figure 11: Allocation to stocks; can risk aversion subgtifor ambiguity aversion

| display the optimal conditional fraction of financial wiahllocated to stocks and optimal participation in the lstoc
market for agents who are (1) ambiguous about the equityprisknium and learn about the parameters and who are
(2) not ambiguous about the equity premium. The upper pdw@ls the fraction of financial wealth allocated to
stocks, conditional on stock market participation. Thedowanel shows the optimal participation level, which is
unconditional on having positive financial wealth, and tmgdudes all the simulation paths. In case an agent has a
near zero financial wealth level (below $100), the optimatipigpation is set to zero. Agents learn about the equity
risk premium. Maximin preferences are used and the paragwte as in the benchmark case, unless stated otherwise.
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A Numerical method to solve the life-cycle model with ambi-
guity aversion

A.1 Short summary life-cycle problem with smooth ambiguitypreferences

The investor solves the following Bellman equation at timé T’

Vi(Wh, Yy, )\tB) = max u(Cy) +

wt,Ct

Bper 6! ( [ 0 E (Vi Wen Yoo, Af;n})}) , (24)

whereC is consumption. Agents employ an uncertainty aversiontfang. The exogenous state
variables are incomeY{) and the mean of the belief about the expected equity prenfidth
Wealth (V;) is an endogenous state variable. At tiffiehe investor consumes all wealth, hence
the value function equals:

VoW, Y, \B) = u(Wr). (25)

The dynamics of financial wealth are given by
Wepr = (Wi = Co + Y2) (1 + RS + wi(Reyr — RY)). (26)
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| assume a constant relative risk aversion utility funct{@RRA) and a constant absolute
ambiguity aversion utility function (CAAA):

c,
u(Ch) = 1 5 (27)
¢(z) = —exp(—az). (28)

The individual faces a number of constraints on the consiam@nd investment decisions.
First, | assume that the agent faces borrowing and shas salnstraints

wy > 0andd/w; < 1. (29)
Second, | impose that the investor is liquidity constrained
Cy < Wy, (30)

which implies that the individual cannot borrow againsufetincome to increase consumption
today.

The timing is as follows, first an individual receives hisonee, after which he consumes.
Subsequently he invests the remaining wealth, either iityequa riskless asset.

A.2 Beliefs about the mean return on equity

The agent has beliefs about the equity risk premium and thenro€ his beliefs is\” and the
standard deviation of his belief about the equity risk pramis 7. | limit the set of beliefs that
the agent thinks are viable to be bounded by a 95% confideteeah Hence the beliefs on the
possible mean equity return lies in the rang@\gf—2072; A2 +-207]. | make a grid for the possible
mean stock returns by dividing the confidence intervakiequal probability areas. Subsequently
| calculate the average of the outer bound of each area selyasad the probability that the agent
attaches to this expected stock returm i .

A.3 The first order conditions - smooth recursive preference

In periodT" the optimal policies are easily determined. Namely the agensumes the entire
wealth level and no optimal investment strategy need to kdemia all other time periods optimal
decisions on consumption and investment are calculatedtting the first order conditions equal
to zero. The optimization problem is solved via dynamic paogming and | proceed backwards.
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| define the portfolio return as:
Ry =1+ R+ (R — RNwy,. (31)
Furthermore | denote the wealth level after income and aopsion as:
Ay =W +Y, = C (32)

Consider that the agent is at timeafter having consumed;, and he/she has to choosgso
as to maximize the bellman equation. The first-order comwlivith respect tav; for this problem
is.

ovy 1
u, e <¢’(¢1(-)>) .
/ {¢/ (B {Vigr (Wi }) B { Ve Wi+ Y = C)(Rea — Rf)}} ;
Ay aI/VtJrl
where
=, {6 (B {Via(Wign)}) }- (34)

So similar but written differently:

S = o™ ([ 0 B W) 35)

¢ (B} {Vig1(Wiir)}) E} E?I‘/I/;H (W, +Y; —C))(Ress — RO 7 5.
A t1

The first order condition with respect €3 equals:

oV

ac, = C;" = Bpipa(o7t) <

{9 <E¢{v;+1<wt+l>}>}) (36)

[ {# @ waman s { G0 R - R

Ay

Next | take the total derivative with respectitig

oV
oW,

= Sl ([ 16 @ (i} @)

[ @ v B G R wdrn - R
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Substitute equation (36) into equation (37)

oV,

— -
. — G (38)
New
= ) 39
aWt+1 Ot+1 ( )

Substitute equation (39) into equation (35) to obtain tls éirder condition for the asset allocation:

% = 5Pt+1(¢—1)' < {¢ (E;\ {V;H(V[/Hl)})}) (40)
t Ay

X {¢" (B {Via (Wi )}) B} O (R — RY) } )
To solve for the optimal consumption, substitute equat8®) (nto equation (36) to get the follow-
ing first order condition

o = 5pt+1(¢‘1)’( {¢(E?{W+1(WG+1)})}) (41)

A

{0/ (B Vi (W) }) B {7 (1 + BT+ wi(Rea — RD)

Ay

In addition | use:

65 = () (@2
(1) = ;—; (43)
¢ = aexp(—ax). (44)

A.4 Optimization procedure for the optimal asset weights - sooth recur-
sive preferences

Due to the complexity of the model it cannot be solved anedyty. Instead | use numerical
optimization techniques to solve the problem. In this sectiwill explain this procedure, which
combines the methods of Brandt, Goyal, Santa-Clara, amadi&{2005) and Carroll (2006), with
several extensions added by Koijen, Nijman, and Werker@®randt, Goyal, Santa-Clara, and
Stroud (2005) propose to approximate the conditional egbieas by regressing the realizations of
the Euler conditions on a polynomial expansion of the statables. All state variables except for
wealth can be simulated, since only financial wealth is eedogs. To deal with this endogenous
state variable | follow Carroll (2006) who proposes a gridviealthafter consumptionA;, instead
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of a grid for wealth,I¥;. This choice allows us to solve the Euler conditions anedyty instead
of numerically and | form a M-dimensional grid for wealtheftonsumption. Additionally, | use
extensions by Koijen, Nijman, and Werker (2010) to increseoptimization speed. | construct
H test portfolios and let the weight invested in the riskyeaisgn from 0% to +100%, with steps of
5%, hence H is 21. The return on the test portfolios is defirseli;&. Furthermore we simulate
N trajectories of T periods for every state variable

The problem is solved via backwards recursion and to soleegitimal policies at time, |
have available the endogenous wealth grid at timd and the optimal consumption at time- 1.

First | need to determine the two conditional expectationsguation (40):

EM G/ (Ripr — RY) } (45)
E? {Vier (Wir)} (46)

The conditional expectation in equation (45) is straightfrd to calculate. | have the optimal
consumption at periot+ 1, since | solve via backwards recursion. To obtain, | interpolate
linearly to make sure it is the optimal consumption next@ethat belongs to the grid point for af-
ter consumption wealth at timeA,. | approximate the conditional expectation with a polynaimi
expansions in the state variables:

E; {C;:l’y(RtJrl - Rf)} ~ pf (Y1, AD). (47)

This is done for each simulation path and MxK grid points.

The second conditional expectation (46) requires some stepes. The goal is to determine
the realizations o, regress these on the state variables at tini@ obtain the conditional
expectation. The value function at time- 1 is

Vi1 = u(Cfy ) + Bpr19! (/A {0 (E?ff {Vt+2(Wt+2> w;‘+2)}> }) . (48)
41
A star x denotes the optimal policies which | already calculated.aiAd use interpolation to
obtain the intermediate consumption levels. FurthermareddV; , which belongs to the grid
points for after consumption wealth at timeand not the grid point at timee+ 1, so similarly | use
interpolation. The value of the Bellman equation at time 2, V,_ -, is saved at the end of every
time period since | solve via backwards recursion. As beihwabtainEfﬁl(Vm) | regressV;, o
on the state variables at time- 1. Note that when determining the optimal policies at tifhe 1,
Vi1 = 0andVy = u(Wry).

Agents are uncertain about the equity risk premium henceptienization problem requires
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several additional steps. Namely in this sefp; (V;.2) is random. The beliefs are distributed in
such a way that there isla K probability that the true equity risk premium lies betwewn bf the
grid points for the equity premium. Hence to calculégé\m{(b (Efﬁll {Viga(Wisa, w§+2)}) }),
| need to take the (weighted) averagezbcﬂfﬁl (Vi42) over the grid of beliefs about the equity risk
premium. Next | plug all these calculated numbers is equai®). Following Brandt, Goyal,
Santa-Clara, and Stroud (2005) | regress the realizatibtiseed=uler condition ;.1 (W;.1)) on
the state variables to obtain the conditional expectatidh};. (W;i1)}.

Recall the first order condition for the optimal asset wesght

W
awt

Bpea (67 ( At{¢ (E? {Vtﬂ(WtH)}> }) (49)
/At {ﬁbl (EZ\ {‘/%+1(VV1t+1)}) E} {Cr ) (Rer — Rf)}} .

Note that the steps to calculate the underlined parts ofthat®ns are already explaineg {V;,;(W;.1)}
is a NxMxKxH matrix and | plug these numbers in the ambiguigraion functiony. Subse-
guently the weighted average is taken and the K-dimensitdat. Analogue the entire equa-
tion (49) is calculated.

Following Koijen, Nijman, and Werker (2010) the optimal eisaeights are determined in two
steps. First | approximate the conditional expectatiomaipolynomial state variables.

ﬁpt+1(¢1)'< [ (o (&) {W+1(Wt+1)})}) [ 6 Vi Vi) B G (s — RO}
=P f(Y ) (50)

Subsequently the projection coefficienisare parameterized in the asset weights. | let the projec-
tion coefficients depend on the "test” asset weighjs\ihich | previously made a H-dimensional
grid over. Hence for every simulated path | calculate H testfplio returns. Sincey is a smooth
function of the asset weights I can obtain:

p(z) = Vg(z), (51)

where g(x) is a polynomial expansion in the asset weightss ifhplies that the conditional ex-
pectation of the Euler condition is approximated via

Bpea(o™) < A {o (E} {W+1(Wt+1)})}) /A {¢' (B} {Visr (Wis)}) B2 {C 7 (R — RT) } }
= g(z) V' f(Y3, A7) (52)
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A polynomial expansion of order one is sufficient for thielycle problem, hence for every
simulation path | solve:

0= < 1* ) \I/,f(Y;,)\f,O'tB), (53)

w

which can be solved analytically, taking into account thetfpbo constraints.

A.5 Optimization procedure for the optimal consumption - snooth recur-
sive preferences

The derivative of the value function with respeciipis equal to:

O = Bplem )( (6 (&) {v;H(Wm)})}) (54)

A {¢" (B} {Virr(Wey)}) E}{CET (1 + R+ wi(Riya — RY) )

The timing is as follows, first the agent consumes and aftetsvthe investment is made, so be-
cause | solve this problem via backward recursion | alreadynd the optimal asset weights at time
t, hence I haver/’”,. | proceed as before, first | calculate the inner conditiexplectations, if nec-
essary plug them into the appropriate functions, take thghted averages to get the K-dimension
out, and finally plug parts of the calculations into otherdtions. The optimal consumption strat-
egy then follows analytically.

Note however that the conditional expectatioh{ C; (1 + R’ + w; (R.+1 — R'))} needs to
be strictly positive, otherwise the optimal consumptiofi e negative. Hence following Koijen,
Nijman, and Werker (2010) | approximate the logarithm o$ ttonditional expectation:

E}M O/ (1 + R 4+ wi (R — R))} ~
exp(po + p f(Y;tv ). (55)

After all these steps | obtain the optimal consumption avéstment decisions at all (N x
M) grid points at each point in time. Finally | start from thatial states and simulate forward.
Depending on the realized wealth levels at each time petiuel éndogenous state variable), |
use the corresponding optimal investment and consumptiategies. This results in the optimal
policies for every simulation path.
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A.6 Short summary life-cycle problem with maximin preferences

Investors preferences are described by maximin expeciiy, which in effect means that the
agent maximizes his utility with respect to the worst cadeesheThe agent is uncertain about the
equity risk premium. | solve the following Bellman equation

Vi = max min [w(Cy) + Bpe1 EM{Veer (Wi}, with (56)
cH

u(Cy) = lt_—,y (57)

(58)

As described above | restrict the domain of beliefs abouetngty risk premium to lie between
(AP —20P AP +20P]. This is necessary to put a bound on the worst case belie¢hwinuld else
be minus infinity since the beliefs are normally distributed

A.7 The first order conditions - maximin preferences
In each period | find the optimal asset weights by setting tisedrder condition equal to zero
E(Cr (R — RY) = 0, (59)

where)"™ is the lowest equity premium in,. Cy,, denotes the optimal real consumption level.
The optimal consumption follows from

Cr ™ = Bpin BN (CrREY) (60)

A.8 Optimization procedure for the optimal asset weights ad consumption
- maximin preferences

As described in Section A.4 and A.5, | calculate the reabradf the Euler condition and regress
these on a polynomial expansion in the state variables toroah approximation of the conditional
expectation of the Euler condition

A (G (Repy = RT)) = p F (Y0, AD). (61)

In addition | employ a further extension, introduced in koij Nijman, and Werker (2010). They
found that the regression coefficieptare smooth functions of the asset weights and, consequently
| approximate the regression coefficieptBy projecting them further on polynomial expansion in
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the asset weights:
p(x) = Vg(x). (62)

The Euler condition must be set to zero to find the optimaltassegghts:
FY AP Tg(w) = 0. (63)

Similarly, | approximate the Euler condition for optimalrsumption via regressing the real-
ization of the Euler conditions on a polynomial expansiothi state variables.

B Survey of Consumer Finances and allocation to stocks

The Survey of Consumer Finances is a triennial survey on tiaadial assets of the household.
It provides information on assets on the balance sheet,gensncome, and demographics of
the household. Participation in the survey in strictly viaary and about 4500 families are inter-
viewed. Itis a repeated cross-section and only the year3 ttBB989 are partly a panel study. The
median length of an interview is about 75 minutes, but amuees with a family with complex
finances can take up to several hours. High income houseads/er-sampled to measure asset
holdings more accurately, since wealth in the US is highlycemtrated among a relatively small
number of households. About two thirds of the sample, 30@&&bolds, is drawn from a national
area probability sample which represents the entire ptipunla The remaining one third, 1500
households, is drawn from tax records to get the list of higiome households. Weights are used
to account for both nonresponse and the difference betweemitial sample design and to the
actual distribution of population characteristics. In tase of missing data, multiple imputation is
used to solve this problem.

Financial wealth (FIN) is the sum of liquid assets (checksayings, money market, and call
accounts), certificates of deposit, directly held mutuatfs stocks, bonds, quasi-liquid retirement
accounts which consists of IRAs/Keoghs, thrift accounts, fature pensions, savings bonds, cash
value of whole life insurance, other managed assets (fraatwuities, and managed investment
accounts), and other financial assets (loans from the holssehsomeone else, future proceeds,
royalties, futures, non-public stock, deferred compeaasabil/gas/mineral investment). The part
of financial assets invested in stocks (EQUITY) consistdrefatly held stock, stock mutual funds,
and retirement assets invested in stocks. | follow the Supt€€onsumer Finances in calculating
this. The stock investment includes the entire directlyrstbck, entire stock mutual funds, half
of the value of the combination mutual funds, and the fractibthe value of IRAs/Keoghs that is
invested in stocks. Similarly the fraction of the value di@tmanaged assets invested in stocks is
added and the part of the value of the thrift account thatdsated to stocks.
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The fraction of agents participating in the stock marketesednined by calculating which
weighted fraction in the total sample has a stock investriager than zero. Furthermore the
conditional allocation to equity is the fraction allocatedstocks, conditional on participation in
the stock market. Note that | use weights to calculate théggaation rate and the conditional
allocation to stocks to adjust for nonresponse and the goiaigorobability design of the survey.
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