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A. Log-linearization

First, let me derive the optimality conditions in their original form. The Euler equation is

Qt
1

P l;tCl;t
= �El;t

�
1

P l;t+1Cl;t+1

�
; (1)

the consumer budget constraint is, after some substitutions,

QtBl;t+1 + P l;tCl;t = Bl;t + Pl;tYl;t; (2)

the �rm�s optimality condition is

El;t

" 1X
�=t

��Qlt+� jt

�
(
 � 1)P �l;tYj;l;t+� � 


Wl;t+�

Al;t+�

Yj;l;t+�
Al;t+�

�
Yj;l;t+�
P �l;t

#
= 0: (3)

As a reference point, I will consider the stochastic equilibrium of an economy where �2� is
the same as in the economy I want to study, but all other variances are set to zero, implying
that (i) there is no heterogeneity and (ii) there is complete information. Using stars to denote
variables in the reference economy, I have A�l;t = At � ext by de�nition. It is easy to show that
in equilibrium

C�l;t = �CAt; Y �j;l;t = �Y At;
W �
l;t

P �l;t
= �WAt;

the prices P �j;l;t are all constant, the nominal bond price Q
�
t is constant and equal to �e

� 1
2
�2� ,

and bond holdings are constant and equal to zero. To check that these values form an equi-
librium and to derive the values of the scalars �C, �Y , and �W , it is su¢ cient to substitute these
expressions in (1)-(3).

Now let me go back to the economy with heterogeneity and dispersed information. I
will focus on equilibria that have the following property: conditional on a given sequence of
realized shocks f�tg, all equilibrium quantities, relative prices, and rates of in�ation move in
a neighborhood of the corresponding values in the reference economy. Denote with hats log
deviations of quantities and relative prices from their values in the reference economy, e.g.,
ĉl;t � lnCl;t � lnC�l;t. For the rates of in�ation, let �l;t; �l;t and �t be de�ned, respectively,
as �l;t � lnPl;t � lnPl;t�1, �l;t � lnP l;t � lnP l;t�1, and �t = lnPt � lnPt�1. Finally, recall
that hl;t � Bl;t=El;t [PtYt]. The linearized versions of (1)-(3) are obtained by taking Taylor
expansions with respect to these variables, which are all zero in the reference economy.
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To derive the log-linearized version of (1) multiply both sides by P l;t �CAl;t and take expec-
tations, to obtain

QtEl;t

� �CAl;t
Cl;t

�
= �El;t

�
P l;t

P l;t+1

�CAl;t
Cl;t+1

�
;

which can be rewritten as

QtEl;t

� �CAt
Cl;t

Al;t
At

�
= �El;t

�
P l;t

P l;t+1

�CAt+1
Cl;t+1

Al;t
At

At
At+1

�
;

and then as
QtEl;t

h
e�ĉl;t+�l;t

i
= El;t

h
e��l;t+1�ĉl;t+1+�l;t

i
�e�

1
2
�2� :

This gives the approximate relation

El;t
�
ĉl;t + �l;t

�
= �it + El;t

�
�l;t+1 + ĉl;t+1 + �l;t

�
: (4)

The terms El;t
�
�l;t
�
on both sides cancel out. Moreover, the random walk assumption for xt

implies that El;t [at] = El;t [at+1] = El;t [xt]. Adding ln �C + El;t [xt] on both sides of (4) then
gives

El;t [cl;t] = El;t [cl;t+1]� it + El;t
�
pl;t+1 � pl;t

�
:

Given that cl;t and pl;t are in the information set of consumer l at time t, this gives (24) in the
paper.

Proceeding in a similar way, (2) and (3) can be transformed to obtain (25) and (26) in the
paper.

B. An extension with decreasing returns and variable capacity

To push a step further my quantitative exploration, I consider a variant of the model with
decreasing returns and variable capacity utilization. The purpose of this extension is twofold.
First, it allows me to explore a version of the model with stronger strategic complementarity
in pricing decisions. Second, it allows me to show that the model can deliver procyclical labor
productivity following noise shocks.

The model is identical to the model presented in Section II except for the �rm�s technology.
The production function is

Yj;l;t = Al;tU
�
j;l;tN

1��
j;l;t ;

where Uj;l;t is a measure of capacity utilization which is chosen by �rm j each period. To reach
the level Uj;l;t of capacity utilization, the �rm needs �0Al;tU

1+�
j;l;t units of the local consumption

good as an input, with � > 0.1 This is a simple way of introducing a form of variable capacity
without explicitly introducing capital in the model. It allows the �rm to vary Uj;l;t in response
to increases in demand for their good.

The analysis of this case is presented in the supplementary material (Section 8). Here, I
directly present the simulation results. The value of � is set to a standard value of 0:33 and

1This formulation is analogous to that in Christiano, Eichenbaum, and Evans (2005), except for the fact that
the capital stock is �xed (i.e. adjustment costs are in�nite) and for the presence of Al;t in the cost of capital
utilization function. I assume that the cost of capacity utilization moves one-for-one with local productivity to
ensure that Uj;l;t is stationary despite the non-stationarity of Al;t.
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the value of � to 0:1. The parameter � determines how much the marginal cost of capacity
utilization rises with the level of utilization. When � is larger than a certain threshold �̂, the
response of Uj;l;t is relatively inelastic. In this case, labor productivity tends to fall following a
positive noise shock, because decreasing returns tend to dominate. When instead � is below �̂,
the response of Uj;l;t is su¢ ciently elastic, and labor productivity tends to increase following a
positive noise shock. The value chosen implies that labor productivity is procyclical following
a noise shock.2

Figure 1 reports the responses of the same variables reported in Figure 1 in the paper,
except that in the second row I report the responses of labor productivity, yt � nt. The
remaining model parameters are the same as in the baseline model except for �! which is
re-calibrated at 0:0004. The value of �! has been reduced to keep the volatility of in�ation
noise in line with the in�ation volatility generated by the other shocks, following my approach
in the baseline parametrization.

The most immediate di¤erence between the two �gures is that the in�ation responses to the
shocks �t and et are smaller. This is due to the fact that, with decreasing returns in labor, the
degree of strategic complementarity in pricing is stronger. This implies that, a given deviation
of output from potential generates a milder response of in�ation, in line with what happens
in standard sticky price models.3 Therefore, the real interest rate moves less and current
consumption is closer to expected future consumption, narrowing the gap between the dotted
and the solid lines in the top three panels. Comparing the �gures shows that this implies
larger real responses of output to noise shocks. However, there is an additional di¤erence
between the two cases. After re-calibrating the variance of !t, the total e¤ect of the noise
shocks !t is larger in the economy with variable capacity. The reason for this is that, with
smaller responses of in�ation to �t and et, it gets harder for consumers to infer the size of the
average expectational error from observing aggregate in�ation. Even after adjusting downward
the volatility of !t, the joint combination of real and nominal signals observed by the agents
remains less informative. This implies that the shock !t ends up having a bigger e¤ect on
output.

This discussion emphasizes once more that, in an economy with imperfect information,
changes in parameter values have rich e¤ects, since these parameters also a¤ect the inference
problems of the individual agents. This is true for variance parameters, as shown in the paper.
But it also applies to other parameters, with relatively well-known e¤ects in standard models
(e.g., parameters a¤ecting the degree of strategic complementarity in pricing), as they may
have additional e¤ects through informational channels.

Pro�ts and marginal costs

It is useful to introduce the following change of variables

Vj;l;t � U
1

1+�

j;l;t :

2 I experimented with various values of � and obtained that, all else equal, the choice of � does not a¤ect
much the total response of output to a noise shock, but it a¤ects how this response is decomposed into changes
in labor supply and changes in labor productivity.

3See Woodford (2003, Chapter 3) for a discussion of the various determinants of strategic complementarity
in pricing.
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Figure 1: Impulse responses: model with decreasing returns and variable capacity.
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Then, the technology takes the form

Yj;l;t = Al;tV
�
j;l;tN

1��
j;l;t ;

where � � �= (1 + �) � �. The pro�ts of �rm j; l are

�j;l;t = Pj;l;tAl;tV
�
j;l;tN

1��
j;l;t � �0Pl;tAl;tVj;l;t �Wl;tNj;l;t:

Total costs minimization shows that

�0Pl;tAl;tVj;l;t +Wl;tNj;l;t = �
~�
0 ~�

�~� (1� ~�)�(1�~�) (Pl;tAl;t)~�W 1�~�
l;t

�
Yj;l;t
Al;t

�1+�
where

~� � �

� + 1� �;

� � �� �
� + 1� �:

The marginal cost of �rm j; l is then equal to

MCj;l;t = �0
1

Al;t
(Pl;tAl;t)

~�W 1�~�
l;t

�
Yj;l;t
Al;t

��
where �0 is a constant term. Taking logs and using the demand function for good j; l, this
gives

mcj;l;t = mcl;t + 
� (pl;t � pj;l;t) ;

where mcl;t is given by

mcl;t = pl;t + (1� ~�) (wl;t � pl;t � al;t) + � (yl;t � al;t) : (5)

Labor market equilibrium

The cost minimization problem analyzed above, gives the relative input demand

Vj;l;t
Nj;l;t

=
�

1� �
Wl;t

Pl;tAl;t
:

Substituting in the production function gives

Yj = Al;t

�
�

1� �
Wl;t

Pl;tAl;t

��
N1��+�
j;l;t ;

which, in logs, gives

nj;l;t = (1 + �) (yj;l;t � al;t)� ~� (wl;t � pl;t � al;t) ;

and, aggregating across �rms in island l,

nl;t = (1 + �) (yl;t � al;t)� ~� (wl;t � pl;t � al;t) :

5



The optimal labor supply condition is

wl;t = cl;t + pl;t + �nl;t:

Substituting and rearranging gives the following expression for real wages in island l:

wl;t � pl;t = al;t +
1

1 + ~��

�
pl;t + cl;t � pl;t � al;t + � (1 + �) (yl;t � al;t)

�
; (6)

and the following expression for the capacity-input vl;t:

vl;t = nl;t + wl;t � pl;t � al;t =

=

�
1 + �+

1� ~�
1 + ~��

� (1 + �)

�
(yl;t � al;t) +

1� ~�
1 + ~��

�
pl;t + cl;t � pl;t � al;t

�
: (7)

I can also derive an expression for aggregate employment which is

nt = (1 + �) (yt � at)�
~�

1 + ~��
(ct � at + � (1 + �) (yt � at))

using (9), derived below, this gives

nt =

�
1 + �

1 + ~��

� (1� ~�) + (1� �) (1 + ~��)
1 + ~�� + � (1 + �) (1 + �)

� ~�
�
(ct � at) :

Firm-level demand

The demand for the output of �rm j; l now comes from two sources: other producers located
in island l and �nal consumers:

Yj;l;t =

Z 1

0

�
Pj;l;t
Pl;t

��

�0Al;tVj0;l;tdj

0 +

Z
Cl;t

�
Pj;l;t

Pm;t

��

Cm;tdm:

In log approximation this gives

yj;l;t = � (al;t + vl;t � 
 (pj;l;t � pl;t)) + (1� �)
�
ct � 
 (pj;l;t � pt) + �2l;t

�
;

where the consumers�demand factor is

dl;t � ct + 
pt + �2l;t;

and the ratio � is equal to the value of �0A
�
tV

�
t =Y

�
t in the reference equilibrium with no

heterogeneity. Aggregating across producers in island l gives

yl;t = � (al;t + vl;t) + (1� �) (dl;t � 
pl;t) :

Substituting (7) and rearranging gives

yl;t � al;t = �1
�
pl;t + cl;t � pl;t � al;t

�
+ �2 (dl;t � 
pl;t � al;t) ; (8)
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where

�1 � 1

1 + � (1 + �) 1+�
1+~��

�
1� ~�
1 + ~��

;

�2 � 1

1 + � (1 + �) 1+�
1+~��

(1� �) :

Aggregating gives a relation between yt � at and ct � at:

yt � at =
� 1�~�1+~�� + 1� �

1 + � (1 + �) 1+�
1+~��

(ct � at) : (9)

Optimal prices

Optimality for �rm j who can update at date t gives

p�l;t = (1� ��)
X

(��)� El;t [mcj;l;t+� ] =

= (1� ��)
X

(��)� El;t [mcl;t+� + 
�pl;t]� 
�p�l;t;

which can be rewritten in recursive form as

p�l;t =
1� ��
1 + 
�

(mcl;t + �
pl;t) + ��El;t
�
p�l;t+1

�
:

Combining this with
pl;t = �pl;t�1 + (1� �) p�l;t;

and rearranging, I obtain

pl;t � pl;t�1 =
1� �
�

1� ��
1 + �


(mcl;t � pl;t) + �El;t [pl;t+1 � pl;t] :

Using (5) and (6), I get

mcl;t � pl;t =
1� ~�
1 + ~��

�
pl;t + cl;t � pl;t � al;t

�
+

�
1� ~�
1 + ~��

� (1 + �) + �

�
(yl;t � al;t) :

Finally, using (8) and rearranging, I obtain

pl;t � pl;t�1 = �1
�
pl;t + cl;t � pl;t � al;t

�
+ �2 (dl;t � 
pl;t � al;t) + �El;t [pl;t+1 � pl;t] ; (10)

where

�1 � 1� �
�

1� ��
1 + �


�
1� ~�
1 + ~��

+ �1

�
1� ~�
1 + ~��

� (1 + �) + �

��
;

�2 � 1� �
�

1� ��
1 + �


�
1� ~�
1 + ~��

� (1 + �) + �

�
�2:
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Net nominal income

The budget constraint now takes the form

QtBl;t+1 + P l;tCl;t = Bl;t +NIl;t;

or, in log-linearized form
�hl;t+1 = hl;t + nil;t � pl;t � cl;t: (11)

NIl;t represents net nominal income in island l (the sum of nominal wages and pro�ts), which
can be written as

NIl;t =Wl;tNl;t +

Z 1

0
�j;l;tdj;

or, equivalently, as

NIl;t =

Z 1

0
[Pj;l;tYj;l;t � �0Pl;tAl;tVj;l;t] dj:

After substituting the demand for Vj;l;t in this expression and taking a log-linear approximation,
I obtain

nij;l;t =
1

1� � (pj;l;t + yj;l;t)�
�

1� � (pl;t + al;t + (1� ~�) (wl;t � pl;t � al;t) + � (yj;l;t � al;t)) :

Aggregating across j and substituting (6)

nil;t = pl;t + al;t +
1

1� � (yl;t � al;t) +

� �

1� �
1� ~�
1 + ~��

�
pl;t + cl;t � pl;t � al;t + � (1 + �) (yl;t � al;t)

�
� �

1� � � (yl;t � al;t) :

Substituting (8) and rearranging gives

nil;t = pl;t + al;t + �1
�
pl;t + cl;t � pl;t � al;t

�
+ �2 (dl;t � 
pl;t � al;t) ; (12)

with

�1 �
�

1

1� � �
�

1� �

�
�+ � (1 + �)

1� ~�
1 + ~��

��
�1 �

�

1� �
1� ~�
1 + ~��

;

�2 �
�

1

1� � �
�

1� �

�
�+ � (1 + �)

1� ~�
1 + ~��

��
�2:

Optimal decision rules

The individual decision rules take the form (30) and (31) in the paper. The consumer Euler
equation takes the form (24) in the paper. The optimal pricing condition and the budget
constraint, instead, take the form (10) and (11).
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Prices Substitute (30) in the paper on the right-hand side of (10) and rearrange to get

�pl;t = pl;t�1 � (�1 + �2) al;t + �1
�
pl;t + cl;t

�
+ �2dl;t +

+� (qhhl;t+1 + qppl;t + (qaex + qd ( + 
ep) + qz)AEl;t [zt]) (13)

where
� � 1 + � + �1 + 
�2:

Using and (11) and (12), gives me

�hl;t+1 = hl;t + pl;t + al;t + �1
�
pl;t + cl;t � pl;t � al;t

�
+ �2 (dl;t � 
pl;t � al;t)� pl;t � cl;t: (14)

Substitute (14) in (13). Substitute (30) in the paper on the right-hand side of (13). Match
coe¢ cients to get

qp =
1

�� qh + qh (�1 + 
�2)� �qp
; (15a)

qh = qp [qh +$bh] ; (15b)

qa = qp [qh � (�1 + �2)� qh (�1 + �2) +$ba] ; (15c)

qd = qp [�2 + qh�2 +$bd] ; (15d)

qz = qp [� (qaex + qd ( + 
ep) + qz)A+$bz] ; (15e)

where
$ � �1 � qh (1� �1) :

Quantities Similar steps on the consumption side lead to

bh =
bh

� + bh (1� �1)
+ {qh; (16a)

bp = {qp; (16b)

ba =
bh

� + bh (1� �1)
(1� �1 � �2) + {qa; (16c)

bd =
bh

� + bh (1� �1)
�2 + {qd; (16d)

bz =
�

� + bh (1� �1)
[�ei + (baex + bd ( + 
ep) + bz)A] + {qz; (16e)

where

{ � bh (1� �1 � 
�2) + �bp
� + bh (1� �1)

:

The rest of the computation proceeds as in the main model (treated in the main Appendix),
except that (12) and (35) in the paper are replaced, respectively, by (16) and (15) .
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