Supplementary Appendices

(to be posted on the web only)

Appendix S1: The Consumption-Savings Model

L We first give a result for general per-period utility functions in the simple savings

model. Consider the problem of maximizing

U@ =" 8 [0+ yu((l—a)y,) —vuly,)]

over all feasible plans @, i.e. plans that satisfy a, € [0,1] and the wealth equation
y; = Ra;_1y,_1 . We suppose that u is non-decreasing and continuous on (0,00) ; we do

not require continuity on [0,00) because we want to allow for the logarithmic case where

u(0) = lim,_, u(c) = —occo. Let U be the supremum in this problem.

Proposition S1.1: Suppose R > 1 and

(A.1) Yo 8 (R ) < oo,

Then: (i) For any feasible plan the sum defining U has a well defined value in the sense

that either the sum converges absolutely or converges to —oo.

(i) The supremum U of the feasible values satisfies —oo < U < 0o

(iii) If feasible @" — @ in the product topology then @ is feasible. If in addition
U@") — U then U@ ) =0T .

(iv) An optimal plan exists. That is, there is a feasible plan that attains U .



Proof: (i) Define x,(r) = max{z,0} and x_(z) = —x,(—2).

We can write any finite sum as the sum of negative and positive parts, so for any

sequence (a,y) we have

8 U+ (= a)y,) = yuly,)] =
Zthl 6t71X+ [+ Y)ul(X = a,)y,) — yuly,)] +

Ethl 6t_1X* [(1 + 7)“((1 - at)yt) - VU(yt)]

The positive part of the sum is summable from (A.1), since

A+ Vu(@ = a)y) — yuly,) < u((L—a)y) < w(R ).

The negative part is monotone decreasing in 7, so it either converges absolutely or
converges to —oo . In the former case the entire sum converges absolutely; in the latter

case the sum converges to —oo.

(i) Part (i) already shows that U < oo . To see that U > —oo, note that it is feasible

toset a, =1/ R for all 7, and that for R > 1 this plan yields a finite value.

(iii)  Consider a sequence of feasible plans a" — a “. Because the constraints are
period by period and closed, it is clear that @ satisfies the constraints, so it is feasible.

Now suppose in addition that U(a") — U . Choose any ¢ > 0 and pick N large enough

that U —U(a") < ¢/2 forall n > N. If we now pick T that



Do O uB )| < e /2,

we know that

U= 87+ (1 - af i) — yu(y!)] < e

forall n > N and 7 > T . Since per-period payoffs are continuous at any (a,y) with

a>0, a" —a , and Y — y:, it follows that

U — Z;lét_l[(l + u((L —a )y, ) — vu(yf)] <e¢gforal 7 >T.

Since this is true for any ¢ > 0 and we know that U(a *) < U, we conclude that
U)=10.

>N 2N

(iv) Now consider a feasible sequence (a",%")with U(a") — U . Each savings rate a,

must lie in the compact interval [0,1] and each y, must lie in the compact interval

[0, R"'y,], so the sequence (a",7") has an accumulation point (@ ,7 ) in the product

topology. This accumulation point is a maximum by part (iii).

IL. Now we specialize to the CRRA utility functions

and u(c) = In(c), which corresponds to the case p = 1. Assuming § < R”"" implies



Zzl (5t_1u(Rt_1y1) < 0.

It follows from Proposition S1.1 that an optimum @ exists.

Proposition S1.2: With CRRA utility a stationary optimum with a, = a exists.

Proof: Suppose that @ is an optimal plan. By homogeneity of the objective function, and
the fact that plans are defined in terms of savings rates, @ is also an optimal plan starting
in period 2 (for any initial condition). Note that the plan @ = (af , af , a; : a; ,...) yields
wealth in period 2 of a, Ry, , and let U(y; ) denote the maximized utility when starting in

the second period with wealth y, . Then

U@) = 1+ —a)y) — yuly,) + 6U(aRyy) = U

where the first equality follows because @ is optimal from period 2 on, and the second

equality because @ is optimal from the first period. Proceeding in this way we can
construct sequence of feasible plans ¢" = (aik , af ,...,af ,a;, a;,...) that play af for the
first n periods such that U(@") = U(a’) = U. Clearly @" converges in the product
topology to the plan of choosing the fixed savings rate af . From Proposition A.1 (iii),

this limiting plan is feasible and gives utility U ; that is, it is optimal.

111 We have shown that it is sufficient to compute the present value utility from a

fixed savings rate a, and maximize over savings rates. We have present value utility



- y%fﬂ 00 1—p\t—1 1-p ;
U=-"2—>"" (8(Ra)" )1+~ a) _7]_(1_5)(1_10)

T 1— p t=1
e =]
1—p 1—6(Ra)" 1=6)(1-p)

Since the optimal savings rate cannot be 0 or 1, we may differentiate with respect to the

saving rate to find
dU /da o [(1+ )1 — a) — 4(1 — )’ ]6R(Ra) ™ — (1 + ) (1 — §(Ra)' ")
which gives the first-order condition for an optimum'
(L+7)ay” = R76((L+7) = (1 —a))).

When + = 0 we get the usual solution " = R"/?§"/?. Thus we can rewrite the first

order condition as

(ay /') = ((L+7) =L —a)") /(L +7).

IV: Turning to the simple banking model, utility starting in the second period is the

v = 0 solution

, P (l—a' ) 1

_ % _
UQ(yQ)_ ]-_p]_—(S(Ra*)li/) (1_6)(1_p)
_ % 1 1
l=p(1-d")" @=00=p)
o 1 1

S L—p(1-68YeREr) S (1-6)(1-p)



The utility of both selves in the first period is

o’ —1_7@1 +2) -1
1—0p 1-p

1+9)

9

and so the overall objective of the long-run self is to maximize

1-p 1-p
] —1 (Il + Zl) —1
L+ )—— T
n Ry + 2 — )’ 6 _ 6
1—p (1_51/,03(1—,0)/,0)” (1-06)1—-p)

The first order condition for optimal consumption is

cf B (1+7)1/p(1_51/pR(1—p)/p)

Rly, + 2 — ) (6R)!/?

If there are one or more solutions that satisfy the constraint cf < z; + z; then one of

them represents the optimum; otherwise the optimum is to consume all pocket cash.
Note that z; is the solution for v = 0, so it satisfies

2 (1_51/pR(1—p)/p)

Ry, — =) B RY/»

Thus we can write the first order condition as

C—l* = (1+ 7)1//’L
ntxsn—a Y — T



or

(1+ "7y

—(y + 21)
y—a + 1+ 7)1//1131

L+ [+ yp)Hr —1]

1+[(1+,y)1/p —1](1—61*)(1_@ )(yl +Z1)

Bl —a')(y + ).



Appendix S2: Hyperbolic Procrastination and Delay

Theorem 4:

a)lf v>p and T > 6Pv, the “sophisticated quasi-hyperbolic model” has a stationary
equilibrium with © < T <T.

b) There is an open set of parameters that satisfies the restrictions of part a) and for
which there are other equilibria.

proof: Recall equations (10) into (11) from the paper:

e = PEOEV)+0 = P )E@| s >a") (10)
1-6406P(z )

k%

T =68(V-Ww") (11).

Substituting (10) into (11) we see that

xw_&%v—mmmwu%v—ﬂfm&q—a—mfmmmm>x%
B 1—6+6P(z")
wv_a_”fwﬂﬂx>£3

1—6+6P(z") '

*

—mxﬁm@|x>£3]
1—6+6P(x") '

Let F(z ) =2 — (W[U —(



To prove the theorem it suffices to show that there is an z~ where F(:L“**) = 0.The

v —fi
1-6

assumption that v > y implies that F(0) = 0 — 643 ( ) < 0, and the assumption

that T > 60v implies that F(T) =7 — 66v > 0.

b) Suppose that ' = z and 22 = Z so that the odd-numbered agents never act an even
ones always act. Then the equilibrium payoff of an even-numbered agent is 63V , and
the payoff of an even-numbered agent with cost z; who chooses to wait is

z; + 6P + 828V, so the even agents’ strategy is a best response for all z, if

6BV (1 — &%) > T + 6B, or equivalently
§8(v(1+6)—p)> 7. (S2.1)

The payoff of the odd-numbered agents who wait is z; 4+ 63V , and the payoff to acting

is 604V , so waiting is better for all z; if

z > 868(1— 8V = 86v. (S2.2)

To complete the proof we must show that there is an open set of parameters such

that (S2.1) and (S2.2) and the restrictions v > g and z > 6(v. To do this, fix v > 0
and 6,0 € (0,1), and some € > 0.Set, z = (1 4+ ¢)66v , u = (1 + 2¢)6fv, and
T = (14 3¢)60v. (Note that these conditions are consistent with a range of

distributions, including the uniform.) By construction this satisfies = > 00v and (S2.2).
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If € < then p = (1 + 2¢)6pv < (1 + )6pv = v, and for

61— B)

* < B+208)

we compute that

68 (v(1+6)—p) =68(v(l+6)— (14 2¢)60v)
= 6pv(1+ 6(1 —B) —2e60)

>

Ofv(1+ 3¢)

=T

This shows that there is a ‘2-cyle equilibrium” whenever ¢ is sufficiently small. Since
the inequalities in (12) and (13) hold strictly for the specified relationship between the
parameters, they hold for an open set of 3,6,V i ; the inequalities also hold for a range

of distributions with the given mean and endpoints. M

"We do not know if the first-order condition has a unique solution, except in the logarithmic case.



