
APPENDIX: Omitted Analysis and Proofs

Proof of Lemma 1. Differentiate v(p,m) with respect to m and apply the envelope

theorem (G0 (z) f 0(xi)− pi = 0 for all i),

∂v(p,m)

∂m
= G0 (z) f(xm)− pmxm.

Evaluating inverse demand (1) for product i = m and making the resulting substitu-

tion establishes the result.

Proofs of Propositions 1-4 follow the derivation of comparative statics results.

In the symmetric equilibrium, equations (3) and (4) can be simplified as follows.

Differentiate πm(p,m) with respect to pi, i ∈ (0,m], andm, making use of the implicit
function theorem on (1), and then impose the symmetry conditions pi = p = p and

m = m on the resulting expressions. Factoring terms gives

∂πm

∂pi
=

[c+ τ − (1− α)(1− σ(x))p(m,x))]x

σ(x)p(m,x)
,

∂πm

∂m
=

(σ(x)− ε) [(1− α)p(m,x)− c− τ)]x

σ(x)
,

respectively. Substituting these effects and the symmetric market shares, 2δ∗ = 1/n,

into (3) and (4) and dropping arguments,

(A1) Πp = −
mx2

t
((1− α)p− c− τ) +

[c+ τ − (1− α)(1− σ)p]x

σpn
= 0,

(A2) Πm = x((1− α)p− c− τ)

∙
(1− θ)pmx

θt
+

σ − ε

σn

¸
− F = 0.

To derive the comparative statics results, it is helpful to describe the market

equilibrium in terms of output per product and product variety choices. LettingeΠ(x,m;n) denote the profit function of the representative retailer, and proceeding as
above, the first-order conditions with respect to x and m are:

(A3) eΠx = pσmx

t
((1− α)p− c− τ) +

[(1− α)(1− σ)p− c− τ ]

n
= 0,
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(A4) eΠm = pβmx2

θt
((1− α)p− c− τ) +

[(1− α)(1− ε)p− c− τ ]x

n
− f = 0,

where β(x) = 1 − θ(x) + εθ(x). The market equilibrium is characterized by these

two conditions and the zero profit condition (5), which is denoted here by eΠs. It

is straightforward to verify that these conditions characterize the same equilibrium

outcome as equations (A1) and (A2). Specifically, the left-hand side of condition

(A3) can be written eΠx = −xΠp
p(m,x)σ(x)

, so that eΠx = 0 if and only if Πp = 0, and the
left-hand side of condition (A4) represents the transformation eΠm = Πm +

εx
σ(x)n

eΠx.
The goal is to examine and compare the equilibrium outcomes of the model in

the short run and in the long run . To do so, it is helpful to evaluate all effects at

an identical initial equilibrium position characterized by zero profit.

Consider, first, the long run equilibrium outcome. Letting k(x) = β(x)−σ(x)(1−
θ(x)), recursive substitution of (5) and (A4) into (A3) gives:

p(m,x)σ(x)mnx

t
=

θ(x)ε

1− θ(x)
,

and

p(x) =
(c+ τ)β(x)

(1− α)k(x)
.

These results can be used to simplify terms that arise from the total derivation of

(5), (A3) and (A4). Doing so (and dropping arguments) yields:⎡⎢⎣ eΠxx eΠxm eΠxneΠmx eΠmm eΠmneΠsx eΠsm eΠsn
⎤⎥⎦
⎡⎣ dx
dm
dn

⎤⎦ = −
⎡⎢⎣ eΠxαeΠmαeΠsα

⎤⎥⎦ dα−
⎡⎢⎣ eΠxτeΠmτeΠsτ

⎤⎥⎦ dτ ,
where

eΠxx =
−(c+ τ)σ

(1− θ)knx

£
(1− θ)k + (εθ)2 + (1− θ)2eσ

¤
,

eΠxm =
(c+ τ)ε

(1− θ)kmn
[(1− θ)(σ − β)− βεθ] ,

eΠxn =
(c+ τ)εθσ

kn2
,

eΠxτ =
−β

(1− θ)n
,

eΠxα =
−pk

(1− θ)n
,

22



eΠmx =
−(c+ τ)

(1− θ)kn

£
(βε+ (1− θ)σ) εθ + (1− θ)eθ

¤
,

eΠmm =
−(c+ τ)β2ε2x

(1− θ)σkmn
,

eΠmn =
−(c+ τ)x

kn2
[(1− θ)σ − βε] ,

eΠmτ =
− [(1− θ)σ + βε]x

(1− θ)σn
,

eΠmα =
− [(1− ε)(1− θ)σ + βε] px

(1− θ)σn
,

eΠsx =
−(c+ τ)εθσ

kn
,

eΠsm = −(c+ τ)βεx

kmn
,

eΠsn = −(c+ τ)(1− θ)σx

kn2
,eΠsτ = −x

n
,eΠsα =

px

n

The comparative statics effects in the short run model do not qualitatively depend

on particular values of n. To facilitate the comparison between short run and long

run outcomes of the model, I evaluate the short run comparative statics effects at

an initial zero profit position (me(nc), xe(nc)). Accordingly, the market response to

excise taxes in the short-run is characterized by the solution to:" eΠxx eΠxmeΠmx eΠmm
# ∙

dx
dm

¸
= −

" eΠxαeΠmα

#
dα−

" eΠxτeΠmτ

#
dτ ,

The determinant of the coefficient matrix satisfies

(c+ τ)2ε

(1− θ)k2mn2
Γ > 0

where

Γ = (1− θ)(βk + (θσ − k)θσ)ε+ (1− θ)β2εeσ − (βεθ + (1− θ)(k − θσ))eθ > 0.
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The effect of taxes on equilibrium output per product is

dxe

dτ
=
−(1− θ)(βε+ θσ − k)kx

(c+ τ)Γ
,

dxe

dα
=
−(1− ε)(1− θ)(θσ − k)kpx

(c+ τ)Γ
.

The effect of taxes on equilibrium product variety is

dme

dτ
=

−km
(c+ τ)εΓ

£
(1− θ)(βε+ (1− θ)σ)(1− σ + eσ)− βeθ

¤
,

dme

dα
=

−kmp
(c+ τ)εΓ

£
(1− θ)(βε+ (1− ε)(1− θ)σ)(1− σ + eσ) + εθσ2)− keθ

¤
.

Price effects per product in the short-run equilibrium are identified making use of

consumer inverse demand, p(m,x), as

dpe

dτ
=

kp

(c+ τ)Γ
[(1− θ)(βε+ (σ − ε)θσ) + (1− θ)(βε+ (1− θ)σ)eσ − βeθ],

dpe

dα
=

kp2

(c+ τ)Γ
[(1− θ)(βε+ (θσ − ε)σ) + (1− θ)(βε+ (1− ε)(1− θ)σ)eσ − keθ].

Under free-entry oligopoly, the determinant of the coefficient matrix satisfies

−(c+ τ)3εσx

k3mn4
∆ < 0

where

∆ = (1− θ)(2ε−σ)βk+(1− θ)(2βε− (1− θ)σ)βeσ− (2βεθ+(1− θ)(k− θσ))eθ > 0.

The effect of taxes on equilibrium output per product is

dxc

dτ
=

(1− 2ε)(1− θ)βkx

(c+ τ)∆
,

dxc

dα
=

(1− ε)(1− θ)k2px

(c+ τ)∆
> 0.

The effect of taxes on equilibrium product variety is

dmc

dτ
=

−km
(c+ τ)ε∆

£
2(1− θ)(1− σ + eσ)βε− (β + εθ)eθ

¤
,

dmc

dα
=

−kmp
(c+ τ)ε∆

£
(1− θ)((2− σ)k + (k + β)eσ)ε− (k + εθ)eθ

¤
,
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and the effect of taxes on the equilibrium number of retailers is

dnc

dτ
=

kn

(c+ τ)∆

£
(1− θ)(1− σ + eσ)β − eθ

¤
,

dnc

dα
=

(1− ε)knp

(c+ τ)∆

£
(1− θ)k + (1− θ)βeσ − θeθ

¤
.

Price effects per product in the long-run equilibrium are identified making use of

inverse demand, p(m,x):

dpc

dτ
=

kp

(c+ τ)∆
[(1− θ)(2ε− σ + 2εeσ)β − (β + εθ)eθ],

dpc

dα
=

kp2

(c+ τ)∆
[(1− θ)((2ε− σ)k + (k + β)εeσ)− (k + εθ)eθ].

Lemma A1. Assumptions 1 and 2 together with eθ < 0 are sufficient conditions for

strict concavity of eΠ(x,m;n).
Proof. By inspection, eΠmm < 0 and eΠsn < 0. Factoring terms in eΠxx and making
the substitution E = 1 + σ − eσ yields

eΠxx s
= −

£
(1− θ)2(2− E) + βεθ

¤
< 0.

Next, consider Γ(x). Adding and subtracting the term (1− θ)(σ + εθ)β2ε to Γ and

factoring the resulting expression gives

Γ = (1− θ)(2−E + εθ)β2ε+ (1− θ)(σ − β)(βε+ σ)εθ − (β2 − (1− θ)σ)eθ.

Making the substitution eθ = β − σ and factoring terms yields

Γ = (1− θ)(2−E + εθ)β2ε− (β2 + (1− θ)βε2θ − (1− θ)(1− εθ)σ)eθ

= (1− θ)(2−E + εθ)β2ε− ((1− εθ)k + (2ε− 1 + (1− θ)ε2)βθ)eθ,

which is strictly positive for eθ < 0, ε ≤ 1, θ < 1 by Assumption 2.
Proceeding similarly,

eΠxxeΠsn − eΠsxeΠxn =
(c+ τ)2σ2

k2n3
£
(1− θ)2(2−E) + (β + εθ)εθ

¤
> 0,

eΠmmeΠsn − eΠsmeΠmn =
(c+ τ)2βεx2

k2mn3
[(2ε− 1)β + k] > 0.
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It remains to show that ∆ > 0 for the coefficient matrix of equations (5), (A3), and

(A4) to be negative definite. Factoring terms in ∆ gives

∆ = (1− θ)β [(2ε− 1)εθσ + (k + (2ε− 1)β)(2−E)]− (k + βθ(2ε− 1))eθ > 0.

Proof of Proposition 1. On substitution of k(x), excise taxes qualitatively influence

output per product under multi-product oligopoly as

dxe

dτ
s
= (1− ε)β − σ,

dxe

dα
s
= β − σ = −eθ.

When consumers have increasing preferences for variety, β(x) < σ(x). Noting that

ε ≤ 1, it follows by inspection that excise taxes reduce output per product. The

qualitative effect of excise taxes on product variety under multi-product oligopoly is

dme

dτ
s
= βeθ − (1− θ)(βε+ (1− θ)σ)(2− E),

dme

dα
s
= keθ − θ(1− θ)εσ2 − (1− θ)(εk + (1− θ)σ)(2−E).

It follows that eθ(x) ≤ 0 and Assumption 1 are sufficient conditions for excise taxes
to reduce product variety. Per product prices rise in response to excise taxes, since

prices decrease monotonically in both output per product and in the product variety

range.

In the free-entry oligopoly equilibrium, specific taxes qualitatively influence output

per product as

dxc

dτ
s
= 1− 2ε ≤ 0,

dxc

dα
s
= 1− ε ≥ 0.

where the former inequality holds by Assumption 2.

The qualitative effects of excise taxes on product variety in the long-run oligopoly

model are

dmc

dτ
s
= (β + εθ)eθ − 2βε(1− θ)(2− E),

dmc

dα
s
= (k + εθ)eθ − (1− θ)ε2θσ − (1− θ)(k + β)(2−E)ε,
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By inspection, Assumption 1 and eθ(x) ≤ 0 are sufficient conditions for excise taxes
to reduce product variety. The effect of excise taxes on prices is given by

dpc

dτ
s
= (1− θ)(2ε− 1)βσ + 2(1− θ)(2−E)βε− (β + εθ)eθ,

dpc

dα
s
= (1− θ)((2ε− σ)k + (k + β)εeσ)− (k + εθ)eθ

The effect of ad valorem taxes on prices can be written

dpc

dα
s
= (1− θ)[(2ε− 1)k − (1− θ)(1− σ)ε]σ + (1− θ)(k + β)(2− E)ε− (k + εθ)eθ.

To bound the conditions under which ad valorem taxes raise prices, set E = 2 and

2ε = 1. A sufficient condition for prices to rise in response to an increase in ad

valorem tax rates is

eθ ≤ −(1− θ)2(1− σ)εσ

k + θε
.

This inequality holds whenever σ(xc) > 1.

Excise taxes alter the number of retailers according to

dnc

dτ
s
= (1− θ)(2−E)β − eθ,

dnc

dα
s
= (1− θ) [εθσ + (2−E)β]− θeθ.

It follows by inspection of terms that Assumption 1 and eθ(x) ≤ 0 are sufficient

conditions for excise taxes to induce entry.

Proof of Proposition 2. Making use of the price effects calculated above and com-

bining terms, the degree to which specific taxes shift into producer prices under

multi-product oligopoly is

d(pe − τ)

dτ
s
= (1− θ)(σ + (ε+ 1−E)β − eθ.

Given eθ < 0, a sufficient condition for the overshifting of specific taxes is E <

ε+ 1 + σ/β.

The degree to which specific taxes shift into producer prices in the long-run is

d(pc − τ)

dτ
s
= (1− θ)(2ε+ 1−E)β − eθ.
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Sufficient conditions for the overshifting of specific taxes are eθ < 0 and E < 2ε+1.

The degree to which ad valorem taxes shift into producer prices in the short-run

is
d(1− α)pe

dα
s
= (1− θ) [(1 + εθ)σ + (1−E)β]− θeθ,

which implies the overshifting of ad valorem taxes when eθ < 0 and E < 1 + (1 +

εθ)σ/β.

Ad valorem taxes shift into producer prices in the long-run as

d(1− α)pc

dα
s
= (1− ε)(1− θ)(1 + σ −E)β − θeθ.

Proof of Proposition 3. Under multi-product oligopoly, excise taxes reduce both

output and product variety, and welfare unambiguously declines. Under free-entry

oligopoly, the effect of an increase in specific taxes on aggregate welfare at the zero

tax position is

∂W (φ)

∂τ
=
(1− θ)cmx

k

∙
σ

x

∂x

∂τ
+

β

θm

∂m

∂τ
+
(β − 4εθ)σ
4εθn

∂n

∂τ

¸
.

Incorporating the values from above and factoring terms yields

∂W (φ)

∂τ
s
=
¡
4β2 − 4(σ − β)εθ + βσ

¢
eθ − (2−E)(8βε+ 4εθσ − βσ)− 4(2ε− 1)εθσ.

Specific taxes reduce aggregate welfare when the sum of these three terms is negative.

The third term is negative by Assumption 2. The second term reduces to

−(2−E) [(2ε− 1)β + k + 3(2β + θσ)ε] ,

which is negative by Assumptions 1 and 2. The first term reduces to

(4(1− θ) + σ)β + 4(2β − σ)εθ) eθ.

In the case of increasing preferences for variety, a sufficient condition for this term to

be negative is 2β > σ. If θ ≤ 1/2, 2β ≥ β/ (1− θ) > σ by 0 < k(x). The remaining

case to consider is 1/2 < θ. In this case, 3εθ > 3θ/2 > 1 − θ, where the first

inequality holds by Assumption 2. Now suppose specific taxes increase aggregate
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welfare. Because taxes reduce both output and variety, a necessary condition for

specific taxes to increase welfare is β > 4εθ. But this implies 1 − θ > 3εθ, which

contradicts.

Proceeding similarly, ad valorem taxes influence aggregate welfare as

∂W (φ)

∂α
s
=

∙
4k + θω

1− θ

¸
eθ − [4(2ε− 1) + 3(1− ε)σ] εθσ − (2−E) [4k + ω] β.

where ω = 4(2ε− 1)β + 3(1− ε)βσ > 0 by Assumption 2.

Proof of Proposition 4. In the short run model, the effect of a revenue-neutral tax

reform towards ad valorem taxes on output is given by

dxe

dα

¯̄̄̄
T=0

=
dxe

dα
+
dxe

dτ

µ
dτ

dα

¯̄̄̄
T=0

¶
.

Substitution of terms yields

dxe

dα

¯̄̄̄
T=0

=
(1− θ)εσpkx

cΓ
> 0.

Proceeding similarly for the case of product variety provision,

dme

dα

¯̄̄̄
T=0

=
kmp

εcΓ

£
(k − β)eθ − (1− θ)εθσ2 − (1− θ)(k − β)(2−E)ε

¤
=

(1− θ)σkmp

cεΓ

£
(1− θ)(2− E)ε− εθσ − eθ

¤
.

A sufficient condition for a revenue-neutral tax reform towards the use of ad valorem

taxes to increase product variety under short-run oligopoly is

eθ ≤ −εθσ

The change in aggregate welfare from a revenue-neutral tax reform towards the use

of ad valorem taxes is

dW

dα

¯̄̄̄
T=0

=
(1− θ)σmpx

εθΓ

£
(1− θ)(2−E)βε− (1− ε)(1− θ)εθσ − βeθ

¤
A sufficient condition for a revenue-neutral tax reform towards the use of ad valorem

taxes to increase aggregate welfare in the short run is

eθ ≤ −(1− ε)(1− θ)εθσ

β
.
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Under free-entry oligopoly, a revenue-neutral tax reform towards ad valorem taxes

increases output by inspection of the terms above. The change in product variety

from a revenue-neutral tax reform towards the use of ad valorem taxes is given by

dmc

dα

¯̄̄̄
T=0

=
kmp

cε∆

£
(k − β)eθ − (1− θ)ε2θσ − (1− θ)(k − β)(2− E)ε

¤
=

(1− θ)σkmp

cε∆

£
(1− θ)(2−E)ε− ε2θ − eθ

¤
.

A sufficient condition for a revenue-neutral tax reform towards the use of ad valorem

taxes to increase product variety in the long run is

eθ ≤ −ε2θ

A revenue-neutral tax reform towards the use of ad valorem taxes alters the equilib-

rium number of retailers as

dnc

dα

¯̄̄̄
T=0

=
knp

c∆

£
(1− ε)(1− θ)εθσ − (2−E)βε+ βeθ

¤
.

A sufficient condition for a revenue-neutral tax reform towards the use of ad valorem

taxes to decrease the equilibrium number of retailers is

eθ ≤ −(1− ε)(1− θ)εθσ

β
.

The change in aggregate welfare from a revenue-neutral tax reform towards the use

of ad valorem taxes is

dW

dα

¯̄̄̄
T=0

=
3(1− θ)βσmpx

4εθ∆

£
(1− θ)(2−E)βε− (1− ε)(1− θ)εθσ − βeθ

¤
A sufficient condition for a revenue-neutral tax reform towards the use of ad valorem

taxes to increase aggregate welfare in the long run is

eθ ≤ −(1− ε)(1− θ)εθσ

β
.
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