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Appendix 
 

A. Solution of the Dynamic Model 

 
An equilibrium satisfies the first order conditions, budget constraint and market clearing 

conditions. First we define an equilibrium formally. Then we will list the linearized first order 

conditions and redefine equilibrium in linearized form.  

Definition A 

An equilibrium is a set of sequences1  . . . . , ,{ , , , , , , , ( ), ( ), ,t t t t t h t f t h t f t flex h tC L W C C C i C i Pδ γ

, , , , , , , , , , 1, , , , , , , , , , , , , }H
flex f t preset h t preset h t t h t f t t t t t t t h t f t tP P P P P P Q V H R R γ γ ∞

=Π

{ , }t tS F

* *{ , , , }t t t tA A M M *
0 0A

 and their foreign 

counterparts and , which solves the system of 50 equations2 consisting of (18), (21), (22), 

(43), (44), (47)-(62), and their foreign counterparts plus 3 asset markets clearing conditions,3 given 

stochastic sequences  and initial conditions A=  , *
0 0M M= , 0 0γ = , and 

 *
0 0.γ =

 

A.1 Approximated System 

In this section, we derive a log-linear version of the model, under the assumption that the 

stochastic driving variables (productivity and money) are lognormally distributed.  Many of the 

equations of the model are linear in logs (without any approximation).  But some of the equations in 

the model (the budget constraint for households, the definition of profits for the firms, and the market 

clearing conditions) are log-linearized around unconditional means.  It is immediately apparent that 
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our assumptions of stationary productivity processes and unit-root monetary processes imply that 

nominal variables have unit roots and real variables are stationary.  So we log-linearize around the 

unconditional means of the logs of real variables.4 

In some of the log-linearized equations below, the algebra is simplified considerably if we use 

the result that 0hp p− = .  (In our notation, x  represents the unconditional mean of tx .)  While we 

could proceed with the derivations without using this result, and then verify in the solutions that this 

result is true, it is easier to demonstrate this first and use it in some of the log-linearizations. 

First, in the definition of profits for the home firm, divide both sides of equation (62) by , 

then evaluate the equation at the point of expansion for the log-linearziation: 

tP

 ( ) ( )* *1 1exp( ) exp( ) exp (1 )( ) exp (1 )( ) exp( )
2 2h hp c p p p p wπ ω ω⎡ ⎤− = − − + − − − − +⎢ ⎥⎣ ⎦

p l . 

Here we have used symmetry to give us *c c=  and * 0s p p+ − = .   

 Divide the budget constraint (41) by , then evaluate the equation at the point of expansion 

for the log-linearization:  

tP

 exp( ) exp( ) exp( )p c w pπ − = − − + l . 

In deriving this expression, we have used symmetry to give us  * 0s q q+ − = ,  * 0s π π+ − = , and 

0s f− = .  We have also used , , 1f t h tγ γ+ =  and 1t t tM M T− r= + . 

 Now comparing the two equations we have derived, we must have  

 ( ) ( )* *1 1exp (1 )( ) exp (1 )( ) 1
2 2h hp p p pω ω− − + − − = . 

This can be written as  

( ) ( )1 1exp (1 )( ) exp (1 )( ) 1
2 2h hp p p pω ω− − + − − − = ,  

where we have used symmetry to give us that * *
h fp p p p− = − , and linearized (18) to get 

(h f )p p p p− = − − .  It then follows that 0hp p− = , which is the result we will use below to 

simplify some of the log-linearizations. 

A few more notational conventions: We denote ˆtx  as the deviation from the conditional 

mean–that is, 1ˆt t t tx x E x−≡ −  and 1 lnˆ lnt s t t s t t sEx E x E x+ + −= − + . We will also denote the world 

variables as *1 1
2 2

w
t t tx x≡ + x t and the relative variables as *R

t tx x x≡ − . 

                                                 
4 We could easily accommodate unit-root processes in productivity.  Then real variables expressed in 
“efficiency units” would be stationary.  However, there is no real gain from this generalization, so we maintain 
stationary productivity shocks to simplify the algebra. 
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A.1.1 The first order conditions for households 

Suppressing constant terms and taking logs, the first order condition for consumption (54) can 

be written as  

 
1 (t tc m p
ρ

= − ).t

t

 (A.1) 

Using equation (A.1), equation (43) can be expressed as  

 .t tl m wψ = − +  (A.2) 

Some of the equations of the model are log-linear (such as (A.1) and (A.2)), and therefore, in 

the presence of lognormal distributions, offer exact solutions.  But others (such as the budget 

constraint, the market clearing condition, and the expression for a firm’s profits) require 

approximations.  Because all shocks are lognormal, the solution of the approximated model will take 

on a lognormal distribution.   We can use equation (54) to express (44) as  

 1 1 1
1( ) var ( ) cov ( , ) ,
2t t t t t t t tE s s m s f− − −+ − =  (A.3) 

 1 1 1 1 1
1 1( ( )) cov ( , ) var ( ) var ( ) 0
2 2t t t t t t t t t t tE r m m m r r m− − − − −− − − + + =  (A.4) 

 
( )* *

1 1 1 1 1

* *
1 1 1

1 1 1( ) var ( ) var ( ) var ( )
2 2 2

cov ( , ) cov ( , ) cov ( , ) 0

t t t t t t t t t t t t

t t t t t t t t t

E r s s m m r m s

m r s r m s

− − − − −

− − −

+ − − − + + +

− + − =

1−  (A.5) 

 

A.1.2 The budget constraint 

We log-linearize the budget constraint (53) to get  

 

1 1

(1 )
1 1

1 1ˆ(1 ) ( ) ( ) ( )
1 1

t t t t

R H
t t t t t t t t t

p c v h

v r r s h r s ft

β βζ ζ
β β

ζ γ ζ δ
β β− −

+ + − +
− −

⎡ ⎤= − + − − + + + −⎣ ⎦− −

 (A.6) 

 Here, 
exp( )

exp( )
w p l

c
ζ − +
≡ , and 

1

exp( )t t
t

t

F m p c
M
δδ

−

≡ − − .  In deriving this expression, we 

have used the fact that by symmetry, v p q p− = − , and then use equation (47) to derive 

exp( ) exp( )
1

q p pβ π
β

− = −
−

.  Similarly, from equation (49), we get 

exp( ) exp( )
1

h p w p lβ
β

− = − +
−

.  Then, evaluating the budget constraint at the point of expansion, 

we have exp( ) exp( ) exp( )c w p l π= − + + .  
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A.1.3 The first order conditions for firms 

Firms set their prices optimally. The first order conditions can be written as  

 , , ,flex h t t tp w a= −  (A.7) 

 * *
, , ( )flex f t t t tp w a s= − + , (A.8) 

( ), , 1 1 1
1( ) var ( ) cov , ( )
2preset h t t t t t t t t t t t ht t tp E w a w a w a d p p cλ ω ω− − −= − + − + − + − + +  (A.9) 

 

( )
, , 1 1 1

*
1

1 1( ) var ( ) var
2 2

cov , ( )

preset h t t t t t t t t t t

t t t t t ht t t

( )p E w a s w a s

w a s d p p cλ ω ω

− −

−

= − − + − −

− − + − + +

−

, ,

 (A.10) 

Note that the conditional second moments in (A.9) and (A.10) are all constant over time, and will be 

treated as constant terms in subsequent linearizations. 

Thus, the prices of each category of goods (59 and 60) can be expressed as following: 

 , , , (1 )h t preset h t flex h tp p pτ τ= + − , (A.11) 

 , , , (1 ) , ,f t preset f t flex f tp p pτ τ= + − . (A.12) 

Combining these two and suppressing the constants, we get the expression for price index: 

 ,
1 1
2 2t h t ,f tp p p= + . (A.13) 

 
A.1.4  Goods market clearing 

The goods market clearing condition, equation (61) can be linearized as 

 * * *
, ,

1 1( ) ( )
2 2t h t t t h t t tl p p c p p cω ω⎡⎡ ⎤= − − + + − − + −⎣ ⎦ ⎣ ta⎤⎦ . (A.14) 

A.1.5  Other definitions 
 

In rewriting the budget constraint (53), we introduced human capital.  Linearizing (49) gives 

us 

 
1

1 (s
t t t s t s

s
h E wβ β

β

∞

+ +
=

−
= ∑ )l+ . (A.15) 

 Using the definition of tR  in equation (50), and the solution for  in equation (47), we can 

write 

tQ

  ( ) ( )10 0
0

ˆ(1 ) (1 ) (1 ) ( )s s
t t t s t t s t t ss s

s
r E E Eβ β π β β π β β

∞
∞ ∞

+ − += =
=

= − − − = −∑ ∑ ∑ s π + . (A.16) 

The log of home firms’ profits comes from linearizing (62): 
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 * *
, ,

1 1 1 1(1 )( ) (1 )( ) ( )
1 2 2 2

W W
t t t t h t t h t t tc p s p p p p w lπ ω ω

ζ
⎡ ⎤= + + + − − + − − − +⎢ ⎥− ⎣ ⎦

tζ

l ⎤⎦

. 

 Similarly, 

 . (A.17) 
0

ˆ(1 ) ( )H s
t t t s t s

s
r E wβ β

∞

+ +
=

⎡= − +⎣∑

 
 

A.2 Definition of Approximated Equilibrium 

Definition B 

An approximated equilibrium is a set of sequences { ,  and their foreign 

counterparts, and { ,  that solve the system of equation (A.1)-(A.6), (A.14)-(A.17), and their 

foreign counterparts, given sequences { ,  and initial conditions , , and 

. An approximated equilibrium is a reduced form of Definition A.  Most omitted part can 

be easily verified and should not be confusing.  We present the solutions for 

, , , , , , , , }H
t t t t t t t t t tc l w r r p v hδ γ

*, }t ta 0
Ra =

t

}t ts f

*,t tm m a 0 0 0Rm =

*
0 0 0γ γ= =

x  and *
tx  in the form of 

solutions for R
tx  and W

tx  to facilitate the demonstration that these satisfy the equilibrium conditions. 

 

A.3 Equilibrium Allocation 

We conjecture that the following allocation is an equilibrium. 

 
1

1

(1 ) 1 1
1 (1 ) 1 (1 ) 1

(1 ) 1 1
1 (1 ) 1 (1 ) 1

R R
t t

R R
t R

l a

a a

R
t t

t

E aω τ ωτ ψ
ω τ ψ ω τ ψ ωψ

ω τ ωτ ψ ϑ
ω τ ψ ω τ ψ ωψ

−

−

− − +
= +

+ − + − +
− − +

= +
+ − + − +

 (A.18) 

 
1

1 1

1 ((1 )
(1 )

1 ( 1(1 )
(1 )

W W W
t t t t

W W W W
t t W t t

l a m E

a m a m

ρ ψτ ρ τ τ
ρ τ ψ ρ ψ

ρ ψτ ρ τ τ ϑ
ρ τ ψ ρ ψ

−

− −

⎡ ⎤⎛ ⎞+
= − − + +⎢ ⎥⎜ ⎟+ − +⎝ ⎠⎣ ⎦

⎧ ⎫

1)

)

W W
t ta m−

⎡ ⎤+
= − − + + −⎨ ⎬⎢ ⎥+ − +⎣ ⎦⎩ ⎭

 (A.19) 

 1
(1 )( 1) 1

1 (1 ) 1 (1 ) 1
R R
t tw aτ ω τ ωτ ψψ ϑ

ω τ ψ ω τ ψ ωψ −

⎧ ⎫− − − +
= +⎨ ⎬+ − + − +⎩ ⎭

R R
R t ta m+  (A.20) 

1 1
( 1)(1 )

(1 ) (1 )
W W W W
t t W t tw a a mψ ρ ψτ ρ τ ϑ

ρ τ ψ ρ ψ ρ τ ψ− −

⎧ ⎫⎡ ⎤+ +
= − − + − +⎨ ⎢ ⎥+ − + + −⎣ ⎦⎩ ⎭

W
tmρ ψ

⎬  (A.21) 
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 1 (1 )R R
t t

R
tp mτ τ−= + − m  (A.22)

 1 1
) (1 )W W

t W tp aϑ τ− −

⎡ ⎤
− − −⎢ ⎥

⎣ ⎦

( 1 ( 1)
(1 ) (1 )

W W W
t t tm a mρτ ρ ψ ρ ψ ρ ψ

ρ τ ψ ρ ψ ρ τ ψ ρ ψ
⎡ ⎤+ + +

= − −⎢ ⎥+ − + + − +⎣ ⎦
  (A.23) 

 1
1 (R R

t tc m mτ
ρ

)R
t−= −  (A.24)

 1 1
( 1) 1( ) (1 )

(1 ) (1 )
W W W W
t W t t tc a m mτ ρ ψ ψϑ τ

ρ τ ψ ρ ψ ρ τ ψ− −

⎡ ⎤+ +
= + − + −⎢ ⎥+ − + + −⎣ ⎦

W
ta   (A.25) 

  (A.26) .R
t ts m=

 1.
R

t tf m −=  (A.27) 

(1 )( 1) 1 1 ˆ ˆ(1 )( 1)
1 (1 ) 1 1 (1 ) 1 1

R RR
t t

R

r aβτ ω τ τ ωβ ψ
ω τ ψ ζ ω τ ψ ωψ β

⎡ ⎤ϑ− − − −
= − + + + +⎢ ⎥+ − − + − + − ϑ⎣ ⎦

R
tm  (A.28) 

    

(1 )(1 ) 1 ˆ(1 )( 1)
(1 ) 1 (1 ) 1

(1 )( 1) 1 (1 )(1 ) ˆ1
1 (1 ) 1 (1 )

W WW
t t

W

W
t

r a

m

βτ ρ ζ τρ ρβ ψ
ρ τ ψ ζ ρ τ ψ ρ ψ β

ζ β ψ τ β ρ τ
ζ ρ τ ψ ζ ρ τ ψ

⎡ ⎤ϑ− − −
= − + + +⎢ ⎥+ − − + − + − ϑ⎣ ⎦

⎡ ⎤− + − −
+ − +⎢ ⎥− + − − + −⎣ ⎦

 (A.29) 

 
(1 )( 1) 1 ˆ ˆ(1 )( 1)

1 (1 ) 1 1
RH RR

t t
R

r aβτ ω τ ωβ ψ
ω τ ψ ωψ β

⎡ ⎤ϑ− − − −
= − + + +⎢ + − + − ϑ⎣ ⎦

R
tm⎥  (A.30) 

 
1 1 (1 )( 1)ˆ ˆ(1 )( 1) 1

(1 ) 1 (1 )
WH W WW

t t t
W

r aβτ ρ ρ β ψ τβ ψ
ρ τ ψ ρ ψ β ρ τ ψ
⎡ ⎤

m
⎡ ⎤ϑ− − − − +

= − + + + +⎢ ⎥ ⎢ ⎥+ − + − ϑ + −⎣ ⎦⎣ ⎦
 (A.31) 

 

 
1 1( 1)
2tδ δ

ρ
≡ = − τ  (A.32) 

*

1 1( 1)
1 (1 ) 1 11

2 1 1(1 )( 1)
1 (1 ) 1 (1 ) 1 1

R

R
t t

R

R

βϑτω
ω τ ψ ωψ βϑ

γ γ γ
βϑτζ τζ ω

ω τ ψ ω τ ψ ωψ βϑ

⎡ ⎤−
− +⎢ ⎥+ − + −⎣ ⎦≡ = =

⎡ ⎤−
+ − − +⎢ ⎥+ − + − + −⎣ ⎦

  (A.33) 

  
1 1( 1)

1 1
R R
t

R

h ββ ωψ
β ωψ β

⎡ ⎤ϑ− −
= +⎢ + − ϑ⎣ ⎦

R R
t ta m+⎥  (A.34) 

  
1 1( 1)

1
W w
t

w

h ββ ρψ
β ρ ψ β

⎡ ⎤ϑ− −
= + +⎢ + − ϑ⎣ ⎦

W W
t ta m⎥  (A.35) 

  
1 1( 1)

1 1 1
R R
t

R

v βζ β ωψ
ζ β ωψ β

⎡ ⎤ϑ− − −
= +⎢− + − ϑ⎣ ⎦

R R
t ta m+⎥  (A.36) 
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1 1( 1)

1
W W
t

W

v ββ ρψ
β ρ ψ β

⎡ ⎤ϑ− −
= + +⎢ + − ϑ⎣ ⎦

W W
t ta m⎥

t

 (A.37) 

Notice that this allocation replicates the allocation when a full set of state-contingent bonds is 

traded: 

 * *( )t t t tc c s p pρ − = + − . (A.38) 

 

A.4 Proof 

We will show this allocation satisfies the equilibrium conditions. 

 

A.4.1 Fundamental Variables 

We now prove that the first order conditions for fundamental variables and labor market 

clearing conditions are in fact satisfied. 

It is immediate to confirm that equations (A.18) – (A.21) satisfy equation (A.2).  Likewise it 

is straightforward to check that (A.22) – (A.25) satisfy (A.1). 

We can also verify that (A.18), (A.20) and (A.26) satisfy the relative version of the labor 

market clearing condition (A.14): 

 . (A.39) 1(1 ) ( ) ( )R R R R R
t t t t t t t tl w a s E w a s aτ ω τω −= − − − − − − − − R

t

W
t

It is tedious but straightforward to verify that (A.19) and (A.21) satisfy the world version of 

labor market clearing condition (A.14): 

 W W
t tl c a= − . (A.40) 

Using equations (A.21) and (A.23), and using (A.20) and (A.26), we can show 

 1( ) (1 )(W W W W
t t t t t t )Wp E w a w aτ τ−= − + − −  (A.41) 

 1 (1 )R
t t t tp E s sτ τ−= + −  (A.42) 

are satisfied.  Note that the variance and covariance terms in (A.9) and (A.10) are constant, from the 

solutions above.  Substituting equations (A.7) – (A.12) into (A.13), and suppressing constant terms, 

we see that (A.37) and (A.38) are the solutions to the world and relative versions of (A.13). 

So far, we have proved equations (A.1), (A.2), (A.13), and (A.14) are satisfied. 

 

A.4.2 Returns on assets 

In order to show that this allocation in fact satisfies the first order conditions for asset 

holdings, we want to calculate the rate of return on assets – human capital and equities. 

Since 
1( 1)( )
2 2

W R W
t s t s t s t s t s t sw l l l m mψ+ + + + ++ = + + + +

1 R
+ , the return on the human capital is 
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0

1 1ˆ(1 ) ( 1)( )
2 2

1 ˆ ˆ(1 )( 1) (1 )
(1 )

1 1 (1 )( 1) 1ˆ ˆ(1 )( 1)
1 2 1 (1 ) 1 1

ˆ(

H s W R W R
t t t s t s t s t s

s

W W
t t

W RW R
t t

W R

t

r E l l m m

a m

a a

m

β β ψ

β ψ τ ρ τ
ρ τ ψ

βϑ βϑρ τ ω τ ωβ ψ
ρ ψ βϑ ω τ ψ ωψ βϑ

∞

+ + + +
=

⎡ ⎤= − + + + +⎢ ⎥⎣ ⎦
⎧ ⎫

⎡ ⎤= − + − − +⎨ ⎬⎣ ⎦+ −⎩ ⎭
⎧ ⎫⎡ ⎤− − − − −⎪ ⎪+ − + + +⎨ ⎬⎢ ⎥+ − + − + −⎪ ⎪⎣ ⎦⎩ ⎭

+

∑

1 ˆ ).
2

W R
tm+

 (A.43) 

                                                                                                                     

Subtracting the foreign counterpart, we get equation (A.30).  Adding the foreign counterpart 

gives us the solution to 
WH

tr . 

Following similar step as in the return on human capital, we get the return on equity: 

(1 )(1 ) 1 1 ˆ(1 )( 1)
(1 ) 1 (1 ) 1

1 (1 )( 1) 1 1 ˆ
2 1 (1 ) 1 1 (1 ) 1 1

(1 )( 1) 1 (1 )(1 )1
1 (1 ) 1 (1 )

WW
t t

W

RR
t

R

r a

a

βϑτ ρ τρζ ρβ ψ
ρ τ ψ ζ ρ τ ψ ρ ψ βϑ

βϑτ ω τ τ ω
ω τ ψ ζ ω τ ψ ωψ βϑ

ζ β ψ τ β ρ τ
ζ ρ τ ψ ζ ρ τ ψ

⎧⎡ ⎤− − −⎪= − + + +⎨⎢ ⎥+ − − + − + −⎪⎣ ⎦⎩
⎫⎡ ⎤− − − − ⎪+ + + ⎬⎢ ⎥+ − − + − + − ⎪⎣ ⎦ ⎭

⎡ − + − −
+ − +⎢ − + − − + −⎣

1ˆ ˆ
2

W R
t tm m⎤
+⎥

⎦

 (A.44)

  

Subtracting the foreign counterpart, we get (A.28), and adding the foreign counterpart gives us that 

(A.29) is the solution for .  So, we have confirmed (A.16) and (A.17). W
tr

 

A.4.3 Asset Allocation 

Since we replicate complete markets, these allocations should satisfy the first order conditions 

for the asset allocation as expressed in equations (44) and (55). We will prove that linearized version 

of them (A.3) – (A.4) are satisfied.  From (A.26) and (A.27), we see 1t t tf E s−= .  So, for equation 

(A.3) to be satisfied, we need 

  (A.45) 1cov ( , ) var ( ),R
t t t t tm s s− = 1−

1 )−

which follows since . R
t ts m=

 Since from (A.28) and (A.29),  is i.i.d., we have tr 1( ( )t t t tE r m m− − −

1))−

 is constant.  

Likewise, using (A.26),  is constant.  We can solve directly for these 

expectations from equations (A.4) and (A.5), using the covariances and variances implied by our 

solution in (A.18) – (A.33).  But the following restriction links (A.4) and (A.5):  

*( (t t t t tE r s m m+ − − −1 1ts− −
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 *
1 1 1 1

1 1cov ( , ) var ( ) cov ( , ) var ( ).
2 2t t t t t t t t t t t tm r r m s r s r− − − −− + = − + + + *  (A.46) 

We verify this by using 
1
2

W
t t tr r r= + R , and rewrite (A.46) as  

1 1 1
1 1 1 1 1cov ( , ) var ( ) var ( ) 0
2 2 2 2 2

W R R R R W R W R
t t t t t t t t t t t tm m r m m r r r r− − −+ − + + − − + = . (A.47) 

We utilize orthogonality between world shocks and relative shocks to simplify the first term: 

 1 1
1 1cov ( , ) cov ( , )
2 2

W R R R R R
t t t t t t t t tm m r m m r m− −+ − = − R . (A.48) 

The second and third terms can be expressed as 

     
1 1 1

1

1 1 1 1 1 1var ( ) var ( ) var ( ) cov ( , )
2 2 2 2 2 2

1 cov ( , )
2

R W R W R R R R
t t t t t t t t t t t

R R R
t t t t

m r r r r m m r

m r m

− − −

−

+ − − + = −

= − −

1 t−

        (A.49) 

We confirm that this allocation in fact satisfies the first order conditions for asset allocations.  

So (A.3) – (A.5) are satisfied. 

 
A4.4  Human Wealth 

 
 To verify that (A.34) and (A.35) provide the solution for human wealth (A.15), we use (A.18) 
– (A.21) to write  
 

 

1

1

1

1 ( )

1 1 1( 1)
2 2

1 1 1 1 1( 1)
2 1 2

1 1 1 1( 1)
1 2 1 1

s
t t t s t s

s

s W R W R
t s t s t s t s

s

s s W s R W R
W t R t t t

s

s s
WW R
ts s

W R

h E w l

l l m m

a a m m

a a

β β
β

β β ψ
β

β ρ ωβ ψ
β ρ ψ ωψ

β ββ ρ ωψ
β ρ ψ β ωψ β

∞

+ +
=

∞

+ + + +
=

∞

=

−
= +

− ⎧ ⎫⎡ ⎤= + + + +⎨ ⎬⎢ ⎥⎣ ⎦⎩ ⎭
⎧ ⎫⎡ ⎤− − −

= + ϑ + ϑ + +⎨ ⎬⎢ ⎥+ +⎣ ⎦⎩ ⎭

ϑ ϑ− − −
= + +

+ − ϑ + − ϑ

∑

∑

∑

1
1 2

R W
t tm mβ

β
⎧ ⎫⎡ ⎤⎪ ⎪R

t
⎡ ⎤+ +⎨ ⎬⎢ ⎥ ⎢ ⎥− ⎣ ⎦⎪ ⎪⎣ ⎦⎩ ⎭

 (A.50) 

Then subtracting the foreign counterpart of (A.50), we get (A.34), and adding the foreign counterpart 

gives us (A.35). 

 

A.4.5 Budget Constraint 

  

First, world budget constraint expressed in home currency is the following: 

1 1
1 1{(1 ) } (1 )( ) (

1 1 1
WW W W W W W H W

t t t t t t t t )p c v h r v r hβ ζ ζ ζ ζ
β β β− −+ + − + = − + + +

− − −
 (A.51) 
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where we have used *
t tγ γ= .  We have also used *( ) ( )t t t t t ts f s fδ δ 0− + − + = , which requires 

*
t tδ δ= .  This requires some explanation.  The home currency earnings, expressed in home currency, 

from the forward market are .  That means that the foreign currency earnings for the 

foreign country are 

(t t tS Fδ − )

1t
t

t

F
S

δ −⎜
⎛ ⎞

⎟
⎝ ⎠

, which can be written as 
1 1

t t
t t

F
S F

δ
⎛ ⎞

−⎜ ⎟
⎝ ⎠

.  So, the foreign budget 

constraint, symmetrically to the home budget constraint, will contain the term * 1 1
t

t tS F
δ

⎛ ⎞
−⎜

⎝ ⎠
⎟

t

, where 

*
t Ftδ δ= .  Using this relationship, we can establish  

 
*

*
*

1 1

m p c m p ct t t
t

t t t

Fe e
F M M
δ δ

tδ δ− − − −

− −

= = = , (A.52) 

where we have used (A.27), and *m p m p− = − *  and *c c= . 

The world budget constraint holds with any realization of  and  since equation (A.51) 

simply indicates that total world wealth carried over into the next period is equal to the value of 

previous wealth, plus returns, less world consumption. More explicitly, because 

W
ta W

tm

 
1 1

1 1( ) (W W s W W W s W W
t t t t s t s t s t t s t s

s s
v h E w l E p cβ ββ π β

β β

∞ ∞

+ + + + +
= =

− −
+ = + + = +∑ ∑ ) , (A.53) 

both sides of the equation are the sum of future consumption. 

Finally, we examine relative budget constraint: 

 
*

1 1

(1 )
1

1 1ˆ ˆ(1 ) ( )( ) ( ) 2
1 1

R

R R R R
t t t t t t

R R R H R
t t t t t t t t t t t

p c s v h s

r s v r s r s h st

β ζ ζ
β

ζ γ γ ζ δ
β β− −

⎡ ⎤+ − + − + −⎣ ⎦−

⎡ ⎤= − − + − + − + − + +⎣ ⎦− −

  (A.54) 

Direct substitution from the solutions verifies this equation, but it is helpful to break this 

down into steps.   

Using *
t tγ γ γ= = , and the solutions for , R

tc R
tp , and , we can write  ts

 

1 1 1

1 ˆ( 1) (1 )
1

1 1ˆ ˆ ˆ(1 ) 2 ( ) ] ( ) 2
1 1

1 (1 )
1

R

R R R R
t t t t

R R R R H R
t t t t t t t t

R R R
t t t

m v h m

r m r m r m m

v h m

ˆ R
t

βτ ζ ζ
ρ β

ζ γ ζ
β β

ζ ζ
β − − −

⎡ ⎤− + − + −⎣ ⎦−

⎡ ⎤= − − − − − +⎣ ⎦− −

⎡ ⎤+ − +⎣ ⎦−

δ  (A.55) 

Using relative returns (A.28) – (A.31), we get  
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1 ˆ( 1) 2 (1 )
1

(1 )( 1) 1 1 ˆ(1 2 )(1 )( 1)
1 (1 ) 1 1 (1 ) 1 1

(1 )( 1) 1 ˆ( 1)
1 (1 ) 1 1

R R R R
t t t t t

RR
t t

R

R
t

R

m v h m

a

a

βτ δ ζ ζ
ρ β

βϑτ ω τ τ ωγ ζ ψ
ω τ ψ ζ ω τ ψ ωψ βϑ

βϑτ ω τ ωζ ψ
ω τ ψ ωψ βϑ

⎡ ⎤ ⎡ ⎤− − + − + −⎢ ⎥ ⎣ ⎦−⎣ ⎦
⎧ ⎫⎡ ⎤− − − −⎪ ⎪= − − + + +⎨ ⎬⎢ ⎥+ − − + − + −⎪ ⎪⎣ ⎦⎩ ⎭
⎧ ⎫⎡ ⎤− − − −⎪ ⎪+ + +⎨ ⎬⎢ ⎥+ − + −⎪ ⎪⎣ ⎦⎩ ⎭

1 1
1 [(1 ) ]

1
R R R

t t tv h mζ ζ
β − − −+ − + −

− 1
R

 (A.56) 

 
By substituting expressions for tδ  and tγ  from (A.32) and (A.33). into (A.56), we get  

 1 1(1 ) (1 )R R R R R
t t t t tv h m v h mβ ζ ζ ζ ζ 1

R
t− −⎡ ⎤− + − = − + −⎣ ⎦ − . (A.57) 

 
But (A.34) and (A.36) give us 

 , (A.58) (1 ) 0R R R
t t tv h mζ ζ− + − =

so (A.57) holds.   

 We have verified that equations (A.1)-(A.6) and (A.14)-(A.17) are satisfied. 
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