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1 Consumer Behavior in a Dynamic Economy

1.1 Dynamic Decision Problems

The state i € N = {1,...,n} evolves according to an arbitrary stochastic process.
A t-period history is a vector (i1, ...,4;); we call H® the set of all t-period histories;
H = Ut21 N' the set of all histories, and write )\, for the probability of history
h € H. A function d € RY is a (dynamic) consumption plan and D is the set
of all consumption plans. The definition of a coarse consumption plan mirrors the

corresponding definition for the static economy:
Definition O.1. The consumption plan d € D is coarse if |{d,|h € H}| < k.
Let Dy be the set coarse consumption plans. Hence, each household is restricted

to at most k different levels of consumption throughout its entire lifetime. The

household’s utility from the consumption plan d is

V(d)=> )" B Nu(dy)

t>1 hecHt

where 8 € (0, 1) is the discount factor and u is a CRRA utility index.

A function ¢ € R is a (dynamic) price and the consumer’s budget is Bj (¢, w) =
{d €Dy, : ey andn < w}. The coarse consumption plan d € Bj(p, w) is optimal if
V(d) > V(d') for all ' € Bj(q,w). For the price ¢, define the following normalized
pricing kernel K*:

x dh
- A .

for all h € H'. The normalized kernel s} is the price in state h € H' divided



by the probability of state h (\;) suitably discounted. We say that the partition
S = (S1,...,5n) of H is induced by consumption d if [d, = dp if and only if
h,h' € S, for some I]. We let S¢ denote the partition that d induces. A consumption
plan is measurable if K} = kj, implies d, = dj; and monotone if k; > k;, implies

dy < d.

Lemma O.1. Every optimal plan is monotone and measurable.

2 Coarse Competitive Equilibrium in a Dynamic
Economy

In this section, we extend our equilibrium analysis to a dynamic Lucas-tree econ-
omy. We show that there is a one-to-one correspondence between the stationary
coarse competitive equilibria of our dynamic economy and the coarse competitive
equilibrium of a corresponding static economy. This correspondence enables us to
relate the extreme consumption prices analyzed in Theorem 4 to extreme asset prices.

As in the static economy, N = {1,...,n} is a finite set of states and s; € |a, b
is the aggregate endowment in state i. Given any history h = (iy,...,%), we let
J(h) =i, and let Hf = {h € N*: j3(h) = i} be the set of all ¢t-period histories that
end in 1.

A matrix of transition probabilities, ®, describes the evolution of the state; ®;;
is the probability that the state at date ¢ + 1 is j given that it is 7 on date t. We

assume that ® has a stationary distribution m; that is,



The initial state (the period 1 history) is drawn from the stationary distribution .

Therefore, the probability of history h = (i1,...,4;) € H' is
A = Ty Pigiy -+ Piy i, (3)

The sextuple E* = (u, 8, k, 7, s, ®) is a dynamic economy. The assumption that
the initial state is chosen according to the invariant distribution means that we can
ignore transitory effects of the initial condition. As we show below, the economy has
a stationary equilibrium allocation and stationary equilibrium prices. Moreover, we
can map the dynamic economy to the two-period economy analyzed in the previous
section.

An allocation is a probability distribution on D. It is coarse if its support is
contained in the set of coarse consumption plans. Thus, the set of dynamic allocations
is A(D) and the allocation v € A(D) is coarse if K(v) C Dy. The allocation v is
feasible in E* if

for all h € H. For any D' C D, let M*(D') be the set of all feasible allocations v
such that v(D’') = 1. Hence, M* (D) is the set of feasible coarse allocations for E*.
The set of prices is Q = {q € R : 3, g, = 1}. The representative household’s

budget is
Bi(q) = {d € Dy : Z qnldn — sym)] < 0} (4)

heH
The coarse consumption plan d € B;j(q) is optimal at prices q if V(d) > V(d') for all
d" € Bj(q).

Definition O.2. The price-allocation pair (q,v) is a coarse competitive equilibrium



of E* if (i) v is feasible for E* and (ii) v(d) > 0 implies d is optimal at prices q.
Fix a dynamic economy E* = (u, 3, k,m, s, ®) and consider the static economy
E = (u,k, 7, s). The two economies share the same utility function and coarseness
constraint. In both economies the initial endowment is chosen according to the
distribution 7. In the dynamic economy, the endowment is a Markov process while in
the static economy the endowment stays fixed. Since 7 is the stationary distribution

of the Markov process with transition matrix ®, we have

Z )\h = TM; (5)

for all t > 1. Hence, the ex ante probability of state ¢ in period t is m; for every
t. Since (1 —f8)>_, ZheH} BN, = m;, the dynamic economy can be thought of
as a version of the static economy in which each state 7 is split into many identical
states each corresponding to a branch of the event tree that ends with i. We refer to
E = (u,k,m,s) as the static economy for E* = (u, B, k, 7, s, ®).

A consumption plan is stationary if consumption depends only on the current
state. The measurability of coarse competitive equilibrium consumption plans in
E will yield the stationarity of coarse competitive equilibrium consumption plans
in E*. Formally, the plan d is stationary if there exists a consumption plan, ¢, for
the static economy FE such that d, = ¢,y for all h € H. Let D denote the set of
stationary plans. We can associate the stationary consumption plans of the dynamic
economy E* with the consumption plans of the corresponding static economy E: let
Ty : C — D be the above one-to-one mapping between static consumption plans
and stationary dynamic plans. Thus, d = T}(c) is the dynamic consumption plan in

which a household consumes ¢; whenever the state ¢ occurs. The set of stationary



allocations is A(D). Let Ty : A(C) — A(D) be the one-to-one mapping between
allocations in the static economy and stationary allocations in the dynamic economy
defined by v(d) = u(T;'(d)) for d € D and v(d) = 0 for d € D.

A price q is stationary if ¢, depends only on the current state j(h) and on the
discounted probability of history h appropriately normalized. More precisely, ¢ is
stationary if there is a static price p such that for all ¢ > 1 and all h € N*

g = (1 —p)F (6)

Ty(h)

= M(1 = B)B" " hymy

Equations (5) and (6) imply

Z ZQh:pi (7)

t=1 heH!
for all 7 and hence }, ., qn = > or . pi = 1. Then, for each static price p, there is
a corresponding stationary dynamic price and, conversely, each stationary dynamic
price can be mapped to a static price.

Let Q@ C A(H) be the set of stationary prices. Let Tp : A(N) — @ be the
one-to-one mapping between prices in the static economy and stationary prices in
the dynamic economy defined above. To summarize: T : C =15 D is the mapping
that identifies the unique stationary consumption plan associated with each static
consumption plan, 75 : A(N) N (@ defines the unique stationary price associated
with each static price and T3 : A(C) N A(D) defines the unique stationary

allocation associated with each static allocation.



Equation (5) implies

V(Ti(e)) = (L=5) Y > ulew)B ™ M =Ulc) (8)

t>1

and Equation (7) implies that ¢ € By(p) if and only if Ty (c) € B;(Ta(p))ND. Finally,
note that u € A(C) is feasible in E if and only if T3(u) € A(D) is feasible in E*.
Theorem O.1 below relates coarse competitive equilibria of the dynamic economy
to the coarse competitive equilibria of the corresponding static economy. An equi-
librium allocation of the static economy yields a stationary equilibrium allocation of

the corresponding dynamic economy and an equilibrium price of the static economy

yields a stationary equilibrium price of the dynamic economy.

Theorem O.1. (i) (T5(p), T5(1)) is a coarse competitive equilibrium of £* whenever
(p, ) is a coarse competitive equilibrium of E. (ii) If v is a coarse competitive
equilibrium allocation for £*, then v € A(D) and T; '(v) is a coarse competitive

equilibrium allocation for F.

Theorem O.1 leaves open the possibility of a non-stationary coarse competitive
equilibrium price (supporting a stationary coarse competitive equilibrium allocation).
Theorem O.1 relies on the assumption that the initial state is chosen according to the
stationary distribution 7. Without this assumption, there might still be an analogue
of Theorem O.1 but the mapping between the dynamic and the static economy would

be more complicated.



3 Extreme Asset Prices and the Safe Haven Pre-
mium

Recall that a static pure endowment economy F = (u, k,m, s) has a unique coarse
competitive equilibrium price. In this section, we relate this price p to asset prices
in the dynamic economy. To simplify the exposition, we restrict ourselves to iid
transitions: ®;; = m; for all ¢,j and refer to a dynamic economy with constant
transition probabilities as an #d economy. In addition, we assume p = 1 so that
u(z) = In z. These restrictions are made for expositional ease. All results below can
be extended to arbitrary Markov transitions provided that all ratios of transition
probabilities stay bounded. For p > 1, the equilibrium price of consumption may be
zero; this would allow us to strengthen some of the results below at the cost of more
cumbersome notation. For p < 1, we would need to weaken slightly the result on
extremely low asset prices.

Consider an asset z = (z1, ..., 2,) in zero net supply that delivers z; units of the
consumption good next period if state i occurs. Let r,(z) be the coarse competitive
equilibrium price of this asset in terms of current period consumption after history h.
Recall that j(h) € N is the last state of history h. A standard no-arbitrage argument

yields
ra(z) = e it )
an
where the numerator is the expected value of the return z after history A and the
denominator is the price of consumption after history h. Since ¢ is stationary, the

price of the asset depends only on j(h) and therefore r,,(2) = 7,4)(2). Formulas (6)



and (9) imply

(10)

where E[{] is the expectation of the random variable £ on the finite probability space
(N, m). Since k; > 0 for all i € N, the asset price is well defined. We let r(z) denote
the asset price in period t as a function of the realized state in period t. Since the
price of the asset depends only on the current state, the random variable r(z) is well
defined.

As in Theorem 4, we consider a sequence of economies that converges to a limit
economy with a continuous distribution of endowments. Formally, we say that a
sequence of iid-economies { E*"} = {(u, 8, k, 7", s™)} is convergent if the correspond-
ing sequence of static economies {E"} = {(u, k, 7™, s")} is convergent. Consider a
sequence of asset returns {z"} such that 2" € R". We say that {z"} is bounded
if there are 0 < 71 < 72 < oo such that z* € [y1,7s] for all i and n. In Theorem
0.2 and Theorem O.3 below, we consider convergent sequence of iid economies and
corresponding sequences of assets. As in Theorem 4, to avoid having to say “there
exists a subsequence such that” multiple times, we let lim 2™ denote an arbitrary

limit point of any bounded sequence {z"}.

Theorem O.2. If {2"} is bounded, then lim Prob (r"(z") <€) > 0 for all ¢ > 0 and
lim Prob (r"(2") > K) > 0 for all K.

The proof of Theorem O.2 reveals that limit equilibrium asset prices are extremely
high if the endowment is near its upper bound and extremely low if the endowment
is near its lower bound. Theorem O.2 is a corollary of Theorem 4 and can be used

to derive another asset pricing implication that relates risk-free and nearly risk-free



asset prices. Let jy = min{j : > ;7 > 1 —x}. Then, let e" = (1,...,1) be a

risk-free asset and let "¢ be the following nearly risk-free asset:

1 ife> g0

0 ife<yl

Hence ™€ yields 1 in all but the e—fraction of states with the lowest endowment. Let
R(z,2') be the ratio of the equilibrium price of asset z over the equilibrium price of

asset 2" after history h. Equation (10) ensures that R(z,2’) does not depend on h.
Theorem 0.3. There is 6 > 0 such that lim R"(e™, e") <1 —§ for all € > 0.

Theorem O.3 shows that the risk-free premium does not converge to zero as the
returns of the nearly risk-free asset converges in distribution to the returns of the risk-
free asset. This safe-haven premium comes about because the price of consumption
in the lowest endowment state is bounded away from zero and, therefore, the risk-free

asset is always more costly than the nearly risk-free asset.

4 Proofs of the Results in this Supplement

4.1 Proofs of Lemma O.1 and Theorem O.1

Proof of Theorem O.1: Let 7(h) be the length of history h; that is, 7(h) = ¢ if
h € H'. Let d be non-measurable or non-monotone optimal consumption plan and
let k* be its pricing kernel defined in equation (1) above. Then, let S = (S57,...,5!)

for m < k, be the partition of H that d induces; that is d;, = dj if and only if

h,h' € S! for some 7. Since d is non-monotone or non-measurable, assume w.l.o.g.

10



that d(S7) > d(S;) and kj; > &, for h; € Sj for i = 1,2, where d(S;) is the
consumption level for cell S. Let S* = {{h1}, {ha},Ss3,...,Sm}, S ={Hy,...,H,}
where N is the set of states in the static economy and let S = {Si,...,S;} be the
coarsest common refinement of S’, S* and S°; that is, the coarsest partition of H
finer than S’, S* and S°.

Define the static economy E = (u,k,7,8) as follows: the utility function and &
are as in the dynamic economy. The set of states is N = {1,...,7} and § = Si(h)
for some h € S;; since S is a refinement of S°, 3; does not depend in the choice of h.
Let 7t; = g An(1 — B)87"M ! for all i € N.

Let p; = Zhesi qrn and ¢; = dj for some h € S;. Again, since S is a refinement
of S, ¢; does not depend in the choice of h. It is easy to verify that since d is an
optimal consumption at prices ¢ in E*, ¢ is an optimal consumption at price p in
E. Tt is also easy to verify that since d is non-measurable or non-monotone, so is ¢,

contradicting Theorem 1. ]

Proof of Theorem O.1: Assume that (p, 1) is a coarse competitive equilibrium of
E but (Ty(p), T3(p)) is not a coarse competitive equilibrium of E*. Let {d',... d™}
be the support of v = T3(u). Clearly, v is feasible for E* since p is feasible for E.
So, there must be some ¢ such that d; is not an optimal. Since (p,u) is a coarse
competitive equilibrium of E, T, *(d') is budget-feasible in E and therefore, d’ is
budget feasible in E*. Hence, there is a budget feasible d such that V(d) > V(d").
If d were stationary, we would have U(T~!(d)) > U(T~*(d")) contradicting the fact
that (p,p) is an equilibrium of E; that is, d' is optimal among stationary plans.
However, if d is not stationary, then it is not measurable. Then, V(d) > V(d")

contradicts Lemma O.1.

11



Next, assume that (¢,v) is a coarse competitive equilibrium of E* and is not
stationary. Let {d',...,d™} be the support of v. Let S be the partition that d’
induces and let S® = {Hy,..., H,}. Let S = {S},...,S,} be the coarsest common
refinement of S°,...,S™. Let N = {1,...,n} and define the static economy E =
(u, k,7,8) as in the proof of Lemma O.1: the utility function and & are the same as
in E*; 8; = sj for some h € Sj; 13 = 3¢ (1 — B)pTMW=1 for all i € N.

Let pi = > e s, qn and ¢k = d. for some h € S;. Again, since S is a refinement of
St and S°, both §; and ¢ are well defined for all 4,/. It is easy to verify that since d is
an optimal consumption at prices ¢ in £*, ¢ is an optimal consumption at price p in
E. Tt is also easy to verify that since d is non-stationary and p is stationary, ¢ is non-
measurable, contradicting Lemma O.1. Verifying that a stationary equilibrium of E*

is a stationary equilibrium of the static economy is straightforward and omitted. [

4.2 Proof of Theorems 0.2 and 0.3

Proof of Theorem O.2: Since 2" is bounded, )\ p'2!* € [11,72] for all n. Then,
Theorem 0.2(i) follows from equation (10) and Theorem 4(i) and Theorem O.2(ii)
follows from equation (10) and Theorem 4(ii). O
Proof of Theorem O.3: Note that lim E(x"e™) = lim } . pf <1 —limp}. By

Theorem 4(i), limp} > 0. Hence, equation (10) yields

1‘ E' n  ,ne
lim R"(e", e") = % = lim F(k"e"™) <1 —limp}
Then, setting 0 = lim p}' establishes the desired result. O

12



5 Remaining Proofs from the Paper

5.1 Proof of Lemma 5

Proof of Lemma 5. Let Z = R, £ = (u,k,7m,2) for z € Z and let ®*(C’)
be the set of feasible allocations for £ with support in C’. Then, let Wi(z) =
maX,cap:(c,) Win) and Z° = {z € Z : Wi(2) > Wi(s)}. Clearly, Wi(z) > Wi(y)
whenever z; > y; for all ¢ € N and hence, Z° is nonempty.

Suppose |z;—y;| < € and let y;t = max{y;, 2;}, y; = min{y;, z;} for all i. Then, let
1 = (a,c) be optimal for (u, k,7,y™). Then, (a, (1 — £)c) is feasible for (u, k,m,y~).
Since Wi(a, (1 — £)c) is continuous in € at € = 0 and Wy(y) is nondecreasing in
each coordinate, for ¢ > 0, there is € > 0 such that |Wy(y) — Wi(2)|] < [Wi(yT) —
Wi(y™)| < € proving that W, is continuous and hence Z¥ is open.

We note that since W is a concave function of p, W is a concave function of z
and hence the set Z* is convex. To see that, fix 2!, 2% € Z* and choose ! € & (Cy)
such that W (') = Wi(2") for i = 1,2. By Lemma 4, such p’ exist. Clearly,
vt + (1 —y)p? € ®*(Cy) for 2 = 2! + (1 — 7)2% and hence W (vy2! + (1 — 7)2%) >
W(yp' + (1 =y)p?) = yW(u') + (1= 7)W () = yWi(z") + (1 = 7)Wi(2?).

Since Z* is nonempty, open, and convex, and s ¢ Z°, by the separating hyperplane
theorem, there exists p € R" such that p; # 0 for some ¢ and >, p; -2 > >, pi - s
for all z € Z%. Since W) is nondecreasing in each coordinate, we must have p; > 0
for every ¢ € N and hence we can normalize p to ensure that p € A(N).

Let ;1 = (a, c) be a solution to the planner’s problem, where a! > 0 for all [. The
argument establishing that each ¢/ must maximize U given budget B(p) is standard
and omitted.

Finally, to see that if (p, ut) is a coarse competitive equilibrium, then p must be a

13



solution to the planner’s problem, note that since every agent has the same endow-
ment, g must be fair. But then, if © did not solve the planner’s problem, the solution
to the planner’s problem would Pareto-dominate it. However, it is straightforward

to show that every coarse competitive equilibrium allocation is Pareto-efficient. [

5.2 Proof of Theorem 3

Lemma 7 establishes monotonicity, Lemma O.2 below proves essential uniqueness.

Lemma O.2. The coarse competitive equilibrium price of a pure endowment econ-

omy is unique.

Proof. Let (p, 1) be a coarse competitive equilibrium. First, we show that ¢; > 0 for
all 7 and ¢ such that p(c) > 0. Let A = {i : ¢; = 0} for some ¢ such that u(c) > 0.
If A # 0, utility maximization implies > .., p; = 1 and > nuaPi = 0; otherwise
increasing ¢; by € for all © € A and lowering ¢; by % for all i ¢ A results in
increase of utility for small €. It follows that ¢ costs the same as 2¢ and since ¢; > 0
for some ¢ and w is strictly increasing, ¢ cannot be optimal if A # ().

Since E is a pure endowment economy, assume without loss of generality that
$; < 8ip1. For any p, let I(p) = {i <mn:¢; < ¢y for some ¢ € K(u)}. Since every
coarse competitive equilibrium allocation solves the planner’s problem and k£ > 1
(i.e., agents can have at least two distinct consumption levels), I(u) # 0. Hence,
for any competitive equilibrium allocation p, let J(u) = maxI(u). Let (u', p') for
[ = 1,2 be two coarse competitive equilibria.

We claim that i ¢ I(u') implies i + 1 ¢ I(u!). To see why this is the case, note
that if i ¢ I(u'), then X;(u!) = X1 (p!) and therefore ¥, (u!) < s441 and hence by

Lemma 6, p;y; = 0. Then, if ¢;15 > ¢;yy for any ¢ € K(u'), define é; = ¢; for j < i,

14



¢; = c¢j for j > i+ 2 and ¢;11 = ¢;42 and note that ¢ is coarse, costs the same as ¢ but
yields strictly higher utility, contradicting the fact that ' is a coarse competitive
equilibrium allocation.

Next, we claim that J(u') = J(p?). If not, assume without loss of generality that
J(u') > J(p?). Let §; = s; for all j < J(p?) and §; = s; + 1 for all j > J(u?) + 1.
Then, since we established in the preceding paragraph that p; = 0 for all j > J(u?),
we conclude that (p?, u?) is a coarse competitive equilibrium for the economy with
endowment 5. Therefore, by Theorem 2, Wy, (s) = W;(8). But, since i := J(p?) <
J(u1), the previous claim implies i € I(u!). Hence, there exist ¢ € K(u') such that
¢; < ¢iy1. Since ¢ is monotone (by Theorem 1), ¢ defined by ¢é; = ¢; for all j < i
and ¢; = ¢; + 1 for all j > k + 1 is coarse. Let /i be the allocation derived from p'
by replacing ¢ with ¢. Note that [ yields strictly higher mean utility than p! and is
feasible for the economy with endowment §, contradicting Wi (s) = Wi(3).

Note that if J(u') = J(?) = 1, then p} = p? = 1 and hence p' = p? as desired.
So, henceforth we assume J(u') = J(u?) > 1. By Theorem 1, both !, u? solve the
planner’s problem. Then, the linearity of W ensures that pu3 := .5u! + .5u% also
solves the planner’s problem and hence by Theorem 1, there exists some p? such that
(p3, 143) is a coarse competitive equilibrium. Then, the previous claim ensures that
J:=J)>1forj=1,23.

For any c such that ¢; > 0 for all j and for any ¢ = 1,...,n — 1, define

- Z{jgz’} miu'(c;)
> (sa T ()

MRS;(c)

For j =1,2,3andi € N, let ¢/ = ngipg. For any i < J, pick ¢ € K(u') such that

¢; < ¢iyy. Construct ¢ by changing ¢} in all states j < i by ¢ and in all states j > i

15



by € in a budget neutral manner. The optimality of ¢’ ensures that this alternative
plan cannot increase utility which means: ¢; = MRS;(c")(1 — ¢}) for all : < J. But
since K (p') C K(p?), the equations above also hold for ¢* proving that ¢} = ¢j for

all j and hence p' = p®. A symmetric argument ensures that p? = p?. O

Lemma O.3. The coarse competitive equilibrium price of any economy is essentially

unique.

Proof. Let E = (u, k, 7, 8) be any economy and let F = (u, k, 7, s) be the correspond-
ing pure endowment economy where m; = > jisy=ss 7j. For any measurable plan ¢ for
E, define the plan ¢ for E in an obvious way. Then, define x by ju(c) = fi(¢). Given
a price p for E, define p for E as follows: p; = Zj:§j=si p; for all <.

To prove essential uniqueness, suppose there are two coarse competitive equilibria
for E, (pt, fit) for I = 1,2 such that p' and p? are not equivalent. Then, since by
Theorem 2 both ji' are measurable, the corresponding ji! are well-defined allocations
for E. It is easy to see that (p!, u!) are coarse competitive equilibria for E. But since

p! and p? are not equivalent, p' # p?, contradicting Lemma O.2. O

5.3 Proof of Lemma 10

Let (p™, ™) be a coarse competitive equilibrium of E™. Let U be the equilibrium
utility of a k-course agent with wealth 1 and let Y™ be the maximal utility £ — 1-
course agent with wealth 1 could obtain facing prices p™. Let f : [a,b] — R, be the
density of the limit endowment.

The proof of this lemma relies on definitions and results in section A.1. of the

paper. Let {5'”} ={( A{l, o ngn)} be the sequence of partitions generated by some

16



k — 1-course consumption plan ¢"*. Hence, m,, < k — 1 for all n. Let 7#"(j) = 7(S?)
and p"(j) = p(gjn) for all n, 7.
Suppose that
lIm[U} —U(c")] =0

along some subsequence. Pass to that subsequence. Note that u(a) < U(c") < Ul <
u(b) and 0 < 7"(1) < 1,0 < p™(l) < 1. Therefore, there exists a subsequence such
that (U(¢"), (7"(1),p"(1)),~,) converges and m,, = m for all n. Pass to that subse-
quence and let (Y, (p(1), 7'('([))?:11) be its limit. Hence, lim U} =Y. The optimality
(in the limit) of ¢ ensures that ¢"(l) > 0 whenever 7(l) > 0.

For 0 < € < 1, the sets {B}'} are an e-fragment if B} C S for all n, EB{L T} =
e"n™(l) and lim " = e.

Lemma O.4. Let {B}'} be an e-fragment. If im U =Y, then lim ZBF p; = ep(l).

Proof of Lemma O.4. Since p} > 0, the conclusion of the lemma is immediate if
p(l) = 0. Therefore, assume p(l) > 0 and that the lemma is false. Pass to a subse-
quence so that b} := ZBZ‘ pj converges. Define by := p"(l) — b};af = 7"(l)€", ay =
7" (1)(1 — €") and let b; = lim b, a; = lima? for i = 1, 2.

If by -by = 0 and b} - by > 0 for all n along some subsequence, then w.l.o.g. assume

by = 0. Construct ¢" € C(S™), where
S™ = (S, Sy, Bl SPABY, Spq, -, ST

as follows: ¢ = ¢"(I)—x foralli € B, ¢! = é"(l)—i—% for alli € SP\BJ, c(j) = ¢*(j)
for all j = 1,...,m. Since ¢(1) > 0, for x > 0 sufficiently small, ¢ is feasible and

lim[U(¢") — U(c™)] < 0, a contradiction. If there exists no subsequence along which

17



b} - by > 0 for all n, then we can find a (subsequence) such that b} = 0, say by = 0,
for all n. Then, replace ¢"(I) — € in the preceding argument with ¢*(1) and ¢"(1) + %
with ¢*(I) + 1 to get the same contradiction, lim[U(¢") — U(c™)] < 0.

Hence, we assume by - b, > 0 and by - by > 0 for all n and note that §+ 7# 72.

Consider the sequence of k-coarse plans ¢" € C(S™) such that U(c,) > W,(S™) + =

for S™ defined above. Then, again we have a contradiction since

im0~ U = G+ e (G2 ) e (G ) o (32) <0

where the last inequality follows from the strict convexity of 1,. ]

Fix a cell S; of the partition S such that (1) > 0 and p(I) > 0. To see why such
a cell must exist, note that the proof of Lemma 10 does not rely on the optimality
of the partition S. Let z = % > 0 and let 0 < ¢, < quu < m(l). For j € N, define
L"(j):={ie N:i<j}and M"(j):={i € N :i > j}. For each n, let 7" be the set
of j such that ¢, < W”(S’lﬂL"(j)) < Gux- Let jI :=min{j € S, W"(S’lﬂL”(j)) > G}
and let j7, = max{j € S;: #(S; N L™(j)) < ¢y }. Since the limit distribution of the
aggregate endowment is nonatomic, lim, 7(S; N L*(j7)) = ¢, = 7*(S,\M"(j")) and
lim,, W”(SZ NL"(jL)) = Qe = W"(Sl\Mn(Jf*»

Let & be an optimal consumption for the economy E™ and let S™ = S be the
partition that ¢ induces. Consider the cells of S™ that have a nonempty intersection
with J" and, of those cells, let G™ be the one with the minimal consumption and let
H" be the one with the maximal consumption. Hence, by Theorems 1 and 2, either
G"=H"ori<jforallie G" j € H".

PUG™) g3, PR(HT)
o) = lim ()

Lemma 0O.5. lim
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Proof of Lemma O.5. If G = H™ for all n (sufficiently large), there is nothing
to prove. So, assume G"™ # H"™ for all n. Let [ be the minimal element of S’l” and
[”. be the maximal element of SP'. Define, A" := G"\L™(I"), B" := H™\M"(I",),
C":=G"\ A" and D" := H"\ B™. Let a} = n"(A"), a} = 7" (B"), a§ = 7" (C"),
ay = «"(D"), by = p"(A") by = p*(B"™), by = p*(C™) and b} = p™(D"). Choose a
subsequence such that the limits a; := lima} and b; := lim b} exist for i = 1,...,4;
w.l.o.g. assume that this subsequence is the sequence itself.

Let S be the partition derived from S by replacing G" with G* U B and H"
with D". Similarly, let T be the partition derived from S by replacing G™ with C"
and H" with H" U A™. Let ¢" € C(S) be a sequence of consumption plans such that
limU(c") = im W, (S™) and ¢" € C(T") be a sequence of consumptions such that
limU(c") = im W, (T™). Again, by passing to a subsequence if necessary, we can
ensure that the above limits exist.

Note that setting 1,(0) = 0 extends 1, continuously to R, for all o. The
extended 1), is strictly convex since the continuous extension of a strictly convex
function on R, to R, is also strictly convex. Henceforth, we will identify ¢, with
its extended version.

First, assume a; - as > 0 and hence by Lemma O.4, b; = z-a; > 0 for i = 1, 2.

n n . T HTL
p"(G") __ b1+bs and lim 2 (H™) __ batbs

Clearly, lim (G — artas m(H™) — astas

. The monotonicity of the pricing
kernel (Theorem 2) ensures that (i) by = 0 implies ag = 0, (ii) a4 = 0 implies by = 0

and

>z 2> .
CL1+CL3 Ao + a4

(11)
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If the lemma is false, at least one of the inequalities above must be strict. Note that

lim[V,(5") = Vo(T")] = <b1+b3)1/’”<2125)”bﬁb“)w"(zﬁzf)

n

—Hm bl - o, (“3> — (b1 + by + ba)h, (

as a1+a2+a4
by

by + b + by

il (57) < Va(S") = bt b (G )+ (kb ()

a1 + as + as . ay
—(by +bo+b3)Yy | —————— | —limby - Y, | —
(b 2 3V (b1+b2+b3> bl ¢ (blf)

Suppose that only the first inequality in equation (11) is strict. Then, (i) above

bi+bs _

az+aq __ aitastaqg __ 1 and
ai1+as

z, a contradiction. Since b = bbby = 3

yields b3 > 0; otherwise
the extended 1), is strictly convex, lim[V,(S") — V,(T™)] < 0, contradicting the limit
optimality of ¢".

Next, assume that only the second inequality is strict, which given (ii) implies

as > 0. Hence, 2 = @rtaztas — L Then, if by > 0, im[V,(S") — V,(S™)] < 0
follows from the strict convexity of 1,; if by = 0, then, since ay > 0, we must have
o < 1; otherwise lim U] = oo, contradicting feasibility. For o < 1, limy_, b1, ($) = 0
and hence, lim[V,(S") — V,(S™)] < 0 follows from the monotonicity of the pricing
kernel and the fact that 1, is strictly decreasing. Again, we have a contradiction.

Finally, assume that both of the inequalities above are strict and hence az+b3 > 0,

ay, + by > 0 and 9tas o @2 —

e < g =< g2ta1 - Then (i) and (ii) above imply b3 > 0

b1 bo+by *

and ay > 0. As noted above, if by = 0, 0 < 1 in which case part (4) of Lemma 1-
applied now to the extended 1, to allow for the possibility that a3 = 0—yields either
lim V,(S™) > lim V,(S™) or lim V,(T™) > lim V,(S™); if by > 0, part (3) of Lemma

1—again applied to the extended v, to allow for the possibility that a3 = 0—yields
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the same conclusion, contradicting the limit optimality of ¢”.
Next, assume a; - a; = 0. If a3 = ay = 0, then for all n large enough a} =
ay = 0 and for € > 0 sufficiently small, we can choose e-fragments BZ‘,B[‘ such

that i € B',j € A", j' € B",i' € B} implies i < j < j' < i'. Then, Theorem 3

T GTL . b"L . b7L . T H'VL
PUEY) _ lim L — 5 = lim 2 = lim 22U
" (G™) af al

7l-n([{n)?

and Lemma O.4 imply lim proving the
ph(G") _

lemma. Suppose a; = 0 and as > 0. Then, arguing as above, we get lim G =

lim Z—z = z and for n large enough af = 0. Hence, if the lemma is false, we must have
1

lim £ :((ZZ)) < z, which implies that lim % > 1. Then,
. ~ Qo + a4 a9 ay
Iim[V,(S™) — V,(S5")] = (by + b)Y —bothy | — ) —bg -y | — 0
Vo (5%) = Vo (8™)] = (b + b (F gt ) = b (52) = -0 (1) <

since 1, is convex and ‘g—; #* Z—j The last display equation contradicts the limit

optimality of ¢". Replacing S™ with T™ and making other obvious adjustments in
the preceding argument yields the same contradiction for the a; > 0 and as = 0 case.

[
Lemma 0.6. lim, . [X;n (u") — Xn ()] = 0.

Proof of Lemma O.6. Suppose there is a convergent subsequence along which
Hm[Xn (1) — Xjn(p™)] > 0. Thus, there is a sequence of optimal consumptions ¢”

such that either lim[cjn — ¢jn] does not exist or exists and is not equal to 0. This

implies that the sets G™ and H™ defined above are distinct and, by Lemma O.5,

TG gy T

lim prGmy = Let 8™ = S and 2", y" be the optimal consumption levels

for cells G™ and H". Then, consumption in state 7' is ™ and consumption in state

Jis 18 Y™
a™(Sp)  p"(ST)

With CRRA utility, ¢(SI") = <W : W>UC(S;L) and therefore, by Lemma
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0.5, limz"™ = limy"™ whenever limy, exits. If limy, = oo (along any subsequence),
then, by Theorems 1 and 2, limit consumption in every cell of S™ prior to H" (i.e.,
cells containing states ¢ < j for j € H™) must also go to infinity but since p; > 0, the
limit price is strictly greater than zero for at least one cell with infinite limit con-
sumption. Since an infinite limit consumption at a positive limit price would violate
the consumer’s budget constraint, we have a contradiction. Hence, the sequence y"

is bounded and therefore lim |y" — ™| = 0, contradicting lim[c;n — ¢;n] # 0. O

Since the density of the aggregate endowment f is continuous on [a,b], it is
bounded, which implies lim,[s}, — s}.] > 0. Then, Lemma 6 and Lemma O.6 imply

pj» = 0 for large n, which, in turn, implies py = 0 for all i € M™(5*) = 0. Then,

Lemma O.4 and p(l) > 0 yield a contradiction.
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