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Appendix
A. Solution of the Dynamic Model

An equilibrium satisfies the first order conditions, budget constraint and market clearing
conditions. First we define an equilibrium formally. Then we will list the linearized first order
conditions and redefine equilibrium in linearized form.

Definition A

An equilibrium is a set of sequences® {C,, L,,W,,4,, 7, Cht»Ct 1 Ce (1), C (i) Prexcncs

P

flex, f ,t?

Ppreset,h,t’ Ppreset,h,t’ Pt' I:)h,t’ Pf ,t’QﬂVt’ Ht’ Rt’ RtH ’Ht'yh,t'yf,t}:il and their foreign

counterparts and {S,, F,}, which solves the system of 50 equations® consisting of (18), (21), (22),
(43), (44), (47)-(62), and their foreign counterparts plus 3 asset markets clearing conditions,® given

stochastic sequences {A,A,M,,M.} and initial conditions A,=A, , M,=M,, 7,=0, and

7, =0.

A.1 Approximated System
In this section, we derive a log-linear version of the model, under the assumption that the
stochastic driving variables (productivity and money) are lognormally distributed. Many of the
equations of the model are linear in logs (without any approximation). But some of the equations in
the model (the budget constraint for households, the definition of profits for the firms, and the market

clearing conditions) are log-linearized around unconditional means. It is immediately apparent that
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! There are 24 x 2+2 variables.

% The number of equations should be 51, but one is redundant by Walras’ Law.

: 7’h,t+7;,t =1, 7f,t+7;,t =1,and tht :gt*'



our assumptions of stationary productivity processes and unit-root monetary processes imply that
nominal variables have unit roots and real variables are stationary. So we log-linearize around the
unconditional means of the logs of real variables.”

In some of the log-linearized equations below, the algebra is simplified considerably if we use

the result that p, — p=0. (In our notation, X represents the unconditional mean of X,.) While we

could proceed with the derivations without using this result, and then verify in the solutions that this

result is true, it is easier to demonstrate this first and use it in some of the log-linearizations.

First, in the definition of profits for the home firm, divide both sides of equation (62) by P,

then evaluate the equation at the point of expansion for the log-linearziation:
exp(z — p) = exp(c){ exp((L-)(p, - p))+ exp((l )(py P ))}—exp(W—pﬂ_)-

Here we have used symmetry to give us T = ¢ and s+ p—p=0.
Divide the budget constraint (41) by P,, then evaluate the equation at the point of expansion

for the log-linearization:

exp(7 — p) = exp(C) —exp(w— p+1).
In deriving this expression, we have used symmetry to give us m =0, m =0, and
s—f =0. We have also used ViitVn=land M =M _, +Tr.

Now comparing the two equations we have derived, we must have

—exp((l o)(p, — p))+ exp((l o)(p, - p))

This can be written as

_exp<(1 a))(ph p))-i— exp( (1 a))(ph p))=

where we have used symmetry to give us that p,—p =p, —p, and linearized (18) to get

P, —P=—(p; —p). It then follows that ph p =0, which is the result we will use below to

simplify some of the log-linearizations.

A few more notational conventions: We denote X, as the deviation from the conditional

mean-that is, X, =X —E, ,x, and Ié)(t+s =E Inx,,—E_Inx,,. We will also denote the world

variables as X" E%Xt +%x: and the relative variables as X;' = X, — X; .

* We could easily accommodate unit-root processes in productivity. Then real variables expressed in
“efficiency units” would be stationary. However, there is no real gain from this generalization, so we maintain
stationary productivity shocks to simplify the algebra.



A.1.1 The first order conditions for households
Suppressing constant terms and taking logs, the first order condition for consumption (54) can

be written as
1
C :_(mt - pt)' (A-l)
o,

Using equation (A.1), equation (43) can be expressed as
wl =—-m +w,. (A.2)
Some of the equations of the model are log-linear (such as (A.1) and (A.2)), and therefore, in
the presence of lognormal distributions, offer exact solutions. But others (such as the budget
constraint, the market clearing condition, and the expression for a firm’s profits) require
approximations. Because all shocks are lognormal, the solution of the approximated model will take

on a lognormal distribution. We can use equation (54) to express (44) as

1
E.(s)+ E var, (s,) —cov,_,(m,,s,) = f, (A3)
1 1
Et—l(rt - (mt - mt—l)) - Covt—l(mt J rt) + Evart—l(rt) + Evart—l(mt) =0 (A4)
Et—l (rt* S =S~ (mt - mt—l)) + 1 Vart—l(rt*) + lVa-rt—l(mt) + 1 var 4 (st)
2 2 2 (A5)
- Covt—l(mt J rt*) +COVy 4 (St ' rt*) - Covt—l(mt ' St) =0
A.1.2 The budget constraint
We log-linearize the budget constraint (53) to get
P+ +£(1_é/)vt +£§ht

(A.6)

=ﬁ(1—:)[vtl+n—n(rf —§t)]+ﬁ§(htl+rt”)+§t(st_ 0

expw=p+l) ,and o, = ﬁexp(m — p—7C). Inderiving this expression, we

Here, { = —
exp(c) M,

have used the fact that by symmetry, v— p =g — p, and then use equation (47) to derive

exp(q—p) = Lexp(ﬂ— p) . Similarly, from equation (49), we get

1-p
B

exp(h—p)= 1—exp(w— p+1). Then, evaluating the budget constraint at the point of expansion,

we have exp(C) = exp(w—p+1)+exp(7).



A.1.3 The first order conditions for firms

Firms set their prices optimally. The first order conditions can be written as

pflex,h,t = \Nt - at’ (A7)

Priex, 1t = (W: —a: + St) ) (A.8)

1 ~
Pprese e = Bra (W =) +>var,, (w —a)+cov (W -a,d +(A-0)p, +op+c) (A9

1 1
Poresetht = Et—l (Wt —-& - St) +var, (Wt - at) —svar, (St)
2 2 (A.10)
COthl(Wt -8, —8,d, +(A—o)p, +op, +Ct*)

Note that the conditional second moments in (A.9) and (A.10) are all constant over time, and will be
treated as constant terms in subsequent linearizations.

Thus, the prices of each category of goods (59 and 60) can be expressed as following:

ph,t =T ppreset,h,t + (1_ T) pﬂex,h,t ’ (All)

pf,t :Tppreset,f,t +(1_T)pflex,f,t' (A12)

Combining these two and suppressing the constants, we get the expression for price index:

1 1
P, :E ph,t+E Pt (A.13)

A.1.4 Goods market clearing

The goods market clearing condition, equation (61) can be linearized as
1 1 * * *
|t = EI:—CO( Pre— pt) +C ] +E|:_a)( Phe — Pt ) +C ] —a. (A.14)
A.1.5 Other definitions

In rewriting the budget constraint (53), we introduced human capital. Linearizing (49) gives

us
1-4< s
h = —ﬁz EA° (W, +1..). (A.15)
B =
Using the definition of R, in equation (50), and the solution for Q, in equation (47), we can

write

L= U-BE (X A )~ U-PEL(T L frs )= =AY (BB, (A16)
s=0

The log of home firms’ profits comes from linearizing (62):



T = 115[(: +pt +;S+ (1- a))(pht pt)+%(1_a))(p;,t_p:)_g(wt+|t)j|'

Similarly,

L= (1—/3)51[[355 (W, 5 +|t+s)]- (A.17)

A.2 Definition of Approximated Equilibrium
Definition B

An approximated equilibrium is a set of sequences {c,,l,,w,, r;, rtH .04, e PV, ) and their foreign
counterparts, and {s,, f,} that solve the system of equation (A.1)-(A.6), (A.14)-(A.17), and their
foreign counterparts, given sequences {m,,m.,a,,a } and initial conditions af =0, m¥ =0, and
Vo= 73 =0. An approximated equilibrium is a reduced form of Definition A. Most omitted part can
be easily verified and should not be confusing. We present the solutions for x, and xt* in the form of

solutions for x* and X" to facilitate the demonstration that these satisfy the equilibrium conditions.

A.3 Equilibrium Allocation
We conjecture that the following allocation is an equilibrium.

ol ol-1)y 1+ o(l-7)y 1+ oy - (A18)
_ oll-7)-1 R 0} v+l R '
1+ o(l-7)y 1+o(l-0)y 1+ oy -+
= e ) et o[ 2 gy
p+A-7)y Pty (AL9)
1 py+D g |
= (1-7-p)a’ +mm +7
p+(1—2')l//{( )3, h { oty Watl tl
iy LD T e o yrl g or L e (A.20)
1+ w(l-7)y 1+ o(l-7)y 1+ oy
4 wo | P+ 0w w PHY  w
w=—— J(-7- +7| —/—4 -m +——m A.21
t p+(1—f)v/{( i [/)w Wi ”H p+A-t)y A2



ptR = rmtR_l +(1-7) mtR (A.22)

N V- s } 1 PtV {p(wﬂ) w_ w} A3
§ p+(1—r)r//{p+l// W |0 gy | A
¢ =L r(mF - mf,) (A.24)
Yo
wo_ 4 Py +1) o w W W _ I+y w
E _p+(1—f)w{ pry it m“)}(l L (A-29)
s, =m;. (A.26)
f,=mg,. (A.27)
R_ -)Nw-D)-7 1 T ®-1  fS; |ir  ar
v =d ﬂ)(l//+l){ 1+ o(l-7)y +1—é’1+a)(1—r)l//+1+a)t//1—ﬂ8Ja[ i (A.28)
w @-7)d-p) P 1-p By |aw
i = (1-B)y +1
A ){ R A B s A 5o, } oo
{1_ ¢ A-Aly+ne, 1 (1—ﬂ)(1—p)r}mtw
1-¢ p+-7)y 1-¢ p+Q-7)y
HE g A-)o-)-7  o-1 B3 | ar
o= ﬂ)(w+1){ LoDy +1+wv/1—ﬂ8Ja‘ + (A.30)

ftHW=(1—ﬂ)(w+1){ Lrop 1op P }W { w}rﬁw (A31)

a +|1+
p+A-7)y p+yl-53, p+A-t)y

0=0, zl(i—l)r (A.32)
2p

(w_l{ -z 1 ﬂgR}
1+o(l-7)y 1l+oyl-p9Y;

yE%:%*:ET@V +(1—§)(w—1){ Iz 1 P& } A
1+ ol-1)y l+ol-7)y  1+oy1- B9,
hf=%[(t//+l T ﬂs at}tmt (A.34)
hth%{(y/—i- P /39 —fw g }Lmt (A.35)

v :é%{(w +1)1i’a_)t/ : f’);gR a{*}m{* (A.36)



v 1Bl e B ]

Vv +1 A.37
t B (v )p+l//l—,38Wat t ( )
Notice that this allocation replicates the allocation when a full set of state-contingent bonds is
traded:
p(c, _Ct*) =S+ pt* — P (A.38)
A.4 Proof

We will show this allocation satisfies the equilibrium conditions.

A.4.1 Fundamental Variables
We now prove that the first order conditions for fundamental variables and labor market
clearing conditions are in fact satisfied.
It is immediate to confirm that equations (A.18) — (A.21) satisfy equation (A.2). Likewise it
is straightforward to check that (A.22) — (A.25) satisfy (A.1).
We can also verify that (A.18), (A.20) and (A.26) satisfy the relative version of the labor

market clearing condition (A.14):
I =-1-7)oW -a] —s,)—E,_ (W} -a" -s)-a'. (A.39)
It is tedious but straightforward to verify that (A.19) and (A.21) satisfy the world version of
labor market clearing condition (A.14):

1Y =c' -a". (A.40)

Using equations (A.21) and (A.23), and using (A.20) and (A.26), we can show
P’ =7E (W' —a")+@-n)W' -a") (A41)
pt =7E s +(1-1)s, (A.42)

are satisfied. Note that the variance and covariance terms in (A.9) and (A.10) are constant, from the
solutions above. Substituting equations (A.7) — (A.12) into (A.13), and suppressing constant terms,
we see that (A.37) and (A.38) are the solutions to the world and relative versions of (A.13).

So far, we have proved equations (A.1), (A.2), (A.13), and (A.14) are satisfied.

A.4.2 Returns on assets
In order to show that this allocation in fact satisfies the first order conditions for asset

holdings, we want to calculate the rate of return on assets — human capital and equities.

_ 1
Since W, +1., = (w + (1Y, + =17,

t+s

1 -
)+m/ +Em§s , the return on the human capital is



= AR (1) S

1

=(1—,3)(l//+1){m[(1—f—/?)éz + 7, J}

1- P ﬂ‘g é[W +1 (1_T)(a’_1)_f+ w-1 ﬂlgR é[R
v 1- B39, 2| 1+o(l-7)y l+oyl-p9

(A.43)

+1-p)w +1){

+(m +%rﬁf).

Subtracting the foreign counterpart, we get equation (A.30). Adding the foreign counterpart
gives us the solution to rtHW
Following similar step as in the return on human capital, we get the return on equity:
¢ = () +1) {(1—r)(1—p) LLowe  1-p B8, }alw
p+A-2)y 1-&p+Q-1)y p+yl-p43,
+£ (1—7)(&)—1)—r+ 1 T N w-1 pY 5
2| l+o(l-7)y 1-Sl+ol-7)y l+oyl-pY9%
{1_ { -Ply+hr, 1 (1—ﬂ)(1—p)f}mtw LLon
1-¢ p+-7)y 1-¢ p+Q-7)y

(A.44)

2 t

Subtracting the foreign counterpart, we get (A.28), and adding the foreign counterpart gives us that

(A.29) is the solution for rtW . So, we have confirmed (A.16) and (A.17).

A.4.3 Asset Allocation
Since we replicate complete markets, these allocations should satisfy the first order conditions

for the asset allocation as expressed in equations (44) and (55). We will prove that linearized version
of them (A.3) — (A.4) are satisfied. From (A.26) and (A.27), we see f,=E,,S,. So, for equation
(A.3) to be satisfied, we need

cov, ,(mf,s,) = var_,(s,), (A.45)

which follows since s, = m{’

Since from (A.28) and (A.29), I isi.i.d., we have E,_,(r, —(m,—m,,)) is constant.

Likewise, using (A.26), E,_,(r" +s, —s,, —(m, —m,_,)) is constant. We can solve directly for these

expectations from equations (A.4) and (A.5), using the covariances and variances implied by our
solution in (A.18) — (A.33). But the following restriction links (A.4) and (A.5):



1 1
cov,,(—m,, )+ 2va (r)=cov_,(-m,s, +1 )+ 2va (s +1). (A.46)
. . . w 1 & .
We verify this by using 1, =, +Ert , and rewrite (A.46) as

cov,_,(m +%mtR, R —mf)+%vart1(mtR +r - ;rt )— ;vart L + f)=0. (A.47)

We utilize orthogonality between world shocks and relative shocks to simplify the first term:
1 1
cov, ,(m" + > mt,rf —m7) = Ecovt_l(mtR R —mf). (A.48)
The second and third terms can be expressed as

%Vart—l(mtR + rtW _% rtR) _%Vart—1(rtw +% rtR) = %Vart—l(mtR) _%Covt—l(mtR’ rtR)
(A.49)

1
= —ECOVH(mtR, rtR - mtR)

We confirm that this allocation in fact satisfies the first order conditions for asset allocations.
So (A.3) — (A.5) are satisfied.

A4.4 Human Wealth

To verify that (A.34) and (A.35) provide the solution for human wealth (A.15), we use (A.18)
- (A.21) to write

=T 5 l_ﬂ i E ﬂ (Wt+s +It+s)

s=1
1-8& ! 1
= /B zl {(W +1)|: t+s 2 Itlj—s:|+ mt+s += 2 mt+s}
:1

(v +1) ’O\C)Sat 1 o- \C);at +m2’v+1mtR
p+y 21+a)1// 2

(A.50)

_1- 1-p By .w 1 o-1 P e B 1
B {(W_’_l){pﬂ//l—ﬁ{}\i,a[ +21+a)y/1—ﬂ9;a[}+1 ﬂ{m +2m }}

Then subtracting the foreign counterpart of (A.50), we get (A.34), and adding the foreign counterpart
gives us (A.35).

A.4.5 Budget Constraint

First, world budget constraint expressed in home currency is the following:

oY+ +iﬁ{(1 ONY +chY }——ﬁ(l O+ + ﬁ SO +hY)  (ASD)



where we have used 7, =y, . We have also used &, (s, — f,)+ 6, (=s, + f,) =0, which requires
o, = 5: . This requires some explanation. The home currency earnings, expressed in home currency,
from the forward market are 51(8t —F,). That means that the foreign currency earnings for the

foreign country are 5{?—1} which can be written as ciFt (Si_ij So, the foreign budget

t t t

. . . . . ~* 1 1
constraint, symmetrically to the home budget constraint, will contain the term &, (———} where
t t

5, = 6,F,. Using this relationship, we can establish

5 == _gm T AT gnpT _ 5 (A.52)

where we have used (A.27),and m—p=m'—p" and T=C".

The world budget constraint holds with any realization of atW and ml’v since equation (A.51)

simply indicates that total world wealth carried over into the next period is equal to the value of

previous wealth, plus returns, less world consumption. More explicitly, because
1-8 &
V:N +htW = ; EtZIB (ﬂ’-t+s +Wt+s +ItVXs = ﬂ E Zﬂ (pt+s +Ct+s) (A.53)
s=1

both sides of the equation are the sum of future consumption.

Finally, we examine relative budget constraint:

ptR +CtR —S +i|:(l_é/)vtR +§htR _St:|
- (A.54)

= O s VG =8 e s ) +208

Direct substitution from the solutions verifies this equation, but it is helpful to break this

down into steps.

Using 7 =y, =7, , and the solutions for ¢, p,and s, , we can write
(3—1)rm +—[(1 EWE 4R —mf ]
= —ﬁ(l O =it -2y (1" - rﬁf)]]ﬁ((n” — ;) + 26,0 (A.55)
+§[(1_ OV + M, ]

Using relative returns (A.28) — (A.31), we get

10



[(%—1)%2@}1‘15 +£[(1—:)vf +oh-mf]

= {(1— 2y )=y +1){

-9)o-)-7 -1 p& AR L _ R R mR
+{§(‘//+1){ 1+ o(l—o)y +1+a)!// 1- B9, }}a( +1_ﬂ[(1 OV +Ehl —mi]

(-)o-D-7r 1 ¢, o1 BS }}@R AS6)
1+o(l-7)y 1-Jl+o(l-7)y l+oyl-pB5,

By substituting expressions for &, and y, from (A.32) and (A.33). into (A.56), we get

BlA-OV +¢hT —m | = A=V +¢h —mf,. (A57)

But (A.34) and (A.36) give us
@-$NV +¢ht—mi =0, (A58)

so (A.57) holds.
We have verified that equations (A.1)-(A.6) and (A.14)-(A.17) are satisfied.

11
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