Appendix for "Offshoring in a Ricardian World"

This Appendix presents the proofs of Propositions 1 - 6 and the derivations
of the results in Section IV.

Proof of Proposition 1

We want to show that

(fm ) (Tw;? + &) > (2) (Tywy? + Tywy® + &))"

K K
Since <%) > (LT—’:> , it is enough to prove the inequality for ®_,,, = 0. Thus,

using w; = § (T;/L;)" for i = 1,2, m then we need to show that
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Proof of Proposition 2
We have
wi(a) = (14 ) (a) — aws(a)
Tl " 11—k K «
= 0| — 1+ -0 (1) ——m=
(L1> (1+a) S Ty

This implies that

wi(a) =4 (2) <(11+ o;)“ } (L;S (Tfy);)“ (1 " Lﬁ%ﬁ)

Obviously 6 (%) ((11_;‘))& is decreasing, while (LS(_T;);)H (1 + L‘;fiil) is in-

creasing in «. To determine the sign of wj(a) on [0, &] we should then compare



wi(0) and wj (@) with zero. Focusing first on w} (&), using the definition of &,
we get
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Turning to w(0), note that

n\" 0Ty
wi(0) = 5(L1> (1) = =2
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Thus, if n < (1-— m)_l/ﬁ, then wi(«) is always decreasing on [0,@]. If n >

(1- m)_l/ﬁ, then wy (@) is shaped like an inverted U on [0, @]. Q.E.D.

Proof of Proposition 3
Recall that ® =3, ch,;g. Thus, it is useful to use

=T’ + Tow;* +®_,,
where ®_,, is not affected by . We know that ¢; = § (Tl/lil)"C and wy =
0 (Tg/ig)ﬂ, SO
Tier? + Towy® = 670 (TFLY" (1 + ) + T5 (Ly — aLy)?)
This implies that
(Tre;® + Towy®). = 6700k Ly [(T1/L1)" (1 + @)~ — T§ (L — aLy) "]

We need to compare f(a) = (%) (14+a)™ " =T (Le — aLy)™" with zero on

[0,&). Obviously, f(0) = (%) - (%) > 0, while simple algebra reveals
that f(a) = 0. Since f'(a) < 0, then f(&) = 0 implies that f(a) > 0 for
any « € [0,a]. This means that (Tlcl_g —|—Tgw2_9)/a > 0, or ®/, > 0. But given

P = ~y®~1/? then this implies that P/ < 0. Q.E.D.

Proof of Proposition 4

We know that the sign of (%)/ is the same as the sign of wy %. But
« wi
simple differentiation and simplification reveals that
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where x = 1", f(a) =1— alLy/Lsy. Let 2p(a) and z¢(a) be defined implicitly
by F(z,a) = 0 and G(x,a) = 0, respectively. The following lemma, whose
proof is simple and therefore omitted, summarizes a number of properties of
these functions:

Lemma 1 F(x,«) is decreasing in x, G(z, @) is increasing in x,
anLl/Lg
(1 MC) )

oo (@)

1+«
fla)

zp(a) = ( )H > 1, and zg(a) =

Also, zp(a) < zg(a), 2R(a) >0, z5(a) > 0.

Let zpr() be defined implicitly by G(z,a) = F(z, ). Such a solution nec-
essarily exists since xp(a) < zg(w) and F(z, ) is decreasing in = and G(z, «)
is increasing in x. Also, it is clear that 1 < zp(a) < zp(a) < zg(e). Since
x > xpr(«) implies G > F then it also implies that w; /P is increasing. Simi-
larly, < zps(c) implies that wy /P is decreasing. The following lemma (whose
is proof is long and tedious and therefore provided at the end of this Appendix)
is critical:

Lemma 2 zp/(«) is increasing

Let 7 be equal to mM(O)l/“. Ifn <7, then z = n" < x3,(0) < xps() for any
a. This implies that F(z) > G(z) (except the case when = = 7" and a = 0),
so wy/P is decreasing. This establishes the first part of the proposition. To
establish the second part, we need the following lemma:

Lemma 3 For anyn > 17 = (iEM(O))l/K we have x =n* < zp(a(n)).

K

Proof. The proof relies on showing that F(n*,a(n)) = 0, which implies that
n® = xzp(a(n)). If this is true then zps(a(n)) > 1", because since xp(a) <
zp () for all « then " = zp(a(n)) < zyp(@(n)), which establishes the result.
But from the definition of & we see that

n— 1+a
f(@)
and plugging this into F(n", &) shows that F(n®,&(n)) =0. =
This lemma implies that if > 7) then w;/P is increasing for & = 0 and
decreasing just before o = @(n), with a unique point a for which x/(a) = x at

which G = F and hence (w;/P)!, = 0. This implies that the curve w;/P as a
function of « in the interval a € [0, @] is shaped like an inverted U.

Proof of Proposition 5
The only thing left to show is that steady state P is decreasing in a. It is
sufficient to show that ®,,,; = Tltcl_tg + TQtU)Q_tG is decreasing in «. But

Dy = (I/Lgtg[z) (¢1T1(pcl_t9 + ¢2T2U)2_9>



Using ¢!~ = (‘ﬁu{ﬂ) and wy = (6y/dx)" then

—k0/(1—kK)
S = (1/LEgy) <¢1T1¢(¢1/¢N> +¢2r2<¢2/¢N>‘“9>

Wit
= (¢n/Lsgr) (priwy + wars)
But plugging in from the equations (24) and (25) we get that
priwr +ware = pwy + wa

which is increasing in . Q.E.D.

Proof of Proposition 6

I first show that = aws /w; is increasing in a. From (29) we get (¢, /dy)" =
2(14+2)'7" = 25(z + waB(1 — B)%)1F, where z = (1 — 8) Fw;. Since
B(1 — B8)~" is increasing in « then z must be decreasing in «. In turn, this
implies that  must be increasing in a.

Now, recall that r; is determined as the solution of r1 = 7 (1 + « (1 — r1) we /w1).
Both the LHS and the RHS are linear functions in 71, with the LHS increasing
and the RHS decreasing. An increase in o moves the RHS schedule upward
because cqws/wy increases with «, while the LHS schedule remains the same.
This implies that r; increases.

In the text, before stating proposition 6 I also stated that a(1 — r1)ws /w1
is increasing in «. To see this, note that since 7 is increasing in alpha,
then the RHS of 1 = r(1+ a(1 —r1)ws/w;) must be increasing in «, so
a (1 —ry)we/wy is increasing in a.

Finally, to prove that ro is decreasing in «, from (25) I need to show that
a(1l —rq) is increasing in . But we know that a(1 — r1)ws/w; is increasing in
« while ws is constant and w; is increasing. This implies that a(1 — r1) must
be increasing in . Q.E.D.

Equilibrium with offshoring costs: 2 countries
Let

C(wy, w2, A) = wa (1, \) + / xdF(x, \Jws)dz + wy (1 — F(wy, A\ ws))
Integration and simplification yields
C(wy,wa, ) = wg — (wa /) exp(—Awq /wa) + (wa /) exp(—N)

Letting s(wy,wa, A) = F (w1 /we, \) and o (w1, wa, A) = T'(wy, wa, A)s(wy,wa, A),
or

o(wy,we, A) = 1—(1/A) exp(—Aw /wa) —wy Jws exp(—Awy /wa)+(1/A) exp(—A)

then an equilibrium for A < A, is determined by the following equations:
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and
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we =0 2
2 <L2—J(whwg,)\)Ll/(l—s(wl,wg,)\))) ( )
Totally differentiating above yields equation (1) yields

dC  0C dw; 0C dwy = 0C ds
— =+ ——— 4+ —=—-6(T1/L1)"k(1 —8)" " —
dh  Ow; dA +3w2 d\ + O\ (Th/L1)"k(1 - s) o

As A — 0 then s — 0, hence 9C/0ws — 0 and

86’ dw1 60 ds
2 T ST /L )k —
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Now,

ds _ 9s dwn | Os dw,  Os

AN Ow, dh | 0wy dr | OA

= (M ws)exp(—Awy /wa) — (Awy/w3) exp(—Awy /ws) + (w1 /w2) exp(—Awy /ws)

When A — 0 then ds/d\ — wi/ws. Noting that w; — 6(T1/L1)" as A — 0, we

see that
oC dwy _ wi oC

dwy dh  ws  OX
Simple differentiation reveals that

0C _ wyexp(—Aw:/wz) — wa exp(—A) + widexp(—Awy/ws) — waAexp(—A)
ox 22

Since both the numerator and denominators converge to 0 as A — 0 then we
can use L’Hopital’s Theorem to find that

lim oc lim w1 (=) (w1/ws) exp(—Awi /wa) + wa A exp(—A)
A—0 O\ A—0 2\
wy — w3 /ws

2

i (EE-57) = () e (- (2))
= (w/2) (w1 /wa)* (1= 26) — 1]

This implies that limy_.o dw; /dX > 0 if and only if (wl/w2)2 >1/(1 - 2k).



To show that C/OX < 0, note that this is equivalent to
(1 4+ wiA/wa) exp(—Awi /ws) < (1 4+ A) exp(—N)

This inequality holds since the function f(z) = (1 + =) exp(—=z) is clearly de-
creasing.

Equilibrium with offshoring costs: 3 countries
I first characterize an equilibrium in which w; > ws > ws. In this case the
distribution of ¢; is

0 Zf c1 < w2
F(Ch)\/’wg) Zf c1 € [’lUQ,'LUg[
F(Cl,@) Zf c1 € ['11}3,11)1[
1 if c1 > wq

PI‘(Cl S Cl) =

where ¢ = A/ws + A/ws, and unit cost of the common input in country 1 is

c1(wr,we,w3) = wQF(l,)\)—i—/deF(m,)\/wg)
by (Fun, ) — Flug, V) + [ " P (2, 6) + w1 (1 = Flwn, )

The equilibrium condition for country 1 is

c1(wr, wa, wy) = 5( I

where s = 1 — exp(—pw;) is the total share of services offshored. This share is
distributed between countries 2 and 3 as follows:

s1i2 = F(ws, Afw2) + [F (w1, 9) — F(ws, ¢)] (A/:)Q)

and

s13 = F(ws, A/wy + Awz) = F(ws, A/ wz) + [F (w1, ) — F(ws, ¢)] ()\/st)

Note that s = S12 + S13.
On the other hand, we have that

0 Zf c3 < Wy
PI‘(Cg < Cg) = F(Cg7)\/’u}2) Zf c3 € [wg,wg[
1 ’Lf C3 Z ws

and

ws
cs(wy, we, ws) = waF(1,\) Jr/ 2dF (z, A2 /wa) +w3(1 — F(ws, Aa/ws)

wa



and
s32(wa, w3) = F(ws, Aa/ws)

~ K
The equilibrium conditions for countries 2 and 3 are ¢; (w1, we, w3) = § (ﬂ / LZ->

for i = 2,3, with co(wy, we, w3) = wy. To derive Zg, note that country 1 uses
L1 /(1 — s) of every service, and if the offshoring cost of a service in country 3
is {5 then it takes (5L1/(1 — s) units of labor to produce L;/(1 — s) units of a
service delivered in country 1. The expectation of (5 for services offshored by
country 1 to country 3 is

o13(wr, we, ws) = F(ws, p) — F(ws, A/ws) + (1/ws) ()\/(pr) ‘/w1 xdF(x, p)

w3
This implies that Lz — (%) Ly units of labor are left in country 3 for final
good production. But this country will offshore s3o services to country 2, so
it will use (L3 — (”13 ) Ll) (#) of each service for domestic production.

1-—s 1—832

This implies that
~ 013 1
Ls=(Ls— L
’ ( ’ (1—8) 1) (1—832>

On the other hand, country 2 export services to countries 1 and 3. The labor it

takes to export services to country 1 is (%) L1, where 012 is the expectation

of {, for services offshored by country 1 to country 2, and is given by

rranwa ) = (1 exp(-N) + (1fua) [ w 2dF (3, \ws)
+jum) (222) [ w 2dF(z,¢)

Country 2 also exports services to country 3, and by the reasoning above, we
know that it takes (L3 — (f};) Ll) (1?312) units of labor to do so, with o35

representing the expectation of (4 for services offshored by country 3 to country
2, given by

w3

Csa(wr, wa,ws) = (1 — exp(—A)) + (L/w2) / 2dF ()

wa

Thus, we find that

~ o g g
Ly =1Lz (1 123> Lo — <L3 B <1 _135> Ll) (1 —3232>

If the previous system yields wages that do not respect w; > ws > ws
then it is not an equilibrium. Other possible equilibrium configurations have




wy] > wo = ws, w1 = w3 > Wz, and w1 = we = ws. The last case entails full
offshoring. Such an equilibrium satisfies

T Ti(1—5) T T5(1 — s32)

LR ne(m)n (b ()6 () b ()b

with s = s12+s13. For every s32 these equations determine s12 and s13, so these
variables are not uniquely pinned down in equilibrium: there is no uniqueness
because of the absence of offshoring costs for the services that are traded, but all
equilibria entail the same wages.! If one can find a solution with s < F(1,2\)
and 19, 813, 32 < F(1, A), then this solution corresponds to an equilibrium with
full offshoring. Since F'(1,2A) and F(1,\) both converge to 1 as A — oo then
necessarily there is some critical value of A such that for higher values of A the
equilibrium entails full offshoring.

I now establish the equilibrium conditions when wages entail w; > wy = ws
and wy; = w3 > wsy. If wy > ws = w3 then countries 2 and 3 are integrated and
their wage should be the same as the one we would would get in a two country
system, with

K

Ix+ 13
L2+L3—( o )L1

1—s

Wy = W3 = Waz =0

but with countries 2 and 3 drawing their offshoring cost from F'({,2)), and with
s = F(wq /was, 2)) and

w1 /was
o =F(1,2)\) +/ xdF(x,2))
1

This equilibrium has 12 and 013 and s3> such that

Ty
wao3 = 0
L ()i (e ()0 (%)
and .
T:
Wa3 = ) 3

b () ()

with the restriction that 3o = s32 < F'(1,\) and

w1 /w23
012,013 SF(l,)\)+(1/2)/ xdF(x,2)\)
1

1Although there are 3 equations for 3 unknowns (s12, s13 and s32), these equations are
linearly dependent, so they determine only two unknowns.



The first term on the RHS is the measure of services for which ¢, or {5 are equal
to 1, while the second term is the offshoring cost for services with ¢; €]1, w1 /ws].
Now consider the case with w; = w3 > wy. This entails

(11 +T3)(1—5)>K’
Li+Ls

U)1:IU3=’U)13:5(

and
K

T
Ly — (155) (L1 + L3)

w2:5

where s = F'(wy3/wz, A) and
w1z /w2
o= F(1,\) +/ 2dF (2, \)
1

For this to be an equilibrium, we need that o135 = s15 < F(1, ), have s33 =
S12 = F(wl3/’w2, )\) and

w13 /w2
O’32=0’12=F(1,)\)+/ .TdF(.T,/\)
1

and the equations of the full system.
K

For the long run equilibrium, we have ¢;(wq, wa, w3)' =" = (%%) for i =
1,2,3, with co(wy, w2, w3) = we. This equation for ¢ = 2 can be solved directly
to yield wa = (¢9/dn )", as in (28). Plugging this into the equation for i = 3
yields an equation that can be solved for the equilibrium wage in country 3, ws.
We can easily check that ws is increasing in A. Finally, plugging the solution
ws(A) into the equation for i = 1 yields the equilibrium wy (A). I have not been
able to show that wq(A) is increasing.

Proof of Lemma 2

Lemma 2 above establishes that z/(«) is increasing. To prove this lemma,
I first introduce some notation. Let

H(z,) = 2°+ Bz/A—C/A?

where

b
A = (lfi—ac)x> , const = 6% (f())’ ®_,n /Ly

oo abLi/Ly\ ,  «
B = (1-bC (1+ o) ) T
_ f(a)
C = (L2/L1)(1+a)



Simple algebra shows that G(z,a) = F(z,a) & H(z,a) = J(z,a), so zy(a)
solves
H(z,a) = J(z, )

The proof that x () is increasing includes three steps:

1) First, I prove that the solution z9,(a) of H(z,a) = 0 is increasing in
alpha. Since J(z, ) is flat in 2 if ®_,, = 0 (since const = 0) then this implies
that if ®_,, = 0 then xp(a) = 29, () is increasing in . The rest of the proof
extends this to ®* > 0.

2) Next, I prove that if as > «; then H(z,a2) < H(x,a;) for any z >
s (an).

3) Finally, I prove that the solution of J(x,a2) = J(z,1), where g is
greater and close to a, is less than 2%, (aq).

Thus, given that the slope of J w.r.t. x increases (declines in absolute value)
as « increases, then the three steps above are sufficient to prove that xy/(«) is
increasing in alpha, since the shift of J(z, a) with an increase in alpha amplifies
the effect of increasing « on 29, («).

First step: We want to prove that z9,(«) is increasing in alpha. This
is done by solving explicitly for the highest solution to H(z,a) = 0 and then
differentiating w.r.t. « and showing that the result is positive. Given the
expression for H(z,a) = 0 then 29, () is determined by the positive solution of

A22? + ABz — C =0,
or

_ —B+VB*+4C
B 24

(@)
Differentiation yields:
BB'+4C’
don(a) A (gﬁ - B’) — A" (VBT+4C - B)

da 242

It is easy to show that this is positive if and only if
(A'B — AB') (\/BQ +4C - B) > A'4C — 20" A

Differentiating to get A’ and C’ and then plugging in and simplifying reveals
that
1+ Ly/Ly

AAC — 20" A = 24 =
(1+«)

(1 2b).

Hence, we want to show that

(A’B _ B,> (VB +a0 - B) > 22t el oy,

A (14 )’

10



Now,

b—1
f(e) 1+L:/L>
é’ _ —b ((Ha)) (te)” _ 14+ Ly/Ls
A ( F@) )” fla)(1+a)
(1+a)
and
1+ Li/Ls 1 b

—B' = (1 -10b)(L2/Ly) +bLy /Ly +

1+ a)’ (f@)?  (A+a)*

Consider v B? 4+ 4C — B as a function of b € (0,1/2). We have

! 2BB’
VB24+4C—-B) = —f/——-D
( * )b 2V B? +4C

_ g B - VB2 +t4C -
VB2 +4C '

as B—+v/B?+4C < 0 and B’ < 0. Thus, it is sufficient to show that

(45-8) (vBrio-5) >t 2l o),

A b=0" " (1+a)”
But
JBE I _ f(a) ’ f(@) f(a)
( B2 +4C — B) = \/((LQ/Ll)(1 e 1) AL/ L) s ((LQ/Ll)(1 o) 1)
_ f() 3 flo) 0\
= (Lo/Ly) Gra ] <(L2/L1) Gvo 1) =2.
So, we want to prove that
A 1+ Ly/Ly
(AB B) > Traf (1 - 2b)
Some manipulation reveals that
é/ o _ 21+L2/L1 1
a8 = Q= Tl b
b 1+ Ll/LQ abLl/LQ «
e P (T )

But it is trivial to establish that this is positive.
Second step: Counsider equation H(x, 1) = H(z, ) for any «; : ag > a;.
It is a linear equation so it has a unique solution. Moreover, so

(i), o <(<1f (fzv)))

11




Since 6 > 1 (an assumption in EK 2002) b < 1/2. That is, 1 — 2b > 0. This

/ /
means that (%) <0or — (%) > 0. That is, the intercept

of H(x,«) with vertical axis is always negative and increasing in «. Thus, 0 >
H(0,a9) > H(0,0). Since H is U-shaped and z9,(cz2) > 29,(a1) > 0 (see
) then H(z%;(c1),a2) < H(2%;(c1),a1) = 0.> By continuity, there must
exist z* € (0,29,(1)) such that H(z*, 1) = H(x*, o). Since there is a unique
solution to this equation, it follows that H(z,a2) < H(z,aq) for all z > 29, (aq).

Third step: It is obvious if J(z,«) is fixed and does not change with an
increase in alpha, then from the previous two steps we can say that zps(«) is
increasing in alpha. However, with an increase in alpha the curve J(z, ) pivots
around some point, with the slope becoming higher or less negative. If we prove
that the solution to J(z,as) = J(x, 1) with as just higher than «; is less than
29, (1), then we are done with the proof because the change in J(z, ) amplifies
the overall effect on x7(c). We have

J(z,a) = D(a) — F(a)x

where
B abLy /Lo const
b = (1+ 250 fYae
const
F(a) = A(l—b)m
Then,
J(z,a2) = J(x,01) <=

D(c1) — D(a)
F(ai) — F(as)

€T =

If we take the limit as — a1, then

Tedious algebra shows that

bLl/LQ Oszl/LQ b(1+L1/L2)
D'(a) 1 ((1+0‘)>b <1+ abLl/L2> B (1+a) {(f(a))2 + <1+ (@) ) (1ta)f(a) }
Fil@)  1=b\ fla) fla) (1-10)
2The last inequality comes from zpr(a) = =By BZ4C ”21}432+4C and noting that —B +
vVB2+4C > -B++VvVB2=—-B+|B|>-B+B=0.
3To see this, recall that zQ,(a) is the highest solution to H(z,a) = 0 so that

Hy(z9,(a), ) > 0. Thus, it must be the case that H(z$,(c1),a2) < 0, for otherwise the
curve H(z,a2) would have its lower solution to H(z,a2) = 0 for a level of = higher than
29, (a1) and hence given the U-shape form of H it would follow that H(0,az) > 0, which is
a contradiction.

12



F'(a) fla)
ity follows because zp(a) < xp(a) for all ®_,, including ®_,, = 0, but

zp(; @, = 0) = 29, (a) ). Algebra shows that this is equivalent to

D'(a) a+a)\* _ 0 , :
Next, we compare with zp(a) = ( ) < x4 (a) (this last inequal-

L./L abLy/Ly\ (1+Lyi/Ls)
(o) { e + (1 ) Sy ) _ al/Ly
(1-0) f(a)

The left side of the inequality positively depends on b. Thus, to prove the
inequality we can take b = 0, and then simple algebra reveals that the inequality
holds. Thus, we proved that the solution of J(z,as) = J(z,aq) for as higher
but close to a is strictly less than zp(a;) < 29,(c1). Q.E.D.

+1
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